
 “Non-Linear Systems”.  

 

 In Section 1 of this course you will cover these topics: 

      Introduction  

      Phase Plane Analysis  

 

 

Topic : Introduction 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Nonlinear control 

 Explain Properties of nonlinear systems 

 Explain Analysis and control of nonlinear systems 

 Explain Nonlinear feedback analysis The Lur'e problem 

 Explain Absolute stability problem 

 Explain Popov criterion 

 Explain Theoretical Results in Nonlinear Control 

  

  

Definition/Overview: 

Linear control methods: Linear control methods rely on the key assumption of a small range 

operation for the linear model to be valid. 

When the required operation range is large, a linear controller is likely to perform very poorly or 

to be unstable, because the nonlinearities in the system cannot be properly compensated for. 
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Nonlinear controllers: Nonlinear controllers may handle the nonlinearities in a large range 

operation directly. 

In designing linear controllers, it is usually necessary to assume that the parameters of the system 

model are reasonably well known. 

Nonlinearities can be intentionally introduced into the control part of a control system so that 

model uncertainties can be tolerated. 

Two classes of nonlinear controllers are robust controllers and adaptive controllers. 

Good nonlinear control designs may be simpler and more intuitive than their linear counterparts. 

  

  

Key Points: 

1.      Nonlinear control 

Nonlinear control is the area of control engineering specifically involved with systems that are 

nonlinear, time-variant, or both. Many well-established analysis and design techniques exist for 

LTI systems (e.g., root-locus, Bode plot, Nyquist criterion, state-feedback, pole placement); 

however, one or both of the controller and the system under control in a general control system 

may not be an LTI system, and so these methods cannot necessarily be applied directly. 

Nonlinear control theory studies how to apply existing linear methods to these more general 

control systems. Additionally, it provides novel control methods that cannot be analyzed using 

LTI system theory. Even when LTI system theory can be used for the analysis and design of a 

controller, a nonlinear controller can have attractive characteristics (e.g., simpler 

implementation, increased speed, or decreased control energy); however, nonlinear control 

theory usually requires more rigorous mathematical analysis to justify its conclusions. 
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2.      Properties of nonlinear systems 

Some properties of nonlinear dynamic systems are: 

 They do not follow the principle of superposition (linearity and homogeneity). 

 They may have multiple isolated equilibrium points. 

 They may exhibit properties such as limit-cycle, bifurcation, chaos. 

 Finite escape time: Solutions of nonlinear systems may not exist for all times. 

  

3.      Analysis and control of nonlinear systems 

There are several well-developed techniques for analyzing nonlinear feedback systems: 

 Describing function method 

 Phase plane method 

 Lyapunov stability analysis 

 Singular perturbation method 

 Popov criterion  

 Center manifold theorem 

 Small-gain theorem 

 Passivity analysis 

Control design techniques for nonlinear systems also exist. These can be subdivided into 

techniques which attempt to treat the system as a linear system in a limited range of operation 

and use (well-known) linear design techniques for each region: 

 Gain scheduling 

Those that attempt to introduce auxiliary nonlinear feedback in such a way that the system can be 

treated as linear for purposes of control design: 

 Feedback linearization 
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And Lyapunov based methods: 

 Lyapunov redesign 

 Nonlinear damping 

 Back-stepping 

 Sliding mode control 

  

4.      Nonlinear feedback analysis The Lur'e problem 

An early nonlinear feedback system analysis problem was formulated by A. I. Lur'e. Control 

systems described by the Lur'e problem have a forward path that is linear and time-invariant, and 

a feedback path that contains a memory-less, possibly time-varying, static nonlinearity. 

 

  

The linear part can be characterized by four matrices (A,B,C,D), while the nonlinear part is Φ(y) 

with (a sector nonlinearity). 

 

5.      Absolute stability problem 

Consider: 

 (A,B) is controllable and (C,A) is observable 

 Two real numbers a, b with a<b, defining a sector for function Φ 

The problem is to derive conditions involving only the transfer matrix H(s) and {a,b} such that 

x=0 is a globally uniformly asymptotically stable equilibrium of the system. This is known as the 

Lur'e problem. 

There are two main theorems concerning the problem: 
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 The Circle criterion 

 The Popov criterion. 

  

6.      Popov criterion 

The sub-class of Lur'e systems studied by Popov is described by: 

 

 

Where x R
n
, ξ,u,y are scalars and A,b,c,d have commensurate dimensions. The nonlinear 

element Φ: R → R is a time-invariant nonlinearity belonging to open sector (0, ∞). This means 

that 

Φ(0) = 0, y Φ(y) > 0,  y ≠ 0; 

The transfer function from u to y is given by 

 

Theorem: Consider the system (1)-(2) and suppose 

 A is Hurwitz 

 (A,b) is controllable 

 (A,c) is observable 

 d>0 and 

 Φ  (0,∞) 

then the system is globally asymptotically stable if there exists a number r>0 such that 

infω  R Re[(1+jωr)h(jω)] > 0 . 

