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Preparation of Papers for IEEE TRANSACTIONS 
and JOURNALS (March 2004) 

First A. Author, Second B. Author, Jr., and Third C. Author, Member, IEEE

 
Abstract—These instructions give you guidelines for preparing 

papers for IEEE TRANSACTIONS and JOURNALS. Use this 
document as a template if you are using Microsoft Word 6.0 or 
later. Otherwise, use this document as an instruction set. The 
electronic file of your paper will be formatted further at IEEE. 
Define all symbols used in the abstract. Do not cite references in 
the abstract. Do not delete the blank line immediately above the 
abstract; it sets the footnote at the bottom of this column. 
 

Index Terms—About four key words or phrases in 
alphabetical order, separated by commas. For a list of suggested 
keywords or visit the 
IEEE web site at 
http://www.ieee.org/organizations/pubs/ani_prod/keywrd98.tx
t
 

I. INTRODUCTION 
HIS document is a template for Microsoft Word versions 
6.0 or later. If you are reading a paper version of this 

document, please download the electronic file, TRANS-
JOUR.DOC, from 
http://www.ieee.org/organizations/pubs/transactions/stylesheet
s.htm so you can use it to prepare your manuscript. If you 
would prefer to use LATEX, download IEEE’s LATEX style 
and sample files from the same Web page. Use these LATEX 
files for formatting, but please follow the instructions in 
TRANS-JOUR.DOC or TRANS-JOUR.PDF. 

If your paper is intended for a conference, please contact 
your conference editor concerning acceptable word processor 
formats for your particular conference.  

 
Manuscript received October 9, 2001. (Write the date on which you 

submitted your paper for review.) This work was supported in part by the U.S. 
Department of Commerce under Grant BS123456 (sponsor and financial 
support acknowledgment goes here). Paper titles should be written in 
uppercase and lowercase letters, not all uppercase. Avoid writing long 
formulas with subscripts in the title; short formulas that identify the elements 
are fine (e.g., "Nd–Fe–B"). Do not write "(Invited)" in the title. Full names of 
authors are preferred in the author field, but are not required. Put a space 
between authors' initials.  

F. A. Author is with the National Institute of Standards and Technology, 
Boulder, CO 80305 USA (corresponding author to provide phone: 303-555-
5555; fax: 303-555-5555; e-mail: author@ boulder.nist.gov).  

S. B. Author, Jr., was with Rice University, Houston, TX 77005 USA. He 
is now with the Department of Physics, Colorado State University, Fort 
Collins, CO 80523 USA (e-mail: author@lamar. colostate.edu). 

T. C. Author is with the Electrical Engineering Department, University of 
Colorado, Boulder, CO 80309 USA, on leave from the National Research 
Institute for Metals, Tsukuba, Japan (e-mail: author@nrim.go.jp). 

When you open TRANS-JOUR.DOC, select “Page Layout” 
from the “View” menu in the menu bar (View | Page Layout), 
which allows you to see the footnotes. Then type over sections 
of TRANS-JOUR.DOC or cut and paste from another 
document and then use markup styles. The pull-down style 
menu is at the left of the Formatting Toolbar at the top of your 
Word window (for example, the style at this point in the 
document is “Text”). Highlight a section that you want to 
designate with a certain style, then select the appropriate name 
on the style menu. The style will adjust your fonts and line 
spacing. Do not change the font sizes or line spacing to 
squeeze more text into a limited number of pages. Use 
italics for emphasis; do not underline.  

To insert images in Word, position the cursor at the 
insertion point and either use Insert | Picture | From File or 
copy the image to the Windows clipboard and then Edit | Paste 
Special | Picture (with “Float over text” unchecked).  

IEEE will do the final formatting of your paper. If your 
paper is intended for a conference, please observe the 
conference page limits.  

 

II. PROCEDURE FOR PAPER SUBMISSION 

A. Review Stage 
Please check with your editor on whether to submit your 

manuscript by hard copy or electronically for review. If hard 
copy, submit photocopies such that only one column appears 
per page. This will give your referees plenty of room to write 
comments. Send the number of copies specified by your editor 
(typically four). If submitted electronically, find out if your 
editor prefers submissions on disk or as e-mail attachments. 

If you want to submit your file with one column 
electronically, please do the following: 

 --First, click on the View menu and choose Print Layout. 
 --Second, place your cursor in the first paragraph. Go to 

the Format menu, choose Columns, choose one column 
Layout, and choose “apply to whole document” from the 
dropdown menu. 

 --Third, click and drag the right margin bar to just over 4 
inches in width. 
The graphics will stay in the “second” column, but you can 
drag them to the first column. Make the graphic wider to push 
out any text that may try to fill in next to the graphic. 

T 
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B. Final Stage 
When you submit your final version, after your paper has 

been accepted, print it in two-column format, including 
figures and tables. Send three prints of the paper; two will go 
to IEEE and one will be retained by the Editor-in-Chief or 
conference publications chair.  

You must also send your final manuscript on a disk, which 
IEEE will use to prepare your paper for publication. Write the 
authors’ names on the disk label. If you are using a 
Macintosh, please save your file on a PC formatted disk, if 
possible. You may use Zip or CD-ROM disks for large files, 
or compress files using Compress, Pkzip, Stuffit, or Gzip.  

Also send a sheet of paper with complete contact 
information for all authors. Include full mailing addresses, 
telephone numbers, fax numbers, and e-mail addresses. This 
information will be used to send each author a complimentary 
copy of the journal in which the paper appears. In addition, 
designate one author as the “corresponding author.” This is 
the author to whom proofs of the paper will be sent. Proofs are 
sent to the corresponding author only. 

C. Figures 
All tables and figures will be processed as images. 

However, IEEE cannot extract the tables and figures 
embedded in your document. (The figures and tables you 
insert in your document are only to help you gauge the size of 
your paper, for the convenience of the referees, and to make it 
easy for you to distribute preprints.) Therefore, submit, on 
separate sheets of paper, enlarged versions of the tables 
and figures that appear in your document. These are the 
images IEEE will scan and publish with your paper.  

D. Electronic Image Files (Optional) 
You will have the greatest control over the appearance of 

your figures if you are able to prepare electronic image files. 
If you do not have the required computer skills, just submit 
paper prints as described above and skip this section. 

1) Easiest Way: If you have a scanner, the best and quickest 
way to prepare noncolor figure files is to print your tables and 
figures on paper exactly as you want them to appear, scan 
them, and then save them to a file in PostScript (PS) or 
Encapsulated PostScript (EPS) formats. Use a separate file for 
each image. File names should be of the form “fig1.ps” or 
“fig2.eps.” 

2) Slightly Harder Way: Using a scanner as above, save the 
images in TIFF format. High-contrast line figures and tables 
should be prepared with 600 dpi resolution and saved with no 
compression, 1 bit per pixel (monochrome), with file names of 
the form “fig3.tif” or “table1.tif.” To obtain a 3.45-in figure 
(one-column width) at 600 dpi, the figure requires a horizontal 
size of 2070 pixels. Typical file sizes will be on the order of 
0.5 MB. 

Photographs and grayscale figures should be prepared with 
220 dpi resolution and saved with no compression, 8 bits per 
pixel (grayscale). To obtain a 3.45-in figure (one-column 
width) at 220 dpi, the figure should have a horizontal size of 

759 pixels.  
Color figures should be prepared with 400 dpi resolution 

and saved with no compression, 8 bits per pixel (palette or 
256 color). To obtain a 3.45-in figure (one column width) at 
400 dpi, the figure should have a horizontal size of 1380 
pixels.  

For more information on TIFF files, please go to 
http://www.ieee.org/organizations/pubs/transactions/informati
on.htm and click on the link “Guidelines for Author Supplied 
Electronic Text and Graphics.” 

3) Somewhat Harder Way: If you do not have a scanner, 
you may create noncolor PostScript figures by “printing” them 
to files. First, download a PostScript printer driver from 
http://www.adobe.com/support/downloads/pdrvwin.htm (for 
Windows) or from http://www.adobe.com/support/downloads/ 
pdrvmac.htm (for Macintosh) and install the “Generic 
PostScript Printer” definition. In Word, paste your figure into 
a new document. Print to a file using the PostScript printer 
driver. File names should be of the form “fig5.ps.” Use Adobe 
Type 1 fonts when creating your figures, if possible.  

4) Other Ways: Experienced computer users can convert 
figures and tables from their original format to TIFF. Some 
useful image converters are Adobe Photoshop, Corel Draw, 
and Microsoft Photo Editor, an application that is part of 
Microsoft Office 97 and Office 2000 (look for C:\Program 
Files\Common Files \Microsoft Shared\ PhotoEd\ 
PHOTOED.EXE. (You may have to custom-install Photo 
Editor from your original Office disk.) 

Here is a way to make TIFF image files of tables. First, 
create your table in Word. Use horizontal lines but no vertical 
lines. Hide gridlines (Table | Hide Gridlines). Spell check the 
table to remove any red underlines that indicate spelling 
errors. Adjust magnification (View | Zoom) such that you can 
view the entire table at maximum area when you select View | 
Full Screen. Move the cursor so that it is out of the way. Press 
“Print Screen” on your keyboard; this copies the screen image 
to the Windows clipboard. Open Microsoft Photo Editor and 
click Edit | Paste as New Image. Crop the table image (click 
Select button; select the part you want, then Image | Crop). 
Adjust the properties of the image (File | Properties) to 
monochrome (1 bit) and 600 pixels per inch. Resize the image 
(Image | Resize) to a width of 3.45 inches. Save the file (File | 
Save As) in TIFF with no compression (click “More” button).  

Most graphing programs allow you to save graphs in TIFF; 
however, you often have no control over compression or 
number of bits per pixel. You should open these image files in 
a program such as Microsoft Photo Editor and re-save them 
using no compression, either 1 or 8 bits, and either 600 or 220 
dpi resolution (File | Properties; Image | Resize). See Section 
II-D2 for an explanation of number of bits and resolution. If 
your graphing program cannot export to TIFF, you can use the 
same technique described for tables in the previous paragraph. 

A way to convert a figure from Windows Metafile (WMF) 
to TIFF is to paste it into Microsoft PowerPoint, save it in 
JPG format, open it with Microsoft Photo Editor or similar 
converter, and re-save it as TIFF. 
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Microsoft Excel allows you to save spreadsheet charts in 
Graphics Interchange Format (GIF). To get good resolution, 
make the Excel charts very large. Then use the “Save as  

 
HTML” feature (see http://support.microsoft.com/support/ 
kb/articles/q158/0/79.asp). You can then convert from GIF to 
TIFF using Microsoft Photo Editor, for example. 

No matter how you convert your images, it is a good idea to 
print the TIFF files to make sure nothing was lost in the 
conversion.  

If you modify this document for use with other IEEE 
journals or conferences, you should save it as type “Word 97-
2000 & 6.0/95 - RTF (*.doc)” so that it can be opened by any 
version of Word. 

E. Copyright Form 
An IEEE copyright form should accompany your final 

submission. You can get a .pdf, .html, or .doc version at 
http://www.ieee.org/copyright or from the first issues in each 
volume of the IEEE TRANSACTIONS and JOURNALS. Authors 
are responsible for obtaining any security clearances. 

 

III. MATH 
If you are using Word, use either the Microsoft Equation 

Editor or the MathType add-on (http://www.mathtype.com) 
for equations in your paper (Insert | Object | Create New | 
Microsoft Equation or MathType Equation). “Float over text” 
should not be selected.  

 

IV. UNITS 
Use either SI (MKS) or CGS as primary units. (SI units are 

strongly encouraged.) English units may be used as secondary 
units (in parentheses). This applies to papers in data 
storage. For example, write “15 Gb/cm2 (100 Gb/in2).” An 

exception is when English units are used as identifiers in 
trade, such as “3½ in disk drive.” Avoid combining SI and 
CGS units, such as current in amperes and magnetic field in 
oersteds. This often leads to confusion because equations do 
not balance dimensionally. If you must use mixed units, 
clearly state the units for each quantity in an equation. 

The SI unit for magnetic field strength H is A/m. However, 
if you wish to use units of T, either refer to magnetic flux 
density B or magnetic field strength symbolized as µ0H. Use 
the center dot to separate compound units, e.g., “A·m2.” 

TABLE I 
UNITS FOR MAGNETIC PROPERTIES 

Symbol Quantity Conversion from Gaussian and 
CGS EMU to SI a

Φ magnetic flux 1 Mx → 10−8 Wb = 10−8 V·s 
B magnetic flux density,  

  magnetic induction 
1 G → 10−4 T = 10−4 Wb/m2

H magnetic field strength 1 Oe → 103/(4π) A/m 
m magnetic moment 1 erg/G = 1 emu  

  → 10−3 A·m2 = 10−3 J/T 
M magnetization 1 erg/(G·cm3) = 1 emu/cm3

  → 103 A/m 
4πM magnetization 1 G → 103/(4π) A/m 
σ specific magnetization 1 erg/(G·g) = 1 emu/g → 1 A·m2/kg 
j magnetic dipole  

  moment 
1 erg/G = 1 emu  
  → 4π × 10−10 Wb·m 

J magnetic polarization 1 erg/(G·cm3) = 1 emu/cm3

  → 4π × 10−4 T 
χ, κ susceptibility 1 → 4π 
χρ mass susceptibility 1 cm3/g → 4π × 10−3 m3/kg 
μ permeability 1 → 4π × 10−7 H/m  

  = 4π × 10−7 Wb/(A·m) 
μr relative permeability μ → μr

w, W energy density 1 erg/cm3 → 10−1 J/m3

N, D demagnetizing factor 1 → 1/(4π) 

No vertical lines in table. Statements that serve as captions for the entire 
table do not need footnote letters.  

aGaussian units are the same as cgs emu for magnetostatics; Mx = 
maxwell, G = gauss, Oe = oersted; Wb = weber, V = volt, s = second, T = 
tesla, m = meter, A = ampere, J = joule, kg = kilogram, H = henry. 

 

Fig. 1.  Magnetization as a function of applied field. Note that “Fig.” is 
abbreviated. There is a period after the figure number, followed by two 
spaces. It is good practice to explain the significance of the figure in the 
caption. 

 

V. HELPFUL HINTS 

A. Figures and Tables 
Because IEEE will do the final formatting of your paper, 

you do not need to position figures and tables at the top and 
bottom of each column. In fact, all figures, figure captions, 
and tables can be at the end of the paper. Large figures and 
tables may span both columns. Place figure captions below the 
figures; place table titles above the tables. If your figure has 
two parts, include the labels “(a)” and “(b)” as part of the 
artwork. Please verify that the figures and tables you mention 
in the text actually exist. Please do not include captions as 
part of the figures. Do not put captions in “text boxes” 
linked to the figures. Do not put borders around the 
outside of your figures. Use the abbreviation “Fig.” even at 
the beginning of a sentence. Do not abbreviate “Table.” 
Tables are numbered with Roman numerals.  

Color printing of figures is available, but is billed to the 
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authors (approximately $1300, depending on the number of 
figures and number of pages containing color). Include a note 
with your final paper indicating that you request color 
printing. Do not use color unless it is necessary for the 
proper interpretation of your figures. If you want reprints 
of your color article, the reprint order should be submitted 
promptly. There is an additional charge of $81 per 100 for 
color reprints. 

Figure axis labels are often a source of confusion. Use 
words rather than symbols. As an example, write the quantity 
“Magnetization,” or “Magnetization M,” not just “M.” Put 
units in parentheses. Do not label axes only with units. As in 
Fig. 1, for example, write “Magnetization (A/m)” or 
“Magnetization (A ⋅ m−1),” not just “A/m.” Do not label axes 
with a ratio of quantities and units. For example, write 
“Temperature (K),” not “Temperature/K.”  

Multipliers can be especially confusing. Write 
“Magnetization (kA/m)” or “Magnetization (103 A/m).” Do 
not write “Magnetization (A/m) × 1000” because the reader 
would not know whether the top axis label in Fig. 1 meant 
16000 A/m or 0.016 A/m. Figure labels should be legible, 
approximately 8 to 12 point type. 

B. References 
Number citations consecutively in square brackets [1]. The 

sentence punctuation follows the brackets [2]. Multiple 
references [2], [3] are each numbered with separate brackets 
[1]–[3]. When citing a section in a book, please give the 
relevant page numbers [2]. In sentences, refer simply to the 
reference number, as in [3]. Do not use “Ref. [3]” or 
“reference [3]” except at the beginning of a sentence: 
“Reference [3] shows ... .” Unfortunately the IEEE document 
translator cannot handle automatic endnotes in Word; 
therefore, type the reference list at the end of the paper using 
the “References” style. 

Number footnotes separately in superscripts (Insert | 
Footnote).1 Place the actual footnote at the bottom of the 
column in which it is cited; do not put footnotes in the 
reference list (endnotes). Use letters for table footnotes (see 
Table I).  

Please note that the references at the end of this document 
are in the preferred referencing style. Give all authors’ names; 
do not use “et al.” unless there are six authors or more. Use a 
space after authors' initials. Papers that have not been 
published should be cited as “unpublished” [4]. Papers that 
have been submitted for publication should be cited as 
“submitted for publication” [5]. Papers that have been 
accepted for publication, but not yet specified for an issue 
should be cited as “to be published” [6]. Please give 
affiliations and addresses for private communications [7]. 

Capitalize only the first word in a paper title, except for 
proper nouns and element symbols. For papers published in 
translation journals, please give the English citation first, 

followed by the original foreign-language citation [8]. 

 
1It is recommended that footnotes be avoided (except for the unnumbered 

footnote with the receipt date on the first page). Instead, try to integrate the 
footnote information into the text. 

C. Abbreviations and Acronyms 
Define abbreviations and acronyms the first time they are 

used in the text, even after they have already been defined in 
the abstract. Abbreviations such as IEEE, SI, ac, and dc do not 
have to be defined. Abbreviations that incorporate periods 
should not have spaces: write “C.N.R.S.,” not “C. N. R. S.” 
Do not use abbreviations in the title unless they are 
unavoidable (for example, “IEEE” in the title of this article). 

D. Equations 
Number equations consecutively with equation numbers in 

parentheses flush with the right margin, as in (1). First use the 
equation editor to create the equation. Then select the 
“Equation” markup style. Press the tab key and write the 
equation number in parentheses. To make your equations 
more compact, you may use the solidus ( / ), the exp function, 
or appropriate exponents. Use parentheses to avoid 
ambiguities in denominators. Punctuate equations when they 
are part of a sentence, as in 

 

.)()()||(exp

)]2(/[),(
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020

2

λλλλλ

μσϕϕ

drJrJzz

rddrrF

iij

r
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=

∫

∫  (1) 

 
Be sure that the symbols in your equation have been 

defined before the equation appears or immediately following. 
Italicize symbols (T might refer to temperature, but T is the 
unit tesla). Refer to “(1),” not “Eq. (1)” or “equation (1),” 
except at the beginning of a sentence: “Equation (1) is ... .” 

E. Other Recommendations 
Use one space after periods and colons. Hyphenate complex 

modifiers: “zero-field-cooled magnetization.” Avoid dangling 
participles, such as, “Using (1), the potential was calculated.” 
[It is not clear who or what used (1).] Write instead, “The 
potential was calculated by using (1),” or “Using (1), we 
calculated the potential.” 

Use a zero before decimal points: “0.25,” not “.25.” Use 
“cm3,” not “cc.” Indicate sample dimensions as “0.1 cm × 0.2 
cm,” not “0.1 × 0.2 cm2.” The abbreviation for “seconds” is 
“s,” not “sec.” Do not mix complete spellings and 
abbreviations of units: use “Wb/m2” or “webers per square 
meter,” not “webers/m2.” When expressing a range of values, 
write “7 to 9” or “7-9,” not “7~9.” 

A parenthetical statement at the end of a sentence is 
punctuated outside of the closing parenthesis (like this). (A 
parenthetical sentence is punctuated within the parentheses.) 
In American English, periods and commas are within 
quotation marks, like “this period.” Other punctuation is 
“outside”! Avoid contractions; for example, write “do not” 
instead of “don’t.” The serial comma is preferred: “A, B, and 
C” instead of “A, B and C.” 

If you wish, you may write in the first person singular or 
plural and use the active voice (“I observed that ...” or “We 
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observed that ...” instead of “It was observed that ...”). 
Remember to check spelling. If your native language is not 
English, please get a native English-speaking colleague to 
proofread your paper.  

 

VI. SOME COMMON MISTAKES 
The word “data” is plural, not singular. The subscript for 

the permeability of vacuum µ0 is zero, not a lowercase letter 
“o.” The term for residual magnetization is “remanence”; the 
adjective is “remanent”; do not write “remnance” or 
“remnant.” Use the word “micrometer” instead of “micron.” A 
graph within a graph is an “inset,” not an “insert.” The word 
“alternatively” is preferred to the word “alternately” (unless 
you really mean something that alternates). Use the word 
“whereas” instead of “while” (unless you are referring to 
simultaneous events). Do not use the word “essentially” to 
mean “approximately” or “effectively.” Do not use the word 
“issue” as a euphemism for “problem.” When compositions 
are not specified, separate chemical symbols by en-dashes; for 
example, “NiMn” indicates the intermetallic compound 
Ni0.5Mn0.5 whereas “Ni–Mn” indicates an alloy of some 
composition NixMn1-x. 

Be aware of the different meanings of the homophones 
“affect” (usually a verb) and “effect” (usually a noun), 
“complement” and “compliment,” “discreet” and “discrete,” 
“principal” (e.g., “principal investigator”) and “principle” 
(e.g., “principle of measurement”). Do not confuse “imply” 
and “infer.”  

Prefixes such as “non,” “sub,” “micro,” “multi,” and 
“"ultra” are not independent words; they should be joined to 
the words they modify, usually without a hyphen. There is no 
period after the “et” in the Latin abbreviation “et al.” (it is also 
italicized). The abbreviation “i.e.,” means “that is,” and the 
abbreviation “e.g.,” means “for example” (these abbreviations 
are not italicized). 

An excellent style manual and source of information for 
science writers is [9]. A general IEEE style guide, Information 
for Authors, is available at 
http://www.ieee.org/organizations/pubs/transactions/informati
on.htm
 

VII. EDITORIAL POLICY 
Submission of a manuscript is not required for participation 

in a conference. Do not submit a reworked version of a paper 
you have submitted or published elsewhere. Do not publish 
“preliminary” data or results. The submitting author is 
responsible for obtaining agreement of all coauthors and any 
consent required from sponsors before submitting a paper. 
IEEE TRANSACTIONS and JOURNALS strongly discourage 
courtesy authorship. It is the obligation of the authors to cite 
relevant prior work. 

The Transactions and Journals Department does not publish 
conference records or proceedings. The TRANSACTIONS does 

publish papers related to conferences that have been 
recommended for publication on the basis of peer review. As 
a matter of convenience and service to the technical 
community, these topical papers are collected and published in 
one issue of the TRANSACTIONS. 

At least two reviews are required for every paper submitted. 
For conference-related papers, the decision to accept or reject 
a paper is made by the conference editors and publications 
committee; the recommendations of the referees are advisory 
only. Undecipherable English is a valid reason for rejection. 
Authors of rejected papers may revise and resubmit them to 
the TRANSACTIONS as regular papers, whereupon they will be 
reviewed by two new referees. 

 

VIII. PUBLICATION PRINCIPLES 
The contents of IEEE TRANSACTIONS and JOURNALS are 

peer-reviewed and archival. The TRANSACTIONS publishes 
scholarly articles of archival value as well as tutorial 
expositions and critical reviews of classical subjects and 
topics of current interest.  

Authors should consider the following points: 
1) Technical papers submitted for publication must advance 

the state of knowledge and must cite relevant prior work.  
2) The length of a submitted paper should be commensurate 

with the importance, or appropriate to the complexity, of 
the work. For example, an obvious extension of 
previously published work might not be appropriate for 
publication or might be adequately treated in just a few 
pages. 

3) Authors must convince both peer reviewers and the 
editors of the scientific and technical merit of a paper; the 
standards of proof are higher when extraordinary or 
unexpected results are reported.  

4) Because replication is required for scientific progress, 
papers submitted for publication must provide sufficient 
information to allow readers to perform similar 
experiments or calculations and use the reported results. 
Although not everything need be disclosed, a paper must 
contain new, useable, and fully described information. 
For example, a specimen's chemical composition need not 
be reported if the main purpose of a paper is to introduce 
a new measurement technique. Authors should expect to 
be challenged by reviewers if the results are not supported 
by adequate data and critical details. 

5) Papers that describe ongoing work or announce the latest 
technical achievement, which are suitable for presentation 
at a professional conference, may not be appropriate for 
publication in a TRANSACTIONS or JOURNAL. 

 

IX. CONCLUSION 
A conclusion section is not required. Although a conclusion 

may review the main points of the paper, do not replicate the 
abstract as the conclusion. A conclusion might elaborate on 
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the importance of the work or suggest applications and 
extensions.  
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2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 1 
Out 2/7/2008; due 2/14/2008 

The goal of this assignment is to exercise the new perspective on manufacturing processes that you will gain from 
lectures 1–3. In problems 1 and 2 you will practice creating functional process models for processes that you may 
already be familiar with; in problem 3 you will explore sensitivity and variation in a particular semiconductor 
fabrication process. 

Problem 1 

From the list of product components given below, please select one and do the following. (If you wish, you may 
substitute a product–process combination with which you are more familiar than with those on the list, but it should 
contain at least two discrete processing steps.) 

a)	 Determine the key quality characteristics that you would worry about if you were the customer for the part. In 
other words, what are the key measures of output geometry (e.g. diameter) and of output constitutive properties 
(e.g. hardness) for the part? (While aesthetic considerations might well be of concern to the customer, we are 
concerned here purely with measurable, functional outputs.) 

b)	 Based on the processes listed for your chosen component, describe how the component is made and what the 
principal determinants of the part’s geometry and its final constitutive properties will be. 

c)	 For each process used to make your component, identify the key process parameters: 
•	 Equipment state 
•	 Equipment properties 
•	 Material states 
• Material properties 


For equipment and material states, list the appropriate power and energy variables.


d)	 What variable(s) are typically used to control the processes? 

e)	 What variables can be expected to cause variation in the output and why? 

f)	 How would you “control” the processes to achieve the desired geometry/final physical properties and to 
minimize the chance that parts are unacceptable? 

g)	 Draw a block diagram of the equipment and material, showing the inputs, parameters, energy transfer and 
output(s). 

Please check your answers for consistency with the process model presented in class. 
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Component Processes 

Hard drive disk Precision turning Metal oxide coating 

Hard drive head control 
arm 

Die casting Machining 

Cell phone base Injection molding Screen printing 

CD-R blank Injection molding Joining (to sandwich the 
metal foil) 

Fuselage skin panel Sheet forming Edge trimming Rivet hole drilling 

Fuselage ribs Roll forming Edge trimming 

Cell phone key pad 
inserts 

Thermoforming Screen printing 

Ship hull plates Flame cutting Roll bending 

Circuit boards Masking and etching Hole drilling 

Automobile roof Blanking to shape Forming to contour Edge or hem binding 

Disk brake rotors Sand casting Machining 

IC contact “trees” Cutting (blanking) Forming of “legs” or pins 

Keyboard keys Injection molding of key Injection molding of letter 
insert 

Cantilever-beam MEMS 
accelerometer 

Photolithography Wet chemical etching 

Engine piston Turning Boring (for wrist pin) 

Fuel injector housing Die casting Machining 

Fuel injection throttle 
body 

Die casting or injection 
molding 

Machining (or not) 
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Problem 2 

For the processes you have chosen, discuss:


a) The dominant energy interaction between equipment and material;


b) The area or volume of that interaction relative to the total area or volume of the part. 


c) Using the process taxonomy chart in the handout “Processes and Process Control”, parse each process according 

to transformation mode, serial/parallel, and energy domain. 

Note 

•	 Please collaborate with your classmates to help select a product–process combination, but then work on the 
problem individually. If you are still unsure about the product or process, then state a set of assumptions, and 
proceed. 

•	 You may use any source necessary for information about these products and processes, including basic 
manufacturing texts, such as those listed below, and more specific sources found in the library. 

Kalpakjian, Manufacturing Processes for Engineering Materials, Addison Wesley 

Doyle, Keyser, Leach, Schrader and Singer, Manufacturing Processes and Materials for Engineering, Prentice Hall 

Schey, Introduction to Manufacturing Processes, McGraw Hill 

http://www.howstuffworks.com/ 
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Problem 3 

Potassium hydroxide (KOH) in aqueous solution is a typical etchant for silicon. In this question we will consider the 
sensitivity of the etched depth to variations of etch time, KOH concentration and temperature.  

a) Determine the sensitivity of etched depth to 

i.	 etch time; 
ii.	 KOH concentration; 
iii.	 solution temperature 

for the following two sets of nominal parameters: 

1.	 etch time = 5 minutes; KOH concentration = 40 wt%; solution temperature = 72 °C; 
2.	 etch time = 1 hour; KOH concentration = 20 wt%; solution temperature = 40 °C. 

To answer this question you can use the information in Figure 1, which is taken from Seidel et al., J. 
Electrochemical Society, vol. 137, no. 11, pp. 3612–3626, 1990. You may also assume that the etch rate, R, 
follows the Arrhenius relation: R = R0exp(–Ea/kT) with an activation energy Ea of 0.6 eV, independent of 
temperature and KOH concentration. R0 may be derived from Figure 1, and may be assumed to be a function of 
KOH concentration but independent of temperature. T is the temperature in Kelvin, k is Boltzmann’s constant 
(1.38 × 10–23 J/K), and there are 1.60 × 10–19 J in 1 eV. 

b) Provide reasoned estimates of how well it is possible to control: 

i.	 etch time (hint: the silicon wafer to be etched is usually immersed in a bath of the KOH solution during 
etching); 

ii.	 KOH concentration (hint: the KOH solution is prepared either by diluting concentrated solution or by 
dissolving KOH pellets in water); 

iii.	 solution temperature (hint: the KOH solution is usually contained in a temperature-controlled water 
bath). 

c) Using your answers to (a) and (b), deduce which of the three machine states (temperature, time, concentration) 
contributes the largest portion of the variability of the etched depth in each of the two cases evaluated. 

d) If you needed to etch to a depth of 100 µm, what is the smallest depth variability that could be achieved using a 
timed KOH etch? (Hint: focus on the sensitivity of etched depth to temperature. Express the sensitivity of etched 
depth to temperature in terms of the target depth, temperature and physical constants. Then decide what 
temperature to use and compute the likely resulting variability. Think about physical constraints on your 
selection of parameters. Finally, check the depth variability due to time and concentration variations.) 
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Image removed due to copyright restrictions. 

Figure 1. Etch rate of <100> silicon in KOH solution as a function of KOH concentration, for a temperature of 72 °C. 

Source: Seidel et al., J. Electrochemical Society, vol. 137, no. 11, pp. 3612–3626, 1990.
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 2 
Out 2/14/2008; due Tuesday 2/26/2008 

Problem 1 
This is an exercise to reinforce the process-modeling ideas introduced so far in the course, and to help you to start 
thinking about possible topics for the term project. 

Either 

Write approximately a page describing a manufacturability or process-control challenge that you’ve encountered 
during your professional or research activities. As far as any confidentiality commitments allow, describe the 
process(es) and its/their sources of variation. Use the framework of the process model set out in Lecture 3. Discuss 
any approaches that you took to aid manufacturability, such as (i) modeling variation in the process(es), (ii) tackling 
sources of variation, (iii) refining the process(es) to make them more robust to input variations, or (iv) actively 
controlling the process(es). What, if any, are the remaining questions surrounding variability of the output? It would 
be helpful to describe also the extent and nature of any relevant data to which you have access. 