Things to be noted: 

 The Popov criterion is applicable only to autonomous systems 

 The system studied by Popov has a pole at the origin and there is no direct pass-through 

from input to output 
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 The nonlinearity Φ must satisfy an open sector condition 

  

7.      Theoretical Results in Nonlinear Control 

The Frobenius theorem is a deep result in Differential Geometry. When applied to Nonlinear 

Control, it says the following: Given a system of the form 

 

Where fi are vector fields belonging to a distribution Δ and u(t) are control functions, the integral 

curves of x are restricted to a manifold of dimension m if span(Δ) = m and Δ is an involutive 

distribution. 

 

 

Topic : Phase Plane Analysis 

 

Topic Objective: 

At the end of this topic student would be able to: 

At the end of this topic student would be able to: 

 Explain Phase-Plane Analysis 

 Explain  with Examples 

 Explain Phase-plane analysis for non-linear systems 

 Explain Types of bifurcations 
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Definition/Overview: 

Phase plane analysis: Phase plane analysis is a graphical method for studying second-order 

systems. 

Geometrically, the state space of this system is a plane having x1, x2 as coordinates. This plane 

is termed as phase plane. 

The nature of the system response corresponding to various initial conditions is directly 

displayed on the phase plane. 

The system trajectories neither converge to the origin nor diverge to infinity. They simply circle 

around the origin, indicating the marginal nature of the systems stability. 

A singular point is an equilibrium point in the phase plane. 

There are two techniques for generating phase plane portraits analytically. 

Most nonlinear systems can be easily solved by either of the two techniques analytical method 

and mass spring system 

The vertical axis represents a switching line, because the control input and thus the phase 

trajectories are switched on that line. 

Starting from a nonzero initial angle, the satellite will oscillate in periodic motions under the 

action of the jets. 
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Key Points: 

1.      Phase-Plane Analysis 

Phase plane analysis is one of the most important techniques for studying the behavior of 

nonlinear systems, since there is usually no analytical solution for a non-linear system. It is 

obviously important to understand phase-plane analysis for linear systems before covering 

nonlinear systems. 

Phase-plane analysis of nonlinear systems provides an understanding of which steady-state, in 

multiple steady-state solutions of a nonlinear system, that a particular set of initial conditions 

will converge to or diverge from. 

  

2.      Examples 

Example 1. A stable Equilibrium Point (Node sink) 

Consider the system of equations: 

              

The solution to the above set of the equation is: 

             

Where,  are the initial conditions for . A phase-plane of this system is 

given in the following figure 1: 

Notice that the solutions converge to (0,0) for all initial conditions. The point (0,0) is called a 

stable node. 
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Example 2. Saddle point 

Consider the system of equations: 

             

The solution to the above equation is: 

             

The phase-plane plot is shown in figure 2: 

  

The  axis represents a stable subspace and the  axis represents an unstable subspace for this 

system. The above figure shows the idea of separatices. A saparatrix is a line in the phase-plane 

that is not crossed by any trajectory. The eigen vectors are the separatices in the general case.  

Another saddle problem is given by the following system: 

              

The Jacobian matrix is and the eigenvalues are: =-1.5616,   =2.5616. and the two eigen 

vectors are: 

             

  

The time domain solution is: 

         (1) 
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Recall that the solution becomes , if x(0)= .  The separatices in the figure clearly 

define the phase-plane behavior. 

Example 3. Spiral Source 

Consider the system equations:   

The eigenvalues are . The system is unstable because the eigenvalues have positive real 

parts. 

  

Example 4.  Center 

Consider the system equations:   

The eigenvalues are . 

 

            ;   

             

The eigenvalues of the system arefound by solving the characteristic equation: 

             

   

The behaviors of the system depend on: 

            (1)   Sinks:     Re( )<0  and  Re( )<0 
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            (2)   Saddles:   Re( )<0  and  Re( )>0   

            (3)        Sources:    Re( )>0  and  Re( )>0 

            (4)   Spirals:     and  are complex conjugates.  stable, 

                                                            if   unstable 

The phase-plane behaviors are summarized in figure 6: 

  

3.      Phase-plane analysis for non-linear systems 

Consider the flowing nonlinear system: 

                     

  The nonlinear system has two steady state solutions: 

 

  The linearized Jacobian matrix:  

  According to S1, we have, thus, S1 a saddle. 

  On the other hand, S2 gives, so, S2 is a stable node 

  The phase-plane of these two linearized systems are given in the following figures: 
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Bifurcation point of a nonlinear system, , is the point where both  and 

 are zero, i.e.: 

                     

and,  

Notice that =0 means steady-state solution. And =0 means AX=0 X=0. In 

other words, the system has at least one zero eigenvalue. Since the stability of the equilibrium 

point depends on the corresponding eigenvalues of A,  

existence of zero eigenvalue means is at the margin of stability. Change of  may result in 

changes of eigenvalue from sources to sinks or from sinks to sources. As a result, such value of 

 is called a birfurcation point. 

  

4.     Types of bifurcations 

Example 1. Pitchfork Bifurcation 

             

The equilibrium point satisfies: , the solutions are: 

            The Jacobian is: =0   

Since the Jacobian is a scalar, the eigenvalue is equal to this Jacobian: 
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            Note: 

             

   1. <0,    The only real  that satisfies  is . So, 

                                                              

    , the system is stable for all      <0. 

   2. >0,          There are three solutions for ,  

                                      (a). When =0, >0  the system is unstable. 

                                      (b). When  

                               system is stable. 

                                      (c). When ,  

                               system is stable. 

A birfurcation plot is to plot  vs  and indicate each branch of the plot with its stability. 

Notice that the change in the number of  and the type of dynamic behavior occurred at the 

bifurcation point ( i.e. = 0 in this case). The plot is given in the following figure: 
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Example 2. Saddle-Node Bifurcation: 

Consider: ;  

the equilibrium point satisfies:  

The two solutions are:  and  

The Jacobian is: , the bifurcation conditions are satisfied for: 

. 

            (1)     There, is no real solution. 

            (2)     Two solutions for , one is stable and the other is unstable. 

 The bifurcation diagram is as follows: 

 

 

In Section 2 of this course you will cover these topics: 

      Fundamentals Of Lyapunov Theory  

      Advanced Stability Theory 

 

Topic : Fundamentals Of Lyapunov Theory 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Basic Lyapunov theory 
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 Explain Lyapunov stability 

 Explain Definition for continuous-time systems 

 Explain Definition for iterated systems 

 Explain Lyapunov stability theorems 

 Explain Lyapunov second theorem on stability 

 Explain Stability for linear state space models 

 Explain Stability for systems with inputs 

 Explain  with Example 

 Explain Barbalat's lemma and stability of time-varying systems 

  

  

Definition/Overview: 

Lyapunov functions Lyapunov functions by definition functions which prove the stability of a 

certain fixed point in a dynamical system or autonomous differential equation. 

For dynamical systems (e.g. physical systems), conservation laws can often be used to construct 

a Lyapunov-candidate-function. 

Basic Lyapunov Theorems for autonomous systems are a sufficient, but not necessary tool to 

prove the stability of equilibrium. 

The stability of fixed points of non-linear autonomous differential equations can be analyzed by 

linearisation of the system if the associated vector field is sufficiently smooth. 

There are basically two ways of using Lyapunovs direct method for control design. 

In mathematics, stability theory deals with the stability of solutions (or sets of solutions) of 

differential equations and dynamical systems. 
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Key Points: 

1.      Basic Lyapunov theory 

 stability 

 positive definite functions 

 global Lyapunov stability theorems 

 Lasalles theorem 

 converse Lyapunov theorems 

 finding Lyapunov functions 

  

2.      Lyapunov stability 

In mathematics, the notion of Lyapunov stability occurs in the study of dynamical systems. In 

simple terms, if all solutions of the dynamical system that start out near an equilibrium point xe 

stay near xe forever, then xe is Lyapunov stable. More strongly, if all solutions that start out near 

xe converge to xe, then xe is asymptotically stable. The notion of exponential stability guarantees 

a minimal rate of decay, i.e., an estimate of how quickly the solutions converge. The idea of 

Lyapunov stability can be extended to infinite-dimensional manifolds, where it is known as 

structural stability, which concerns the behaviour of different but "nearby" solutions to 

differential equations. Input-to-state stability (ISS) applies Lyapunov notions to systems with 

inputs. 
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3.      Definition for continuous-time systems 

Consider an autonomous nonlinear dynamical system 

, 

where denotes the system state vector, an open set containing the origin, 

and continuous on . Without loss of generality, we may assume that the origin 

is equilibrium. 

 The origin of the above system is said to be Lyapunov stable, if, for every ε > 0, there 

exists a δ = δ(ε) > 0 such that, if , then , for every . 

 The origin of the above system is said to be asymptotically stable if it is Lyapunov stable 

and if there exists δ > 0 such that if , then . 

 The origin of the above system is said to be exponentially stable if it is asymptotically 

stable and if there exist α,β,δ > 0 such that if , then 

, for . 

Conceptually, the meanings of the above terms are the following: 

 Lyapunov stability of equilibrium means that solutions starting "close enough" to the 

equilibrium (within a distance δ from it) remain "close enough" forever (within a distance 

ε from it). Note that this must be true for any ε that one may want to choose. 

 Asymptotic stability means that solutions that start close enough not only remain close 

enough but also eventually converge to the equilibrium. 

 Exponential stability means that solutions not only converge, but in fact converge faster 

than or at least as fast as a particular known rate . 

The trajectory x is (locally) attractive if 
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For for all trajectories that start close enough, and globally attractive if this property 

holds for all trajectories. 