Or 

Peruse one of the following journals — or another of your choice — and select an article addressing a 
manufacturability or process-control challenge that interests you. Write about a page discussing the process(es) used 
in the work and its/their sources of variation. Use the framework of the process model set out in Lecture 3. Assess 
any approaches that were taken by the authors to (i) model the process(es) and their variation, (ii) tackle sources of 
variation, (iii) make the process(es) more robust to variation, or (iv) actively control the process(es). If you had been 
doing the research, would you have tried any alternative approaches? 

Possible sources include: 

IEEE Transactions on Semiconductor Manufacturing; 

Materials and Manufacturing Processes (Taylor and Francis); 

International Journal of Advanced Manufacturing Technology (Elsevier). 


Points to consider, whether you choose to write about your own experience or about other published research: 

a)	 What are the key ‘quality’ characteristics of the output from the process(es)? 
b)	 Categorize the process(es) used by their transformation mode (addition, deformation…), the relevant energy 

domain (mechanical, chemical…), and whether the material–equipment interaction is ‘serial’ or ‘parallel’. 
c)	 What are the key process parameters? Give equipment states/properties and material states/properties. For 

equipment and material states, list the appropriate power and energy variables. 
d)	 What variable(s) are typically used to control the process(es)? 
e)	 What variables cause variation in the output and why? 
f)	 How were the process(es) controlled to achieve the desired geometry/final physical properties? 
g)	 Draw a block diagram of the equipment and material, showing the inputs, parameters, energy transfer and 

output(s). 
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Problem 2 
May and Spanos problem 4.3 

Problem 3 
May and Spanos problem 4.5 

Problem 4 
This problem is related to data taken in an earlier year’s lab. To become familiar with that lab, please first view a 
short video overview of the lab. This video is labeled `2-4.rm' and is entitled ‘Control Lab Video’. The video, along 
with an Excel file containing data from the lab (`2-4.xls'), can be found under the ‘Problem Sets’ heading in 
the ‘Materials’ section of the website. 

For two of the processes — sheet shearing and injection molding — we are interested in answering a few questions. 

For the sheet shearing data: 

a)	 Are the data well described by a normal distribution? (To determine this, please include a frequency histogram, 
a measure of the skewness and kurtosis of the data, and a qq or normal probability plot*.) 

b) Is there any evidence of a consistent taper in the parts? 
c) Does the process appear stationary? 

For the injection molding, where the data span a number of different machine settings: 

d)	 Is the entire dataset well described by a normal distribution? (To determine this, again please include a 
frequency histogram, a measure of the skewness and kurtosis of the data, and a qq or normal probability plot.) 

e)	 If instead we consider datasets from each of the four process settings, do the data look more or less normal than 
in part d)? (Be sure to determine the sample mean and variance for each condition as well as performing the 
normality tests.) 

f)	 Looking at the two extremes of low hold–low velocity and high hold–high velocity, what evidence have you of 
a significant difference in the mean output between these two operating points? 

* These functions are all available in the MATLAB Statistics Toolbox. All but the qq-plot are in Excel, and may 
also be found in Minitab or JMP. 
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 3 
Out 2/26/2008; due Tuesday 3/4/2008 

Part 1 — qq plots and testing the assumption of normality 
A silicon wafer is patterned with an array of dies of identical design. When the wafer is cleaved to separate the dies, 
each die will become a single integrated circuit. Each die contains many MOSFETs that are wished to have identical 
dimensions. In reality, these dimensions vary within each die and the mean within-die dimension varies from die to 
die. A particular dimensional parameter of the MOSFETs produced in die 1 (near the edge of the wafer) is described 
by x1 ~ N(0,1) and the same parameter of the MOSFETs in die 2 (near the wafer’s center) is described by 
x2 ~ N(d,1). A metrology expert presumes that die-to-die variability will be negligible in comparison with within-die 
variability, and therefore samples 500 transistors from die 1 and 500 transistors from die 2, intermingling the 
samples before analyzing them. In other words, the expert discards any information about which measurement 
comes from which die. For values of d from 0 to 2 in steps of 0.5, use your favorite graphing software to simulate 
these intermingled samples. Also generate a sixth sample for the case d = 4. Produce a qq-norm plot of each 
generated sample. If you had been given these qq-norm plots, without knowing their source, and had been asked to 
say which of the samples were taken from a normal distribution, what would you have said? 

Subjective interpretation of qq-norm plots has its limitations. There are, however, quantitative tests of normality that 
can be used. The Lilliefors test, for example, tests the hypothesis that the distribution underlying a given sample is 
normal. In MATLAB’s Statistics Toolbox, this test is implemented as lillietest(X, alpha) where X is a 
vector containing the samples and alpha is the level of significance at which the hypothesis is to be tested. The 
MATLAB function returns 0 if the hypothesis of normality is accepted, and 1 if rejected. What is the smallest value 
of d for which the hypothesis of normality of the intermingled sample is rejected by the Lilliefors test at the 5% 
level? Comment on what you find. (If you prefer to use a different test of normality, please feel free to do so.) 

Note: an additional resource on engineering statistics for semiconductor (and other manufacturing processes) is the 
NIST/SEMATECH Engineering Statistics Handbook at http://www.itl.nist.gov/div898/handbook/index.htm . This 
handbook includes descriptions of normality tests, as well as many other tools and methods we use throughout this 
class. 

Part 2 — hypothesis testing 
Montgomery: problems 3–3, 3–6, 3–11, and 3–21 

Part 3 — control charts 
May and Spanos: problems 6.1, 6.2, and 6.3 

Part 4 — process capability 
Montgomery: problems 7–3 (data are in spreadsheet “3-4.xls”), and 7–6 
May and Spanos: problem 6.8 
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Part 5 — thermoforming production process 
The data from a thermoforming production process that was run at NTU is presented in the spreadsheet 
`3-5.xls'. During this short production run all inputs were held as constant as possible (or so it was 
thought). 

From prior production runs, we have concluded that 

x = 34.75 

S = 0.17 
(a)	 Create control charts for this process for the sample sizes of 3 and 5. 

(b) Using the Western Electric rules, does the process ever indicate an out-of-control condition? If so, at what 
sample number? 

(c)	 Assume the design specs for this product are such that historically the process capability has been Cp = Cpk = 1. 
How many out-of-specification parts would be produced if at each new measurement you immediately applied 
the Western Electric rules? (Be sure to compare the run chart with the xbar charts to answer this question.) 

(d)	 If we wanted to detect a mean shift of 0.25σ, what would be the ARL for this process? 

(e)	 If no SPC had been performed on this process during this entire production run, how many defective parts 
would have been produced? 
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 

Department of Electrical Engineering and Computer Science 

2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 4 
Out 3/4/2008; due Tuesday 3/11/2008 

Part 1 — cusum 
Montgomery 8–1 and 8–2 

Part 2 — EWMA charts 
Montgomery 8–21 and 8–22 (8–19 and 8–20 in 4th Edition) 

Data for 8–21 are in `4-2.xls'. 
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Department of Electrical Engineering and Computer Science 
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Spring 2008 

Assignment 5 
Out 3/11/2008; due Thursday 3/20/2008

Part 1 
May and Spanos problems 5.4, 5.5, 5.7, and 5.8 

Part 2 
Static random access memory (SRAM) ‘cache’ blocks form a crucial part of many integrated circuits, including the 
processors used in personal computers. Illustrated on the next page is a very simple memory block composed of an 
array of 256×256 cells, each cell capable of storing one bit of data (abstractly, a ‘1’ or a ‘0’). To retrieve a particular 
256-bit ‘word’ of data from the block, a signal is sent to one row of the array, causing each cell in that row to be 
connected to a pair of wires running parallel to the columns of the array. At the end of each of these pairs of wires is 
a highly sensitive differential amplifier that is designed to detect the value stored in the connected cell as quickly as 
possible. This scheme allows 2562 bits to be accessed with just ~300 electrical connections to the block. 

Here we consider the yield performance of the sense-amplifiers described above. An eager young circuit designer 
decides that he can enhance the SRAM’s performance by reducing the gate lengths of the transistors in the 
differential amplifiers. Unfortunately, variability of the manufactured gate lengths leads to a ‘mismatch’ of the 
transistors within each amplifier and that mismatch becomes more pronounced as the nominal gate length is 
reduced. For the new design, Monte Carlo simulations suggest that the mismatch will be such that 0.5% of 
amplifiers cannot be relied upon to read data from the array correctly. The designer considers this fraction to be 
small enough, and sends the chip to be manufactured. 

(a)	 Assume that each of the columns in a given SRAM block must have a working amplifier for the chip to 
pass the testing phase. What is the functional yield if each chip has one SRAM block on it, and sense-
amplifier failures are the only cause of functional yield loss? 

(b)	 What is the functional yield if there are four SRAM blocks on each chip and all four must be working for 
the chip to pass? 

(c)	 The circuit surrounding the SRAM block is changed so that the SRAM can be reconfigured and used if 25 
or fewer of the columns have defective sense-amplifiers. Evaluate the functional yield now, if each chip has 
only one SRAM block. 
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Data out (256 bits) 

…

…

Row trigger signal Triggered memory 
cells (one bit each) 

Sense amplifiers 

SRAM block 

Differential voltages 
on pairs of wires 
are sensed by 
amplifiers 
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 6 
Out 3/22/2008; due Thursday 4/3/2008

Problem 1 
In the injection molding experiments described in class, two input variables were changed: injection speed and hold 
time. Here we address the question of whether the change in either or both of these inputs caused a significant 
change in the output.  

(a) 	 Perform a two-way ANOVA on the injection molding data, and draw conclusions. 

The ANOVA test is not the only method we can use to test the hypothesis that the inputs did or did not have any 
effect. Accordingly for this problem: 

(b) 	 Formulate a hypothesis and a test statistic that will get at the same question “did anything happen?” when 
each input was changed. 

(c) 	 Apply that test to the injection molding data and compare the results to those you have obtained using 
ANOVA. 

(d)	 Comment on how the results compare and explain the differences and/or similarities between the two 
methods. 

The experimental data are posted with this assignment in an Excel file, `6-1.xls'. 

Problem 2 
Montgomery 12–2 
Montgomery 12–3 

Problem 3 
It was stated in class (and in Montgomery section 12–5.1) that the sum of squares for an effect A is given by: 

where “contrast coefficients” refers to the values used for the inputs (–1 and +1 for our coded system). Show why 
this relationship is correct. 

Problem 4 
May and Spanos problem 7.5 
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Massachusetts Institute of Technology 
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Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 7 
Out 4/4/2008; due Thursday 4/10/2008

Problem 1 
Montgomery 12–10 

Problem 2 
Montgomery 12–15 

Problem 3 
Suppose that the following results were obtained from a 2-factor experiment with center point. Five replicate 
measurements were made for each input combination: 

x1 x2 y (5 replicates) 
0 0 0.1014 0.1056 0.0996 0.0991 0.1038 
1 1 0.0650 0.0650 0.0667 0.0662 0.0664 
1 –1 0.0914 0.0891 0.0925 0.0855 0.0913 

–1 1 0.1107 0.1071 0.1109 0.1115 0.1145 
–1 –1 0.1963 0.2185 0.1914 0.1814 0.2092 

(a)	 Attempt to fit a model to these results. Examine the residuals using a normal probability plot and a plot of 
residuals against fitted values. Do the residuals appear to have equal variance across the prediction range? 

(b) Now try fitting models, in turn, to the transformed data sets exp(y) and 1/y. In each case examine the residuals 
and draw conclusions about which, if either, transformation is appropriate. 

(These data are also provided in an Excel file on the course website, `7-3.xls'.) 

Problem 4 
Montgomery 13–12 
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Assignment 8 
Out 4/10/2008; due Friday 4/18/2008

It would be helpful to read this before the lecture on nested variance on Tuesday, April 15th. The reading is
entitled Variance Components and Process Sampling Design (Chapter 3 of Statistical Methods for Industrial
Process Control by David Drain). An accompanying spreadsheet has also been posted. 

Problem 1 
Here we deal with the data set provided in the Excel spreadsheet 8-1.xls. This file contains 31 (x, y) 
measurement pairs and it is believed that the underlying physical process can be modeled as y = b0 + bx + ε. 

(a)	 Fit a linear model to the data, following the procedure described in May and Spanos section 8.1.2.3. Produce a 
plot containing the raw data, the straight-line model fit, and a 99% confidence interval for the model. Please 
show your working. 

(b) Do you consider any of the data points to be obvious ‘outliers’? Can you think of systematic ways of identifying 
and discounting outliers during a fitting procedure? Here we consider the possibility of using the confidence 
interval as a way of automatically rejecting outliers. Reduce the dataset to only those data contained within the 
99% confidence interval found above. Fit a new linear model to this reduced dataset, and on a new graph plot 
the reduced dataset, the new linear model and the corresponding 99% confidence interval. Comment on 
differences between your best estimates of b and b0 in parts (a) and (b). 

(c)	 Reduce the dataset once more, by rejecting data points lying outside the new confidence interval determined in 
part (b) above. What do you notice about the resulting best estimates of b and b0 compared to the previous 
estimates? What would happen if you attempted to continue this cycle of data rejection and fitting? Does this 
approach to rejecting outliers seem sensible? 

Problem 2 
Suppose that we fit the following model to some data: 

ŷ = b0 + b1x1 + b11x1
2 + b2 x2 

Derive an expression for a (1 – α) confidence interval for ŷ*, the model prediction at a given point (x1
*, x2

*). Use 
May and Spanos section 8.1 to help you. 

Problem 3 
Problem 4 on pp. 222–223 of Drain. 
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Problem 4 
In lecture 16 the concept of robustness was introduced by considering two types of factors: control and noise. The 
latter were defined as factors we could change in a controlled experiment, but which would be random during 
normal process operations. Robustness was then defined as finding an operating point for the control factors that 
would minimize the effect of these noise factors while still giving good process capability. 

(a)	 Two methods were put forward: use of inner and outer arrays and a response surface method to find mean and 
variance response surfaces. Please compare these two methods with respect to the number of experiments 
necessary to find an optimum operating point. For each method, express the number of experiments needed as a 
function of the number, c, of control factors, and the number, n, of noise factors. 

Now consider a slightly different problem. There are only control factors and noise. The latter are not factors, nor 
can we alter them during an experiment. However you still want to see if some type of process robustness study can 
be performed.  

(b) Using a basic response model (i.e. 	y = b0 + b1x1 + … + ε) state the assumptions under which such an 
optimization would be possible. (Recall that we are trying to minimize the sensitivity of the process to 
parameter variations.) 

(c)	 How would you set up an experiment to conduct this “pure noise” robustness test, and what methods would you 
use to test the assumption(s) from part (b)? 
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Manufacturing

2.830/6.780J2.830/6.780J Control of Manufacturing ProcessesControl of Manufacturing Processes

““An Industrial Example of Oxide Etch An Industrial Example of Oxide Etch 
Process Control and OptimizationProcess Control and Optimization””

Jing YaoJing Yao
Kai MengKai Meng
Yi QianYi Qian

Spring 2007Spring 2007
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2

Manufacturing

2/1/05

AgendaAgenda

•• Plasma Etch Process physicsPlasma Etch Process physics
•• Industrial PracticesIndustrial Practices

–– SPC PracticeSPC Practice
–– A Process Improvement ExperimentA Process Improvement Experiment

•• Proposed DOE and RSM methodsProposed DOE and RSM methods
•• Process control improvements and Process control improvements and 

recommendationsrecommendations
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3

Manufacturing

2/1/05

Layered Wafer Manufacturing ProcessLayered Wafer Manufacturing Process

•• 3 basic operations: 3 basic operations: 
–– Film DepositionFilm Deposition
–– PhotolithographyPhotolithography
–– EtchEtch

•• This cycle is repeated This cycle is repeated 
to build up various to build up various 
layers in the devices.layers in the devices.

Image removed due to copyright restrictions. Please see 
http://dot.che.gatech.edu/henderson/Introductions/Image55.gif
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1

Αnisotropy is critical in submicron 
feature fabrication!

Manufacturing

2/1/05

Types of EtchingTypes of Etching

•• Etch techniquesEtch techniques
–– Wet etch Wet etch 

(Isotropic)(Isotropic)
–– Dry etch / Plasma etch Dry etch / Plasma etch 

(Anisotropic)(Anisotropic)
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Manufacturing

2/1/05

Plasma Etching StepsPlasma Etching Steps

•• Plasma etching uses Plasma etching uses 
RF power to drive RF power to drive 
material removal by material removal by 
chemical reactionchemical reaction

•• Steps:Steps:
–– Formation of active gas Formation of active gas 

species, e.g.species, e.g.
CFCF44+ e+ e-- CFCF33

+++ F+ 2e+ F+ 2e--

–– Transport of the active Transport of the active 
species to the wafer species to the wafer 
surfacesurface

–– Reaction at the surfaceReaction at the surface
SiOSiO22 + 4F + 4F SiFSiF4 4 + O+ O22

–– Pump away volatile Pump away volatile 
productsproducts

Gas in To pump

Absorption Reaction
Desorbtion

RF Power
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Manufacturing

2/1/05

Physical Physical vsvs Chemical EtchingChemical Etching

•• Industry often uses hybrid technique: physical Industry often uses hybrid technique: physical 
method to enhance chemical etchingmethod to enhance chemical etching

•• This gives anisotropic etch profile, reasonably good This gives anisotropic etch profile, reasonably good 
selectivity, and moderate bombardmentselectivity, and moderate bombardment--induced induced 
damage.damage.

Physical MethodPhysical Method Chemical MethodChemical Method
MechanismMechanism Ion BombardmentIon Bombardment Chemical ReactionChemical Reaction
Etch RateEtch Rate LowLow HighHigh
SelectivitySelectivity LowLow HighHigh
BombardmentBombardment--
induced damageinduced damage HighHigh LowLow

AnisotropyAnisotropy HighHigh LowLow
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Manufacturing

2/1/05

Plasma Etch ParametersPlasma Etch Parameters

•• Gas chemistryGas chemistry
–– Fluorocarbon gases (CFluorocarbon gases (C44FF66, CF, CF44, C, C44FF88,etc),etc)

Atomic F is active etchant for SiOAtomic F is active etchant for SiO22
SiOSiO22 + 4F + 4F SiFSiF44 + O+ O22

Carbon reacts with oxygen to form Carbon reacts with oxygen to form 
passivationpassivation layer on Si layer on Si provides provides 
selectivityselectivity

–– OO22: Under certain level, O: Under certain level, O22 scavenge C in scavenge C in 
Fluorocarbon, results in higher F Fluorocarbon, results in higher F 
concentration concentration Higher etch rateHigher etch rate

–– ArAr: : ArAr+ + ion beam enhances chemical ion beam enhances chemical 
reactionreaction
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Manufacturing

2/1/05

•• PressurePressure
–– Low pressure reduces ionLow pressure reduces ion--neutral neutral 

collision on sidewalls (lateral etch), collision on sidewalls (lateral etch), 
enhances anisotropic etchingenhances anisotropic etching

•• Bias PowerBias Power
–– Increase bias power enhances physical Increase bias power enhances physical 

bombardment of ionsbombardment of ions
•• Etch TimeEtch Time
•• TemperatureTemperature

Plasma Etch ParametersPlasma Etch Parameters
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Manufacturing

2/1/05

Critical IssuesCritical Issues

•• AnisotropyAnisotropy
•• SelectivitySelectivity
•• Microscopic UniformityMicroscopic Uniformity
•• Etch DepthEtch Depth
•• Critical Dimension (CD)Critical Dimension (CD)

Image removed due to copyright restrictions. Please see http://www.mems-
exchange.org/catalog/P3431/file/f38826bf4266f95d6e054553/thumbnail?600
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Manufacturing

2/1/05

BackgroundBackground

•• Industry Practices in a DRAM wafer Industry Practices in a DRAM wafer 
fabrication plant in Singaporefabrication plant in Singapore

•• Current Technology: Current Technology: 
–– 95nm 1GB DRAM on 200mm wafers95nm 1GB DRAM on 200mm wafers
–– 78nm 1GB DRAM on 300mm wafers78nm 1GB DRAM on 300mm wafers

•• Information sourceInformation source
–– Interview with process engineerInterview with process engineer
–– Scaled data based on experiments data Scaled data based on experiments data 

(actual data unknown)(actual data unknown)
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Manufacturing

2/1/05

Focused OutputFocused Output

•• Etch DepthEtch Depth
–– Measuring MethodMeasuring Method

•• Test wafer ONLY!Test wafer ONLY!
–– OverOver--etch on test waferetch on test wafer
–– CostCost

•• 5 sites measurement5 sites measurement

–– Percentage overPercentage over--etch on test waferetch on test wafer
•• 20%20%--60% over60% over--etch on test waferetch on test wafer
•• SelectivitySelectivity

•• Critical DimensionCritical Dimension
–– Measuring MethodMeasuring Method

•• Test or production waferTest or production wafer
•• 5 sites measurement5 sites measurement

150%

Test Wafer

SiO2

100%

Production Wafer

Nitride/Silicon

SiO2 SiO2

Image removed due to copyright restrictions. Please see http://www.mems-
exchange.org/catalog/P3431/file/f38826bf4266f95d6e054553/thumbnail?600
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Manufacturing

2/1/05

SPC PracticeSPC Practice

•• SPC analysis tools are installed in all SPC analysis tools are installed in all 
production machinesproduction machines
–– XX--bar chart and R chartbar chart and R chart

•• Different test methods for different outputsDifferent test methods for different outputs
–– Etch DepthEtch Depth

•• Insert test wafer into production lotsInsert test wafer into production lots
•• Infrequent: ~200 hoursInfrequent: ~200 hours
•• Increase frequency when special attention neededIncrease frequency when special attention needed

–– Critical DimensionCritical Dimension
•• Test 1 wafer per lot (25 wafers)Test 1 wafer per lot (25 wafers)
•• 5 sites average5 sites average
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Manufacturing

2/1/05

SPC PracticeSPC Practice

•• Rules: similar to Western Electrical Rules: similar to Western Electrical 
Handbook rulesHandbook rules

•• UCL/LCL are set by process engineerUCL/LCL are set by process engineer
–– Based on USL/LSLBased on USL/LSL
–– UCL/LCL are little bit tighter than USL/LSLUCL/LCL are little bit tighter than USL/LSL
–– Tighten UCL/LCL based on experienceTighten UCL/LCL based on experience
–– UCL/LCL are not based on standard deviation!UCL/LCL are not based on standard deviation!

•• Process pass SPC most of the timeProcess pass SPC most of the time
•• Stop a machine when a measurement is Stop a machine when a measurement is 

outside UCL/LCL, other rules mostly outside UCL/LCL, other rules mostly 
ignoredignored

•• Slow responseSlow response
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Manufacturing

2/1/05

SPC ImprovementSPC Improvement

•• Set UCL/LCL based on sample Set UCL/LCL based on sample 
standard deviationstandard deviation

•• Use more effective control chart, like Use more effective control chart, like 
CUSUM or EWMA chart, to improve CUSUM or EWMA chart, to improve 
response timeresponse time

•• Use multivariate process controlUse multivariate process control
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Manufacturing

2/1/05

A Process Improvement A Process Improvement 
ExperimentExperiment

•• ProblemProblem
–– UnderUnder--etchetch
–– Discovered by quality assurance from finished Discovered by quality assurance from finished 

productsproducts
–– Process improvement is necessary because no Process improvement is necessary because no 

issues found on the machineissues found on the machine

•• ApproachApproach
1.1. Focus on two inputs (CFocus on two inputs (C44FF66 Flow Rate, Bias Power)Flow Rate, Bias Power)
2.2. Vary inputs one step away from current valueVary inputs one step away from current value
3.3. Test with all inputs combinations Test with all inputs combinations 
4.4. Change third input (Time)Change third input (Time)
5.5. Repeat 1 to 3Repeat 1 to 3
6.6. Find the best resultFind the best result
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Manufacturing

2/1/05

A Process Improvement A Process Improvement 
ExperimentExperiment

•• 1 wafer, no replicates1 wafer, no replicates
•• 5 sites average5 sites average

•• Goal:Goal:
–– CD: 100 CD: 100 ±± 5 nm5 nm
–– Etch Depth: 1.4 um with 60%~70% over etch on test wafer  [2.25umEtch Depth: 1.4 um with 60%~70% over etch on test wafer  [2.25um, 2.4 um], 2.4 um]

C4F6 (sccm)
Etch Depth (um)

14.5 15 15.5

1300 1.72 1.68 1.56

1400 2.08 2.01 1.91

1500 2.56 2.45 2.41

200 sec200 sec
C4F6 (sccm)

CD (nm)
14.5 15 15.5

1300 100 95 88

1400 110 103 96

1500 118 110 104

Bias 
Power 

(W)

Bias 
Power 

(W)

C4F6 (sccm)
Etch Depth (um)

14.5 15 15.5

1300 1.63 1.60 1.50

1400 2.00 1.95 1.87

1500 2.50 2.37 2.28

190 sec190 sec
C4F6 (sccm)

CD (nm)
14.5 15 15.5

1300 98 93 85

1400 106 100 94

1500 114 106 100

Bias 
Power 

(W)

Bias 
Power 

(W)

sccm : Standard Cubic Centimeters per Minute
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A Process Improvement A Process Improvement 
ExperimentExperiment

•• A combination of DOE and OFATA combination of DOE and OFAT
–– Rely on theoretical study and experienceRely on theoretical study and experience

•• Find an optimal based on tested input Find an optimal based on tested input 
combinationscombinations

•• No Response Surface analysis No Response Surface analysis 
•• No replicates or center pointsNo replicates or center points

–– Hard to prove model accuracyHard to prove model accuracy
•• No variance studyNo variance study
•• Confidence Level unknown!Confidence Level unknown!
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Experimental DesignExperimental Design

•• Bias Power and CBias Power and C44FF66
–– Central composite design Central composite design 
–– 3 levels3 levels

•• Etching TimeEtching Time
–– 2 levels2 levels

(-1) (0) (1)
X1-Bias Power 1300 1400 1500 W
X2-C4F6 14.5 15.0 15.5 sccm
X3-Etching Time 190 200 sec

Actual test levels (coded test level)
Factor
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Run DataRun Data

Time

-1
1

0

1

-1
0 C4F60

-1Bias Power 1

Note: each run data is the mean 
of 5 sites average on 1 wafer

Trial Bias Power C4F6 Time Etch Depth
(um)

Critical
Dimension (nm)

1 -1 -1 1 1.72 100
2 0 -1 1 2.08 110
3 1 -1 1 2.56 118
4 -1 0 1 1.68 95
5 0 0 1 2.01 103
6 1 0 1 2.45 110
7 -1 1 1 1.56 88
8 0 1 1 1.91 96
9 1 1 1 2.41 104
10 -1 -1 -1 1.63 98
11 0 -1 -1 2.00 106
12 1 -1 -1 2.50 114
13 -1 0 -1 1.60 93
14 0 0 -1 1.95 100
15 1 0 -1 2.37 106
16 -1 1 -1 1.50 85
17 0 1 -1 1.87 94
18 1 1 -1 2.28 100
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Response ModelsResponse Models

•• Second order polynomial modelsSecond order polynomial models
–– models built using coded variablesmodels built using coded variables
–– no transformations of output variables no transformations of output variables 

attemptedattempted
3 3 3 3

2
0

1 1 1 1
i i ij i j ii i

i j i i i

Y b b X b X X b X
= = + = =

= + + +∑ ∑ ∑ ∑
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Model EvaluationModel Evaluation

•• RSM fittingRSM fitting
–– ANOVA performedANOVA performed
–– Each output model claimed significant at Each output model claimed significant at 

>99.8% confidence level or higher>99.8% confidence level or higher

•• Regression coefficients shown for Regression coefficients shown for 
significant termssignificant terms
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Etch DepthEtch Depth

•• Response Surface modelResponse Surface model

•• ResidualResidual

2
1 2 3 11.970 0.407 -0.080 0.038 0.052ED x x x x= + + +

Residual

Pe
rc

en
t

0.0500.0250.000-0.025-0.050

99

90

50

10

1

Fit ted Value
Re

si
du

al
2.502.252.001.751.50

0.030

0.015

0.000

-0.015

-0.030

Residual

Fr
eq

ue
nc

y

0.030.020.010.00-0.01-0.02-0.03

4

3

2

1

0

Obser vat ion Or der

Re
si

du
al

18161412108642

0.030

0.015

0.000

-0.015

-0.030

Normal Probabilit y Plot  o f  t he Residuals Residuals Versus t he Fit t ed Values

Hist ogram of  t he Residuals Residuals Versus t he Order o f  t he Dat a

Residual  Plots for  Etch Depth
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Etch Depth Etch Depth –– Contour PlotContour Plot

•• Etch Depth most sensitive Etch Depth most sensitive 
to Bias Powerto Bias Power

•• Bias Power  , or Time  , or Bias Power  , or Time  , or 
CC44FF66 Etch DepthEtch Depth

Bias Power

C4
F6

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

Time 0
Hold Values

>  
-  
-  
-  
-  
<   1.6

1.6 1.8
1.8 2.0
2.0 2.2
2.2 2.4

2.4

Depth
Etch

Contour  Plot  of  Etch Depth vs C4F6, Bias Pow er

Bias Power

Ti
m

e

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

C4F6 0
Hold Values

>  
-  
-  
-  
-  
<   1.6

1.6 1.8
1.8 2.0
2.0 2.2
2.2 2.4

2.4

Depth
Etch

Contour  Plot  of  Etch Depth vs Time, Bias Pow er

C4F6

Ti
m

e

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

Bias Power 0
Hold Values

>  
-  
-  
-  
<   1.90

1.90 1.95
1.95 2.00
2.00 2.05

2.05

Etch Depth

Contour  Plot  of  Etch Depth vs Time, C4F6
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Critical DimensionCritical Dimension

•• Response Surface modelResponse Surface model

•• ResidualResidual
1 2 3101.111 7.750 -6.583 1.556CD x x x= + +

Residual

P
er

ce
nt

210-1-2

99

90

50

10

1

Fit ted Value
Re

si
du

al
12011010090

1

0

-1

Residual

Fr
eq

ue
nc

y

1.00.50.0-0.5-1.0-1.5

6.0

4.5

3.0

1.5

0.0

Obser vat ion Or der

R
es

id
ua

l

18161412108642

1

0

-1

Normal Probabilit y Plo t  o f  t he Residuals Residuals Versus t he Fit t ed Values

Hist ogram of  t he Residuals Residuals Versus t he Order o f  t he Dat a

Residual  Plots for  CD
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Critical Dimension Critical Dimension –– Contour PlotContour Plot

Bias Power

C4
F6

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

Time 0
Hold Values

>  
-  
-  
-  
-  
-  
<   90

90 95
95 100

100 105
105 110
110 115

115

CD

Contour  Plot  of  CD vs C4F6, Bias Pow er

Bias Power

Ti
m

e

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

C4F6 0
Hold Values

>  
-  
-  
-  
<   95

95 100
100 105
105 110

110

CD

Contour  Plot of CD vs Time, Bias Pow er

C4F6

Ti
m

e

1.00.50.0-0.5-1.0

1.0

0.5

0.0

-0.5

-1.0

Bias Power 0
Hold Values

>   
-  
-  
-  
-  
-  
<   95.0

95.0 97.5
97.5 100.0

100.0 102.5
102.5 105.0
105.0 107.5

107.5

CD

Contour  Plot  of  CD vs Time, C4F6

•• CD most sensitive to Bias CD most sensitive to Bias 
Power & CPower & C44FF66

•• Bias Power  , or Time  , or Bias Power  , or Time  , or 
CC44FF66 CDCD
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Process OptimizationProcess Optimization

•• Optimization criteria for Oxide etch and the Optimization criteria for Oxide etch and the 
best values attainable within the resulting best values attainable within the resulting 
optimized factor spaceoptimized factor space

•• Optimal InputOptimal Input

Factor Optimization Criteria Best Values

Etch Depth

Critical Dimention 100 5nm±
2.25
100

m
nm
μ2.25 2.40m CD mμ μ≤ ≤

X1-Bias Power X2-C4F6 X3-Etching Time
Model 1487 W 15.48 sccm 190 sec
Actual 1500 W 15.5 sccm 190 sec
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2233 Full Factorial Design Full Factorial Design 

Trial Bias Power C4F6 Time Etch Depth
(um)

Critical
Dimension (nm)

1 -1 -1 1 1.72 100
2 1 -1 1 2.56 118
3 -1 1 1 1.56 88
4 1 1 1 2.41 104
5 -1 -1 -1 1.63 98
6 1 -1 -1 2.50 114
7 -1 1 -1 1.50 85
8 1 1 -1 2.28 100

1
-1

Time

0

0

C4F6

1

-1
0 -11Bias Power

• Only consider linear relationships 
• Drop other 10 test points 
(possible test points for lack-of-fit)

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

63
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



28

Manufacturing

2/1/05

Etch DepthEtch Depth

•• Predicted Value (p<0.01)Predicted Value (p<0.01)

•• ResidualResidual
1 2 32.020 0.418 -0.083 0.043ED x x x= + +

Residual
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0.02

0.00
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Normal Probability Plot of the Residuals Residuals Versus the Fitted Values

Histogram of the Residuals Residuals Versus the Order of the Data

Residual Plots for Etch Depth
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Critical DimensionCritical Dimension

•• Predicted Value (p<0.01)Predicted Value (p<0.01)

•• ResidualResidual
1 2 3100.875 8.125 -6.625 1.625CD x x x= + +
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Residual Plots for CD
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DOE ImprovementDOE Improvement

•• Adding replicates at center pointsAdding replicates at center points
–– Use to assess pure error (Use to assess pure error (‘‘noisenoise’’) as percentage ) as percentage 

of the responseof the response
–– Assess lack of fitAssess lack of fit

•• Use Factorial DesignUse Factorial Design
–– Current practiceCurrent practice 18 trails18 trails
–– 2233 with 4 center points with 4 center points 12 trails12 trails
–– 3333--11

IIIIII with 6 center points with 6 center points 15 trails15 trails
•• Analyze VariationAnalyze Variation

–– consider variation at the desired valueconsider variation at the desired value
•• Randomize run order Randomize run order 

–– Esp. in replicatesEsp. in replicates to minimize the trendto minimize the trend
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Process Control RecommendationsProcess Control Recommendations

•• SPC AnalysisSPC Analysis
–– Use more effective control chart, like Use more effective control chart, like 

CUSUM or EWMA chartCUSUM or EWMA chart
–– Use multivariate process controlUse multivariate process control

•• DOE and RSM optimizationDOE and RSM optimization
–– Adding replicates at center pointsAdding replicates at center points
–– Use Factorial DesignUse Factorial Design
–– Analyze VariationAnalyze Variation
–– Randomize run orderRandomize run order
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Thank You!Thank You!
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Profit Maximization in

Ethanol Production (May 2007)


R. Sriram, S. Subramanian, and G. Tomlin 

Abstract  We document an experimental study to optimize yield 
of an ethanol distillation process. The yield is expressed in terms 
of concentration of the ethanol obtained, and the profit from the 
process. Concentration is a function of six input factors that can 
be varied within a given range. Profit is a function of the revenue 
(which depends on the concentration of ethanol achieved) and 
costs (which vary with the input factor settings). 