That is, if x belongs to the interior of its stable manifold. It is asymptotically stable if it is both 

attractive and stable. (There are counterexamples showing that attractivity does not imply 

asymptotic stability. Such examples are easy to create using homoclinic connections.) 

  

4.      Definition for iterated systems 

The definition for discrete-time systems is almost identical to that for continuous-time systems. 

The definition below provides this, using an alternate language commonly used in more 

mathematical texts. 

Let (X,d) be a metric space and a continuous function. A point is said to be 

Lyapunov stable, if, for each ε > 0, there is a δ > 0 such that for all , if 

d(x,y) < δ 

then 

d(f
n
(x),f

n
(y)) < ε 

for all . 

We say that x is asymptotically stable if it belongs to the interior of its stable set, i.e. if there is a 

δ > 0 such that 

 

Whenever d(x,y) < δ. 

  

5.      Lyapunov stability theorems 

The general study of the stability of solutions of differential equations is known as stability 

theory. Lyapunov stability theorems give only sufficient condition. 
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6.      Lyapunov second theorem on stability 

Consider a function V(x) : R
n
 → R such that 

 with equality if and only if x = 0 (positive definite) 

 (negative definite) 

Then V(x) is called a Lyapunov function candidate and the system is asymptotically stable in the 

sense of Lyapunov (i.s.L.). (Note that V(0) = 0 is required; otherwise V(x) = 1 / (1 + | x | ) would 

"prove" that is locally stable. An additional condition called "properness" or "radial 

unboundedness" is required in order to conclude global asymptotic stability.) 

It is easier to visualise this method of analysis by thinking of a physical system (e.g. vibrating 

spring and mass) and considering the energy of such a system. If the system loses energy over 

time and the energy is never restored then eventually the system must grind to a stop and reach 

some final resting state. This final state is called the attractor. However, finding a function that 

gives the precise energy of a physical system can be difficult, and for abstract mathematical 

systems, economic systems or biological systems, the concept of energy may not be applicable. 

Lyapunov's realisation was that stability can be proven without requiring knowledge of the true 

physical energy, providing a Lyapunov function can be found to satisfy the above constraints. 

  

7.      Stability for linear state space models 

A linear state space model 

 

is asymptotically stable (in fact, exponentially stable) if 

A
T
M + MA + N = 0 

Has a solution where N = N
T
 > 0 and M = M

T
 > 0 (positive definite matrices). (The relevant 

Lyapunov function is V(x) = x
T
Mx.) 
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8.      Stability for systems with inputs 

A system with inputs (or controls) has the form 

 

Where the (generally time-dependent) input u(t) may be viewed as a control, external input, 

stimulus, disturbance, or forcing function. The study of such systems is the subject of control 

theory and applied in control engineering. For systems with inputs, one must quantify the effect 

of inputs on the stability of the system. The main two approaches to this analysis are BIBO 

stability (for linear systems) and input-to-state (ISS) stability (for nonlinear systems) 

  

9.      Example 

Consider an equation, where compared to the Van der Pol oscillator equation the friction term is 

changed: 

 

The equilibrium is at : . 

Here is a good example of an unsuccessful try to find a Lyapunov function that proves stability: 

Let 

 

so that the corresponding system is 

 

Let us choose as a Lyapunov function 
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Which is clearly positive definite. Its derivative is 

 

 

It seems that ff the parameter ε is positive, stability is asymptotic for But this is wrong, 

since does not depend on x1, and will be 0 everywhere on the x1 axis. 

  

10.  Barbalat's lemma and stability of time-varying systems 

Assume that f is the function of time only. 

 Having does not imply that f(t) has a limit at  

 Having f(t) approaching a limit as does not imply that . 

 Having f(t) lower bounded and decreasing ( ) implies it converges to a limit. But it 

does not say whether or not as . 

Barbalat's Lemma says 

If f(t) has a finite limit as and if is uniformly continuous (or is bounded), then 

as . 

Usually, it is difficult to analyze the asymptotic stability of time-varying systems because it is 

very difficult to find Lyapunov functions with a negative definite derivative. 

We know that in case of autonomous (time-invariant) systems, if is negative semi-definite 

(NSD), then also, it is possible to know the asymptotic behaviour by invoking invariant-set 
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theorems. However, this flexibility is not available for time-varying systems. This is where 

"Barbalat's lemma" comes into the picture. It says: 

IF V(x,t) satisfies following conditions:  

 V(x,t) is lower bounded 

 is negative semi-definite (NSD) 

 is uniformly continuous in time (satisfied if is finite) 

then as . 

The following example is taken from page 125 of Slotine and Li's book Applied Nonlinear 

Control. 

Consider a non-autonomous system 

 

 

This is non-autonomous because the input w is a function of time. Assume that the input w(t) is 

bounded. 

Taking V = e
2
 + g

2
 gives  

This says that V(t) < = V(0) by first two conditions and hence e and g are bounded. But it does 

not say anything about the convergence of e to zero. Moreover, the invariant set theorem cannot 

be applied, because the dynamics is non-autonomous. 