We started by determining a practical operating range for the six 
input parameters where the constraints of the system (pressure in 
the distillation column and holding tanks) were not violated. We 
then conducted a factorial experimental analysis and used a 
response surface method (path of steepest ascent) to determine an 
operating point where the desired concentration level is achieved. 
Finally, we used a space filling experimental design in a narrow 
region around the operating point to determine the effect of 
various input parameters on robustness and profit. 

Index Terms—Ethanol, Design of Experiments, Optimization 

O 
I. PROBLEM DEFINITION 

ur team found a distillation simulator [2] that was used as 
the basis of a project at Virginia Tech. This simulator 

can be found at www.stat.vt.edu/~vining. The simulator takes 
an input of 6 factors and gives outputs of concentration, profit 
and pressure. The objective is to maximize profit by changing 
the six factors. 

The six factors are: 
Feed Rate (gallons per minute) 
Feed Temperature (Fahrenheit) 
Distillate Rate (gallons per minute) 
Condensate Temperature (Fahrenheit) 
Reboil Temperature (Fahrenheit) 
Reflux ratio (percent) 

Having no knowledge of the operating conditions, we were 
provided with costs, revenues, and constraints. This gave us a 
basic understanding of the premise, and we were able to use 
given pilot values as a starting point for our analysis. 

The given costs are:

Fixed Costs $1,000 per run

Heating Costs $0.08 / 100,000 Btu

Cooling Costs $0.04 / 100,000 Btu

Raw Material Costs $0.015 / gallon


The given revenue is: 
concentration < 80% = $ 0 

80%< concentration < 90% = $ .50/gallon 
90%< concentration < 95% = $1.00/gallon 
95%< concentration < 100% = $1.25/gallon 

Constraints given are pressure limits. If maximum pressure 
is exceeded then the process fails, no product is made and 
repair costs are extraordinary. 

II. EXPERIMENTS/DATA 

A. Determining operating range for experimental factors 

As described earlier, the ethanolwater distillation column 
has six factors that can be adjusted. The setting for each factor 
has a large range. However, every setting for each parameter is 
not likely to produce ethanol, as some settings would violate 
the constraints of the system (Eg: Pressure constraint of the 
holding tank and the pressure constraint of the distillation 
column). 

In order to determine the operating range (Figure 1) for each 
factor setting we varied one factor at a time (OFAT). We took 
the pilot settings as the starting point and fixed all but one 
factor at the pilot setting and varied the one factor over its 
entire settings range. This process was repeated for each factor 
one at a time. This approach ignored any interaction effects 
that might exist between the different factors. Based on this 
analysis the operating range for each factor was determined. 
The following chart illustrates the operating range and the pilot 
setting for each parameter. 
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Figure 1. Operating range of simulator with pilot values 

B. Full factorial experiment within operating range 

Having determined the operating range, a 2level full 
factorial experiment was run within half the operating range 
with the midpoint of the operating range as the midpoint of 
the experiment. 

Figure 2 shows the range for the fullfactorial experiment. 
The white line in the figure shows the actual range over which 
the experiment was performed. 

Figure 2. Operating range of simulator with test ranges 
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The results of the full factorial experiment were analyzed in 
JMP to determine the significant factors. The first step of the 
analysis considered all 6 six factors with main effects and 2 
way interactions. Higher order terms were ignored. This first 
step of the analysis was performed to determine which factors 
were significant. 

The above analysis resulted in three significant factors. The 
data was then further analyzed in JMP with just these three 
factors and all interactions including 3 way interactions. The 
results of this analysis are given in the Figure 3. 

Figure 3. Parameter Estimates 

Some nonrandom residuals indicate that the behavior 
model may need to be enhanced to include curvature 
parameters. (Figure 4) 

Figure 4. Residuals as function of concentration 
predicted 

III. ANALYSIS 

A. Concentration Optimization 

From the table of effects from the experiment above, we see 
that the three factors that are significant are Distillate Rate, 
Condensate Temperature, and Reflux Ratio. The sign of the 
significant effects suggests that in order to maximize 
concentration, we should set all three of these factors at their 
low values, and then further decrease them along the path of 
steepest ascent. However, if we do this, we see that the 
significant two way interactions have the opposite sign that 
counteracts the increase in concentration. Hence we see that to 
increase concentration, we should actually set the Reflux Ratio 
high, and continue to increase this factor. 

Having determined that the Distillate Rate and Condensate 
Temperature should be decreased, and the Reflux Ratio should 
be increased, we determined the path of ascent using the ratios 
of the main effects of these factors. We then moved along this 
path by decreasing the Distillate Rate by 0.1 coded units at a 
time (equivalent to a 0.425 GPM decrease in real units), and 
changed the other two variables proportionally. This path 
resulted in the experiments shown in Figure 5. As seen, the 
concentration values increased and reached 94% by the fourth 
experiment. At this point, we reduced the step to 0.05 coded 
units, and performed two more experiments. We saw that the 
concentration continued to increase, first to 96% and then to 
99%. However, we noticed that the profit was highest at the 
96% concentration level, and dropped off at the 99% level. 
This makes sense, since the underlying revenue function yields 
the same revenue per gallon for any concentration above 95%, 
while the costs increase to reach higher concentration levels. 
Based on this result, we concluded that a good operating point 
would be the experiment that yielded 96% concentration. 
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Feed Rate 

Feed Temp 

Dist Rate 

Cond Temp 

Reboil Temp 

Reflux Ratio 

point 1 point 2 point 3 point 4 point 5 point 6 

100 100 100 100 100 100.0 
170.5 170.5 170.5 170.5 170.5 170.5 
7.3 6.8 6.40 5.98 5.55 5.8 

240.5 240.3 240.0 239.8 239.5 239.6 
290.0 290.0 290.0 290.0 290.0 290.0 
61.8 62.4 63.0 63.6 64.3 64.0 

Conc 78% 84% 88% 94% 99% 96%

Profit $ (5,400) $ (369) $ (551) $ 3,566 $ 5,061 $ 5,441


60% 

65% 

70% 

75% 

80% 

85% 

90% 

95% 

100% 

1 2 3 4 5 6 

$(6,000) 

$(4,000) 

$(2,000) 

$

$2,000 

$4,000 

$6,000 

Conc. 
Profit 

Figure 5: Experiments along path of steepest ascent: 
concentration and profit levels 

B. Profit Optimization 

Having arrived at an operating point that yielded the desired 
concentration level, our next step was to explore the region 
around this operating point. There were two main reasons for 
this: (a) we wanted to make sure that the operating point was 
robust, i.e. a slight change in the factors would not result in 
slipping below the 95% concentration level with a dramatic 
loss in profit, and (b) we wanted to determine the effect of 
factor changes on profit, to maximize profit. 

We conducted a Latin Hypercube space filling experiment in 
a +/2% range around the operating point. A total of 64 
experiments were conducted. The results for concentration and 
profit level are shown in the 3D plots below, which are coded 
by color level. The results show the highly nonlinear behavior 
of the concentration and profit functions. In fact, even in this 
narrow 2% range of variation, a few treatment points resulted 
in a negative profit since the pressure limits were exceeded 
and the experiment failed. 

Figure 6 and 7 show the level of concentration and profit 
response at a given level of the 3 input factors. The color 
indicates the level of the output. 

Figure 8 shows a sliced contour [profit vs. reflux ratio] at a 
certain level of distillate rate and condensate temperature. The 
step function nature of profit is clearly seen in this figure. 

Figure 6. Concentration as a function of input factors 

Figure 7. Profit as a function of input factors 

Figure 8. Variation of profit (slice) 
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4 2007518 2.830 Control of Manufacturing Systems Final Project 

IV. DISCUSSION 

A. Experimental Design 

The simulation tool that models the ethanol process does not 
seem to imitate a physical process because of its nonlinear 
nature. Speaking with the operators in a real setting would 
give us a much better idea of what the operating ranges would 
be, what the initial pilot points would be, and how to go about 
setting up the experiments. 

Alternatively, the simulation tool allowed us to run 
experiments very easily. If we were running these in actuality, 
we would have had to have been much more calculated in our 
exploration of the factors and their effects. 

In this project we had two objectives. Essentially we 
wanted to maximize profit. Because profit was varied so 
dramatically with concentration, we found that it was easier to 
maximize concentration first. Then, we made adjustments to 
finetune the concentration around the maximum profit. 

V. CONCLUSIONS 

We conducted an experimental study to optimize the yield 
(concentration and profit) from an ethanol distillation process. 
While profit maximization was the primary objective, we 
chose to start by optimizing concentration, and then 
maximized profit once an operating point that yielded a high 
concentration was achieved. This approach was chosen 
because profit is a function of the concentration, and is also 
severely impacted by process failure due to repair costs. 

We took an approach of first finding an operating range for 
the input parameters, and then conducting a factorial 
experimental design and a response surface analysis to arrive 
at an optimal operating point. As a result of our study, we were 
able to determine a robust operating point that yielded a high 
concentration (of 96%) and a high profit level (of $5441). 

Our study illustrated the importance of understanding the 
underlying process in selecting a suitable experimental design 
and a good pilot operating point. 

VI. LESSONS LEARNED 

A. Understand your process 

A solid understanding of the process is very important to 
running a successful experiment. This understanding helps 
with everything, from setting correct experimental levels to 
interpreting data correctly. To learn about the process it is 
important to either speak with operators or learn about the 
technology and theory. Understanding to model was difficult 
in this case, and would have been much easier if we had been 
able to ask questions. 

B. A good starting point helps 

It is difficult to set experimental levels accurately. 
Working from a starting point that is arbitrary can lead to 
answers that are local rather than global optimums. 

C. Plan ahead 

This simulation made it easy to run as many experiments as 
we needed to come to a conclusion. In practice, we would be 
constrained by time and money. Really thinking about the 
question that is trying to be answered and developing a clear 
set of steps to get there is very helpful in keeping the number 
of experiments, time and cost to a minimum, while still finding 
all the critical points of the process. 
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MIT 2.830J/6.780J Assignment 1 (2008) — Solutions 

 

Problem 1 — exemplary solution provided courtesy of Eehern Wong. 

Choose Cantilever-beam MEMS accelerometer 

 

a) Outputs: 

Output geometry - Width, length, thickness, sidewall angles 

Output constitutive properties - Young’s modulus, density, resonant frequency (function of stiffness and mass, which are 
functions of above geometry and constitutive properties) 

 

b) Fabrication: 

Photolithography – Use a chrome mask, pattern wafer with photoresist by applying UV light to harden resist. Use resist 
mask to pattern oxide mask. Use oxide mask to wet etch silicon (next step). Lithographic processes determine the top planer 
dimension of the part (width, length). 

Wet chemical etching – Etch with KOH for anisotropic etch of silicon. Determine endpoint when cantilever released, 
overetching is okay since anisotropic. The wet etch contributes primarily to the z-direction geometry of the part since 
sidewall angles are determined by the etchant used (KOH is anisotropic) and the crystallographic orientation of the silicon 
substrate. 

Young’s modulus and density are functions of the bulk silicon, and are process independent. However, since stiffness and 
density are also functions of volume, and therefore geometry, they are affected by both lithography resolution and etch 
time/chemical. 

 

c) Process parameters: 

Photolithography

• Equipment state  - UV on/off, power density of tool, time of exposure 
• Equipment properties - UV power density dependence on temperature/time 
• Material states  - Prepolymer, exposed polymer, developed/cured polymer 
• Material properties - Viscosity, catalytic density 

Wet chemical etching

• Equipment state  - Concentration, temperature, time of KOH 
• Equipment properties - KOH etch rate as a function of conc, temp, time  
• Material states  - Bulk silicon, silicon and KOH product 
• Material properties - Crystallographic orientation, silicon type, mask material 

 

d) Control variables: 

Photolithography – Exposure time, softbake time, softbake temperature, develop time, develop spin speed  

Wet chemical etching – Chemical etchant, etchant concentration, chemical bath temperature, etch time 
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e) Output sensitivity to control variables: 

Photolithography

Exposure time, softbake time, softbake temperature, develop time, develop spin speed – all affect the width and length of 
the oxide mask used to etch the cantilever. Alignment of the cantilever to crystallographic orientations, also affect width and 
length because of etch plane selectivity. 

Wet chemical etching

Chemical etchant, etchant concentration, chemical bath temperature, etch time – all vary cantilever thickness, and to a 
smaller degree cantilever width (assuming KOH etch) 

 

f) Process control: 

Photolithography

Mechanical kinematic coupling with wafer flat to ensure that mask is aligned with desired crystallographic orientation, 
check process history for best “recipe” for exposure time, bake time/temp, and develop time/speed.  

Wet chemical etching

Check process history for best “recipe” for low sensitivity to etch time by controlling acid concentration. Acid concentration 
and temperature can be well controlled by measuring pH and placing in a heated bath. 

 

g) Block diagram: 

 

UV

OUTPUTS

ENERGY XFER

Equip 

Mat’l

Output geometry (W,L,h) 
Output stiffness (geom + ρ + E) 
Output mass (geom + ρ) 
Output resonance (k + m)

Litho

Wet Etch

Silicon

KOH

Resist

Etch

Expose Times 

Etch Conc/Times 

CONTROL INPUTS 
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Problem 2 — exemplary solution provided courtesy of Eehern Wong. 

 

a) Dominant Energy: 

Photolithography

UV exposure power density and time 

Wet chemical etching

Etch concentration and time 

 

 

b) Area/volume: 

Photolithography

Area: W*L (in reality, depends on positive or negative resist, and acts on the entire wafer, so πr2) 

Wet chemical etching

Exposed surface area over time (total is volume of material removed) 

 

 

c) Process Taxonomy: 

  

Photolithography

Transformation Mode: Formation 
Serial/Parallel: Parallel (entire wafer, all dies) 
Energy Domain: Electrical (UV) and Chemical (crosslinking) 
  

Wet chemical etching

Transformation Mode: Removal 
Serial/Parallel: Parallel (entire wafer etched, although somewhat serial if you consider that we are etching through the 
material) 
Energy Domain: Chemical (etching) 
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Problem 3 

Potassium hydroxide (KOH) in aqueous solution is a typical etchant for silicon. In this question we will consider the 
sensitivity of the etched depth to variations of etch time, KOH concentration and temperature.  

a) Determine the sensitivity of etched depth to  

i. etch time; 
ii. KOH concentration; 
iii. solution temperature 

 for the following two sets of nominal parameters: 

1. etch time = 5 minutes; KOH concentration = 40 wt%; solution temperature = 72 °C; 

From Fig 1, etch rate is 42 μm/h under these conditions.  

i. Sensitivity of etched depth to time = 42 μm/h; 
ii. Sensitivity to concentration: draw tangent to rate–concentration curve at 40 wt%, giving a sensitivity 

of (–25 μm/h)/(20 wt%) * (5/60)h = –0.10 μm/wt%; 
iii. Etch rate R = R0exp(–Ea/kT); ∂R/∂T = (R0Ea/kT2) exp(–Ea/kT) = REa/kT2. Thus sensitivity of depth to 

temperature is 42 μm/h * (0.6 * 1.60 × 10–19 J) * (5/60) h / (1.38 × 10–23 J/K * (72+273)2 K2)  
= 0.21 μm/K. 

  
2. etch time = 1 hour; KOH concentration = 20 wt%; solution temperature = 40 °C. 

Etch rate at 20 wt% and 72 °C is 55 μm/h (from Fig. 1). Use Arrhenius Law to convert this to an etch rate at 
40 °C:  
 
R(40 °C) = R(72 °C) * exp{[1/(72+273) – 1/(40+273)] * (0.6 * 1.60 × 10–19 J)/(1.38 × 10–23 J/K)} = 7.0 μm/h. 

i. Sensitivity of etched depth to time = 7.0 μm/h; 
ii. Sensitivity to concentration: 20 wt% is at the peak of the rate–concentration curve, so sensitivity to 

concentration is approximately zero here. 
iii. Sensitivity of depth to temperature is 7.0 μm/h * (0.6 * 1.60 × 10–19 J) * 1 h / (1.38 × 10–23 J/K * 

(40+273)2 K2) = 0.50 μm/K. 
 

To answer this question you can use the information in Figure 1, which is taken from Seidel et al., J. Electrochemical 
Society, vol. 137, no. 11, pp. 3612–3626, 1990. You may also assume that the etch rate, R, follows the Arrhenius 
relation: R = R0exp(–Ea/kT) with an activation energy Ea of 0.6 eV, independent of temperature and KOH 
concentration. R0 may be derived from Figure 1, and may be assumed to be a function of KOH concentration but 
independent of temperature. T is the temperature in Kelvin, k is Boltzmann’s constant (1.38 × 10–23 J/K), and there are 
1.60 × 10–19 J in 1 eV. 

 

b) Provide reasoned estimates of how well it is possible to control: 

i. etch time (hint: the silicon wafer to be etched is usually immersed in a bath of the KOH solution during 
etching); 
 
Suggest that removal from solution can be timed to ±10s; wafer would have to be rinsed in DI water to stop 
the etch. Many reasonable suggestions were made and justified, varying from ~1 s to ~1 min. 

  
ii. KOH concentration (hint: the KOH solution is prepared either by diluting concentrated solution or by  

dissolving KOH pellets in water); 
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Say 1 L is mixed; the mass of KOH could be measured with electronic scales to ±1 g, giving a variability of 
±0.1 wt% in the concentration. Factors such as water evaporation during etching and progressive consumption 
of reactant might also be usefully mentioned. 

 
iii. solution temperature (hint: the KOH solution is usually contained in a temperature-controlled water bath). 

 
It seems reasonable to be able to control the temperature to within ±2 °C of the target – thorough answers 
might consider the resolution of thermometers, the thermal capacity of a water bath, or make some remark 
about the specifications of typical laboratory water baths. 

c) Using your answers to (a) and (b), deduce which of the three machine states (temperature, time, concentration) 
contributes the largest portion of the variability of the etched depth in each of the two cases evaluated. 

Parameter Likely input 
variability 

Case 1, sensitivity Case 1, resulting 
depth variability 

Case 2, sensitivity Case 2, resulting 
depth variability 

Etch time ± 10 s 42 μm/h ± 0.12 μm 7.0 μm/h ± 0.02 μm 

KOH 
concentration 

± 0.1 wt% –0.10 μm/wt%; ± 0.01 μm ~ 0 ~ 0 

temperature ± 2 °C 0.21 μm/K ± 0.42 μm 0.50 μm/K ± 1.0 μm 

Under these assumptions, temperature variability contributes the largest proportion of etched-depth variability. Other 
legitimate assumptions might give quite a different result, however. 

d) If you needed to etch to a depth of 100 μm, what is the smallest depth variability that could be achieved using a timed 
KOH etch? (Hint: focus on the sensitivity of etched depth to temperature. Express the sensitivity of etched depth to 
temperature in terms of the target depth, temperature and physical constants. Then decide what temperature to use and 
compute the likely resulting variability. Think about physical constraints on your selection of parameters. Finally, check 
the depth variability due to time and concentration variations.) 

Given a target depth and the requirement to choose a temperature, etch time and KOH concentration, there are two 
degrees of freedom (once a temperature and KOH concentration are chosen, for example, the etch rate is set, so the 
required etch time is determined).  

Select operating temperature: 

From above: ∂R/∂T = (R0Ea/kT2) exp(–Ea/kT) = REa/kT2

But sensitivity of final etched depth = ∂R/∂T * (etch time) 

and (etch time) = (target etch depth)/R 

so sensitivity of final etched depth = dEa/kT2 where d is the target etch depth. We see that for a fixed depth, variability 
decreases with temperature, so make the temperature as high as possible. We might expect the aqueous solution to boil if 
we go above 100 °C (in fact research [Tanaka et al., Proc. IEEE Transducers 2003, Boston] has shown that the boiling 
point increases with KOH concentration –to about 135 °C at ~ 40 wt%); perhaps limit the temperature to 85 °C to avoid 
excessive evaporation during the etch, which will need to last about an hour. 

For a target depth of 100 μm the temperature-related variability is therefore  

(100 μm)* (0.6 * 1.60 × 10–19 J)  / (1.38 × 10–23 J/K * (85+273)2 K2) * 2 K = 11 μm. 

So timed KOH etches have a variability of ~ 10% under the assumptions made here. These calculations are however for 
blanket etches; KOH etches are usually used with a mask that interacts with the silicon crystal structure to cause the etch 
to terminate in a position with a precision on the order of that with which the mask is fabricated. If precise blanket 
etches are needed, etch stops (e.g. electrochemical) are possible. 
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Check other parameters: 

Etch rate at 85 °C, 20 wt% KOH gives 87 μm/h. So the time to etch 100 μm is 1.1 h. Depth variability due to etch time 
variability = 87 μm/h * (10/3600)h = 0.24 μm. Much smaller than the variability due to temperature. 

We chose 20 wt% KOH, where ∂R/∂C ~ 0. 

Note: 

The optimal choice of temperature and KOH concentration depends on the assumptions you made in part (b) about 
variability of etch time, KOH concentration and temperature. The Excel spreadsheet embedded below can be used to 
find an optimal operating point. In the spreadsheet I have modeled the dependence of etch rate on KOH concentration as 
a quadratic function, with a maximum at 20% – this seems to resemble the published data rather well. You enter your 
assumptions about input variabilities in the light green cells, and the spreadsheet is set up to use the Solver plug-in to 
find the appropriate temperature and concentration for a minimal variability of etched depth.  

Broadly, as your assumption about concentration variability gets more optimistic and/or your assumption about etch 
time variability becomes more pessimistic, the optimal KOH concentration can start to increase from 20% (20% 
concentration gives zero sensitivity to concentration, but a maximal etch rate for a given temperature – and that fast 
etch-rate can prove problematic if etch time is relatively poorly controlled). 
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Double-click on the chart below to enter Excel and run the optimization: 

2.830/6.780 PS1 Q3: go to Tools > Solver to run

Legend:
value optimized by Excel
value calculated by Excel
user input

Parameter: Time (h) Temperature (Centigrade) KOH concentration (wt%)
Nominal value 1.52E+00 91.74048714 56.27995748

Input variability 0.016666667 2 1
Partial sensitivity of etched depth (micron/{h,K,wt%}) 65.79990444 5.22906691 -8.210320706

Components of depth variability (micron) 1.096665074 10.45813382 -8.210320706

R_0 (micron/h) 1.26E+10
Target depth (micron) 100

Etch rate (micron/h) 6.58E+01
Output variability (micron) 19.7651196

Constants:
k  (J/K) 1.38E-23

E _a (J) 9.6E-20

KOH concentration Rate (micron/h at 72 C)
10 52.5
12 53.4
14 54.1
16 54.6
18 54.9
20 55
22 54.9
24 54.6
26 54.1
28 53.4
30 52.5
32 51.4
34 50.1
36 48.6
38 46.9
40 45
42 42.9
44 40.6
46 38.1
48 35.4
50 32.5
52 29.4
54 26.1
56 22.6
58 18.9
60 15

Etch rate vs. KOH concentration, 72 C
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MIT 2.830/6.780 Problem Set 2 (2008) — Solutions 

Problem 1 

Many interesting responses were received. We can discuss on an individual basis when selecting term 
projects. 

Problem 2 

Let x be the concentration of particles in particles/ft3: 

x ~ N(15.08, 0.025) 

Since the acceptable concentration range is 15.00 ± 0.10 particles/ft3, the probability that a system 
conforms to specifications is: 

P(14.9 ≤ x ≤ 15.1) = P(x ≤ 15.10) – P(x ≤ 14.90) 
= Φ([15.10–15.08]/0.05) – Φ([14.90–15.08]/0.05) 
= Φ([15.10–15.08]/0.05) – {1 – Φ([15.08–14.90]/0.05)} 
= 0.06554 – 1.59 × 10–4

 = 65.5% 

Problem 3 

Because we know neither the population’s mean nor its standard deviation, we need to use a t-test. The 
sample size is 10 so the number of degrees of freedom is 10 – 1 = 9. A 99% confidence interval on the 
mean photoresist thickness is given by: 

10 
≤ μ ≤ x + t(0.01/ 2),9 10 

x − t(0.01/ 2),9 
s s 

where the sample mean is 

x = 13.3962 μm 

and the sample variance is 

s2 = 
1 ∑(x − x)2 

= 1.5277 ×10−5 μm2 . 
9 

From tables, t0.005,9 = 3.250. The 99% confidence interval is therefore: 

13.3922 μm ≤ μ ≤ 13.4002 μm. 
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Problem 4 


a) Histograms and normal probability plots for shearing data, sorted by material and end-of-sample.  
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Skewness, kurtosis and normality test results for the two materials and two widths: 

Steel Aluminum 
Width 1 Width 2 Width 1 Width 2 

Skewness –0.3568 –0.7232 0.3199 –1.1607 
Kurtosis* 2.8899 3.3079 3.4622 5.8867 

Lillifors test at 5% level Reject Reject Accept Accept 

* Defined as 3 for a normal distribution. Values less than 3 correspond to leptokurtic distributions 
(sharper peak; fatter tails than a normal) and values larger than 3 correspond to platykurtic distributions 
(smaller peak; thinner tails). 

The Lilliefors test examines the hypothesis that the distribution is normal. ‘Reject’ in the table above 
means that the hypothesis of normality is rejected at the 5% level. For more information see, e.g., 
Lilliefors (1967) J. Am. Stat. Assoc., vol. 62, pp. 399–402. 

Examining the normal probability plots of the data, it would seem fairly reasonable to model the 
distributions of widths as normal, although there are some reasons to suspect that they may not be 
normal – e.g. the steel, width 1, data are ‘missing’ an upper tail; the steel, width 2, normal probability 
plot has a marked curve; the aluminum, width 2, data are ‘missing’ an upper tail. Could the data be 
skewed towards the lower values for some physical reason? A possible operator error involves not 
pressing the material hard against the stop on the shear, giving a shorter part, whereas one cannot push 
the material beyond the stop. The rather large kurtosis of aluminum width 2 data provides a further 
suggestion that the underlying distribution might not be normal. Meanwhile, the steel data fail the 
Lilliefors test of normality at the 5% level. 

b) To test whether there is a significant taper in the parts, consider that we have two measurements, w1 
and w2, per part. A paired test is needed. If we could assume that the amount of taper, w1–w2, was 
normally distributed, we could use a paired t-test; however, since the normal probability plots shown 
above raise some questions over whether any of the dimensions are normally distributed, we will not 
make this assumption and will use instead a Wilcoxon signed rank test, which does not assume any 
particular distribution. The test is implemented in Matlab as p = signrank(x), where x is a vector 
of differences between pairs, w1–w2 in this case, and p is the probability of observing the given x, or 
one more ‘extreme’, by chance if the median of x was in fact zero. 

For the steel parts: p = 0.738 
For the aluminum parts: p = 0.002 
(There are 45 samples for each material.) 

At the 5% level, therefore, there is no statistically significant taper in the steel parts but there is a 
significant taper in the aluminum parts. Even removing the outlier at sample 24 of the aluminum 
dataset, the p-value increases only to 0.005; there is still a significant taper. A histogram plot of the 
differences shows that the median of w1–w2 is slightly negative for aluminum. 

[The use of a paired t-test is acceptable as a solution if, in the previous part, the data were interpreted as 
coming from a normal distribution.] 
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c) Run charts for the parts produced (blue symbols: w1; red symbols: w2): 

Run chart for steel parts 

W
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Run chart for aluminum parts 
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Looking at these run charts, it is difficult to say conclusively whether there is a mean shift for either 
material as the run progresses. Perhaps the width of the steel parts drifts up over time, but to make a 
quantitative evaluation of whether or not the process is stationary, we can use a control chart. That is 
what we will practice in Assignment 3. 