Using Barbalat's lemma: 

. 

This is bounded because e, g and w are bounded. This implies as and hence . This proves 

that the error converges. 
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Topic : Advanced Stability Theory 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Definition of Stability Theory 

 Explain Stability of fixed points 

  

  

Definition/Overview: 

Stability Theory: In mathematics, stability theory deals with the stability of solutions (or sets of 

solutions) for differential equations and dynamical systems. 

  

  

Key Points: 

1.      Definition of Stability Theory 

Let (R, X, Φ) be a real dynamical system with R the real numbers, X a locally compact 

Hausdorff space and Φ the evolution function. For a Φ-invariant, non-empty and closed subset M 

of X we call 
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the basin of attraction. 

We call M ω-(α-)attractive or ω-(α-)attractor if Aω(M) (Aα(M)) is a neighborhood of M and 

attractive or attractor if A(M) is a neighborhood of M. 

If additionally M is compact we call M ω-stable if for any neighborhood U of M there exists a 

neighbourhood V ⊂ U such that 

 

and we call M α-stable if for any neighborhood U of M there exists a neighbourhood V ⊂ U such 

that 

 

M is called asymptotically ω-stable if M is ω-stable and ω-attractive and asymptotically α-stable 

if M is α-stable and α-attractive. 

Notes 

Alternatively ω-stable is called stable, not ω-stable is called unstable, ω-attractive is called 

attractive and α-attractive is called repellent. 

If the set M is compact, as for example in the case of fixed points or periodic orbits, the 

definition of the basin of attraction simplifies to 

 

meaning for every neighbourhood U of M there exists a tU such that 

 

  

2.      Stability of fixed points 

2.1 Linear autonomous systems 

The stability of fixed points of linear autonomous differential equations can be analyzed 

using the eigenvalues of the corresponding linear transformation. 
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Given a linear vector field 

 

in R
n
 then the null vector is 

         Asymptotically ω-stable if and only if for all eigenvalues λ of A: Re( λ) < 0 

         Asymptotically α-stable if and only if for all eigenvalues λ of A: Re( λ) > 0 

         unstable if there exists one eigenvalue λ of A with Re( λ) > 0 

The eigenvalues of a linear transformation are the roots of the characteristic polynomial 

of the corresponding matrix. A polynomial over 'R in one variable is called a Hurwitz 

polynomial if the real part of all roots are negative. The Routh-Hurwitz stability criterion 

is a necessary and sufficient condition for a polynomial to be a Hurwitz polynomial and 

thus can be used to decide if the null vector for a given linear autonomous differential 

equation is asymptotically ω-stable. 

2.2  Non-linear autonomous systems 

The stability of fixed points of non-linear autonomous differential equations can be 

analyzed by linearisation of the system if the associated vector field is sufficiently 

smooth. 

Given a C
1
-vector field 

 

In R
n
 with fixed point p and let J(F) denote the Jacobian matrix of F at point p, then p is 

         asymptotically ω-stable if and only if for all eigenvalues λ of J(F) : Re( λ) < 0 

         asymptotically α-stable if and only if for all eigenvalues λ of J(F) : Re( λ) > 0 
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2.3 Lyapunov function for general dynamical systems 

In physical systems, it is often possible to use energy conservation laws to analyze the 

stability of fixed points. A Lyapunov function is a generalization of this concept; the 

existence of such a function can be used to prove the stability of a fixed point. Lyapunov 

stability generalizes the other forms of stability described here. 

 

 

 In Section 3 of this course you will cover these topics: 

      Describing Function Analysis  

      Feedback Linearization  

 

 

Topic : Describing Function Analysis 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain the Functional analysis 

 Explain Describing function 

 Explain Normed vector spaces 

 Explain Hilbert spaces 

 Explain Banach spaces 

 Explain Major and foundational results 

 Explain Foundations of mathematics considerations 

 Explain Points of view 
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Definition/Overview: 

Functional analysis: Functional analysis is the branch of mathematics, and specifically of 

analysis, concerned with the study of vector spaces and operators acting upon them. 

Functional Analysis is used in general with mathematician and physicist Vito Volterra and its 

founding is largely attributed to mathematician Stefan Banach. 

  

  

Key Points: 

3.      Functional analysis 

Complete normed vector spaces are called Banach spaces 

In Banach spaces, a large part of the study involves the dual space: the space of all continuous 

linear functionals. 

The dual of the dual is not always isomorphic to the original space, but there is always a natural 

monomorphism from a space into its dual's dual. 

The uniform boundedness principle (also known as Banach-Steinhaus theorem) applies to sets of 

operators with tight bounds. 

One of the spectral theorems (there are indeed more than one) gives an integral formula for the 

normal operators on a Hilbert space. This theorem is of central importance for the mathematical 

formulation of quantum mechanics. 

The Hahn-Banach theorem extends functionals from a subspace to the full space, in a norm-

preserving fashion. An implication is the non-triviality of dual spaces. 
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4.      Describing function 

The Describing function method of Krylov and Bogolyubov is an approximate procedure for 

analyzing nonlinear control problems. It is based on quasi-linearization, that is the approximation 

of the non-linear system under investigation by a system that is linear except for dependence on 

the amplitude of the input waveform. This quasi-linearization must be carried out for a specific 

family of input waveforms. 

One choice might be to describe the system response to the family of sine wave inputs; in this 

case the system would be characterized by an SIDF or sine input describing function 

giving the system response to an input consisting of a sine wave of amplitude A and 

frequency ω. This SIDF is a generalization of the transfer function H(jω) used to characterize 

linear systems. In a quasi-linear system when the input is a sine wave, the output will be a sine 

wave of the same frequency but with different amplitude and phase as given by . 

Many systems are approximately quasi-linear in the sense that although the response to a sine 

wave is not a pure sine wave, most of energy in the output is indeed at the same frequency ω as 

the input. This is because such systems may possess intrinsic low-pass or band-pass 

characteristics such that harmonics are naturally attenuated, or because external filters are added 

for this purpose. An important application of the SIDF technique is to estimate the oscillation 

amplitude in sinusoidal electronic oscillators. 

Other types of describing functions that have been used are DFs for level inputs and for Gaussian 

noise inputs. While not a complete description of the system, the DFs often suffice to answer 

specific questions about control and stability. DF methods are best for analyzing systems with 

relatively weak nonlinearities, such as saturation or dead-band effects. 

  

5.      Normed vector spaces 

In the modern view, functional analysis is seen as the study of complete normed vector spaces 

over the real or complex numbers. Such spaces are called Banach spaces. An important example 

is a Hilbert space, where the norm arises from an inner product. These spaces are of fundamental 

importance in many areas, including the mathematical formulation of quantum mechanics. More 
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generally, functional analysis includes the study of Frchet spaces and other topological vector 

spaces not endowed with a norm. 

An important object of study in functional analysis is the continuous linear operators defined on 

Banach and Hilbert spaces. These lead naturally to the definition of C*-algebras and other 

operator algebras. 

  

6.      Hilbert spaces 

Hilbert spaces can be completely classified: there is a unique Hilbert space up to isomorphism 

for every cardinality of the base. Since finite-dimensional Hilbert spaces are fully understood in 

linear algebra, and since morphisms of Hilbert spaces can always be divided into morphisms of 

spaces with Aleph-null (ℵ0) dimensionality, functional analysis of Hilbert spaces mostly deals 

with the unique Hilbert space of dimensionality Aleph-null, and its morphisms. One of the open 

problems in functional analysis is to prove that every operator on a Hilbert space has a proper 

invariant subspace. Many special cases have already been proven. 

  

7.      Banach spaces 

General Banach spaces are more complicated. There is no clear definition of what would 

constitute a base, for example. 

For any real number p ≥ 1, an example of a Banach space is given by "all Lebesgue-measurable 

functions whose absolute value's p-th power has finite integral" (see L
p
 spaces). 

In Banach spaces, a large part of the study involves the dual space: the space of all continuous 

linear functionals. The dual of the dual is not always isomorphic to the original space, but there 

is always a natural monomorphism from a space into its dual's dual. This is explained in the dual 

space article. 

Also, the notion of derivative can be extended to arbitrary functions between Banach spaces. 

See, for instance, the Frchet derivative article. 
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8.      Major and foundational results 

Important results of functional analysis include: 

 The uniform boundedness principle (also known as Banach-Steinhaus theorem) applies to 

sets of operators with uniform bounds. 

 One of the spectral theorems (there is indeed more than one) gives an integral formula for 

the normal operators on a Hilbert space. This theorem is of central importance for the 

mathematical formulation of quantum mechanics. 

 The Hahn-Banach theorem extends functionals from a subspace to the full space, in a 

norm-preserving fashion. An implication is the non-triviality of dual spaces. 

 The open mapping theorem and closed graph theorem. 

  

9.      Foundations of mathematics considerations 

Most spaces considered in functional analysis have infinite dimension. To show the existence of 

a vector space basis for such spaces may require Zorn's lemma. Many very important theorems 

require the Hahn-Banach theorem, usually proved using axiom of choice, although the strictly 

weaker Boolean prime ideal theorem suffices. 

  

10.  Points of view 

Functional analysis in its present form includes the following tendencies: 

 Soft analysis: An approach to analysis based on topological groups, topological rings, 

and topological vector spaces; 

 Geometry of Banach spaces: A combinatorial approach primarily due to Jean Bourgain; 

 Noncommutative geometry: Developed by Alain Connes, partly building on earlier 

notions, such as George Mackey's approach to ergodic theory; 

 Connection with quantum mechanics: Either narrowly defined as in mathematical 

physics, or broadly interpreted by, e.g. Israel Gelfand, to include most types of 

representation theory. 
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Topic : Feedback Linearization 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Feedback linearization 

 Explain Feedback Linearization of SISO Systems 

  

  

Definition/Overview: 

Feedback linearization: Feedback linearization is a common approach used in controlling 

nonlinear systems. 