(Incidentally, ‘eyeballing’ the run chart for aluminum parts suggests to me a consistent taper, with w2 
being slightly larger) 
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6 

8 

d) For whole injection molding dataset: 

Histogram and normal probability plot: 

Histogram, whole dataset	 Normal probability plot, whole dataset 
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The kurtosis is 2.2; the form of the normal probability plot suggests that in the center of the distribution 
an assumption of normality is reasonable, while the tails seem to be ‘missing’ when the experimental 
data are compared to a normal distribution. Skewness = 0.21; there is not a particularly marked skew in 
the data. At the 5% level the assumption of normality is rejected by the Lilliefors test. 
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e) For the four process settings in turn: 

Histogram, operating point 1 Normal probability plot, operating point 1 
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The skewness, kurtosis and Lilliefors test results are shown below: 

Operating point 1 2 3 4 
Sample mean (in) 2.0327 2.0389 2.0427 2.0410 
Sample s.d. (in) 0.0031 0.0063 0.0047 0.0062 
Skewness 1.1690 0.1463 –0.1153 0.0733 
Kurtosis 3.2550 1.8031 2.0158 3.0531 
Lilliefors test (5%) Reject Accept Accept Reject 
Sample size 15 15 15 25 

After separating the data associated with each operating point, the Lilliefors test accepts the hypothesis 
of normality at the 5% level in two of the four cases. 

f) We wish to compare the mean diameter produced at operating points 1 (low hold, low velocity) and 
4 (high hold, high velocity). Since the tests of normality above suggested that the underlying 
distributions were not normal, we cannot use a t-test. Instead we use a Wilcoxon rank sum test, which 
is distribution-independent. It is implemented in Matlab as [p,h] = ranksum(x,y) and tests the 
hypothesis that two given vectors x and y come from distributions with equal medians. p is the 
probability of observing the given x and y, or samples more ‘extreme’, by chance, if the medians of x 
and y are in fact equal. h is the result of testing at the 5% level the hypothesis that x and y come 
from distributions with equal medians, and is equal to 1 if the null hypothesis is to be rejected. 

For operating points 1 and 4, the rank sum test gives a p-value of 7 × 10–5, and the hypothesis that the 
underlying means are equal is rejected at the 5% level. Therefore there is significant evidence of a 
difference in median output between these operating points: the ‘low hold, low velocity’ condition 
gives smaller-diameter parts. 

[The use of a t-test is acceptable as a solution if, in the previous part, the data were interpreted as 
coming from a normal distribution.] 
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 MIT 2.830/6.780 Problem Set 3 (2008) — Solutions 
 
 
 
Part 1 
 

Histograms and normal probability plots for intermingled samples taken from two populations, x1 ~ 

N(0,1) and x2 ~ N(d,1), for values of d between 0 and 4: 
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Simply looking at these normal probability plots, one would probably conclude that the distributions 
underlying the samples for values of d up to and including 2 could be reasonably approximated by a 
normal distribution. Only for the case d=4 is the sample clearly from a non-normal distribution.  

We might use various tests of normality to probe further. For this particular set of samples, the 
Lilliefors test rejects the hypothesis of normality at the 5% level for the cases d=2 and d=4. However, 
repeating the random sampling operation a few times shows that this is not always the result: 
depending on the samples that happen to be generated, the hypothesis of normality is sometimes 
rejected for d = 1 and d = 1.5. 

So while normal probability plots and tests of normality are useful in deciding whether or not we can 
approximate a particular distribution as normal — in order, for example, to allow further hypothesis 
testing — they cannot be relied upon to alert us to features of the data that we had already inadvertently 
ignored. 

Part 2 

Montgomery problem 3-3 

x = 26.0 
s = 1.62 
μ0 = 25 
α = 0.05 
n = 10 

(a) 	 Test H0: μ = 25 vs H1: μ > 25 
Reject H0 if t0 > tα 

x − μ0 26.0 − 25t0 = = = 1.952

s / n 1.62 / 10


tα, n–1 = t0.05, 10–1 = 1.833 

Reject H0, and conclude that the mean life exceeds 25 h. 

(b) 	 α = 0.10 

x − tα / 2,n−1s / n ≤ μ ≤ x + tα / 2,n−1s / n 

26.0 −1.833(1.62 / 10) ≤ μ ≤ 26.0 +1.833(1.62 / 10) 
25.06 ≤ μ ≤ 26.94 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

92
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



(c) Normal probability plot: 

Normal probability plot for battery life 
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The plotted points fall approximately along a straight line, so the assumption that battery life is 
normally distributed seems appropriate. 

Montgomery problem 3-6 

x = 12.015 
s = 0.030 
μ0 = 12 
α = 0.01 
n = 10 

(a) 	 Test H0: μ = 12 vs H1: μ > 12 
Reject H0 if t0 > tα 

t0 = 
x − μ0 = 

12.015 −12 
= 1.5655


s / n 0.0303/ 10


tα, n–1 = t0.005, 10–1 = 3.520 

Do not reject H0, and conclude that there is not enough evidence that the mean fill volume 
exceeds 12 oz. 
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(b) α = 0.05 

tα, n–1 = t0.025, 9 = 2.262 


x − tα / 2,n−1s / n ≤ μ ≤ x + tα / 2,n−1s / n


12.015 − 2.262(0.0303/ 10) ≤ μ ≤ 12.015 + 2.262(0.0303/ 10) 
11.993 ≤ μ ≤ 12.037 

(c) Normal probability plot: 

Normal probability plot for fill volume 
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The plotted points fall approximately along a straight line, so the assumption that fill volume is 
normally distributed is appropriate. However the small sample size makes it difficult to be 
confident in this assumption. 

Montgomery problem 3-11 

(a) Let subscript 1 denote measurements by technician 1 and subscript 2 correspond to technician 2. 
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11 

21 

21 
0 

+ 

− 
= 

nn 
s 

xxt 

p 

x1 =1.383 

x2 =1.376 
s1 = 0.115 
s2 = 0.125 
n1 = 7 
n2 = 8 
H0: mean surface measurements made by the two technicians are equal. 
H1: mean surface measurements are different 

We assume that the variances of populations 1 and 2 are equal, and calculate the pooled 
standard deviation for the samples as follows: 

2 2(n1 −1)s1 + (n2 −1)s2 = 0.1204s = p n1 + n2 − 2 

The test statistic is  

= 0.1061 

At the 5% level, for a 2-tailed test, the critical value of the t-statistic is t0.025, n1+n2–2 = 2.160. 

Since t0 < 2.160, we do not reject H0: there is insufficient evidence of a difference between 
mean measurements by the two technicians. 

(b)	 The practical implication of this test is that the mean outcome of the measurement process is not 
dependent upon which of the two operators is carrying out the measurements. It does not, 
however, rule out the possibility of a substantial, consistent, and operator-independent error in 
any measurements taken. If the null hypothesis had been rejected, the validity of the 
measurements would have been cast into doubt. We would have needed to investigate the 
source of the difference — for example, whether the measurement procedure was not precisely 
enough defined, or whether one or both of the operators was not following the procedure 
properly. 

(c)	 Using the values of sp and critical t found above, the confidence interval is 

(x1 − x2 ) − tα / 2,n +n −2 sp 1/ n1 +1/ n2 ≤ μ1 − μ2 ≤ (x1 − x2 ) + tα / 2,n +n −2sp 1/ n1 +1/ n21 2 1 2 

(1.383 −1.376) − 2.1604(0.12) (1/ 7) + (1/ 8) ≤ μ1 − μ2 ≤ (1.383 −1.376) + 2.1604(0.12) (1/ 7) + (1/ 8) 
− 0.127 ≤ μ1 − μ2 ≤ 0.141 

(d) α =0.05 

Test H0: σ1

2= σ2
2 versus H1: σ1

2 ≠ σ2
2. 
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 Reject H0 if F0 > Fα/2,n1–1,n2–1 or F0 < F1–α/2,n1–1,n2–1. 

F0 = s1
2/s2

2 = 0.1152/0.1252 = 0.8464. 

Fα/2,n1–1,n2–1 = F0.05/2,7–1,8–1 = 5.119. 

F1–α/2,n1–1,n2–1 = F0.975,7–1,8–1 = 0.176. 


Do not reject H0 and conclude that there is insufficient evidence of a difference in variability of 
measurements obtained by the two technicians. Had the null hypothesis been rejected, we 
would have needed to investigate the source of any difference, such as one operator’s being less 
careful than the other. 

(e) 	 α =0.05 
Fα/2,n2–1,n1–1 = 5.6955; F1–α/2,n2–1,n1–1 = 0.1954. 

95% confidence interval estimate of the ratio of variances of technician measurements: 

s


s
s1

2

2

2 F1−α / 2,n2 −1,n1−1 ≤ 
σ
σ1

2
2

2 

≤ 1

2

2

2 Fα / 2,n2 −1,n1−1
s 

0.1152 

(0.1954) ≤ σ1
2 

≤ 
0.1152 

(5.6955)
0.1252 σ 2

2 0.1252


σ 2


0.165 ≤ 1 ≤ 4.821
σ 2


2


(f) 	 α =0.05 
χ2 

α/2,n2–1 = 16.0128; χ2
1–α/2,n2–1 = 1.6899 

95% confidence interval estimate of the variance of measurements by technician 2: 

(n2 −1)s2
2 

≤σ 2 ≤ 
(n2 −1)s2

2 

χα 
2

/ 2,n2 −1
2 χ1

2 
−α / 2,n2 −1 

(8 −1)0.1252 

≤σ 2
2 ≤ 

(8 −1)0.1252


16.0128 1.6899


0.007 ≤σ 2
2 ≤ 0.065 
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(g) 

Normal probability plot for Technician 1 measurements Normal probability plot for Technician 2 measurements 
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The normality assumption seems reasonable for these readings. 

Montgomery problem 3-21 

x = 752.6 mL 
n = 20 
s = 1.5 mL 
α = 0.05 

(a) Test H0: σ2 = 1 versus H1: σ2 < 1. Reject H0 if χ2
0< χ2

1–α,n–1. 

χ2
1–α,n–1 = χ2

0.95,19 = 10.1170. 

χ0
2 = 

(n −1
2

)s 2 

= 
(20 −1)1.52 

= 42.75

σ 0 1


χ2
0 = 42.75 > 10.12, so do not reject H0. There is no significant evidence that the standard 

deviation of the fill volume is less than 1 mL. 

(b) 95% two-sided confidence interval on the standard deviation of fill volume: 
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χα 
2

/ 2,n−1 = χ0
2
.025,19 = 32.85 

χ1
2 
−α / 2,n−1 = χ0

2
.975,19 = 8.91 

(n −1)s 2 

≤σ 2 ≤ 
(n −1)s 2


χ 2 χ 2

α / 2,n−1 1−α / 2,n−1


(20 −1)1.52 

≤σ 2 ≤ 
(20 −1)1.52 

32.85 8.91 
1.30 ≤σ 2 ≤ 4.80 
1.14 ≤σ ≤ 2.19


Units of σ: mL. 


(c) Histogram and normal probability plot for fill-volume data 

Histogram of fill−volume data Normal probability plot for fill−volume data 
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The kurtosis is 2.86 (normal: 3), and the skewness 0.26, suggesting that the data are reasonably 
represented by a normal distribution. However, the normal probability plot shows the data 
deviating substantially from a straight line, as well as highlighting the substantial quantization 
of the data – whether this is real or from measurement we cannot say. An assumption of 
normality is therefore rather dubious. 
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Part 3 

May and Spanos, problem 6.1 


What is the probability of 4 out of 5 consecutive points plotting outside the ±1σ limits? 


[The question said ‘2σ’ limits; answers interpreting this as ±2σ will be dealt with leniently.]


We interpret the question as asking for the probability of obtaining this warning when the process is in 

control. Note that the four points have to be on the same side of the center-line to cause a warning to be 

triggered.  


So the probability is: 


(2 sides) × 5C4 × [1–Φ(1)]4[Φ(1)] = 2 × 5 × (1–0.8413)4(0.8413) = 5.34 × 10–3. 


We also assume that the triggering of a warning does not cause the process to be suspended; if it did, 

the above calculation would no longer hold. 


I suppose the rule should strictly be ‘at least’ 4 out of the last 5 points, since a continuous run of 5 

points on one side of the 1σ limits would be at least as suggestive of an out-of-control process as four 

out of five points. We might therefore justify adding  

2 × [1–Φ(1)]5 to the probability of a warning being triggered.


May and Spanos, problem 6.2 


The probability of observing a type I error (reject the hypothesis that the process is in control when it is

in control) is


2 [1–Φ(3)] = 0.0027. 
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May and Spanos, problem 6.3 

(a)	 P(signal alarm on second sample after the shift) = β(1– β) 
(b)	 P(miss the alarm for K samples following the shift) = βK 

If this statement is interpreted as meaning ‘at least K samples’ the required probability is βK; if 
it is interpreted as meaning ‘exactly K samples’, the probability is βK(1–β): the alarm would be 
triggered on sample K+1. 

(c) 	 The expected number of samples needed after the shift to generate an alarm is 1/(1– β) (the out-
of-control average run length). 

Part 4 

Montgomery problem 7-3 

μ = =10.375; x xˆ x R = 6.25; σ̂ = R  d  = 6.25 2.059 = 3.042 

×	 5) × = −50USL x = [(350 + 5) −350] 10 = 50; LSL x = [(350 − −  350] 10 
xi = (obs i −350)×10 

Ĉ = 
USL x −LSL x = 

50 ( 50) 
= 5.48− −  

p 6σ̂ x 6(3.04) 

The process produces product that uses approximately 18% of the total specification band. 

Ĉ = 
USL − μ̂ 

= 
50 −10.375 

= 4.34x

pu
 3σ̂ x 3(3.04) 

ˆ −LSL 10.375 ( 50) μ	 − −  xĈ 
pl = 

3σ̂ x 

= 
3(3.04) 

= 6.62 

Ĉ 
pk = min( Ĉ 

pu ,Ĉ 
pl ) = 4.34 

This is an extremely capable process, with an estimated percent defective much less than 1 ppb.  Note 
that the Cpk is less than Cp, indicating that the process is not centered and is not achieving potential 
capability. However, this PCR does not tell where the mean is located within the specification band. 

− 0 −10.375T xV = = = −3.4128
S 3.04 

ˆ Ĉ 
p 5.48C = =	 =1.54 

Since Cpm is greater than 4/3, the mean μ lies within approximately the middle fourth of the 
specification band. 

2 21 1 ( 3.4128) 
pm 

V+  + −  
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ξ̂  = μ̂ −T 
= 

10.375 − 0 
= 3.41

σ̂ 3.04 

ˆ Ĉ 
pk 4.34Cpkm = 

2 
= 

2 
=1.22 

1+ ξ̂ 1+ 3.4128 

Montgomery problem 7-6 
[numbers in the 4th Edition are different; solutions using them were accepted] 

n 4; ˆ = =  R σ 
USL = 200 + 8 = 208; LSL = 200 – 8 = 192 
= μ x 199; = 3.5; ˆ x = R d2 = 3.5 2.059 =1.70 

(a) 
USL −LSL 208 −192 

= =Potential: Ĉ 
p 6σ̂ 

= 
6(1.70) 

1.57


The process produces product that uses approximately 64% of the total specification band. 


(b) 

Ĉ = 
USL − μ̂ 

= 
208 −199 

=1.76pu 3σ̂ 3(1.70) 

Actual: Ĉ 
pl =

μ̂ −LSL 
= 

199 −192 
=1.37 

3σ̂ 3(1.70) 

Ĉ 
pk = min( Ĉ 

pl ,Ĉ 
pu ) =1.37 

(c) 

The current fraction nonconforming is: 

p̂Actual = Pr{ x < LSL} + Pr{ x > USL} 

= Pr{ x < LSL} [1 Pr{ x ≤ ]+ −  USL}


⎧ LSL − μ̂ ⎫ ⎡ ⎧ USL − μ̂ ⎫⎤
= Pr ⎨z < ⎢1 Pr ⎨z ≤ ⎬⎥⎬+  − 

⎩ σ̂ ⎭ ⎣ ⎩ σ̂ ⎭⎦


= Pr ⎧⎨z < 192 −199 ⎫ ⎡
⎢1 Pr ⎧⎨z ≤ 208 −199 ⎫

⎬
⎤
⎥⎬+  −  

⎩ 1.70 ⎭ ⎣ ⎩ 1.70 ⎭⎦

= Φ( 4.1176) [1 Φ ]
−  + − (5.2941)


0.0000191 [ ]  1 1
=  + − 


= 0.0000191


If the process mean could be centered at the specification target, the fraction nonconforming would be: 

p̂Potential = ×2 Pr  ⎨
⎧ z < 192 − 200 

⎬
⎫ 

⎩ 1.70 ⎭

2 0.0000013
= × 


= 0.0000026
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May and Spanos problem 6.8 - Solution partially removed due to copyright restrictions. 
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Part 5 

(a)	 Control charts: 
For sample size 3: 

For sample size 5: 

(b)	 With a sample size of 3, there is a warning from rule 2 (2 out of 3 consecutive points outside 
±2σ) at samples 2 and 3, and alarms from points outside ±3σ at samples 11, 16, 17 and 21–27. 
With a sample size of 5, there are alarms from points outside ±3σ at samples 1, 9, 10 and 13–16. 
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(c) Run chart for Cp = Cpk = 1: 

If applying the WECO rules strictly, with a sample size of 3, the process would be stopped at 
sample 2 to investigate the cause of the consecutive pair of samples below –2σ. Upon finding 
that the parts produced were not defective, the process would probably be restarted, and would 
continue until sample 11, when an out-of-control alarm is sounded. The out-of-specification 
part from run 31 would already have been produced. However, this out-of-spec part would 
probably be concluded to have been an ‘outlier’ and the process restarted. The next alarm is at 
sample 21, reacting to the 3 out-of-spec parts from runs 61–63. A clear mean shift would be 
discovered upon investigation, and the apparatus corrected. The defective run 47 would not 
have been detected. Thus, 5 out-of-spec parts are produced if a control chart with a sample size 
of 3 is used. 

With a sample size of 5, the first alarm following an out-of-spec part is at sample 9, after 45 
parts have been produced and only one defective part (the outlier at run 31) has been produced. 
The operator might look at the run chart, conclude that the process had been drifting during runs 
40–45, and take corrective action. If they did not take corrective action, they would get another 
alarm at sample 10, by which time the defective run 47 would have been produced. Most 
operators would probably accept by this stage that the process was drifting, and take corrective 
action. The most cavalier operators would, however, restart the process without correction, and 
not get another alarm until sample 13, after defective runs 61–65 had occurred. So even if the 
WECO rules are applied rigorously, the judgement of the operator after the process has been 
stopped determines whether 1, 2 or 7 defective parts are produced. 

(d) Average run length for detecting a mean shift of 0.25σ with sample size of 5, for example: 

0.9925 

133 
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(e)	 If no SPC had been performed (i.e. the run of 80 parts had been produced without any 
measurements during production), 21 defective parts would be produced: runs 31, 47, 61–76 
and 78–80. 
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Problem  8-1. 
µ0 = 1050; σ = 25; δ = 1σ; K = (δ/2)σ = (1/2)25 = 12.5; H = 5σ = 5(25) = 125 

(a) 
MTB > Stat > Control Charts > Time-Weighted Charts > CUSUM 

Sample 

C
u

m
u

la
t i

v
e 

S
u

m
 

20 18 16 14 12 10 8642 

1250 

1000 

750 

500 

250 

0 0 

UCL=125 

LCL=-125 

CUSUM Chart of Molecular Weight ( Ex8-1mole) 
target = 1050, std dev = 25, k = 0.5, h = 5 

The process signals out of control at observation 10. The point at which the assignable 
cause occurred can be determined by counting the number of increasing plot points. The 
assignable cause occurred after observation 10 – 3 = 7. 

(b)

σ̂ = MR2 d2 = 38.8421/1.128 = 34.4345 equation 5-6. 


No.  The estimate used for σ is much smaller than that from the data.


8-2
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Problem 8-2. 

MTB > Stat > Control Charts > Time-Weighted Charts > CUSUM 

Sample 

C
u

m
u

la
t i

v
e 

S
u

m
 

20 18 16 14 12 10 8642 

50 

40 

30 

20 

10 

0 0 

UCL=5 

LCL= -5 

CUSUM Chart of Standardized Molecular Weight ( Ex8-2std) 
target = 1050, std dev = 25, k = 0.5, h = 5 

The process signals out of control at observation 10. The assignable cause occurred after 
observation 10 – 3 = 7. 

8-3 
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Problem 8-21 (8-19, 4th ed.). 

λ = 0.1, L = 2.7, σ̂ =12.16 , CL = µ0 = 950, UCL = 957.53, LCL = 942.47. 

MTB > Stat > Control Charts > Time-Weighted Charts > EWMA 

Sample 

EW
M

A
 

80 72 64 56 48 40 32 24 16 81 

960 

955 

950 

945 

_ _ 
X=950 

+2.7SL=957.53 

-2.7SL=942.47 

EWMA Chart of Temperature Readings ( Ex8-7temp) 
lambda = 0.1, L = 2.7 

Test Results for EWMA Chart of Ex8-7temp 
TEST. One point beyond control limits.

Test Failed at points: 12, 13


Process is out of control at samples 8 (beyond upper limit, but not flagged on chart), 12 and 
13. 

8-5
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8-22 (8-20 4th ed.). 

λ = 0.4, L = 3, σ̂ = 12.16 , CL = µ0 = 950, UCL = 968.24, LCL = 931.76. 

MTB > Stat > Control Charts > Time-Weighted Charts > EWMA 

Sample 

EW
M

A
 

80 72 64 56 48 40 32 24 16 81 

970 

960 

950 

940 

930 

_ _ 
X=950 

UCL=968.24 

LCL=931.76 

EWMA Chart of Temperature Readings ( Ex8 -7temp) 
lambda = 0.4, L = 3 

Test Results for EWMA Chart of Ex8-7temp 
TEST. One point beyond control limits.

Test Failed at points: 70


With the larger λ, the process is out of control at observation 70, as compared to the chart 
in the Exercise 21 (with the smaller λ) which signaled out of control at earlier samples. 

8-6 
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MIT 6.780J, 2008 
Assignment 5 solutions 

Part 1 — Solutions removed due to copyright restrictions. 

Part 2 

(a) If yield of individual amplifiers is 99.5%, the yield of a memory block with 256 amplifiers each of which must function 
is (0.995)256 = 27.7%. This is the functional yield of chips containing one memory block each. 

(b) If there are four memory blocks per chip, the functional yield is (0.277)4 = 0.6%. 
(c) If the memory block can be reconfigured to function with 25 or fewer defective amplifiers, the yield is now: 

25 

∑ 256Ck (0.995)256−k (0.005)k


k =0


We can use a Poisson approximation to this binomial distribution to ease evaluation, where λ = 0.005 × 256 = 1.28. 

Then the yield is given by 

25 

∑ exp(−λ)λk / k! ≈ 1 
k =0 
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MIT 2.830/6.780 Problem Set 6 (2008) — Solutions 

Problem 1 

See the following pages for exemplary solutions (courtesy X. Su and K. Umeda) 

For the t-test part of the question, two approaches were accepted: one in which the 
significance of each effect was tested in turn by looking for evidence of a mean shift 
(interactions are not probed in this approach); the other is to define a standard error as in 
example 12-7 of Montgomery and perform a t-test on all effects, including interactions. 
This second approach is exactly equivalent to doing ANOVA. 
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XIANGYONG SU 


2 2 15 b c2 
SST = SSA + SSB + SSAB + SSE = 0.002386, or SST = X X yijk @ y

ffff
… , where: 

i = 1 

X
j = 1 k = 1 

` a` a

2 b c2
SSA = 2 15 X y

ffff
i AA @ y

ffff
… 

B

` 
i = 1 

a2 ` a2C = (2)(15) 2.0377 @ 2.03935 + 2.041 @ 2.03935 = 0.000163 
` a` a

2 b c2
SSB = 2 15 X

j = 1 
y
ffff
A j A @ y

ffff
… 

B

` a2 ` a2C = (2)(15) 2.035567 @ 2.03935 + 2.043133 @ 2.03935 = 0.000859 
` a

2 2 b c2 
SSAB = 15 X y

ffff
ij A @ y

ffff
i AA @ y

ffff
A j A + y

ffff
… = 0.0000837 

i = 1 

X
j = 1


2 2 15 b c2


SSE = X X yijk @ y
ffff

ij A = 0.001279 
i = 1 

X
j = 1 k = 1 

SUMMARY 


LV(i=1) 
Count 
Sum 

Average 
Variance 

HV(i=2) 
Count 
Sum 

Average 
Variance 

Total 
Count 
Sum 

Average 
Variance 

LH (j=1) HH(j=2) Total 

15 15 30 
30.491 30.64 61.131 

30.491 30.64 61.131 y
ffff

11 A = fffffffffffffffffffff=2.032733 y
ffff

12 A = fffffffffffffffff=2.042667 y
ffff

1 AA  = fffffffffffffffffffff= 2.037715 15 30
9.5E-06 2.24E-05 4.09E-05 

15 15 30 
30.576 30.654 61.23 

30.576 30.654 61.23= =2.0384 = =2.0436 = =2.041y
ffff

21 A 
fffffffffffffffffffff

15 y
ffff

22 A 
fffffffffffffffffffff

15 y
ffff

2 AA 
fffffffffffffffff
30 

3.74E-05 2.21E-05 3.57E-05 

30 30 120 
61.067 61.294 122.361 

61.067 61.294 122.361 y
ffff
A 1 A = fffffffffffffffffffff30 =2.035567 y

ffff
A 2 A = fffffffffffffffffffff30 =2.043133 y

ffff
…= fffffffffffffffffffffffff120 =2.03935 

3.09E-05 2.17E-05 

MANOVA table – Two-way with interactions: 
Source of Variation SS df MS(=SS/df) F P-value F crit 
Sample (Factor A) SSA = 0.000163 1 s2

A = 0.000163 7.149541 0.009808 4.012973 
Columns (Factor B) SSB = 0.000859 1 sB 

2  = 0.000859 37.58889 9.3E-08 4.012973 
Interaction SSAB = 8.4E-05 1 s2 

AB = 8.4E-05 3.677261 0.060265 4.012973 
Within SSE = 0.001279 56 sE 

2  = 2.28E-05 

Total SST = 0.002386 59 

2 
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XIANGYONG SU 

Comparing the computed F-ratios to a 5% upper critical value of the F distribution, where 
F0.05,1,56 = 4.013, we conclude that since computed F-ratio 7.15 > 4.013 and 37.59 > 4.013, 
both the injection speed and hold time affects the output diameter. However, as the 
computed F-ratio for interaction is smaller than the critical F value, there is no indication 
of interaction between the two factors. 

b. 
Test on Factor A, injection speed input: 
Let H0 be the hypothesis that μHV = μLV 
Let H1 be the hypothesis that μHV ≠μLV

b c b c 
y
ffff

1 @ y
ffff

2 @ μ
ffff

1 @μ
ffff

2Test statistic: t0 = ffffffffffffffff
s 

ffffffffffffffffffffffffffffffffffffffffffffffffff
s
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

n
ffffffff1

1 
+ n
ffffffff1

2 

, where μ1 = μHV and μ2 = μLV. 

Test if the mean diameters under low and high velocity are equal 95% of the time (α = 
0.05) If they do not, then the injection speed affects the output diameter. 

Test on Factor B, hold time: 
Let H0 be the hypothesis that μHH = μLH 
Let H1 be the hypothesis that μHH ≠μLH

b c b c 
y
ffff

1 @ y
ffff

2 @ μ
ffff

1 @μ
ffff

2Test statistic: t0 = ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff, where μ1 = μHH and μ2 = μLH. 
s s
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

n
ffffffff1

1 
+ n
ffffffff1

2 

Test if the mean diameters under low and high hold time are equal 95% of the time (α = 
0.05) If they do not, then the hold time affects the output diameter. 

c. 
Test on Factor A, injection speed input: 

Two-tailed test: 

To estimate with 95% degree of confidence, where α = 0.05 

tα,n1 + n2 @ 2 = t0.025,58 = (The rejection region is |t0| > 2.002) 

High velocity, y1 Low velocity, y2 

Sample mean, y
ffff

1 , y
ffff

2 2.041 2.0377 
Count, n1, n2 30 30 

Sum squares, X y1 @ y
ffff

1 

b c2 
, X y2 @ y

ffff
2 

b c2 
0.001036 0.0011863 

Assuming that the variances for y1 and y2 are equal. 
Pooled estimate of σ2: 

s2 = 0.001036 + 0.0011863 = 0.0000383155ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
30 + 30 @ 2 

3 
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XIANGYONG SU 

b c b c 

For μ
ffff

1 @μ
ffff

2= 0, t0 = ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
y
ffff

1 @ y
ffff

2 @ μ
ffff

1 @μ
ffff

2  = fffffffffffffffffffffffffffffffffffff0.0033 = 2.0648 (with 58 d.o.f.) 
s s
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

n
ffffffff1

1 
+ n
ffffffff1

2 

0.00159824

Since |t0| > 2.002, we reject the null hypothesis: There is sufficient evidence of a

difference in diameter caused by the variation of injection speed from low velocity to 

high velocity. 


Test on Factor B, hold time input: 

Two-tailed test: 

To estimate with 95% degree of confidence, where α = 0.05 

tα,n1 + n2 @ 2 = t0.025,58 = (The rejection region is |t0| > 2.002) 

High hold, y1 Low hold, y2 

Sample mean, y
ffff

1 , y
ffff

2 2.043133 2.035567 
Count, n1, n2 30 30 

Sum squares, X y1 @ y
ffff

1 

b c2 
, X y2 @ y

ffff
2 

b c2 
0.000629467 0.000897367 

Assuming that the variances for y1 and y2 are equal. 
Pooled estimate of σ2: 

2 0.000629467 + 0.000897367 s  = = 0.0000263247ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
30 + 30 @ 2 

b c b c 

For μ
ffff

1 @μ
ffff

2= 0, t0 = ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
y
ffff

1 @ y
ffff

2 @ μ
ffff

1 @μ
ffff

2  = fffffffffffffffffffffffffffffffffffffffff0.007567 = 5.7117 (with 58 d.o.f.) 
s s
wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

n
ffffffff1

1 
+ n
ffffffff1

2 

0.001324757

Since |t0| > 2.002, we reject the null hypothesis: There is sufficient evidence of a 
difference in diameter caused by the variation of hold time from low hold to high hold. 

d. Results obtained show similar conclusions as previously obtained that both the 
injection speed and hold time affects the output diameter. However the difference is that 
there is no basis on which we can conclude if there was any interaction between the two 
factors. The similarity between these two methods could be due to absence of interactions, 
or it could be that interactions present are not of a significance level that is large enough 
and thus did not affect the significance of the main effects caused by both factors. This 
can also be seen from the rather near but lower values of computed F-ratio for interaction 
with the critical F value in the MANOVA table. 

4 
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Second example solution to Problem 1 (K. Umeda) 
(a) 
ANOVA  
source of variation contract effect coefficient sum of squares d.o.f mean square Fo P-value 
A 0.227 0.028375 0.0141875 0.00085882 1 0.00085882 36.917661 1.2124E-07 
B 0.099 0.012375 0.0061875 0.00016335 1 0.00016335 7.02187109 0.01049275 
AB -0.071 -0.008875 -0.0044375 8.4017E-05 1 8.4017E-05 3.61159598 0.06262443 
Error 0.00127947 55 2.3263E-05 
Total 0.00238565 59 

The results of ANOVA shows the factor A has a very small p-value, which means that the distribution of factor A is different from the 
distribution of error with high confidence. I conclude the factor A has the largest impact on the output among these three factors. 

(b) 

I use t-test for the test statistic. Firstly, I compute the estimated error of the coefficient, using the error mean square from the ANOVA. 


s.e. (b) = sqrt((the error of the mean square)/n2^k) 
The t-value is calculated from the following equation, using s.e. (b) and the coefficients in the regression model. 

t = b/ s.e. (b) 
Then, the p-value is calculated, applying the degree of freedom of error and both side of t-distribution. 

(c) 
t-test  
source of variation contract effect coefficient SE Coef T P 
Constant 2.039 0.00062267 3275.17303 3.563E-147 
A 0.227 0.00756667 0.00378333 0.00062267 6.07599054 1.2124E-07 
B 0.099 0.0033 0.00165 0.00062267 2.64988134 0.01049275 
AB -0.071 -0.0023667 -0.0011833 0.00062267 -1.9004199 0.06262443 

(d) 

I got the same p-value for A, B, AB factors in both methods of ANOVA and t-test. Therefore, as the effect s of factors decrease, the 

corresponded p-values increase. A large p-value means that the factor has same distribution with the distribution of error, and does not 

affect the output. . 
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Problem 2 

Montgomery 12–2. 

Since the standard order (Run) is provided, one approach to solving this exercise is to 
create a 23 factorial design in MINITAB, then enter the data.  Another approach would be 
to create a worksheet containing the data, then define a customer factorial design.  Both 
approaches would achieve the same result. This solution uses the first approach. 

Select Stat > DOE > Factorial > Create Factorial Design. Leave the design type as a 
2-level factorial with default generators, and change the Number of factors to “3”. Select 
“Designs”, highlight full factorial, change number of replicates to “2”, and click “OK”. 
Select “Factors”, enter the factor names, leave factor types as “Numeric” and factor 
levels as -1 and +1, and click “OK” twice. The worksheet is in run order, to change to 
standard order (and ease data entry) select Stat > DOE > Display Design and choose 
standard order. The design and data are in the MINITAB worksheet Ex12-2.MTW. 

(a) 

To analyze the experiment, select Stat > DOE > Factorial > Analyze Factorial Design. 

Select “Terms” and verify that all terms (A, B, C, AB, AC, BC, ABC) are included. 


Factorial Fit: Life versus Cutting Speed, Metal Hardness, Cutting Angle
Estimated Effects and Coefficients for Life (coded units)
Term Effect Coef SE Coef T P 
Constant 413.13 12.41 33.30 0.000 
Cutting Speed 18.25 9.13 12.41 0.74 0.483 
Metal Hardness 84.25 42.12 12.41 3.40 0.009 ** 
Cutting Angle 71.75 35.88 12.41 2.89 0.020 ** 
Cutting Speed*Metal Hardness -11.25 -5.62 12.41 -0.45 0.662 
Cutting Speed*Cutting Angle -119.25 -59.62 12.41 -4.81 0.001 ** 
Metal Hardness*Cutting Angle -24.25 -12.12 12.41 -0.98 0.357 
Cutting Speed*Metal Hardness* -34.75 -17.37 12.41 -1.40 0.199 
Cutting Angle 

S = 49.6236 R-Sq = 85.36% R-Sq(adj) = 72.56% 

Analysis of Variance for Life (coded units)
Source DF Seq SS Adj SS Adj MS F P 
Main Effects 3 50317 50317 16772 6.81 0.014 
2-Way Interactions 3 59741 59741 19914 8.09 0.008 
3-Way Interactions 1 4830 4830 4830 1.96 0.199 
Residual Error 8 19700 19700 2462 
Pure Error 8 19700 19700 2463 

Total 15 134588 
… 

Based on ANOVA results, a full factorial model is not necessary.  Based on P-values less 
than 0.10, a reduced model in Metal Hardness, Cutting Angle, and Cutting Speed*Cutting 
Angle is more appropriate.  Cutting Speed will also be retained to maintain a hierarchical 
model. 
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Factorial Fit: Life versus Cutting Speed, Metal Hardness, Cutting Angle
Estimated Effects and Coefficients for Life (coded units)
Term Effect Coef SE Coef T P 
Constant 413.13 12.47 33.12 0.000 
Cutting Speed 18.25 9.13 12.47 0.73 0.480 
Metal Hardness 84.25 42.12 12.47 3.38 0.006 
Cutting Angle 71.75 35.88 12.47 2.88 0.015 
Cutting Speed*Cutting Angle -119.25 -59.62 12.47 -4.78 0.001 

S = 49.8988 R-Sq = 79.65% R-Sq(adj) = 72.25% 

Analysis of Variance for Life (coded units)
Source DF Seq SS Adj SS Adj MS F P 
Main Effects 3 50317 50317 16772 6.74 0.008 
2-Way Interactions 1 56882 56882 56882 22.85 0.001 
Residual Error 11 27389 27389 2490 
Lack of Fit 3 7689 7689 2563 1.04 0.425 
Pure Error 8 19700 19700 2463 

Total 15 134588 

(b) 

The combination that maximizes tool life is easily seen from a cube plot.  Select Stat > 

DOE > Factorial > Factorial Plots. Choose and set-up a “Cube Plot”. 


1 

-1 

1 

-1 
1-1 

Cutting Angle 

Metal Hardness 

Cutting Speed 

405.5 

391.5 446.5 

552.5 

512.0 

380.0 266.0 

351.0 

Cube Plot (data means) for Life 
Exercise 12-2(b) 

Longest tool life is at A-, B+ and C+, for an average predicted life of 552.5. 
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(c) 

From examination of the cube plot, we see that the low level of cutting speed and the 

high level of cutting angle gives good results regardless of metal hardness. 


Montgomery 12–3 
To find the residuals, select Stat > DOE > Factorial > Analyze Factorial Design. Select 
“Terms” and verify that all terms for the reduced model (A, B, C, AC) are included.  
Select “Graphs”, and for residuals plots choose “Normal plot” and “Residuals versus 
fits”. To save residuals to the worksheet, select “Storage” and choose “Residuals”. 

Residual 

Pe
rc

en
t 

100 500-50 -100 
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50 
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30 
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5 

1 

Normal Probability Plot of the Residuals 
(response is Life) 

Fitted Value 

R
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id
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l 

550 500 450 400350 300 250 

50 

25 

0 

-25 

-50 

-75 

Residuals Versus the Fitted Values 
(response is Life) 

Normal probability plot of residuals indicates that the normality assumption is 
reasonable. Residuals versus fitted values plot shows that the equal variance assumption 
across the prediction range is reasonable. 
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Problem 3 

On of many excellent solutions submitted (courtesy K. Lee). 

Since ∑ (contrast coefficient)2 = 2k 

2 k 2 k ⎛ Effect A ⎞
2 

k ⎛ Contrast A ⎞
2 Contrast A 

2 Contrast A 
2 

SS A = nmβ A = n2 β A = n2	 ⎜ ⎟ = n2 ⎜ k ⎟ = k = 2⎝ 2 ⎠ ⎝ n2 ⎠ n2 n∑(contrast coefficients) 
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Problem 4 

May and Spanos solutions removed due to copyright restrictions. 
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An example of one of many solutions submitted for Problem 4 (courtesy K. Umeda): 

From the normal probability plot of effects, the effect of A stays away from the straight 
line, so I estimate A has an impact. 

Normal Probability Plot 

0.05 

0.10 

0.25 

0.50 

0.75 

0.90 

0.95 
P
ro

b
a
b
il
it
y
 

-5 0 5 10 15 20 

Data 

In general, higher-order interactions are negligible, so here, ABC can be treated as an 
estimate of error. Then, the table below shows the result of ANOVA. From the table 
below, the p- value of A is the smallest, so could conclude A is a significant factor [at the 
15% level]. 

ANOVA  

source of variation contrast effect coefficient sum of squares d.o.f mean square Fo P-value 

A 92 23 11.5 1058 1 1058 17.4876 0.149429 

B -20 -5 -2.5 50 1 50 0.826446 0.530292 

C 6 1.5 0.75 4.5 1 4.5 0.07438 0.830499 

AB 6 1.5 0.75 4.5 1 4.5 0.07438 0.830499 

AC 40 10 5 200 1 200 3.305785 0.32012 

BC  0  0  0  0  1  0  0  1  

Error 60.5 1 60.5 

Total 1377.5 7 
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Factorial Fit: Color versus Solv/React, Cat/React, ... 

Estimated Effects and Coefficients for Color (coded units) 

Term Effect Coef 

Constant 2.7700 

Solv/React 1.4350 0.7175 

Cat/React -1.4650 -0.7325 

Temp -0.2725 -0.1363 

React Purity  4.5450 2.2725 

React pH  -0.7025 -0.3513 

Solv/React*Cat/React 1.1500 0.5750 

Solv/React*Temp -0.9125 -0.4562 

Solv/React*React Purity  -1.2300 -0.6150 

Solv/React*React pH  0.4275 0.2138 

Cat/React*Temp 0.2925 0.1462 

Cat/React*React Purity  0.1200 0.0600 

Cat/React*React pH  0.1625 0.0812 

Temp*React Purity  -0.8375 -0.4187 

Temp*React pH  -0.3650 -0.1825 

React Purity*React pH  0.2125 0.1062 

Effect 
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1 

F actor  

React Purity 
E  React pH  

Name 
A  Solv  /React  
B  C  at/React  
C  Temp  
D 

Effect Type 
Not Significant 
Significant D 

Normal Probability Plot of the Effects 
(response is Color, Alpha = .10) 

Lenth's PSE = 0.8475 
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Factorial Fit: Color versus React Purity 

Estimated Effects and Coefficients for Color (coded units) 


Term Effect Coef SE Coef  T P 


Constant 2.770 0.4147 6.68 0.000 


React Purity  4.545 2.272 0.4147 5.48 0.000 


S = 1.65876  R-Sq = 68.20%  R-Sq(adj) = 65.93% 


Analysis of Variance for Color (coded units) 


Source DF Seq SS  Adj SS  Adj MS  F P 


Main Effects  1 82.63 82.63 82.628 30.03 0.000 

Residual Error  14 38.52 38.52 2.751 

  Pure Error  14 38.52 38.52 2.751 

Total 15 121.15 

Residual 
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nt

 

43210-1-2-3-4 
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0 

-2 

Normal Probability Plot of the Residuals 
(response is Color) 

Residuals Versus the Fitted Values 
(response is Color) 

Residuals Versus React Pur ity 
(response is Color) 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

127
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



� 

� 

� 

� 

���������������������������������������������������������������������������������������� 

���������������������� 

� ����  

������ ������������������������ ���������� ������������������� ��� ���������������������� ����� 

���������������������������������������������������� � �  

����������� ���������������������������������������������������� ������������������ �������� 

���� ���� �������� �������� ��� ��������� ���������� ���� �� ������������������� ���� �� 

��������������������� � �� ����� ����� ��� ������ �������� ������ ���� ���� ������� ���� ��� 

���������� ����� �� ����������� ��� �������� � ���� �������� ������ ������� ���� ��� ����� ���������  

������������������������������������������� 
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-1 

1 

-1 
1-1 

React Purity 

Cat/React 

Solv/React 

4.865 

5.425 6.005 

3.875 

1.795 

1.865 0.715 

-2.385 

Cube Plot (data means) for Color 

� 
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Factorial Fit: Resist versus A, B, C, D 

Estimated Effects and Coefficients for Resist (coded units) 

Term Effect Coef SE Coef  T P 

Constant 60.433 0.6223 97.12 0.000 

A 47.700 23.850 0.7621 31.29 0.000 * 

B -0.500 -0.250 0.7621 -0.33 0.759 

80.600 40.300 0.7621 52.88 0.000 * 

D -2.400 -1.200 0.7621 -1.57 0.190 

A*B 1.100 0.550 0.7621 0.72 0.510 

A*C 72.800 36.400 0.7621 47.76 0.000 * 

A*D -2.000 -1.000 0.7621 -1.31 0.260 

… 

Analysis of Variance for Resist (coded units) 

Source DF Seq SS  Adj SS  Adj MS  F P 

Main Effects  4 17555.3 17555.3 4388.83 944.51 0.000 

2-Way Interactions  3 10610.1 10610.1 3536.70 761.13 0.000 

Residual Error  4 18.6 18.6 4.65 

Curvature 1 5.6 5.6 5.61 1.30 0.338 

  Pure Error  3 13.0 13.0 4.33 

Total 11 28184.0 

Standardized Effect 
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AC 
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A 

Normal Probability Plot of the Standardized Effects 
(response is Resist, Alpha = .10) 

Factor  

D 

Name 
A A 
B B 
C C 
D 

Effect Type 
Not Significant 
Significant 
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Factorial Fit: Resist versus A, C 

Estimated Effects and Coefficients for Resist (coded units) 


Term Effect Coef SE Coef  T P 


Constant 60.43 0.6537 92.44 0.000 


A 47.70 23.85 0.8007 29.79 0.000 * 


80.60 40.30 0.8007 50.33 0.000 * 

A*C 72.80 36.40 0.8007 45.46 0.000 * 

… 

Analysis of Variance for Resist (coded units) 

Source DF Seq SS  Adj SS  Adj MS  F P 

Main Effects  2 17543.3 17543.3 8771.6 1710.43 0.000 

2-Way Interactions  1 10599.7 10599.7 10599.7 2066.89 0.000 

Residual Error  8 41.0 41.0 5.1 

Curvature 1 5.6 5.6 5.6 1.11 0.327 

  Pure Error  7 35.4 35.4 5.1 

Total 11 28184.0 

��������������������������������������������������������������������������� 
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Residuals Versus the Fitted Values 
(response is Resist) 
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Addendum to solution to Problem 2: manual test of curvature (courtesy R. Schwenke)



                   
  

       
       
        
       

 

                       
     

       
        

  

  
         

Problem 3: example solution (courtesy X. Su) 

a. 

Run 
1 
2 
3 
4 

(1) 
a 
b 
ab 

I 
1 
1 
1 
1 

Design Factors 
A B AB 
-1 -1 1 
1 -1 -1 
-1 1 -1 
1 1 1 

0.1963 
0.0914 
0.1107 
0.065 

Source of 
variation 

A 
B 

AB 

Sum of 
squares 

0.02983 
0.015826 
0.005171 

Degrees of 
Freedom 

1 
1 
1 

Curvature  0.000856 1 

Residual Error 0.00095 20 

Total 0.052634 24 

Effects 
Replicate Results Totals estimate 

0.2185 0.1914 0.1814 0.2092 0.9968 
0.0891 0.0925 0.0855 0.0913 0.4498 -0.07724 
0.1071 0.1109 0.1115 0.1145 0.5547 -0.05626 
0.065 0.0667 0.0662 0.0664 0.3293 0.03216 

Mean Square F0 P-value 

1.40194E-16 
6.13524E-14 
1.54196E-09 

0.000396599 

0.02983 628 
0.015826 333.1789 
0.005171 108.8632 

0.000856 18.02105 

4.75234E-05 

Since A, B, AB and curvature are significant (P<0.05), they have to be included in the regression 
model. There is also evidence of pure quadratic curvature. 

Using Minitab: 
Response Surface Regression: Replicates versus A, B 

The following terms cannot be estimated, and were removed. 

B*B 

The analysis was done using coded units. 

Estimated Regression Coefficients for Replicates 

Term Coef SE Coef T P 
Constant 0.10190 0.003083 33.053 0.000 
A -0.03862 0.001541 -25.054 0.000 
B -0.02813 0.001541 -18.249 0.000 
A*A 0.01463 0.003447 4.244 0.000 
A*B 0.01608 0.001541 10.432 0.000 

S = 0.00689372 PRESS = 0.00148511 

R-Sq = 98.19% R-Sq(pred) = 97.18% R-Sq(adj) = 97.83% 


Analysis of Variance for Replicates 

Source DF Seq SS Adj SS Adj MS F P 
Regression 4 0.051684 0.051684 0.012921 271.88 0.000 
Linear 2 0.045656 0.045656 0.022828 480.35 0.000 
Square 1 0.000856 0.000856 0.000856 18.02 0.000 
Interaction 1 0.005171 0.005171 0.005171 108.82 0.000 

Residual Error 20 0.000950 0.000950 0.000048 
Pure Error 20 0.000950 0.000950 0.000048 

Total 24 0.052634 
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Unusual Observations for Replicates 

Obs StdOrder Replicates Fit SE Fit Residual St Resid 
6 6 0.219 0.199 0.003 0.019 3.10 R 

16 16 0.181 0.199 0.003 -0.018 -2.91 R 


R denotes an observation with a large standardized residual. 

Estimated Regression Coefficients for Replicates using data in uncoded units 

Term Coef 
Constant 0.101900 
A -0.0386200 
B -0.0281300 
A*A 0.0146300 
A*B 0.0160800 

y = �0 + �1x1 + �2x2 + �11x1
2 + �12x1x2

 = 0.101900 - 0.0386200x1 - 0.0281300x2 + 0.0146300x1
2 + 0.0160800 x1x2 
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Normal Probability Plot 
(response is Replicates) 

The normal probability plot looks skewed, with very little data lying on the blue line. The residuals do 
not seem to be following a normal distribution. 
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(response is Replicates) 

Variances of the residuals is shown to grow with increasing fitted values. However, the residuals are 
equally distributed above and below the center line. 

b. Using transformed data sets exp(y): 

From Minitab: 
Response Surface Regression: Replicates versus A, B 

The following terms cannot be estimated, and were removed. 

B*B 

The analysis was done using coded units. 

Estimated Regression Coefficients for Replicates 

Term Coef SE Coef T P 
Constant 1.10728 0.003733 296.581 0.000 
A -0.04396 0.001867 -23.550 0.000 
B -0.03236 0.001867 -17.337 0.000 
A*A 0.01779 0.004174 4.262 0.000 
A*B 0.01933 0.001867 10.357 0.000 

S = 0.00834830 PRESS = 0.00217794 

R-Sq = 98.00% R-Sq(pred) = 96.88% R-Sq(adj) = 97.60% 


Analysis of Variance for Replicates 

Source DF Seq SS Adj SS Adj MS F P 
Regression 4 0.068342 0.068342 0.017086 245.15 0.000 
Linear 2 0.059599 0.059599 0.029800 427.58 0.000 
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 Square
Interaction 

1 
1 

0.001266 
0.007477 

0.001266 
0.007477 

0.001266 
0.007477 

18.17 
107.28 

0.000 
0.000 

Residual Error 20 0.001394 0.001394 0.000070 
Pure Error 20 0.001394 0.001394 0.000070 

Total 24 0.069736 

Unusual Observations for Replicates 

Obs StdOrder Replicates Fit SE Fit Residual St Resid 
6 6 1.244 1.221 0.004 0.023 3.14 R 
16 16 1.199 1.221 0.004 -0.022 -2.92 R 

R denotes an observation with a large standardized residual. 

Estimated Regression Coefficients for Replicates using data in uncoded units 

Term Coef 
Constant 1.10728 
A -0.0439614 
B -0.0323629 
A*A 0.0177910 
A*B 0.0193347 

Regression model: 

y = �0 + �1x1 + �2x2 + �11x1

2 + �11x1
2 + �12x1x2


 = 1.10728 -0.0439614x1 -0.0323629x2 + 0.0177910x1
2 + 0.0193347x1x2 
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Both plots do not show much improvement from the previous plots. 

Using transformation 1/y: 
From Minitab: 
Response Surface Regression: Replicates versus A, B 

The following terms cannot be estimated, and were removed. 

B*B 

The analysis was done using coded units. 

Estimated Regression Coefficients for Replicates 

Term Coef SE Coef T P 
Constant 9.81930 0.12827 76.551 0.000 
A 3.06367 0.06414 47.769 0.000 
B 2.01027 0.06414 31.344 0.000 
A*A 0.27219 0.14341 1.898 0.072 
A*B 0.02012 0.06414 0.314 0.757 

S = 0.286823 PRESS = 2.57085 

R-Sq = 99.39% R-Sq(pred) = 99.05% R-Sq(adj) = 99.27% 


Analysis of Variance for Replicates 

Source DF Seq SS Adj SS Adj MS F P 
Regression 4 268.849 268.849 67.212 817.00 0.000 
Linear 2 268.545 268.545 134.272 1632.15 0.000 
Square 1 0.296 0.296 0.296 3.60 0.072 
Interaction 1 0.008 0.008 0.008 0.10 0.757 

Residual Error 20 1.645 1.645 0.082 
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 Pure Error 20 1.645 1.645 0.082 
Total 24 270.495 

Unusual Observations for Replicates 

Obs 
17 

StdOrder 
17 

Replicates
11.696 

Fit 
11.125 

SE Fit 
0.128 

Residual 
0.571 

St Resid 
2.23 R 

R denotes an observation with a large standardized residual. 

Estimated Regression Coefficients for Replicates using data in uncoded units 

Term Coef 
Constant 9.81930 
A 3.06367 
B 2.01027 
A*A 0.272187 
A*B 0.0201165 

Regression model: 

y = �0 + �1x1 + �2x2 + �11x1

2 + �11x1
2 + �12x1x2


 = 9.81930 + 3.063674x1 + 2.01027x2 + 0.272187x1
2 + 0.0201165x1x2 
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Comparing these two new plots, there is much improvements in the sense that the residual VS fitted 
value plots do not show a growth in variance. Also, the normal probability plot shows a more well 
fitted data to line, hence randomly distributed data. Thus, the last transformation 1/y seems more 
appropriate for fitting the current regression model. 
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Response Surface Regression: y versus x1, x2, z 

The analysis was done using coded units. 

Estimated Regression Coefficients for y 

Term Coef SE Coef  T P 

Constant 87.3333 1.681 51.968 0.000 

x1 9.8013 1.873 5.232 0.001 

x2 2.2894 1.873 1.222 0.256 

z -6.1250 1.455 -4.209 0.003 

x1*x1 -13.8333 3.361 -4.116 0.003 

x2*x2 -21.8333 3.361 -6.496 0.000 

z*z 0.1517 2.116 0.072 0.945 

x1*x2 8.1317 4.116 1.975 0.084 

x1*z -4.4147 2.448 -1.804 0.109 

x2*z -7.7783 2.448 -3.178 0.013 

… 

Analysis of Variance for y 

Source DF Seq SS  Adj SS  Adj MS  F P 

Regression 9 2034.94 2034.94 226.105 13.34 0.001 

Linear 3 789.28 789.28 263.092 15.53 0.001 

Square 3 953.29 953.29 317.764 18.75 0.001 

Interaction 3 292.38 292.38 97.458 5.75 0.021 

Residual Error  8 135.56 135.56 16.945 

Lack-of-Fit 3 90.22 90.22 30.074 3.32 0.115 

  Pure Error  5 45.33 45.33 9.067 

Total 17 2170.50 

… 

Estimated Regression Coefficients for y using data in uncoded units 

Term Coef 

Constant 87.3333 

x1 5.8279 

x2 1.3613 

z -6.1250 

x1*x1 -4.8908 
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x2*x2 -7.7192 

z*z 0.1517 

x1*x2 2.8750 

x1*z -2.6250 

x2*z -4.6250 

�����������������������������������������������������������������������������������������  
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Response Surface Regression: y versus x1, x2, z 

The analysis was done using coded units. 

Estimated Regression Coefficients for y 

Term Coef SE Coef  T P 

Constant 87.361 1.541 56.675 0.000 

x1 9.801 1.767 5.548 0.000 

x2 2.289 1.767 1.296 0.227 

z -6.125 1.373 -4.462 0.002 

x1*x1 -13.760 3.019 -4.558 0.001 

x2*x2 -21.760 3.019 -7.208 0.000 

x1*x2 8.132 3.882 2.095 0.066 

x1*z -4.415 2.308 -1.912 0.088 

x2*z -7.778 2.308 -3.370 0.008 

… 

Analysis of Variance for y 

Source DF Seq SS  Adj SS  Adj MS  F P 

Regression 8 2034.86 2034.86 254.357 16.88 0.000 

Linear 3 789.28 789.28 263.092 17.46 0.000 

Square 2 953.20 953.20 476.602 31.62 0.000 

Interaction 3 292.38 292.38 97.458 6.47 0.013 

Residual Error  9 135.64 135.64 15.072 

Lack-of-Fit 4 90.31 90.31 22.578 2.49 0.172 

  Pure Error  5 45.33 45.33 9.067 

Total 17 2170.50 

… 
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hkt
Typewritten Text
Note: the question was unclear as to whether the noise input z was controllable. If so, selecting z = -1 may give minimal sensitivity of the output to variation in z. If, however,we assume that z cannot be controlled, we must assume it to have zero mean and constant variance. The alternative solution following (courtesy H. Hu) shows a solution based on the assumption that z cannot be controlled.



Problem 4 

Montgomery 13-12 

Reconsider the crystal growth experiment from Exercise 13-10. Suppose that x  z  

is now a noise variable, and that the modified experimental design shown here has 
been conducted. The experimenters want the growth rate to be as large as possible but 
they also want the variability transmitted from z to be small. Under what set of 
conditions is growth greater than 90 with minimum variability achieved? 

x  x  z y 

-1 -1 -1 66 

-1 -1 1 70 

-1 1 -1 78 

-1 1 1 60 

1 -1 -1 80 

1 -1 1 70 

1 1 -1 100 

1 1 1 75 

-1.682 0 0 100 

1.682 0 0 80 

0 -1.682 0 68 

0 1.682 0 63 

0 0 0 113 
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0 0 0 100 

0 0 0 85 

We use Minitab to do the robustness study. The experimental design is a “modified” 
central composite design in which the axial runs in the z direction have been 
eliminated.  

Response Surface Regression: response versus x1, x2, x3  

The analysis was done using coded units. 


Estimated Regression Coefficients for response 


Term Coef SE Coef T P 


Constant 98.896 5.607 17.639 0.000 


x1 1.271 3.821 0.333 0.747 


x2 1.361 3.821 0.356 0.730 


x3 -6.125 4.992 -1.227 0.251 


x1*x1 -5.412 3.882 -1.394 0.197 


x2*x2 -14.074 3.882 -3.625 0.006 


x1*x2 2.875 4.992 0.576 0.579 


x1*x3 -2.625 4.992 -0.526 0.612 


x2*x3 -4.625 4.992 -0.926 0.378 


S = 14.1209 PRESS = 9196.84 


R-Sq = 65.33% R-Sq(pred) = 0.00% R-Sq(adj) = 34.51% 


Analysis of Variance for response 


Source DF Seq SS Adj SS Adj MS F P 


Regression 8 3381.2 3381.2 422.65 2.12 0.142 


Linear 3 347.5 347.5 115.84 0.58 0.642 


Square 2 2741.3 2741.3 1370.65 6.87 0.015 


Interaction 3 292.4 292.4 97.46 0.49 0.699 
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Residual Error 9 1794.6 1794.6 199.40 

Lack-of-Fit 4 935.3 935.3 233.81 1.36 0.365 

Pure Error 5 859.3 859.3 171.87 

Total 17 5175.8 

Unusual Observations for response 


Obs StdOrder response Fit SE Fit Residual St Resid 


8 9 100.000 81.449 10.836 18.551 2.05 R 


R denotes an observation with a large standardized residual. 


Estimated Regression Coefficients for response using data in uncoded units 


Term Coef 


Constant 98.8959 


x1 1.27146 


x2 1.36130 


x3 -6.12500 


x1*x1 -5.41231 


x2*x2 -14.0744 


x1*x2 2.87500 


x1*x3 -2.62500 


x2*x3 -4.62500 


www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

146
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



20100-10-20 

99 

90 

50 

10 

1 

Residual 

P
e
r
c
e
n
t
 

10090807060 

20 

10 

0 

-10 

Fitted Value 

R
e
s
i
d
u
a
l
 

20151050-5-10-15 

6.0 

4.5 

3.0 

1.5 

0.0 

Residual 

F
r
e
q
u
e
n
c
y
 

2018161412108642 

20 

10 

0 

-10 

Observation Order 

R
e
s
i
d
u
a
l
 

Normal Probability Plot Versus Fits 

Histogram Versus Order 

Residual Plots for response 

The response model for the process robustness study is : 

y(x,z)=f(x)+h(x,z)+ε

 =β   β x    β x   β x   β x  β x x   γ z  δ x z  

δ x z  ε 

y(x,z)=98.8959+1.27146x +1.36130x -5.41231x -14.0744x +2.875x x  

-6.125z-2.625x z-4.625x z 

Therefore the mean model is

 Ez[y(x,z)]=f(x)= 

98.8959+1.27146x +1.36130x -5.41231x -14.0744x +2.875x x  

The variance model is 

,  Vz[y(x,z)]=σ
 

σ

 = σ (-6.125-2.625x1-4.625x2)2+σ  
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Now we assume that the low and high levels of the noise variable z have been run at 

one standard deviation either side of its typical or average value, so that σ =1 and 

since the residual mean square from fitting the response model is MSE=199.40will use
σ =MSE=199.40

Therefore the variance model 

Vz[y(x,z)]= (-6.125-2.625x1-4.625x2)2+199.40 

Following figures show response surface contour plots and three-dimensional surface 
plots of the mean model and the standard deviation respectively. 
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The objective of the robustness study is to find a set of operating conditions that 
would result in a mean response greater than 90 from the mean model with the 
minimum contour of standard deviation. The unshaded region of the following plot 
indicates operating conditions on x1 and x2, where the requirements for the mean 
response larger than 90 are satisfied and the response standard deviation do not 
exceed 14.5. 
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Actually, if we use Excel Solver, we can get a optimal solution for minimizing the 
standard deviation with the constraint that the mean value is greater than 90. 

The optimal solution is : mean=90 

Stdv=14.18 

X1=-0.83 x2=-0.58 

This solution conforms to the analysis we did above. 
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MIT 6.780J 2008: Problem set 8 solutions


Problem 1: example solution courtesy of M. Imani Nejad 
a) first we calculate the averages and then use the formula in May and Spanos to find b and b0 : 

x = 
1 ∑ 

n 
xi = ��������� y = 

1 ∑ 
n 

yi = ���������

n i==1 n i==1


∑∑ (x − x)(y − y) 2397.779b = = = 0.96601
∑∑ (x −− x)2 2482.148


b0 = y − bx ���������������������������� �����������


������������ y == 35.387 ++ 0.966x 
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In the above graph the interval is calculated based on the following formula: 

y0 ±± tα / 2  V(y) where α = 99% and V(y) = 
⎡
⎢⎢
⎣⎣n 
1
+
∑

 (x
(x 
−
− 

x)
x)

2 

2 

⎤
⎥⎥ *s2 For each point. 
⎦⎦

The regression equation is
y =  35.39 + 0.9660 x 

S = 9.80695 R-Sq = 45.4% R-Sq(adj) = 43.5% 

Analysis of Variance 

Source DF SS MS F P 
Regression 1 2316.28 2316.28 24.08 0.000 
Error 29 2789.11 96.18 
Total 30 5105.39 

b)	 We can see in the above graph that there are 6 points of the 99% confidence interval. So we reduce 
the data set and again using the formula and procedure in part (a) we get new results. 

b=1.2432 b0 =31.84 y = 31.84 ++1.2432x 
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Regression 
99% CI 
99% PI 

b 
y = 31.84  +  1.243  x 
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Now in the reduced data, we can see that residuals are close to normal. This means that we can rely on the 
data more than before. Also we can make an ANOVA test which the result is as follows: 

The regression equation is 
y =  31.84 + 1.243 x 

S = 2.85224 R-Sq = 94.1% R-Sq(adj) = 93.8% 

Analysis of Variance 

Source DF SS MS F P 
Regression
Error 

1 
23 

2977.78 
187.11 

2977.78 
8.14 

366.03 0.000 

Total 24 3164.90 

Also we can see that the standard error is less than before. This is a good indication that the reduced 
data is more reasonable. So b and b0 in reduced data is estimated better. 
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c) Again we reduce the data by deleting the data which are put pf 99% level of confidence. 
We get the following results: 

y = 32.05 + 1.265 x 
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We can see that the residual are normal. But there is a little difference between new fitting model and 
part (b). So we perform ANOVA test and calculate the standard error. 
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The regression equation is
y =  32.05 + 1.265 x 

S = 1.36336 R-Sq = 98.3% R-Sq(adj) = 98.2% 

Analysis of Variance 

Source DF SS MS F P 
Regression 1 1327.56 1327.56 714.23 0.000 
Error 12 22.30 1.86 
Total 13 1349.87 

So the standard error is even less than in the part (b). So if we continue this cycle we get better fitting 
model and finally we get a perfect fitting, but we should keep in mind that we fit the curve based on 
less data. This procedure can be achieved until the standard error is acceptable value. 
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Problem 2 
This was a hard problem and effort will be generously rewarded. 