  

  

Key Points: 

1.      Feedback linearization 

Feedback linearization involves coming up with a transformation of the nonlinear system into an 

equivalent linear system, through a change of variables and a suitable control input. 

Most physical systems are inherently nonlinear in nature. 

Nonlinear equations are difficult to solve and give rise to interesting phenomena such as chaos. 
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Problems involving nonlinear differential equations are extremely diverse, and methods of 

solution or analysis are very problem dependent. 

One of the greatest difficulties of nonlinear problems is that it is not generally possible to 

combine known solutions into new solutions. 

In linear problems, for example, a family of linearly independent solutions can be used to 

construct general solutions through the superposition principle. 

Dirichlet boundary conditions, the solution of which can be written as a time dependent linear 

combination of sinusoids of differing frequencies, this makes solutions very flexible. 

It is often possible to find several very specific solutions to nonlinear equations, however the 

lack of a superposition principle prevents the construction of new solutions. 

Feedback linearization is a common approach used in controlling nonlinear systems. The 

approach involves coming up with a transformation of the nonlinear system into an equivalent 

linear system, through a change of variables and a suitable control input. Feedback linearization 

may be applied to nonlinear systems of the following form: 

 

 

Where is the state vector, is the vector of inputs, and is the vector 

of outputs. The goal, then, is to develop a control input u that renders either the input-output map 

linear, or results in a linearization of the full state of the system. 

  

2.      Feedback Linearization of SISO Systems 

We first consider the case of feedback linearization of a single-input single-output (SISO) 

system. In this case, and . We wish to find a coordinate transformation z = T(x) 
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that transforms our system (1) into the so-called normal form. This transformation must be a 

diffeomorphism. Loosely speaking, a diffeomorphism is a function that is invertible, and both the 

function and its inverse are smooth. 

We require several tools before we can solve this problem. The first tool is the Lie derivative. 

Consider the time derivative of (2), which we can compute using the chain rule 

 

 

Now we can define the Lie derivative of h(x) with respect to f(x) as, 

 

And similarly, the Lie derivative of h(x) with respect to g(x) as, 

 

With this new notation, we may express as, 

 

Note that the notation of Lie derivatives is convenient when we take multiple derivatives with 

respect to either the same vector field, or a different one. For example 

 

 

Before we proceed with developing the feedback linearizing control law, we must also introduce 

the notion of relative degree. Our system given by (1) and (2) is said to have relative degree r at 

a point x0 if 
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in a neighbourhood of x0 and all k < r − 1 

 

Considering this definition of relative degree in light of the expression of the time derivative of 

the output y, we can consider the relative degree of our system (1) and (2) to be the number of 

times we have to differentiate the output y before the input u appears. For the discussion that 

follows, we will assume that the relative degree of the system is n. In this case, after 

differentiating the output n times we have 

Then, the state transformation may be expressed as, 

Taking derivatives of the states of the transformed system, we have, 

 

Now, choosing the control input u as, 

 

We end up with the following linearized system, which is effectively a bank of n integrators, 

We can choose v to be whatever we like, but note that choosing v as, 

 

This means that, with the appropriate choice of k, we can place the closed-loop poles of the 

linearized system anywhere we like. 

 

 

In Section 4 of this course you will cover these topics: 

      Sliding Control  
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      Basic Concepts In Adaptive Control 

 

 

Topic : Sliding Control 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Sliding Mode Control  

 Explain  Control scheme 

 Explain  Existence of closed-loop solutions 

 Explain  Theoretical foundation 

 Explain  Control design examples 

  

  

Definition/Overview: 

Control theory: Control theory is an interdisciplinary branch of engineering and mathematics 

that deals with the behavior of dynamical systems. 

When one or more output variables of a system need to follow a certain reference over time, a 

controller manipulates the inputs to a system to obtain the desired effect on the output of the 

system. 
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Key Points: 

1.      Sliding Mode Control  

In control theory, sliding mode control, or SMC, is a form of variable structure control (VSC). It 

is a nonlinear control method that alters the dynamics of a nonlinear system by application of a 

high-frequency switching control. The state-feedback control law is not a continuous function of 

time; it switches from one smooth condition to another. That is, the structure of the control law 

changes based on the position of the state trajectory; hence, sliding mode control is a variable 

structure control method because it switches from one smooth control law to another. The 

multiple control structures are designed so that trajectories always move toward a switching 

condition, and so the ultimate trajectory will not exist entirely within one control structure. 

Instead, the ultimate trajectory will slide along the boundaries of the control structures. The 

motion of the system as it slides along these boundaries is called a sliding mode. 