First: proof of May and Spanos Eqn. 8.38: 

Let the true model be: 
y = Xȕ + İ 

and the estimate for y be: 
ǔ = Xb 

where b are estimates of model coefficients made using May and Spanos Eqn 8.37. (Note that b should 
be b in the text.) 


Then we have: 


Var(b) = E[(b – ȕ)T(b – ȕ)] = E[((XTX)–1XTİ)T(XTX)–1XTİ]


    = (XTX)–1XTE(İTİ)X(XTX)–1

    = (XTX)–1XTı2IX(XTX)–1 

[noise is homoskedastic (has constant variance) and not autocorrelated] 

= ı2(XTX)–1XTIX(XTX)–1 

= ı2(XTX)–1 

= Ȉb. 

Ȉb is the variance–covariance matrix for the estimated parameter set. Then, following the rules for 
expressing the variance of sums of variables, the variance of the point estimate ǔ* made at 
x* = [1 x1 x1

2 x2] is: 

Var(ǔ*) = Var(x*b) = x*Ȉbx*T


and the confidence interval is


ǔ* ± tĮ/2 [Var(ǔ*)]1/2.


The number of degrees of freedom for the t value is [(number of data) – 4] in this case.


Thanks to Shawn Shen for his excellent work on this problem.
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Problem 3 (Drain problem 4) 


(a), (d) 

(b) [courtesy M. Imani Nejad] 


First line: M = 6, W = 2; second line: M = 2, W = 3: 


0.0016 0.00212 

0.0016 0.00264 

(c)
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Problem 4 


a)	 From the lecture, for c control parameters and n noise parameters, the 
number of tests is given by: 
Crossed array: 3c*2n 

Response surface: 2c+(c+1)n 
b)	 A half-fraction can be used when main effects are not aliased with two-

factor interactions. For 2-level (linear model) experiments, this occurs for 
a 24-1 test. The number of tests is thus: 
Response surface: 24+(4+1)1=21 
Half-fraction response surface: 24-1+(4+1)1=13 
Crossed array: 3421=162 

c)	 There must be an interaction between the noise factors and the control 
factors; otherwise, the process variation won’t depend on the inputs. 

d)	 Run several replicates at each of the controllable input settings. This will 
give two useful response variables: mean and variance. Least-square 
models would then be fit for the mean and the variance, and response 
surface methods used to find the optimum. 
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2.830J/6.780J/ESD.63J 1Manufacturing

Control of 
Manufacturing Processes

Subject 2.830/6.780/ESD.63
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2.830J/6.780J/ESD.63J 2Manufacturing

Syllabus Details
• Prerequisites: One of the following :

– 2.008 or 2.810 Manufacturing
– 2.751J or 6.152J or 6.041 or 15.064J

• Required Texts:
– Montgomery, D.C., Introduction to Statistical Quality Control, 5th Ed.  

Wiley, 2005
– May and Spanos, Fundamentals of Semiconductor Manufacturing and 

Process Control, John Wiley, 2006.
• Grading:

– Problem sets 40%
– Quizzes 40%
– Team Projects 20%

• Assignments:    All except project are to be individual efforts
• Final exam:        No final exam

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

162
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



2.830J/6.780J/ESD.63J 3Manufacturing

Team Projects
• Topical Areas:

– Process Diagnosis
– Process Improvement
– Process Optimization / Robustness
– Advanced Applications

• Expectations
– Background research on process and problem
– Use of existing data or generation of new data
– Oral presentation of results
– Project report from group
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2.830J/6.780J/ESD.63J 4Manufacturing

Team Projects
• Structure: Teams of 3 or 4 students
• Expectations

– Comparable to one assignment and final quiz
• Project Proposal: Due May 1

– 1-2 page summary of problem and plan
– Identify team members, roles
– Each group must meet with Boning or Hardt by May 6

• Video-conference for NTU-based students 
• Group Presentation: Due May 13 or May 15

– In-class presentation
– Date (Tuesday or Thursday) will be assigned

• Group Report: Due May 16
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2.830J/6.780J/ESD.63J 5Manufacturing

Example Topics
• Process Optimization

– Lab Processes of Bending or Injection Molding
– Analysis of Industrial Data Sets
– Review of Advanced SPC or Robustness

• Advanced SPC Methods
– Multivariate Problems
– Feedback Approaches
– Coupled Processes and Quality Propagation
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2.830J/6.780J/ESD.63J 6Manufacturing

Specific Suggestions

• Investigation of Cycle to Cycle Control versus Run 
by Run Control

• Investigation of time series (dependent) statistics 
and effects of ignoring dependence

• SPC for short production runs
• SPC on the process not the product
• Modeling and Optimization of

– Sheet Bending
– Injection Molding

• Application of Multivariate SPC - Comparison to 
Univariate
– e.g.. on Injection Molding with 2 outputs and inputs
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2.830J/6.780J/ESD.63J 7Manufacturing

Report Outline

• Problem Definition
• Background - State of Art (References)
• Experiments / Data
• Analysis
• Discussion
• Conclusions
• Lessons Learned

Note: IEEE format template to be used for written report
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2.830J/6.780J/ESD.63J 8Manufacturing

Projects 2007

• Axle Quality Data Evaluations
• Ethanol Production
• Process Diagnosis (C-K) Using Nested 

Variance
• Oxide Etch Control
• Surface Roughness Optimization
• CFD Robust Design
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2.830J/6.780J/ESD.63J 9Manufacturing

Projects 2006

• Modeling Analysis of Laser Bending Process
• Variation Analysis of Integrated Circuit Device 

Performance
• Optimization of Si CVD Process on SiGe 

Surfaces
• Control Charts for Attributes in Printed Circuit 

Board Manufacturing 
• Semiconductor Laser Power Optimization
• Optimization of a Blow Molding Process
• Optimization of a Laser Diode Process
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2.830J/6.780J/ESD.63J 10Manufacturing

Projects 2005
• Process Model of Microembossing
• Optimization of Dry Burn Times for I.M. Parts
• Process Model for Injection Molding
• CVD Optimization using OFAT
• Review of Statistical Control Practices in Semiconductor 

Manufacturing
• Exploration of Spatial Variation Modeling
• Optimization of a MOSFET Process
• Optimization of Loaf Volume in Bread Making
• Effect of TiO2 deposition on Reflectivity
• Response Model for Sheet Metal Blanking
• Response Model for Surface Quality in Milling
• Optimization of a Blow Molding Process
• Optimization of a Laser Diode Process
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2.830J/6.780J/ESD.63J 11Manufacturing

Recap

• Teams of 3 or 4
• Proposal by May 1
• Meeting with Boning or Hardt
• Presentation in Class (~15 min)
• Report Due on May 16 
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Example from Lecture 13 (slide 38)

trial A B AB output
(I) -1 -1 1 39.3
b -1 1 -1 40.9 contrast effect
a 1 -1 -1 40 I 161.7 80.85
ab 1 1 1 41.5 A 1.3 0.65

0 0 0 40.3 B 3.1 1.55
0 0 0 40.5 AB -0.1 -0.05
0 0 0 40.7 quadratic
0 0 0 40.2  residual error
0 0 0 40.6

total
mean_cpt 40.46

0.0256
0.0016
0.0576
0.0676
0.0196
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coef SS dof MS F0 Fcrit
40.425

0.325 0.4225 1 0.4225 9.825581 7.7
0.775 2.4025 1 2.4025 55.87209 7.7

-0.025 0.0025 1 0.0025 0.05814 7.7
0.002722 1 0.002722 0.063307 7.7

0.172 4 0.043

3.002222 8

Note: this d.o.f. value was wrong on the slide (corrected here)

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

173
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



MIT OpenCourseWare 
http://ocw.mit.edu 

2.830J / 6.780J / ESD.63J Control of Manufacturing Processes (SMA 6303)
Spring 2008

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

174
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN

http://ocw.mit.edu
http://ocw.mit.edu/terms


Degrees of Freedom summary 
For use in ANOVA during model fitting/testing 
 
 
Type Symbol Description Value taken Notes 

Constant 1 or 
0 

if supplied data are not centered about the mean 
if supplied data are centered about the mean 

Model M 

Model  1 per parameter included in the model 
Curvature C  1 or 

0 
if test of curvature is done* 
if test not done 

E   P+L = T–M–C  
Pure P 1 d.o.f for every datapoint that replicates an already 

existing combination of input values (see, e.g., 
Lecture 15 slides 14 and 15). For example, if there 
are five values for the centerpoint, and that is the only 
location replicated, P would be 5–1 = 4. 

Error 
 

Lack-of-fit L L = T–C–M–P 
Total T  N or 

N–1  
if supplied N data are not centered about the mean 
if supplied N data are centered about the mean 

 
* The example in Lecture 13 slide 39 was wrong to assign 3 d.o.f. to the quadratic SS. 
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Massachusetts Institute of Technology

Department of Mechanical Engineering


2.830-6.780J / SMA 6303 Control of Manufacturing Processes

Quiz 1


March 10 2005

Open Book and Notes


Problem #1 (35%) 

A tire company has developed a new tread design that is expected to have a mean life of 
60,000 miles. To test this, a single sample of 9 tires is taken. We can assume that tire 
life is normally distributed, and from the 9 samples determine a standard deviation of s = 
1200 miles and a sample mean of 60,578 

a) Based on the one sample mean, how confident are you that the mean of the process is 
60,000? 

b) If instead, the hypothesized true mean was 59,000, how would your level of 
confidence change, given the same single sample mean? 

c) Suppose the true mean value was indeed 59,000 but we assumed it was 60,000. We 
then begin charting production with samples of size n=4 how long until we would it take 
until we realized that the grand mean was 59,000 and not 60,000? 

Problem #2 (35%) 

You have an assembly process that yields a final dimension that is to be controlled. The 
target value for this dimension is 100 mm, and the specifications call for a process 
capability Cpk = 1. However, you also note that the design specifications are not 
symmetric, but instead given by: 

x = 100 + 2 / – 1 

Thus USL = 102
 and LSL = 99 

a) Process measurements show that for every 5000 parts produced you are seeing 15 parts 
out of specification. What would be the corresponding value for Cpk? Please sketch this 
situation with a distribution, and superimposing the specifications given above. 

b) After charting the process for some time, the operator notices that the average value 
for the process is 100.5mm not the target of 100. After consulting with the local 
manufacturing engineer, they decide to re-center the process so that it is on target (i.e. 
100mm), since that is what the specs call for. After running with this new mean for some 
time, they calculate the Cp and Cpk. What values would they get? 
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2.830/SMA 6303 Quiz 1 March 10, 2005 

c) Now you come along and tell them to use the Quality Loss Function to best quantify 
this problem. Compare the expected quality loss for the above situation to what it would 
be if the limits were symmetric about a target of 100.5 mm. 

(NB: you can assume that the cost of exceeding either the upper or lower specification 
limit is the same.) 

Problem 3 (30%) 

The process variance of the thickness of a CVD (Chemical Vapor Deposition) layer has 
historically been too high, and you have sought out a solution. A tool vendor comes up
with a new wafer chuck and claims they can reduce the process variance from 10 to 4 Å2. 
Having argued vociferously for the purchase of this tool, you are anxious to test it, but are 
told you can only do 5 runs with the new tool before regular production must start. Given 
this restriction you press on. 

After performing your tests you determine a sample variance of 10 Å2. Your boss then 
says: “well … did it work?” You want there to be only a 5% chance that your answer is 
wrong, so you tell your boss _____! 

In other words, can you claim to 95% confidence that the true process variance is 4 Å2 ? 

(Hint: the advertised value of variance (4 Å2) can be considered a sample variance 
determined with a very very (very) large number of samples.) 

Please explain all your steps in this solution. 

Page 2 of 2 
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Massachusetts Institute of Technology

Department of Mechanical Engineering


2.830/6.780J Control of Manufacturing Processes

Quiz 1


March 16, 2006

Open Book and Notes


PROBLEM 1 (25%) “ECONOMICAL” SPC.


The cost and time required to make careful output measurements often determines how

and how many samples will be taken.


An injection molding process is used to make small electrical connector components.

The parts are made in a 4-cavity mold; so 4 ostensibly identical parts are made in a single

cycle of the machine. Since the parts are made rapidly, and they have to cool before they 

can be gauged, two competing methods have been proposed:


1. The weight of each part is measured and the four parts are used as a subgroup of n=4 
for charting purposes 
2. The parts are removed from the sprue and dropped into a bin, from which parts are 
randomly sampled and used to create charts based on n=4 

a) (5%) How well will each of these methods be able to track changes in the part 
dimensions? 

b) (10%) How will each method affect assessment of the true process capability? 

c) (5%) What assumption(s) of SPC are violated by each method? 

In a similar vein, a sheet rolling process is being monitored by making thickness 
measurements at three locations across the sheet: left, middle and right. These 
measurements are then used to form sample subgroups of n=3 and charted. 

d) (5%) Comment on how such measurements will conform to or violate the SPC 
assumptions. What alternative might you suggest? Please explain carefully how the two 
methods would differ in performance. 
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x

�̂
x

Shaft Diameter at Shaft diameter at Wheel Bearing

point W1 point W3

5.05 5.025 5.04

0.003 0.006 0.004

Table 1: Process data gathered for a sample size, n=15

a) (10%) Determine the mean and standard deviation of the shaft diameter at
point W2

b) (15%) Determine the percentage of Bearings that will fit on the shaft at point
W2 with a clearance of at most 0.012. Did we buy the right size bearings from

our supplier?

c) (5%) Find an estimate of the shaft manufacturing process capability, Cpk, at
both W1 and W2 given that the specifications are D = 5.02 ± 0.04

d) (5%) Given that n=15, what is the 95% confidence interval on Cpk at W1?

e) (5%) Without doing a hypothesis test, comment on whether the two estimates
of Cpk could belong to the same distribution at the 95% confidence level. Use

a sketch to illustrate your answer.

2.830/6.780J Quiz 1 March 16, 2006

PROBLEM 2 (40%) ESTIMATED DIMENSIONS.

Consider the output of a process for making wheel shafts for automobiles. As it turns

out, the critical dimensions for wheel-bearing fits occur at W1 and at W2. The problem is

that it is very hard to measure the shaft diameter at W2. It is proposed that we measure

the shaft diameter at each end, points W1 and W3, and assume a linear relationship

between them.

Page 2 of 3
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2.830/6.780J	 Quiz 1 March 16, 2006 

PROBLEM #3 (35%) SPC USING RUNNING AVERAGES 

The classic Shewhart Chart uses sample averages taken sequentially from the run data for 
the process. However, this means that if we have a sample size of n, the number of 
points plotted on the chart is 1/n times the number of runs, thereby delaying or masking 
some of the true process changes. One solution to this problem is to use a running 
average of the data where a sample size of n is still used, but the running average of n 
points is plotted, and updated as each new run data point is measured. 

Assume that a running average SPC chart is to be constructed with n=4. If we define the 
run data as a sequence xi and that running average as the variable RAj: 

a)	 (5%) Write an expression for calculating RAj recursively as each new xI is acquired. 

b)	 (10%) What is the expected distribution function p(RA) ? Please explain. 

c)	 (5%) What are the control limits for the RA chart? 

d)	 (5%) If you were to plot both the Shewhart xbar data and RA for the same run data on 
the same plot, what would it look like? Please provide a sketch of at least 12 run data 
points to illustrate your answer. 

e)	 (10%) Now consider a sudden change in the mean value of the process: i.e.. 
µx=µx+Δ.. How will the average run length (ARL) of the RA chart (and the 
subsequent time to detect the mean shift) compare to that of the conventional xbar 
chart? 

Page 3 of 3 
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Quiz #1  Solution March 14, 2007 
 

 
Massachusetts Institute of Technology 
Department of Mechanical Engineering 

2.830J/6.780J Control of Manufacturing Processes 
Quiz 1 

March 20, 2007 
Open Book and Notes 

                                                                                                                                             
 
PROBLEM #1  DESIGN OF A CONTROL CHART BASED ON α AND β  ((40%) 
 
You have been asked to design a particular type of xbar chart.  It is intended only to 
detect a mean shift of the amount Δ from the grand mean.  Instead of the traditional 3 σ 
limits, you instead are asked to do the following: 
 

• Assume the expected mean value of the process is 15 
• Assume that the parent distribution for the process has a variance of 9 
• The desired probability of missing a mean shift of +5 is 0.025  (Type I error) 
• The desired probability of signaling a mean shift  of +5 when it has not really 

occurred is 0.1  (Type II error) 
 
You are plotting a conventional Shewhart xbar chart, but the goal is to determine the 
maximum value of n that will meet these specs. 
 
a) First sketch out the solution to this problem graphically using normal distributions on a 
common horizontal axis.  Be sure to label all the key variables you will need for the 
solution. 
 
b) What is the minimum number off samples (n) that we must include in xbar to meet 
these specs? 
 
c) Where will the limits be place on the xbar chart? 
 
 
NB:  You will need to use the Standard Normal Distribution table (Appendix II) to 
answer this question. 
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Quiz #1  Solution March 14, 2007 
 

Problem 2  (35%) 
 
A manufacturing process output is assumed to follow a normal distribution with mean 
value μ and standard deviation σ. The specifications for the process are in terms of a 
dimension and given as 300 + 0.05 mm.  
 
From this the process capability indexes Cp and Cpk are computed and found to be 1.2 and 
0.9.  
 
a) What are μ and σ for the process? 
b) What are the fraction out of spec. parts that are expected? 
c) If we had an SPC chart for this process, and the sample size n=5, what would be the 

values for the centerline and UCL, LCL? 
d) Sketch the process distribution and the design specifications showing (approximately) 

the mean – design target and limit relationships. 
e) If an out of spec part must be reworked at a cost of  S$ 20.00, what is the expected 

quality loss of this process? 
 
After some time, it is found that although measurement data confirms the estimates of μ 
and σ, the number of reject parts far exceeds the expected number.  You suspect this is 
because the process is not following a normal distribution, but some other p(x).  As a first 
guess, you assume it is a uniform distribution with the same observed μ and σ as above.   
 
f)  If that is true, how many reject parts should be observed? 
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Quiz #1  Solution March 14, 2007 
 

Problem #3 (25%) SPC for Short Production  
 
SPC is best applied to repetitive production, where we can develop an accurate set of 
statistics for the process and then look for how stationary the statistics remain.   However, 
there are many situations where the process produces very few identical parts.  One 
example is a machining job shop where every part made could be different.  Over all 
these parts, the dimensions and material types can very widely 
 
It has been proposed to measure each part and plot the error based on  the target 
dimension instead of plotting the  dimension itself.  In this way a run chart can be created 
plotting error instead of the absolute dimension or it’s sequential average (xbar)  
 
a) How would you create an xbar (in this case an (“ebar”) chart for this data?   What 

would be the centerline and UCL LCL? 
 
 
b) Why would this approach violate the basic assumptions of Shewhart?  
 
 
c) How will the chart vary from a “proper” Shewhart chart in both the limits and the 

appearance of the data on the chart? 
 
 
d) What would a Cpk value for this process mean? 
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Name: _____________________________________________ 

Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 


Quiz #1 

Thursday – March 13, 2008 


In all problems, please show your work and explain your reasoning. Statistical tables for the 
cumulative standard normal distribution, percentage points of the χ2 distribution, percentage 
points of the t distribution, percentage points of the F distribution, and factors for constructing 
variables for control charts (all from Montgomery, 5th Ed.) are provided. 

Problem 1 [35%] 

Part (a)* [10%] 

Control charts for x , R, and s are to be maintained for the threshold voltage of short-channel 
MOSFETs using sample sizes of n = 10. It is known that the process is normally distributed with 
µ = 0.75 V and σ = 0.10 V. Find the centerline and ±3σ control limits for each of these charts.  

* May & Spanos, Problem 6.6. 

1 
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Problem 1, cont’d. 

Part (b)† [10%] 

Repeat part (a) assuming that µ and σ are unknown and that we have collected 50 observations of 
sample size 10. These samples gave a grand average of 0.734 V, and average si of 0.125 V, and 
an average Ri of 0.365 V. 

† May & Spanos, Problem 6.7. 

2 
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Problem 1, cont’d 

Part (c)  [15%] 

The specification limits for MOSFET threshold voltage in this process is x = 0.7 ± 0.05 V. What 
is the Cp and Cpk for this process?  Assuming the process as specified in part (a) is in control, 
what is the fraction of MOSFETs that are nonconforming? If the process in part (a) was 
recentered such that µx is on target at 0.7 V, what would the fraction be of MOSFETs that are 
nonconforming? 

3 
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Problem 2 [30%] 

Part (a) [10%] 

Based on a fairly large historical sample of gate oxide thicknesses consisting of 61 samples, an
average oxide thickness of 96.5 Å is observed, with a variance of 6 Å2. What are your best 
estimates, and 95% confidence intervals, for the process mean and process variance?  

4 
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Part (b) [10%] 

A change is proposed to increase the gate oxide thickness. Using the modified process, 11 
samples are taken, with observed sample mean of 100 Å and sample variance of 20 Å2. What are 
your best estimates, and 95% confidence intervals, for the new process mean and process 
variance?  

Part (c) [10%] 

To 95% confidence, has the modification resulted in a process with a different mean than in 
part (a)? To 95% confidence, has the modification resulted in a process with a different variance 
than in part (b)? 

5 
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Problem 3 [35%] 

You are in charge of a process manufacturing parts whose key output parameter, x, is known to 
be normally distributed. When the process is in control, the mean value of x is known to be μ and 
its standard deviation σ. 

Unfortunately, the supplier of an important input material for this process is rather unreliable, 
and every so often they inadvertently supply a large batch of material whose properties cause the 
mean of x to shift to μ + kσ, with the standard deviation of x remaining unchanged.  

When this mean shift occurs, you want to be able to identify it as quickly as possible. Your 
metrology staff tells you that they can currently measure at most a fraction f of parts produced, 
although you are free to choose how this measurement budget is apportioned: i.e. you can dictate 
any n, where samples of n parts are taken at intervals of n/f parts. 

Part (a) [3%] 

Write down, in terms of μ, σ and n, expressions for ±3σ control limits for an x control chart 
monitoring this process. 

Part (b) [5%] 

Write down an expression for the probability, β, that the mean, x , of any given sample of size n 
from an out-of-control process with mean output x = μ + kσ, will not fall outside the control 
limits.  

6 
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Problem 3, cont’d. 


Part (c) [10%]


Derive, in terms of n, f, and β, an expression for the average number of parts, P, that will be 

produced after a mean shift occurs and before a sample falls outside the range (LCL, UCL).  


We could use the expression that you have just derived to choose a value for n that minimizes P 
for a given f (do not attempt to choose n now). Suggest one other consideration that would 
feature in the selection of sample size and sample frequency. 

7 
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Problem 3, cont’d. 


Part (d) [10%]


Now suppose that you are told that the quality loss function for the process is defined as follows: 


μ–Δμ μ+Δμ 

Here, c is the cost penalty associated with producing a part with a particular x. Write down an 
expression for the expected cost penalty Ek[c] for a part produced when the process output is 
x ~ N(μ + kσ, σ2). (Hint: your answer should be expressed as a sum of integrals; do not attempt to 
evaluate the integrals.) 

1⎛ x−μ ⎞
2 

Note: the probability density function of x ~ N(μ, σ2) is given by 
1 e 

− 
2⎝
⎜

σ ⎠
⎟ 

.
σ 2π 

x 

c 

cq 

μ USL:LSL: 

c = 0 

8 
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Problem 3, cont’d. 

Part (e) [7%] 

With the above information in mind, you now want to investigate whether you should install 
more metrology equipment so that the fraction of parts measured, f, can be increased. Suppose 
that measurement costs can be completely described by an incremental cost cm per part 
measured. 

Write down, and briefly explain, a cost expression that should be minimized when selecting an 
optimal value for f. Your answer should be given in terms of the following parameters: 

n sample size 
cm cost of measuring one part 
f fraction of all parts produced that are measured 
Ek[c] expected cost penalty for a part produced when the output is x ~ N(μ + kσ, σ2) 
E0[c] expected cost penalty for a part produced when the output is x ~ N(μ, σ2) 
β your answer to part (b) 
d the frequency (in parts–1), on average, with which the material supplier delivers a 

defective batch of material (e.g. if d = 10–5 parts–1, the supplier would deliver a 
defective batch for every 105 parts produced by the process. Hopefully, not much of the 
batch will be used before the problem is noticed!) 

What other factors should be considered when choosing f ? 

9 
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Massachusetts Institute of Technology

Department of Mechanical Engineering


2.830/6.780J Control of Manufacturing Processes

Quiz 1


March 16, 2006

Solution 

Problem 1 
Note that the overall problem with this approach is that it assumes that all four cavities 
follow the same pdf. While they are clearly related by a common source of plastic for 
each shot, it is most probable to expect that each cavity will have a unique distribution, if 
only with respect to the mean value, and secondarily wrt the cavity variation. Even with 
this flawed approach the two measurement approaches will give different results: 

a)	 1 will track time dependent changes well, since measurements will be ordered in 
time. As soon as a change occurs, it will be reflected in the sample measurement. 
2 will track changes poorly, since the newest parts are mixed with old parts, so 
any change is diluted. Neither, of course, will track within cycle (cavity to cavity) 
changes. 

b)	 By averaging over all cavities (method 1) or averaging across shots and cavities 
(method 2) we are going to compute Cp based on a single mean and variance. 
However, there are actually 4 means and 4 variances, or 4 non-coincident pdf's 
controlling this process. By using either measurement approach, we will get a 
variance that is higher than any of the individual variances and a mean value that 
is not representative of any one cavity. As a result, we are likely to get a Cp and 
Cpk that are larger that what the best cavity can produce. More importantly, we 
will most likely underestimate the number of bad parts made this way, since the 
worst cavity will have a higher probability of producing out of spec parts that if 
the process were truly from single pdf. . 

c)	 Although the average of the four cavities is a normally distributed random 
variable, the samples are not taken from the same random variable, which is the 
underlying assumption of xbar charts. Also, for method 1, the samples are not of 
independent random variables, since the four parts from the same shot are very 
likely to be related (correlated). For 2, the sampling strategy erases the time 
history of the process. For both, die position, which is an important assignable 
cause, has not been accounted for. 

d)	 Again, an assignable cause (location) has not been accounted for. In addition, the 
standard deviation will not take into account any variation along the length of the 
sheet. 
A better method would be to chart each location separately, and take samples at 
fixed intervals along the length that are smaller than the size of any expected 
disturbance. These samples would then be formed into sequential subgroups of n 
and charted. 
The original method would be insensitive to changes at two locations that cancel 
each other out, and would underestimate the variation along the sheet. The 
proposed method would be less sensitive to small changes in the mean along the 
sheet. 
(An even better method would be to use multivariate analysis). 
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Problem 2 

a) Assuming a linear relationship between W1 W2 and W3, W2 is given by 
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b) First, define a new variable Δ=B-W2. The mean and standard deviation of Δ are 
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Conformance rate of 70% is not acceptable. The bearings are too small. 
c) For both W1 and W2, the mean is above the target value. 
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d) The confidence interval is given by 
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e) At 95% confidence, Cpk for W2 is outside the possible range for Cpk for W1 so it is 
very unlikely that they came from the same population. 
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+ 
PROBLEM #3 (35%) SPC USING RUNNING AVERAGES 

The classic Shewhart Chart uses sample averages taken sequentially from the run data for 
the process. However, this means that if we have a sample size of n, the number of 
points plotted on the chart is 1/n times the number of runs, thereby delaying or masking 
some of the true process changes. One solution to this problem is to use a running 
average of the data where a sample size of n is still used, but the running average of n 
points is plotted, and updated as each new run data point is measured. 

Assume that a running average SPC chart is to be constructed with n=4. If we define the 
run data as a sequence xi and that running average as the variable RAj: 

a)	 Write an expression for calculating RAj recursively as each new xI is acquired. 

RA =
1

n
x
i

i= k!n

k

"           where k is the current time index

RAj = RAj!1 +
x j ! x j!n

4
that is we add the most recent data and take out the oldest, all the 

while keeping n=4 data points in the average 

, thus the recursive equivalent is: 

b)	 What is the expected distribution function p(RA) ? Please explain. 

central limit theorem) with 

Since the statistic is still the average of 4 run points at any given time, it will have the 
same distribution as the xbar data for n=4, i.e. a normal distribution (owing to the 

µ
x 
= µ

x
  and   !

x 
=
!

x

n

c)	 What are the control limits for the RA chart? 

Since the distribution is the same, and we have the same variances, the control limits will 
be the same. 

d)	 If you were to plot both the Shewhart xbar data and RA for the same run data 
on the same plot, what would it look like? Please provide a sketch of at least 12 
run data points to illustrate your answer. 

The first observation is that the Shewhart cart will only have data at every for run points, 
while an RA is calculated as each new data point is recorded. However, The value of RA 
at each 4th data point will be identical to the Shewhart value (i.e. the running average = 
the sequential average each n data points) 

On a chart this might look like: 
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e)	 Now consider a sudden change in the mean value of the process: i.e.. µ x=µ x+Δ .. 
How will the average run length (ARL) of the RA chart (and the subsequent 
time to detect the mean shift) compare to that of the conventional xbar chart? 

The average run length is simply an expression of probability of a control limit being 
exceeded. This probability is determined by the distribution of the variable being 
plotted. Since we have already said that RA and xbar have the same distribution : 
N(µ

x
,!

x 
) , then the probability of exceeding a control limit for a mean shift of Δ is the 

same for RA or for xbar. The difference is that RA plot a new point at each run, so while 
ARL may be the same for both, the time it takes for that run length is n time shorter for 
the RA statistic. 
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Quiz #1  Solution March 14, 2007 
 

 
Massachusetts Institute of Technology 
Department of Mechanical Engineering 

2.830J/6.780J Control of Manufacturing Processes 
Quiz 1 

March 20, 2007 
Open Book and Notes 

                                                                                                                                             
 
PROBLEM #1  DESIGN OF A CONTROL CHART BASED ON α AND β  ((40%) 
 
You have been asked to design a particular type of xbar chart.  It is intended only to 
detect a mean shift of the amount Δ from the grand mean.  Instead of the traditional 3 σ 
limits, you instead are asked to do the following: 
 

• Assume the expected mean value of the process is 15 
• Assume that the parent distribution for the process has a variance of 9 
• The desired probability of missing a mean shift of +5 is 0.025  (Type I error) 
• The desired probability of signaling a mean shift  of +5 when it has not really 

occurred is 0.1  (Type II error) 
 
You are plotting a conventional Shewhart xbar chart, but the goal is to determine the 
maximum value of n that will meet these specs. 
 
a) First sketch out the solution to this problem graphically using normal distributions on a 
common horizontal axis.  Be sure to label all the key variables you will need for the 
solution. 
 
b) What is the minimum number off samples (n) that we must include in xbar to meet 
these specs? 
 
c) Where will the limits be place on the xbar chart? 
 
 
NB:  You will need to use the Standard Normal Distribution table (Appendix II) to 
answer this question. 
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Quiz #1  Solution March 14, 2007 
 

 
 
a)  The problem is one of hypothesis testing, where the value of n determines the variance 
of the distribution for the sample mean (xbar).  In this case the shift to be detected (d) is 
given as +5.  This gives the following figure: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b)  To find the n- xd relationship: 

20 15 

decision limit 
such that α = 
0.05 and 
β=0.1 for a 
given σxbar 

xd 

d=+5 distribution same σxbar 
 dependence on n 

Expected Distribution 
mean at 15,  σxbar 
 depends on n 

 

α /2 = P(x > xd )    for N(15, 9
n

)

β = P(x < xd )        for N(20, 9
n

)
 

 
By using standard the standard normal variable Z, we can use the above to find Zd  for 
each distribution: 
 
P(z1 < (1−α /2)) = P(z1 < 0.975) =1.96 = Zd1

z1 =
x −15

σ x

                     σ x =
9
n

P(z2 < (β)) = P(z2 < 0.1) = −1.26 = Zd 2

z1 =
x − 20

σ x
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Quiz #1  Solution March 14, 2007 
 

By converting Zd1 and Zd2 back to the coordinate x, and equating them we get: 
 
xd1 = Zd1σ x +15

xd1 = Zd 2σ x + 20
Thus
Zd1σ x +15 = Zd 2σ x + 20
or
σ x (Zd1 − Zd 2) = 5
and substituting

σ x =
9
n

= 5 /(Zd1 − Zd 2) = 5 /3.26 =1.53

n = 9 /1.532 = 3.85

 

 
 
Thus we need at least n=4 
 
 
c) From the above we can get that  
xd = Zd1σ x +15

=1.96 * 9 /4 +15 =17.94
 

 
 
 
NB:  You can actually short cut on this and notice that operating curves for a control 
chart are a graphical version of this problem.  
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Quiz #1  Solution March 14, 2007 
 

Problem 2  (35%) 
 
A manufacturing process output is assumed to follow a normal distribution with mean 
value μ and standard deviation σ. The specifications for the process are in terms of a 
dimension and given as 300 + 0.05 mm.  
 
From this the process capability indexes Cp and Cpk are computed and found to be 1.2 and 
0.9.  
 
a) What are μ and σ for the process? 
b) What are the fraction out of spec. parts that are expected? 
c) If we had an SPC chart for this process, and the sample size n=5, what would be the 

values for the centerline and UCL, LCL? 
d) Sketch the process distribution and the design specifications showing (approximately) 

the mean – design target and limit relationships. 
e) If an out of spec part must be reworked at a cost of  S$ 20.00, what is the expected 

quality loss of this process? 
 
After some time, it is found that although measurement data confirms the estimates of μ 
and σ, the number of reject parts far exceeds the expected number.  You suspect this is 
because the process is not following a normal distribution, but some other p(x).  As a first 
guess, you assume it is a uniform distribution with the same observed μ and σ as above.   
 
f)  If that is true, how many reject parts should be observed? 
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Quiz #1  Solution March 14, 2007 
 

 
a) USL = 300.05 mm, LSL = 299.95 mm 

    )(01389.0
)2.1(6

1.02.1
6

mmLSLUSLC p ==→=
−

= σ
σ

 

    Assume μ is above the target value 

    )(0125.300)9.0)(01389.0(305.3009.0
3

mmUSLC pk =−=→=
−

= μ
σ

μ  

b) 

0035.0)1(~9965.02)5.4()7.2(2)](1[)](1[ =−−=Φ−Φ−=
−

Φ−+
−

Φ−
σ

μ
σ

μ LSLUSL  

c) 
9939.299

5
)01389.0(30125.3003

0311.300
5

)01389.0(30125.3003

=−=−=

=+=+=

n
LCL

n
UCL

σμ

σμ
 

d) LSL=299.95,LCL=299.9939,T = 300, μ = 300.0125,UCL=300.0311,USL=300.05.  
 

μ 
T 

USL LSL UCL LCL 

 
 
 
 
 
 
 
 

e) 20(0.0035) = 0.07 ($/piece) 
      f) 

 

A B 

              
           
 
 
 
 
 
 

         
A + B = 2(300.0125) = 600.025

A − B = (0.01389) 12 = 0.048 ⇒ A = 300.0365, B = 299.9885 ⇒ zero
  

 
Therefore the “unknown” distribution cannot be a uniform one, but must be something 
other than uniform or normal.   
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Quiz #1  Solution March 14, 2007 
 

 
 
PROBLEM #3 (25%) SPC FOR SHORT PRODUCTION  
 
SPC is best applied to repetitive production, where we can develop an accurate set of 
statistics for the process and then look for how stationary the statistics remain.   However, 
there are many situations where the process produces very few identical parts.  One 
example is a machining job shop where every part made could be different.  Over all 
these parts, the dimensions and material types can very widely 
 
It has been proposed to measure each part and plot the error based on the target 
dimension instead of plotting the dimension itself.  In this way a run chart can be created 
plotting error instead of the absolute dimension or its sequential average (xbar)  
 
a) How would you create an xbar (in this case an (“ebar”) chart for this data?   What 

would be the centerline and UCL LCL? 
 
The target value for the error is 0, but we would still use the grand mean from 
initial production runs.  The UCL and LCL would be calculated using deviations of 
the error from the grand mean.  But the data used for these statistics would be 
coming from many different parts instead of many similar ones. 
 
b) Why would this approach violate the basic assumptions of Shewhart?  
 
The assumption is that all the data is coming from an identical probability 
distribution with the same mean and variance.  However, we know that as we 
change machining conditions, as we change part dimensions, tool types and 
material types, the mean of the process (or in this case the error of the process) 
will vary.  Thus we will not have a stationary process, and the chart will not be 
valid. 
 
c) How will the chart vary from a “proper” Shewhart chart in both the limits and the 

appearance of the data on the chart? 
 
Since we have taken a grand mean for a non-stationary process, we will not only 
have an incorrect mean for any given case, the variance will be greater than 
expected for any given run.  This is because we are modeling a variable mean 
process as one that is stationary.  In doing so this moving mean will be reflected 
in an inflated estimate of the process variance.  The data will tend to not fall into 
the expected confidence intervals correctly and will appear more uniform than 
normal, since the mean is actually shifting with each new part. 
 
d) What would a Cpk value for this process mean? 
 
Cpk here would be difficult to assess since we would most likely have different 
tolerances for different parts, and as stated above a overall process variance that 
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Quiz #1  Solution March 14, 2007 
 

ignores the variance on that a particular part.   If we used a fixed tolerance it 
could be a means of globally assessing performance of the equipment. But it 
could not be used to predict the number of defective parts to be expected. 
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Name: SOLUTIONS 
Massachusetts Institute of Technology 

Department of Mechanical Engineering 

Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 


Quiz #1 

Thursday – March 13, 2008 


In all problems, please show your work and explain your reasoning. Statistical tables for the 
cumulative standard normal distribution, percentage points of the χ2 distribution, percentage 
points of the t distribution, percentage points of the F distribution, and factors for constructing 
variables for control charts (all from Montgomery, 5th Ed.) are provided. 

Problem 1 [35%] 

Part (a)* [10%] 

Control charts for x , R, and s are to be maintained for the threshold voltage of short-channel 
MOSFETs using sample sizes of n = 10. It is known that the process is normally distributed with 
µ = 0.75 V and σ = 0.10 V. Find the centerline and ±3σ control limits for each of these charts.  

All units in parts (a) and (b) are in V. 

(1) 	x chart: Center = μ = 0.75

3σ  UCL  =  μ + = 0.845 
n 

3σLCL = μ − = 0.655 
n 

(2) R chart: Center = R = σ·d2 = 3.078 · 0.1 = 0.308

  UCL  =  R + 3d3σ = D4 R = 0.547

  LCL = R − 3d3σ = D3 R = 0.069 

(3) s chart: Center = s = σ·c4 = 0.097

  UCL  =  s + 3σ 1− c4
2 = B6σ = 0.167

  LCL = s − 3σ 1− c4
2 = B5σ = 0.028 

* May & Spanos, Problem 6.6. 

1 
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Part (b)† [10%] 

Repeat part (a) assuming that µ and σ are unknown and that we have collected 50 observations of 
sample size 10. These samples gave a grand average of 0.734 V, and average si of 0.125 V, and 
an average Ri of 0.365 V. 

(1) 	x chart: There are two approaches here; in one, we use R  to estimate variance, and in the 
other we use s  to estimate variance. Note that the resulting control limits are very 
close in the two cases. 

Using R	     Using  s 

Center = x  = 	0.734    Center  =  x  = 0.734

s 1 UCL = x + A2 R = 0.846	   UCL  =  x + 3 = x + A3 s = 0.856
c4 n 

s 1 LCL = x − A2 R = 0.622   LCL = x − 3 = x − A3 s = 0.612
c4 n 

(2) R chart: 

 Center = R = 	0.365

R UCL = R + 3d3 = D4 R = 0.649

d 2


R LCL = R − 3d3 = D3 R = 0.081

d 2


(3) s chart: 

 Center = s  = 0.125

 UCL = s + 3 s 1− c4
2 = B4 s = 0.215


c4


 LCL = s − 3 s 1− c4
2 = B3 s = 0.036


c4


Note that as the sample size gets larger, the s chart is somewhat more effective, as it uses all the 
data in the sample to estimate the within-sample variance, while the R chart only uses the 
extremal (max and min) values. 

† May & Spanos, Problem 6.7. 

2 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

213
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Part (c)  [15%] 

The specification limits for MOSFET threshold voltage in this process is x = 0.7 ± 0.05 V. What 
is the Cp and Cpk for this process?  Assuming the process as specified in part (a) is in control, 
what is the fraction of MOSFETs that are nonconforming? If the process in part (a) was 
recentered such that µx is on target at 0.7 V, what would the fraction be of MOSFETs that are 
nonconforming? 

We see that USL = 0.75 V and LSL = 0.65 V. 

USL − LSL 0.75 − 0.65 1(1) C p = = = = 0.167. Note that this is a very poor process capability
6σ 6 ⋅ 0.1 6 

(and we will see the impact on bad parts in a moment). 

(2) C pk = min⎛⎜
USL − μ , μ − LSL ⎞

⎟ = 0 since USL is equal to the actual process mean. This is 
⎝ 3σ 3σ ⎠ 

lower than Cp since the process is not mean centered. 

(3) The process is horribly off-center, as noted in (2). All parts above the process mean are bad 
(above the USL), and an appreciably fraction of parts still fall below LSL because the 
distribution is so wide compared to the specification limits. Thus 

⎡ ⎛USL − μ ⎞⎤ ⎡ ⎛ μ − LSL ⎞⎤Pr(nonconforming, off-center) = ⎢1−Φ⎜ ⎟⎥ + ⎢1− Φ⎜ ⎟⎥

⎣ ⎝ σ ⎠⎦ ⎣ ⎝ σ ⎠⎦


= ⎢
⎡

⎣ 
1− Φ⎜

⎛
⎝ 

0.75
0
− 

.1
0.75 

⎟
⎞
⎠⎥
⎤

⎦ 
+ ⎢
⎡

⎣ 
1− Φ⎜

⎛
⎝ 

0.75
0
− 

.1
0.65 

⎟
⎞
⎠⎥
⎤

⎦ 
= [1−Φ(0)] + [1−Φ(1)] = 0.659 

(4) Since the process was so badly off-mean, perhaps by recentering the process we can improve 
the fraction of good parts. When centered 

Pr(nonconf, centered) = 2⎢
⎡1− Φ⎜

⎛USL − T 
⎟
⎞
⎥
⎤ 
= 2⎢

⎡1− Φ⎜
⎛ 0.75 − 7 

⎟
⎞
⎥
⎤ 
= 2[1−Φ(0.5)] = 0.617 

⎣ ⎝ σ ⎠⎦ ⎣ ⎝ 0.1 ⎠⎦ 

So we hardly reduce the fraction of bad parts at all? Why? Because the inherent process 
capability is so poor (Cp = 0.167). The real problem is the distribution is too wide compared to 
the specification limits, not that we are off-center. 
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Problem 2 [30%] 

Part (a) [10%] 

Based on a fairly large historical sample of gate oxide thicknesses consisting of 61 samples, an
average oxide thickness of 96.5 Å is observed, with a variance of 6 Å2. What are your best 
estimates, and 95% confidence intervals, for the process mean and process variance?  

(1) Point estimate for mean: μ̂ = x = 96.5 Å 

(2) 95% confidence interval for mean. Since n is large, the normal is a good approximation: 

     Using normal distribution (large n): μ = x ± zα / 2	

s 
= 96.5 ±1.96 ⋅ 6 

= 96.5 ± 0.61 Å 
n 61 

         or  95.89 ≤ μ ≤ 97.11 Å 

     For more accuracy, use t distribution: μ = x ± tα / 2,n−1	

s 
= 96.5 ± 2.00 ⋅ 6 

= 96.5 ± 0.63 Å 
n 61 

         or  95.87 ≤ μ ≤ 97.13 Å 

(3) Point estimate for variance: σ̂ 2 = s 2 = 6 Å2 

(4) 95% confidence interval for variance: 

(n −1)s 2 

≤ σ 2 ≤ 
(n −1)s 2 

so that (60)6 
≤ σ 2 ≤ 

(60)6 or 4.32 ≤ σ 2 ≤ 8.89 Å2 

Χα 
2 

/ 2,n−1 Χ1
2 
−α / 2,n−1 83.3 40.48 

Part (b) [10%] 

A change is proposed to increase the gate oxide thickness. Using the modified process, 11 
samples are taken, with observed sample mean of 100 Å and sample variance of 20 Å2. What are 
your best estimates, and 95% confidence intervals, for the new process mean and process 
variance?  

(1) Point estimate for mean: μ̂ = x = 100 Å 

(2) 95% confidence interval for mean: Now we need to use the t distribution for sure, since n is 

small:  μ = x ± tα / 2,n−1	

s 
= 96.5 ± 2.228 ⋅ 20 

= 100 ± 3.00  Å or 97 ≤ μ ≤ 103 Å 
n 11 

(3) Point estimate for variance: σ̂ 2 = s 2 = 20 Å2 

(4) 95% confidence interval for variance: 

(n −1)s 2 

≤ σ 2 ≤ 
(n −1)s 2 

so that (10)20 
≤ σ 2 ≤ 

(10)20 or 9.76 ≤ σ 2 ≤ 61.6 Å2 

Χα 
2 

/ 2,n−1 Χ1
2 
−α / 2,n−1 20.48 3.25 
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Part (c) [10%] 

To 95% confidence, has the modification resulted in a process with a different mean than in 
part (a)? To 95% confidence, has the modification resulted in a process with a different variance 
than in part (b)? 

(1) No – because the 95% confidence intervals for the old and new means overlap, we don’t 
have enough evidence to be 95% confident or better that the means are different. 

One can also attempt a direct hypothesis test on the difference in means. This is more 
work than needed, given we already determined confidence intervals. However, if a 
hypothesis test is used, we should be careful not to assume the variances are the same (we 
have strong evidence they are not), and so we would then need to use the somewhat 
complicated procedure described in Montgomery, pp. 120-121. 

(2) Yes – here the 95% confidence intervals for the new variance and old do not overlap. We 
are 95% confident or better that the chance has resulted in a process with larger variance. 

Here also, one can formulate a hypothesis test as an alternative approach. Given that one 
variance appears to be so much larger than the other, we’re best off using a one sided F-
test (that is to say, the one sided test will require even larger ratio to declare a larger 
variance, and thus the one sided test is more conservative). So in this case, we would 
need to observe an F > F0 , where F0 = F0.05,n −1,n −1 = F0.05,10,60 = 1.99 . In our case, we

b a 

observe F = 
sb 

2

2 

= 
20 

= 3.33  giving us better than 95% confidence that the second 
s 6a 

variance is larger than the first. 

Problem 3 [35%] 

You are in charge of a process manufacturing parts whose key output parameter, x, is known to 
be normally distributed. When the process is in control, the mean value of x is known to be μ and 
its standard deviation σ. 

Unfortunately, the supplier of an important input material for this process is rather unreliable, 
and every so often they inadvertently supply a large batch of material whose properties cause the 
mean of x to shift to μ + kσ, with the standard deviation of x remaining unchanged.  

When this mean shift occurs, you want to be able to identify it as quickly as possible. Your 
metrology staff tells you that they can currently measure at most a fraction f of parts produced, 
although you are free to choose how this measurement budget is apportioned: i.e. you can dictate 
any n, where samples of n parts are taken at intervals of n/f parts. 
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Part (a) [3%] 

Write down, in terms of μ, σ and n, expressions for the upper and lower control limits for an 
x control chart monitoring this process.  

Answer: μ ± 3σ/(n0.5) 

Part (b) [5%] 

Write down an expression for the probability, β, that the mean, x , of any given sample of size n 
from an out-of-control process with mean output x = μ + kσ, will not fall outside the control 
limits. 

Answer: β = Φ(3 − k n )− Φ(− 3 − k n ) 

Part (c) [10%] 

Derive, in terms of n, f, and β, an expression for the average number of parts, P, that will be 
produced after a mean shift occurs and before a sample falls outside the range (LCL, UCL).  

Answer: P = n/[f(1–β)] 

We could use the expression that you have just derived to choose a value for n that minimizes P 
for a given f (do not attempt to choose n now). Suggest one other consideration that would 
feature in the selection of sample size and sample frequency. 

Answer: The need to make the inter-sample interval longer than the correlation time of the 
output, so that samples are plausibly independent. 

6 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

217
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Problem 3, cont’d. 


Part (d) [10%]


Now suppose that you are told that the quality loss function for the process is defined as follows: 


μ–Δμ μ+Δμ 

Here, c is the cost penalty associated with producing a part with a particular x. Write down an 
expression for the expected cost penalty Ek[c] for a part produced when the process is 
x ~ N(μ + kσ, σ2). (Hint: your answer should be expressed as a sum of integrals; do not attempt to 
evaluate the integral.) 

1 −
1⎛
⎜ 

x−μ ⎞
⎟ 

2 

e .
σ 2π

Note: the probability density function of x ~ N(μ, σ2) is given by 2⎝ σ ⎠ 

Answer: 
c ⎧μ−Δμ ⎡ 2 ⎤ μ +Δμ 1 ⎛ x − μ − kσ ⎞ 1 ⎛ x − μ − kσ ⎞ ⎪Ek [c] =

σ 
q 

2π ⎩⎪
⎨
⎪

−
∫
∞ 

exp 
⎣⎢
⎢− 

1
2 ⎝
⎜
⎛ x − μ

σ
− kσ 

⎠
⎟
⎞ 

⎦⎥
⎥dx + 

μ−
∫
Δμ 

x 
Δ
−
μ
μ ⎡

⎣⎢ 2 ⎝ σ ⎠ 

2 ⎤

⎦⎥ μ+

∞

∫
Δμ 

⎡

⎣⎢ 2 ⎝ σ ⎠ 

2 ⎤

⎦⎥ 

⎫

⎭⎪
exp⎢− ⎜ ⎟ ⎥dx + exp⎢− ⎜ ⎟ ⎥dx⎬ 

x 

c 

cq 

μ USL:LSL: 

c = 0 

7 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

218
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Problem 3, cont’d. 

Part (e) [7%] 

With the above information in mind, you now want to investigate whether you should install 
more metrology equipment so that the fraction of parts measured, f, can be increased. Suppose 
that measurement costs can be completely described by an incremental cost cm per part 
measured. 

Write down, and briefly explain, a cost expression that should be minimized when selecting an 
optimal value for f. Your answer should be given in terms of the following parameters: 

n sample size 
cm cost of measuring one part 
f fraction of all parts produced that are measured 
Ek[c] expected cost penalty for a part produced when the output is x ~ N(μ + kσ, σ2) 
E0[c] expected cost penalty for a part produced when the output is x ~ N(μ, σ2) 
β your answer to part (b) 
D the frequency (in parts–1), on average, with which the material supplier delivers a 

defective batch of material (e.g. if d = 10–5 parts–1, the supplier would deliver a 
defective batch for every 105 parts produced by the process. Hopefully, not much of the 
batch will be used before the problem is noticed! 

Answer: Cost expression: fcm + (Ek [c] − E0[c]) 
f (1 

nd 
− β ) 

We need to minimize the sum of measurement costs and the extra quality-related cost penalty 
that occurs when processing with defective material. The more frequently the suppliers deliver 
the defective material, or the lower the measurement cost per part, the larger the optimal f. 

What other factors should be considered when choosing f? 

Answer: The defective material input may not be the only cause of mean shifts that need to be 
detected. We may also need to choose f to allow us to detect particular standard deviation 
changes. Increasing f may slow down the production line, even if more measurement equipment 
were to be installed: the metrology team may have other constraints. 
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Massachusetts Institute of Technology

Department of Mechanical Engineering


2.830/6.780J Control of Manufacturing Processes

Quiz 2


April 27, 2006

Open Book and Notes


Problem 1 (45 %) 

You are faced with the need to model a system with three inputs but time and cost 
constraints limit the number of experiments that can be performed to four. Since you 
know that a full factorial experiment would take eight independent experiments, you have 
some choices to make. 

Starting from the following 22 design matrix (our X matrix in the equation y=Xβ) 

Input 1 Input 2 
1 Α Β ΑΒ 

1 -1 -1 1 
1 -1 1 -1 
1 1 -1 -1 
1 1 1 1 

Consider the problem of using this same design for the three input problem. Notice that 
all row entries are unique combinations of the inputs. Thus, we could assign the AB 
column to the third input and run the experiment. 

If that were done, we would have the matrix: 

Input 1 Input 2 Input 3 
1 A B C 
1 -1 -1 1 
1 -1 1 -1 
1 1 -1 -1 
1 1 1 1 

Based on this approach: 

a) Write out the full interaction matrix for the 23 problem given that you have only 4 
trials available. (You should have a 4 row - 8 column matrix design.) 

b) Identify the factors that will be confounded or confused with each other, based on 
this matrix. 
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______________________________________________________________________ 

2.830/6.780J	 Quiz 2 April 27, 2006 

c)	 If you want to be sure you get the input 1 and 2 main effects and the input 1-3 
interaction, how would you reassign the columns to the factors? Show this on 
your 4 x 8 matrix. 

d)	 What is the experiment design matrix that you would give someone running this 
experiment? (i.e. a table of settings for the three inputs for all of the experiments.) 

Now assume that you want to have non-aliased experiments for all the main effects and 
the 1-3 interaction. 

e)	 What is the minimum number of new rows (new experiments) that would have to 
be added and what would they be? (Remember, the only columns that are 
independent are the ones for the inputs; i.e. the A, B, C columns) 

f)	 A good experimental design is one that is balanced, meaning all inputs see the 
same number of levels over all experiments. Is your design for part e) balanced? 
If not describe what you could do to make it so. 

Problem 2 (20%) 

A designed experiment has been performed to determine optimal surface finish (y) as a
function of feedrate (x1) and tool nose radius (x2). The resulting model is: 

ˆ y = 90 + 10x
1
!15x

2
+ 5x

1
x

2

a)	 What experimental design must have been used to get this model? 

b)	 What is the average surface finish for the experiment 

c)	 Sketch the response surface for this model over the scaled input range of ±1 for
the inputs 

d)	 If a surface finish of 85 is desired, what are the optimal values of feedrate and 
nose radius assuming that the operating point has no effect on tool wear. (Be sure 
to define what you are optimizing!) 

e)	 As it turns out, the operating point has an effect on the resulting variance. 
21

2
12.11 xx !+="

Using 
the variance model , find the optimum operating point if a 
surface finish of 85 is desired. How does this interact with your answer from 
part d)? 

Page 2 of 3 
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2.830/6.780J	 Quiz 2 April 27, 2006 

Problem 3 (35%) 

Our company has recently begun production of diagnostic chips for drug screening. 
Because of reported product quality problems, we have decided to find out whether the 
curing temperature for the polymer has an effect on the critical channel dimensions of our 
product. Below we have the results of an experiment on this product with four 
temperature levels and 15 replicates. 

Temp Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9 Y10 Y11 Y12 Y13 Y14 Y15 ybar s^2 
500 41.8 41.9 41.7 41.6 41.5 41.7 41.5 41.5 41.4 41.4 41.3 41.3 41.2 41.2 41.1 41.5 0.05 

525 41.4 41.3 41.7 41.6 41.7 41.8 41.9 42 42.1 42.2 42.2 42.3 42.4 42.5 42.6 42.0 0.16 

550 41.2 41 41.6 41.9 41.7 41.3 41.7 41.8 41.9 42 42.1 42.2 42.2 42.3 42.4 41.8 0.17 

575 41 40.6 41.8 41.2 41.9 41.5 41.9 42.1 42.2 42.4 42.6 42.7 42.9 43.1 43.2 42.1 0.60 

ANOVA 
SS dof MS F 

Between 0.18 

Within 

Total 

a)	 Fill in the missing values in the ANOVA table. (NB you should not have to 
calculate any large sums or averages given this data.) 

b)	 At 95% confidence, is the effect of manufacturing temperature significant? 

c)	 A fellow engineer is fuming over the wasted time on 4 different temperature 
levels. He claims you could have gotten the same results with only the low and 
high temperature experiments. Is he right? (Be sure to include a complete 
justification for this answer by showing the new ANOVA table.) 

d)	 Now a 2.830 graduate looks at all this, and calls the entire testing procedure into 
question based on the state of the process during the test. She suggest we plot any 
one of the fixed temperature replicates as a 15 point run chart and give it a look. 
Pick a temperature and make such a run chart plot. 

What problem did she see and what impact does it have on the conclusions? 

Page 3 of 3 
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Massachusetts Institute of Technology

Department of Mechanical Engineering


2.830J/6.780J Control of Manufacturing Processes

Quiz 2


April 26, 2007

Open Book and Notes


NOTE: Read each problem carefully; very little calculation is necessary to solve them.

Please sketch the requested plots carefully and as to scale as possible.


Problem #1 (50%)

A two factor two-level full factorial experiment has been performed without replication.

The results are summarized in the following plot and table:


y 19 20 

10 x2=-1 7 

x2=+1 

-1 +1 
x1 

ANOVA Table (To be filled in) 

Experiment # x1 x2 y !

1 -1 -1 10 
2 +1 -1 7 
3 -1 +1 19 
4 +1 +1 20 

source sum of squares d.o.f. mean square F ratio 

average SSave = 

factor x1 SSx1 

factor x2 SSx2 

residual SSR 

total SST 
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2.830/6.790J Quiz #2 April 26, 2007 


a) As the problem progresses, you will fill in the following ANOVA table. You need not

fill it in first, but be sure it is complete when you finish this problem.


b) For this data, fit a response surface using the model:


ŷ = !
0
+ !

1
x
1
+ !

1
x
2

and use it to fill in the ŷ column in Table 1 

c) Using this model, calculate the residuals and enter these in Table 1 

d) To 95% confidence is β1 significant? To 95% confidence is β2 significant? Give 
specific confidence levels to which β1 and β2 would be considered significant. 

Now we run four additional center point experiments (NB: do not use these in creating 
the ANOVA table of part a) 

Experiment # x1 x2 y 
5 0 0 14 
6 0 0 15 
7 0 0 14 
8 0 0 13 

e) What is your estimate of the experimental error now? 

f) Now re-evaluate your conclusions from part c). To 95% confidence is β1 significant? 
To 95% confidence is β2 significant? Give specific confidence levels to which β1 and 
β2 would be considered significant. 
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2.830/6.790J Quiz #2 April 26, 2007 

Problem #2 (30%) 

A test on a welding process has been performed to determine if arc length has an effect 
on the width of the resulting weld. The experience of operators is that it does not affect 
the average width, but it does affect the variability of the welds. 

The data is as follows: 
Weld Width 

Trial 
Voltage 1 2 3 4 5 Mean Std Dev 
10 0.09 0.10 0.13 0.08 0.07 0.094 0.0230 
12 0.06 0.09 0.12 0.07 0.12 0.092 0.0277 
14 0.11 0.08 0.08 0.05 0.06 0.076 0.0230 
16 0.19 0.13 0.15 0.20 0.11 0.156 0.0385 

a) Does the voltage have any effect on the width of the weld? (Please specify how 
confident you are in your answer.) (Please note that you are given the sample standard 
deviation for each level, which should simplify any calculations you need to make) 

b) Design a test to determine if there is any truth to the notion that voltage increases the 
variability of the weld width. (Just set up the test, but do not implement it.) 

c) Sketch (Carefully!) Shewhart and CUSUM charts for this data assuming that arc 
voltage has not been changed (i.e. assume all of the data is for identical input conditions). 
Be sure to sequence the data row by row. (If helpful you can scale all the data by 100 for 
this plot.) 

d) Does this analysis change your conclusions from parts a) and b). 

Problem #3 (20%) 

A series of residual plots from a two level experiment are shown on the following page.
For each of these plots (a-j) describe (in words) what is happening in each case. Where 
appropriate comment on how the model could be changed to reduce the residual. 

NB: Note carefully the x axis on each plot, as they are not all the same. 
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Name: _____________________________________________ 

Massachusetts Institute of Technology 
Department of Mechanical Engineering 


Department of Electrical Engineering and Computer Science 


2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 


Quiz #2 

Thursday – April 24, 2008 


In all problems, please show your work and explain your reasoning. Statistical tables for the 
cumulative standard normal distribution, percentage points of the χ2 distribution, percentage 
points of the t distribution, and percentage points of the F distribution (all from Montgomery, 5th 

Ed.) are provided. 

Problem 1 [45%] 

An experiment is designed and executed, in which the design or input variable is x and the output 
variable is y. The input range is normalized to [-1, +1]. Experiments are run in the order shown 
in Table 1 below, with the input setting and output result as given in the table. 

Table 1: Full factorial DOE experiment results 

Run # x y 

1 -1 8 

2 1 18 

3 -1 9 

4 1 19 

5 -1 10 

6 1 20 

Part (a) [5%] 


Fit a model of the form y = β0 + β1 x to the data, and determine point estimates for β0 and β1. 


1 
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Part (b) [10%] 

Determine the standard error (std. err.) and 95% confidence intervals for the estimates of β0 and 
β1. Are both parameters significant to 95% confidence or better? Should you include both terms 
in the model? 

Part (c) [5%] 

Following good practice, we next examine the residuals (differences between the model 
prediction values and measured values, for our data). In particular, we consider the residuals as a 
function of run order. What pattern in the residuals raises a concern? What modifications might 
you suggest to the experimental design or analysis in light of this? 

2 
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Part (d) [10%] 

Setting aside any reservations about the existing experimental design or the model, we next 
consider using the model to predict some values, for further experimentation and optimization.  

(i) We are interested in how well the model predicts outputs, at different values for x. 
Derive a formula for the standard error ( s ŷ ) in the output estimate ŷi  as a function of 
the input value xi. 

(ii)	 Next, we consider a prediction at possible center point in the input space. Provide a 
95% confidence interval prediction for the output value at the design space center 
point, i.e., give the point estimate and 95% confidence interval bounds for ŷ(x = 0) . 

3 
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(iii)	 Finally, we also consider an extrapolation of the model beyond the original range of 
experimentation. Provide a 95% confidence interval prediction for the output value at 
x equal to 3 (in normalized units), i.e., give the point estimate and 95% confidence 
interval bounds for ŷ(x = 3).  Comment on the confidence in model outputs as a 
function of how far we are extrapolating from our experimental region. 

Part (e) [10%] 

We now perform one additional experimental run to augment Table 1. Setting the input x to 0, 
the output y is experimentally observed to be equal to 7. Based on this, perform and discuss a 
lack of fit analysis. To 95% confidence or better, does the model from part (a) show evidence of 
lack of fit? 

Part (f) [5%] 

Fit a new model, including the center point data point (x=0, y=7). I.e., find α 0 , α1 , and α 2 for a 
model of the form y = α 0 +α1 ⋅ x +α 2 ⋅ x

2 . For this part, point estimates are sufficient. Note: it is 
possible to identify model coefficients by inspection, graphical, or other simplified means; full-
scale set up and solution of regression equations is not necessary. 

4 
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Problem 2 [20%] 


Consider the random-access memory chip shown below, having R rows and C columns: 


R
ow

 d
ec

od
er

 (R
 ro

w
s)

  

Array of memory cells 
(R rows × C columns) 

Defect here kills its 
whole row and column 

Control logic Datapath (C columns) 

We are interested in investigating the defect tolerance of the memory array. Small particles 
(which may be regarded as causing point defects) land on the memory chip during fabrication, 
with a per-area density of D0. Particles landing on the datapath, row decoder or control logic do 
not cause faults (these circuits are very robustly designed), but when a defect lands on one of the 
memory cells, each cell having an area A, the entire row and the entire column of cells in which 
the afflicted cell sits are rendered inoperative.  

Assume that the spatial density of defects is very tightly distributed, so that we can write the 
proportion of memory cells not hit by a particle during fabrication as Y = exp(–AD0). 

Part (a) [3%] 

Write down an expression in terms of Y, R, and C for the number, F, of individual memory cells 
hit by particles during fabrication. 

5 
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Part (b) [10%] 

Write down expressions in terms of Y, R and C for (i) the proportion of columns that are 
operative after fabrication, and (ii) the proportion of rows operative. 

Part (c) [7%] 

Write down an expression in terms of Y, R and C for the overall proportion, P, of memory cells 
that is available for use after fabrication.  

Part (d) [optional; for up to 5 bonus percentage points] 


Show that the proportion of usable memory cells is maximized when the memory array is square. 


6 
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Problem 3 [35%] 

Part (a) [20%] 

Measurements are made of the threshold voltages of MOSFET devices at three randomly chosen 
locations on each of three wafers themselves chosen randomly from a lot. The deviations of the 
measured threshold voltages from their target value are shown below. Complete the nested 
variance analysis. Cells requiring a value to be inserted have a thick border. Some calculations 
have already been done for you. 

Wafer # Site # Threshold voltage 
deviation (mV) 

Wafer 
average 

(mV) 

Squared 
deviations of 

point from 
grand ave. 

(mV2) 

Squared 
deviations of 

wafer ave. 
from grand 
ave. (mV2) 

Squared 
deviations 

of point 
from wafer 
ave. (mV2) 

1 1 1 1 1 
1 2 2 0 0 
1 3 3 2 1 0 1 
2 1 2 0 0 
2 2 2 0 0 
2 3 2 2 0 0 0 
3 1 4 4 4 
3 2 0 4 4 
3 3 2 2 0 0 0 

Grand average: 2 

SS_D 10 
SS_W 0 
SS_E 10 

ANOVA (in mV2) 
Source Degrees of Freedom SS MS F0 Fcrit (5% level) 

WAFER 

ERROR N/A N/A 

C TOTAL N/A N/A 

VARIANCE COMPONENTS (in mV2) 

Variation source MS # data in SS Observed 
variance 

Estimated 
variance 

ERROR (site-to-site) 

WAFER (wafer-to-wafer) 

TOTAL 

7 
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Part (b) [5%]


What do you conclude from the nested variance analysis above?


Part (c) [10%] 

Now you are given threshold voltage deviation data from the same process, but this time taken 
from nine separate wafers. From each wafer one measurement is taken at one of three specified 
(not randomly chosen) locations. The objective is to check for evidence of any systematic (fixed) 
relationship between threshold voltage deviation and position on the wafer. Complete the 
ANOVA below. 

Typical wafer (one location 
measured per wafer) 

Location 1 

Location 2 

Location 3 

Wafer # 

Site 
(location 
on wafer) 

Threshold 
voltage 

deviation (mV) 
Per-location 
average (mV) 

1 1 1 
7/32 1 2 

3 1 4 
4 2 2 

4/35 2 2 
6 2 0 
7 3 3 

7/38 3 2 
9 3 2 

grand average: 2 

Source of variation Sum of 
squares 

Degrees of 
freedom 

Mean 
square F0  Fcrit (5% level) 

Between groups 

Within groups N/A N/A 

Total N/A N/A N/A 

8 
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Part (c), cont’d. 

Is there evidence at the 95% confidence level of a significant systematic dependence of threshold 
voltage on site location? 

9 
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6.780 Quiz 2 study guide 
Hayden Taylor, 22 April 2008 
 
Topic Notes References 
ADVANCED SPC 
Moving Averages Windowed 

Exponentially-weighted (EWMA) 
L9 Ss 6–16 

Cumulative sum charts  L9 Ss 17–24 
Multivariate charts Chi-square 

Hotelling T2
L9 Ss 38–45 
L9 Ss 16–49 

YIELD 
Definitions • Functional yield 

• Parametric yield 
Concept of critical area  
Murphy yield model  
Clustering Large α = little clustering 

Small α = lots of clustering 

L10 
[Non-standard or 
device-specific 
situations] 

ANOVA 
 Fixed effects model 
 Degrees of freedom 

Lecture 11 

FULL/FRACTIONAL 
FACTORIAL 
MODELS; DoE; 
REGRESSION 

• Contrasts 
• Sums of squares – they add up (why?) 
• Projection to estimate effects from fractional-

factorial designs 
• Aliasing 

Lecture 12 
 
Lecture 13 
 
Lecture 14 

Estimating residuals; 
dealing with replicates 
or a lack of them 

• When you have replicates of corner points 
• Using replicated center points  
• By discarding factors and using their SS (but 

need to be happy that discarded factor is 
insignificant e.g. 3-way interaction) 

• Residual distribution should be normal, 
homoskedastic 

PS6 Problem 1 
PS7 Problem 2 ** 
PS6 Problem 4 
 
 
** plus Excel example 
From Lec 13 

Identifying significant 
effects 

• Normal probability plots (care needed) 
• Using ANOVA (but need SSE estimate first) 

e.g PS7 Problem 2 

Curvature testing • Estimate SSR (residuals); then: 
 

yF = grand mean of all factorial runs
yC = grand mean of all center point runs

SSQuadratic =
nFnC (yF − yC )2

nF + nC

MSQuadratic =
SSQuadratic

nc  
 

• Define F0 = MSquadratic/MSresidual 
 

Montgomery Ex 12-9; 
Excel example (from 
Lec 13) 
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Lack-of-fit testing Possible when one or more effects has been 
disregarded. Curvature testing as a ‘special’ kind of 
lack-of-fit analysis, 
 

 
 

 
 

Lecture 15 

Model fitting • From effects 
• Coefs directly from data (write down formulae) 

Lecture 12, 13 
May and Spanos §8.1 

Confidence intervals • Note formulae for variance of parameters M+S section 8.1 
PROCESS 
ROBUSTNESS 

 Lecture 16 

NESTED 
VARIANCE 

• Formulae for contamination of variance 
• Subtleties of performing the analysis 
• Requirements: random sampling 

Drain Problem 4 
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1Manufacturing

Exponentially Weighted Moving Average: 
(EWMA)

Ai = rxi + (1 − r)Ai −1 Recursive EWMA

UCL, LCL = x ± 3σ A

σ A =
σ x

2

n
⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟ 

r
2 − r

⎛ 
⎝ 

⎞ 
⎠ 1 − 1− r( )2 t[ ]

time

σA =
σ x

2

n
r

2 − r
⎛ 
⎝ 

⎞ 
⎠ 

for large t
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2Manufacturing

SO WHAT?
• The variance will be less than with xbar, 

• n=1 case is valid
• If r=1 we have “unfiltered” data

– Run data stays run data
– Sequential averages remain 

• If r<<1 we get long weighting and long delays
– “Stronger” filter; longer response time

  

σA =
σ x

n
r

2 − r
⎛ 
⎝ 

⎞ 
⎠     = σ x   

r
2 − r

⎛ 
⎝ 

⎞ 
⎠ 
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3Manufacturing

Mean Shift Sensitivity
EWMA and Xbar comparison

0

0.2

0.4

0.6

0.8

1

1.2

1 5 9 13 17 21 25 29 33 37 41 45 49

xbar

EWMA

UCL
EWMA

LCL
EWMA

Grand
Mean

UCL

LCL

3/6/03

Mean shift = .5 σ

r=0.1
n=5
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Effect of r
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5Manufacturing

Small Mean Shifts

• What if Δμx is small with respect to σx ?

• But it is “persistent”

• How could we detect?
– ARL for xbar would be too large
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6Manufacturing

Another Approach: Cumulative Sums

• Add up deviations from mean
– A Discrete Time Integrator

• Since E{x-μ}=0   this sum should stay near 
zero when in control

• Any bias (mean shift) in x will show as a trend

C j = (xi
i=1

j

∑ − x)
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Mean Shift Sensitivity: CUSUM
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Mean shift = 1σ
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mean shift Δμ

Ci = (xi
i =1

t

∑ − x )
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8Manufacturing

An Alternative
• Define the Normalized Statistic

• And the CUSUM statistic

Zi =
Xi − μ x

σ x

Si =
Zi

i =1

t

∑
t

Which has an 
expected mean of 
0 and variance of 1

Which has an 
expected mean of 
0 and variance of 1

Chart with Centerline =0 and Limits = ±3
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9Manufacturing

Tabular CUSUM

• Create Threshold Variables: 

Ci
+ = max[0, xi − (μ0 + K ) + Ci −1

+ ]
Ci

− = max[0,(μ0 − K ) − xi + Ci −1
− ]

K= threshold or slack value for 
accumulation

K =
Δμ
2

Δμ = mean shift to detect

H :  alarm level (typically 5σ)

Accumulates 
deviations 
from the 
mean

typical
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Threshold Plot
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Univariate vs. χ2 Chart
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Figure by MIT OpenCourseWare.
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Multivariate Chart with 
No Prior Statistics: T2

• If we must use data to get
• Define a new statistic, Hotelling T2

• Where       is the vector of the averages for 
each variable over all measurements

• S is the matrix of sample covariance over all 
data

x   and  S

x
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13Manufacturing

Similarity of T2 and t2

vs.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

255
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



14Manufacturing

• Gamma probability distribution for f(D)
– proposed by Ogabe, Nagata, and Shimada; 

popularized by Stapper

Yield – Negative Binomial Model

• α is a “cluster” parameter
– High α means low variability 

of defects (little clustering)
• Resulting yield:

May & Spanos

Image removed due to copyright restrictions. Please see 
Fig. 5.4 in May, Gary S., and J. Costas Spanos. 
Fundamentals of Semiconductor Manufacturing and 
Process Control. Hoboken, NJ: Wiley-Interscience, 2006.
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15Manufacturing

Spatial Defects

• Random distribution
• Spatially uncorrelated
• Each defect “kills” one chip 

• Spatially clustered
• Multiple defects within 

one chip (can’t already 
kill a dead chip!)
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16Manufacturing

• Large α limit (little clustering)
– gamma density approaches a delta function, and 

yield approaches the Poisson model:

Negative Binomial Model, p. 2

• Small α limit (strong clustering)
– yield approaches the Seeds model:

• Must empirically determine α
– typical memory and microprocessors: α = 1.5 to 

2
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17Manufacturing

ANOVA – Fixed effects model

• The ANOVA approach assumes a simple mathematical 
model:

• Where μt is the treatment mean (for treatment type t)
• And τt is the treatment effect
• With εti being zero mean normal residuals ~N(0,σ0

2) 

μ
τt

εti
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1Manufacturing

The ANOVA Table
degrees

source of sum of of mean square F0 Pr(F0)variation squares freedom

Between 
treatments

Within 
treatments

Total about 
the grand 
average

Also referred to
as “residual” SS
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2Manufacturing

Example: Anova
A B C

11 10 12
10 8 10
12 6 11

A B C
(t = 1) (t = 2) (t = 3)

12
10
8
6

Anova: Single Factor

SUMMARY
Groups Count Sum Average Variance

A 3 33 11 1
B 3 24 8 4
C 3 33 11 1

ANOVA
Source of Variation SS df MS F P-value F crit
Between Groups 18 2 9 4.5 0.064 5.14
Within Groups 12 6 2

Total 30 8

Excel: Data Analysis, One-Variation Anova
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20Manufacturing

Definition: Contrasts

A =
1

2n
[a + ab − b − (1)]

B =
1

2n
[b + ab − a − (1)]

AB =
1

2n
[ab + (1) − a − b]

[…..] = “Contrast”
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Response Surface: Positive Interaction

y = 1+ 7x1 + 2x2 + 5x1x2
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Response Surface: Negative Interaction
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“Surface” Averages

A

B

C

+

-

+

+

-
-

[ ] [ ])1()()()(
4
1)()()()(

4
1

+++−+++= bccbaacababcA

(1) (a)

(b)

(c)

(ab)
(abc)(bc)

(ac)

Courtesy of Dan Frey. Used with permission.
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ANOVA for 2k

• Now have more than one “effect”
• We can derive:

SSEffect = (Contrast)2 /n2k

• And it can be shown that:
SSTotal = SSA + SSB + SSAB + SSError
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Use of Central Data

• Determine Deviation from Linear Prediction
– Quadratic Term, or Central Error Term

• Determine MS of that Error
– SS/dof

• Compare to Replication Error
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Definitions

yF = grand mean of all factorial runs
yC = grand mean of all center point runs

SSQuadratic =
nFnC (yF − yC )2

nF + nC

MSQuadratic =
SSQuadratic

nc

ŷ = β0 + β1x1 + β2 x2 + β12 x1x2 + β11x
2 + β2 x2
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Example: 22 Without Replicates; 
Replicated Intermediate Points

A

B

-1
-1

+1

0 +1

0

40.0 41.5

39.3 40.9

40.3
40.5
40.7
40.2
40.6

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

I A B AB
(1) 39.3 1 -1 -1 1
a 40.9 1 1 -1 -1
b 40 1 -1 1 -1
ab 41.5 1 1 1 1

Contrasts 161.7 3.1 1.3 -0.1

Effect 80.85 1.55 0.65 -0.05

Model 40.43 0.775 0.325 -0.025
Coefficients

y = 40.43 + 0.7751 x1 + 0.325x2 − 0.025x1x2

Just using corner points:
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Measures of Model Goodness – R2

• Goodness of fit – R2

– Question considered: how much better does the model do than 
just using the grand average?

– Think of this as the fraction of squared deviations (from the 
grand average) in the data which is captured by the model

• Adjusted R2

– For “fair” comparison between models with different numbers of 
coefficients, an alternative is often used

– Think of this as (1 – variance remaining in the residual). 
Recall νR = νD - νT
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29Manufacturing

Least Squares Regression
• We use least-squares to estimate 

coefficients in typical regression 
models

• One-Parameter Model:

• Goal is to estimate β with “best” b
• How define “best”?

– That b which minimizes sum of 
squared error between prediction and 
data

– The residual sum of squares (for the 
best estimate) is
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Least Squares Regression, cont.
• Least squares estimation via normal 

equations
– For linear problems, we need not 

calculate SS(β); rather, direct 
solution for b is possible

– Recognize that vector of residuals 
will be normal to vector of x values at 
the least squares estimate

• Estimate of experimental error
– Assuming model structure is 

adequate, estimate s2 of σ2 can be 
obtained:
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Precision of Estimate: Variance in b
• We can calculate the variance in our estimate of the slope, 

b:

• Why?
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Confidence Interval for β
• Once we have the standard error in b, we can calculate 

confidence intervals to some desired
(1-α)100% level of confidence

• Analysis of variance
– Test hypothesis: 
– If confidence interval for β includes 0, then β not significant

– Degrees of freedom (need in order to use t distribution)

p = # parameters estimated by least squares
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Lack of Fit Error vs. Pure Error
• Sometimes we have replicated data

– E.g. multiple runs at same x values in a designed experiment

• We can decompose the residual error contributions

• This allows us to TEST for lack of fit
– By “lack of fit” we mean evidence that the linear model form is 

inadequate

Where
SSR = residual sum of squares error
SSL = lack of fit squared error
SSE = pure replicate error
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Regression: Mean Centered Models
• Model form
• Estimate by
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Regression: Mean Centered Models
• Confidence Intervals

• Our confidence interval on output y widens as 
we get further from the center of our data!
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Nested Variance Example (Same 
Data)

Group 1 Group 2

• Now – groups are 
simply replicates (not 
changing treatment)

• But… assume there 
are two different 
sources of zero mean
variances

• Goal – estimate these 
two variances

3
5

7
9
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Variance in Observed Averages, Three 
Levels

• As in the two level case, the observed 
averages include lower level variances, 
reduced by number of samples

– Above is for a balanced sampling plan, with 
equal number of wafers and measurements for 
each lot
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Massachusetts Institute of Technology 
Department of Mechanical Engineering 

2.830/6.780J Control of Manufacturing Processes 
Quiz 2 Solution 

Problem 1 (45%) 

a) 
I A B C AB AC BC ABC 
1 -1 -1 1 1 -1 -1 1 
1 -1 1 -1 -1 1 -1 1 
1 1 -1 -1 -1 -1 1 1 
1 1 1 1 1 1 1 1 

b)	 A=BC, B=AC, C=AB, I=ABC 
c)	 Assign AC to the column currently representing C. This will have the 

effect of confounding B with C. 
d) 

Run # A B C 
1 -1 -1 -1 
2 -1 1 1 
3 1 -1 -1 
4 1 1 1 

e) One additional row is needed. This row must distinguish C from B, so 
their levels must be different, for instance: 

A B C AC 
1 1 -1 1 

f)	 The above design is not balanced. The levels of the three inputs could be 
adjusted so the coded columns will add to zero and the design will be 
balanced, for example: 

Run # A B C 
1 -1.5 -1.5 -1 
2 -1.5 1 1.5 
3 1 -1.5 -1 
4 1 1 1.5 
5 1 1 -1 
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Problem 2 (20%) 

a) A 22 experiment would be needed to distinguish the 2-factor interaction 
b) 90 (the β0 term is the grand mean) 
c) 

d)	 Since the mean is specified and there is no model of the variance, the 
optimum would be that setting that give the target output, and then either 
maximizes rate or minimizes cost (or some combination of there. For this 
we set y=85 and solve: 

( )

2

2

1

212

2112

2121

510

515

510515

510515

515109085

x

x
x

xxx

xxxx

xxxx

+

!
=

+=!

+=!

+!+=

x1 and x2 must satisfy the above equation to produce y=85. Since 
maximizing feedrate maximizes production rate, the optimum would be to 
use the maximum feedrate setting , assuming no too wear change means 
no effect on cost. 

e)	 The variance is minimized when the gradient is zero. Substitute the above 
relation into the variance model, take the derivative and solve for x2, then 
use the above relation to find x1. 

( )

{ } { }5.0,2.0,

12.1
2

7
0

21

2

22

2

=!

"
+

==
#

#

xx

xx

$

This ignores the optimization of rate, so now their could be a rate – quality 
tradeoff to find the final value for the feedrate. 
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Problem 3 (35%) 

a)	 From the mean values and variances we can back calculate the correct sums of 
squares and mean squares. For example, the SS within of any row is simply s2 * (n-
1). The SSbetween+ is then found from summing the individual deviations of each 
row average from the grand mean. From this we can get: 

ANOVA 
SS dof MS F 

Between 3.13 (a-1) = 3 3.13/3 = 1.04 F =1.04/0.25=4.27 
Within 13.7 a(n-1)=56 13.7/56=0.25 
Total 5.18 59 

b)	 Fcrit=F(0.05,3,56) The table in the textbook does not have a row for dof=60, so 
we use dof=60. Fcrit=3.34. <2.84, so the between variation is significant at the 
95% confidence level. 

c)	 If we repeat the above for just the first and last rows we get: 

Between 
Groups 
Within 
Groups 

SS 

0.19 

4.57 

df 

1 

28 

MS 

0.19 

0.16 

F 

1.18 

P-
value 

0.29 

F 
crit 

4.20 

Total 4.76 29 

So now the F test says that there was no significant effect of temperature, so he appears 
to be wrong, and the extra tests were needed. 

d)	 Clearly the process in not in a state of statistical control, and it is trending down. 
The other 3 runs are even worse, so all the results are nullified! 

Run Chart for T=500

41
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Name: ______SOLUTIONS____________________________ 
Mean: 71.6%; standard deviation 15.3%. 28 students sat the exam. 

Massachusetts Institute of Technology 
Department of Mechanical Engineering 

Department of Electrical Engineering and Computer Science 

2.830J/6.780J Control of Manufacturing Processes 
Spring 2008 

Quiz #2 
Thursday – April 24, 2008 

In all problems, please show your work and explain your reasoning. Statistical tables for the 
cumulative standard normal distribution, percentage points of the χ2 distribution, percentage 
points of the t distribution, and percentage points of the F distribution (all from Montgomery, 5th 
Ed.) are provided. 

Problem 1 [45%] 

An experiment is designed and executed, in which the design or input variable is x and the output 
variable is y. The input range is normalized to [-1, +1]. Experiments are run in the order shown 
in Table 1 below, with the input setting and output result as given in the table. 

Table 1: Full factorial DOE experiment results 

Run # x y

1 -1 8

2 1 18

3 -1 9

4 1 19

5 -1 10

6 1 20

Part (a) [5%] 

Fit a model of the form y = β0 + β1 x to the data, and determine point estimates for β0 and β1.  

ANSWER: Since the design is normalized to ±1 and is balanced, we can use simplified contrasts 
for the estimation of the offset and linear terms: 

 β0 = overall average = 14 

 β1 = (19-9)/2 = 5 

Or y = 14 + 5x 

 1

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

285
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Part (b) [10%] 

Determine the standard error (std. err.) and 95% confidence intervals for the estimates of β0 and 
β1. Are both parameters significant to 95% confidence or better? Should you include both terms 
in the model? 

ANSWER: First, we need an estimate of the underlying pure error. The residuals for runs 1 
through 6 are -1, -1, 0, 0, +1, +1, giving a SSE = 4, with degrees of freedom = 4. So the MSE is 
4/4 = 1. That is to say, our estimate for σ2

E is 1. With this error estimate, we can now estimate 
the variance for both the constant and slop terms. For the constant term, 
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Thus the standard error for each estimate is 408.0
6
1err. std. == . Finally, we can formulate the 

95% confidence intervals using the t distribution with 4 degrees of freedom (4 since we have a 
pooled estimate of variance using two different x levels): 776.24,025.0,2/ == tt να , so that the 
confidence intervals are at 13.1)408.0(776.2 ±=±  around the point estimates, i.e.: 

13.1140 ±=β  or 13.1587.12 0 ≤≤ β   and 

13.151 ±=β  or 13.687.3 0 ≤≤ β   . 

 

 
Part (c) [5%] 

Following good practice, we next examine the residuals (differences between the model 
prediction values and measured values, for our data). In particular, we consider the residuals as a 
function of run order. What pattern in the residuals raises a concern? What modifications might 
you suggest to the experimental design or analysis in light of this? 

ANSWER: Reviewing the residuals in time order, we see they go as -1, -1, 0, 0, +1, +1, 
suggesting that there may be a systematic drift in time of the experiment. The design of 
experiments was constructed in such a way that this possibility is “blocked” against: by 
alternating between the low and high input values, we do not confound a temporal drift with the 
main effect or dependence on the input value x. Thus, a systematic time drift, if present, is turned 
into a “noise” factor (and may, indeed, be entirely responsible for our observed residuals). 
However, we might want to explore this more carefully with an extended experimental design. 
For example, we might do multiple replicates at a center point, perhaps in sequence, to see if 
there is additional evidence of a temporal drift. In the analysis, if we are confident that time is 
indeed a significant factor, then we might include it in the model (or estimate the magnitude of 
the drift and subtract it from our data, before fitting to the controllable input parameter x). 
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Part (d) [10%] 

Setting aside any reservations about the existing experimental design or the model, we next 
consider using the model to predict some values, for further experimentation and optimization.  

(i) We are interested in how well the model predicts outputs, at different values for x. 
Derive a formula for the standard error ( ys ˆ ) in the output estimate iŷ  as a function of 
the input value xi. 

ANSWER: We can use the formulas for a mean-centered model from lecture. Or re-deriving: 
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(ii) Next, we consider a prediction at possible center point in the input space. Provide a 
95% confidence interval prediction for the output value at the design space center 
point, i.e., give the point estimate and 95% confidence interval bounds for )0(ˆ =xy .  

ANSWER: With the standard error in hand for y as a function of x, we combine this with the t 
distribution to generate a confidence interval with the desired level of confidence: 

2
ˆ,2/ 1)408.0(77.2)()(ˆ interval  conf. iiyii xxystxyy +±=⋅±= να  

So for xi  = 0, we have 13.11401)408.0(77.214ˆ ±=+±=iy  consistent with our previously 
derived estimate for the mean. 
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(iii) Finally, we also consider an extrapolation of the model beyond the original range of 
experimentation. Provide a 95% confidence interval prediction for the output value at 
x equal to 3 (in normalized units), i.e., give the point estimate and 95% confidence 
interval bounds for ).3(ˆ =xy  Comment on the confidence in model outputs as a 
function of how far we are extrapolating from our experimental region. 

ANSWER: Using the formula derived above, for xi  = 3, we have 
57.3291013.12931)408.0(77.2)514(ˆ 2 ±=⋅±=+±⋅+= ii xy  . Thus, we see that the 

confidence interval widens considerably (from ±1.13 to ±3.57) when we extrapolate from the 
central region of our experiment. We should be very cautious in using extrapolated values, for 
example in driving toward an optimal point, outside our region of data. 

 

 

Part (e) [10%] 

We now perform one additional experimental run to augment Table 1. Setting the input x to 0, 
the output y is experimentally observed to be equal to 7. Based on this, perform and discuss a 
lack of fit analysis. To 95% confidence or better, does the model from part (a) show evidence of 
lack of fit? 

ANSWER: The lack of fit analysis can be done efficiently, based on the work we have already 
done. From the linear model, we see that the prediction error is (14-7) = 7, for a sum of squared 
deviation of 49 or MSL = 49/1 = 49. We compare this to the pure replicate mean square error 
(previously derived) of MSE = 1. The F ratio is thus 49, which is much larger than F1,4,0.05 = 7.71, 
providing ample evidence that the linear model is a poor fit to the data. 

An even faster way is to recognize that the observed value y = 7 is outside the 95% c.i. calculated 
in part d(ii), and is thus evidence of lack of fit at the confidence level. 

 

 

Part (f) [5%] 

Fit a new model, including the center point data point (x=0, y=7). I.e., find 0α , 1α , and 2α  for a 
model of the form . For this part, point estimates are sufficient. Note: it is 
possible to identify model coefficients by inspection, graphical, or other simplified means; full-
scale set up and solution of regression equations is not necessary. 

2
210 xxy ⋅+⋅+= ααα

ANSWER: Our 0α  term is simply the observed value when x = 0, or 70 =α . The same linear 
term will be estimated, since the addition of the quadratic term cannot change this value; thus 

51 =α . Finally, we can plug in for the observed mean at x = -1 to get 
 so )1(575 22 αα +−+ xx79 += 2 = 72 =α .
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Problem 2 [20%] 

Consider the random-access memory chip shown below, having R rows and C columns: 

 

We are interested in investigating the defect tolerance of the memory array. Small particles 
(which may be regarded as causing point defects) land on the memory chip during fabrication, 
with a per-area density of D0. Particles landing on the datapath, row decoder or control logic do 
not cause faults (these circuits are very robustly designed), but when a defect lands on one of the 
memory cells, each cell having an area A, the entire row and the entire column of cells in which 
the afflicted cell sits are rendered inoperative.  

Assume that the spatial density of defects is very tightly distributed, so that we can write the 
proportion of memory cells not hit by a particle during fabrication as Y = exp(–AD0).   

 

Part (a) [3%] 

Write down an expression in terms of Y, R, and C for the number, F, of individual memory cells 
hit by particles during fabrication.  

 

F = (1–Y)RC 

 

 

Array of memory cells 
(R rows × C columns) R

ow
 d

ec
od

er
 (R

 ro
w

s)
  

Defect here kills its 
whole row and column 

Datapath (C columns) Control logic 
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Part (b) [10%] 

Write down expressions in terms of Y, R and C for (i) the proportion of columns that are 
operative after fabrication, and (ii) the proportion of rows operative. 

 

(i) (C–F)/C      or simply (better) YR 

(ii) (R–F)/R      or simply (better) YC 

where F = (1–Y)RC 

The first expression in each of (i) and (ii) above assumes that two defects occupy a given row or 
column.  
 

Part (c) [7%] 

Write down an expression in terms of Y, R and C for the overall proportion, P, of memory cells 
that is available for use after fabrication.  

Take the product of (i) and (ii) above: 

P = 1 – (1–Y)(R+C) + (1–Y)2RC: this assumes that no two defects occupy a given row or 
column, an assumption that appears invalid below Y ≈ 0.99. 

Or simply YR+C. 
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Part (d) [optional; for up to 5 bonus percentage points] 

Show that the proportion of usable memory cells is maximized when the memory array is square. 

 

RC must be constant for a memory array of a given designed capacity (assume that the design 
does not attempt to compensate for the anticipated yield). Y is fixed for the given memory cell 
design and fabrication process. The aspect ratio (R/C) is the only thing that can change. 
Therefore we must maximize P above by varying R/C. 

Let RC = N 
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Check that P is actually maximized (not minimized) by this solution: 
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So the solution does give a maximum of P. Therefore the optimal array is square, as required. 

A similar derivation is possible if the memory cell yield is YR+C: yield is maximized for minimal 
R+C: implies R = C.
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Problem 3 [35%] 

Part (a) [20%] 

Measurements are made of the threshold voltages of MOSFET devices at three randomly chosen 
locations on each of three wafers themselves chosen randomly from a lot. The deviations of the 
measured threshold voltages from their target value are shown below. Complete the nested 
variance analysis. Cells requiring a value to be inserted have a thick border. Some calculations 
have already been done for you. 

 

Wafer # Site # Threshold voltage 
deviation (mV) 

Wafer 
average 

(mV) 

Squared 
deviations of 

point from 
grand ave. 

(mV2) 

Squared 
deviations of 

wafer ave. 
from grand 
ave. (mV2) 

Squared 
deviations 

of point 
from wafer 
ave. (mV2) 

1 1 1  1  1 
1 2 2  0  0 
1 3 3 2 1 0 1 
2 1 2  0  0 
2 2 2  0  0 
2 3 2 2 0 0 0 
3 1 4  4  4 
3 2 0  4  4 
3 3 2 2 0 0 0 

       
  Grand average: 2    
      
   SS_D 10   
   SS_W  0  
   SS_E   10 
       

ANOVA (in mV2) 
Source Degrees of Freedom SS MS F0 Fcrit (5% level) 

WAFER W-1 = 2 0 0 0 5.14 

ERROR W(M-1) = 6 10 1.67 N/A N/A 

C TOTAL WM-1 = 8 10 1.25 N/A N/A 

   
VARIANCE COMPONENTS (in mV2) 

Variation source MS # data in SS Observed 
variance 

Estimated 
variance 

ERROR (site-to-site) 1.67 1 1.67 1.67 

WAFER (wafer-to-wafer) 0 M = 3 0 0 

TOTAL 1.25 1 1.25 1.67 
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Part (b) [5%] 

What do you conclude from the nested variance analysis above? 

F0 < Fcrit, so there is no evidence of wafer-to-wafer variation. All variation appears to be die-to-
die, or in the measurements 

 
 
 
 
Part (c) [10%] 

Now you are given threshold voltage deviation data from the same process, but this time taken 
from nine separate wafers. From each wafer one measurement is taken at one of three specified 
(not randomly chosen) locations. The objective is to check for evidence of any systematic (fixed) 
relationship between threshold voltage deviation and position on the wafer. Complete the 
ANOVA below.  

 
Location 1 

Location 2 

Location 3 

 
Typical wafer (one location 
measured per wafer)  

 

 

Wafer # 

Site 
(location 
on wafer) 

Threshold 
voltage 

deviation (mV) 
Per-location 
average (mV) 

1 1 1 
2 1 2 
3 1 4 

7/3 

4 2 2 
5 2 2 
6 2 0 

4/3 

7 3 3 
8 3 2 
9 3 2 

7/3 

  grand average: 2 
       

Source of variation Sum of 
squares 

Degrees of 
freedom 

Mean 
square F0 Fcrit (5% level) 

Between groups 2 2 1 0.75 5.14 

Within groups 8 6 4/3 N/A N/A 

Total 10 8 N/A N/A N/A 
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 10

Part (c), cont’d. 

Is there evidence at the 95% confidence level of a significant systematic dependence of threshold 
voltage on site location? 

F0 < Fcrit, so there is no evidence at the 95% significance level of a systematic dependence of 
threshold voltage on site location. 
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