Intuitively, sliding mode control uses practically infinite gain to force the trajectories of a 

dynamic system to slide along the restricted sliding mode subspace. Trajectories from this 

reduced-order sliding mode have desirable properties (e.g., the system naturally slides along it 

until it comes to rest at desired equilibrium). The main strength of sliding mode control is its 

robustness. Because the control can be as simple as a switching between two states (e.g., 

"on"/"off" or "forward"/"reverse"), it need not be precise and will not be sensitive to parameter 

variations that enter into the control channel. Additionally, because the control law is not a 

continuous function, the sliding mode can be reached in finite time (i.e., better than asymptotic 

behavior). Sliding mode control is sometimes critiqued as being a blunt instrument when 

compared to other forms of nonlinear control that have more moderate control action.In 

particular, because actuators have delays and other imperfections, the hard sliding-mode-control 

action can lead to chatter, energy loss, plant damage, and excitation of unmodeled dynamics. 

Continuous control design methods are not as susceptible to these problems and can be made to 

mimic sliding-mode controllers. 
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2.      Control scheme 

Consider a nonlinear dynamical system described by 

 

Is an m-dimensional input vector that will be used for state feedback. The functions 

and are assumed to be continuous and 

sufficiently smooth so that the PicardLindelf theorem can be used to guarantee that the solution 

to Equation (1) exists and is unique. 

A common task is to design a state-feedback control law (i.e., a mapping from the 

current state at time t to the input ) to stabilize the dynamical system in Equation (1) 

around the origin . That is, under the control law, whenever the system is 

started away from the origin, it will return to it. For example, the component x1 of the state 

vector may represent the difference some output is away from a known signal (e.g., a desirable 

sinusoidal signal); if the control can ensure that x1 quickly returns to x1 = 0, then the output will 

track the desired sinusoid. In sliding-mode control, the designer knows that the system behaves 

desirable way (e.g., it has a stable equilibrium) provided that it is constrained to a subspace of its 

configuration space. Sliding mode control forces the system trajectories into this subspace and 

then holds them there so that they slide along it. 

The sliding-mode control scheme involves: 

 Selection of a hypersurface or a manifold (i.e., the sliding mode) such that the system 

trajectory exhibits desirable behavior when confined to this manifold. 

 Finding feedback gains so that the system trajectory intersects and stays on the manifold. 

Because sliding mode control laws are not continuous, it has the ability to drive trajectories to 

the sliding mode in finite time (i.e., stability of the sliding surface is better than asymptotic). 

However, once the trajectories reach the sliding surface, the system takes on the character of the 

sliding mode (e.g., the origin may only have asymptotic stability on this surface). 

The sliding-mode designer picks a switching function that represents a kind of 

"distance" that the states are away from a sliding surface. 
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 A state that is outside of this sliding surface has . 

 A state that is on this the the sliding surface has . 

The sliding-mode-control law switches from one state to another based on the sign of this 

distance. So the sliding-mode control acts like a stiff pressure always pushing in the direction of 

the sliding mode where . Desirable trajectories will approach the sliding surface, 

and because the control law is not continuous (i.e., it switches from one state to another as 

trajectories move across this surface), the surface can be reached in finite time. Once a trajectory 

reaches the surface, it will "slide" along it and may, for example, move toward the origin. 

So the switching function is like a topographic map with a contour of constant height along 

which trajectories are forced to move. 

The sliding (hyper)surface is of dimension where n is the number of states in and m is 

the number of input signals (i.e., control signals) in . For each control index , 

there is a sliding surface given by 

                                                      

The vital part of VSC design is to choose a control law so that the sliding mode (i.e., this surface 

given by ) exists and is reachable along system trajectories. The principle of sliding 

mode control is to forcibly constrain the system, by suitable control strategy, to stay on the 

sliding surface on which the system will exhibit desirable features. When the system is 

constrained by the sliding control to stay on the sliding surface, the system dynamics are 

governed by reduced-order system obtained from Equation (2). 

To force the system states to satisfy , one must: 

 Ensure that the system is capable of reaching from any initial condition 

 Having reached , the control action is capable of maintaining the system at  
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3.      Existence of closed-loop solutions 

Note that because the control law is not continuous, it is certainly not locally Lipschitz 

continuous, and so existence and uniqueness of solutions to the closed-loop system is not 

guaranteed by the PicardLindelf theorem. Thus the solutions are to be understood in the Filippov 

sense. Roughly speaking, the resulting closed-loop system moving along is 

approximated by the smooth dynamics ; however, this smooth behavior may not be 

truly realizable. Similarly, high-speed pulse-width modulation or delta-sigma modulation 

produces outputs that only assume two states, but the effective output swings through a 

continuous range of motion. These complications can be avoided by using a different nonlinear 

control design method that produces a continuous controller. In some cases, sliding-mode control 

designs can be approximated by other continuous control designs. 

  

4.      Theoretical foundation 

The following theorems form the foundation of variable structure control. 

Theorem 1: Existence of Sliding Mode and Reachability 

Consider a Lyapunov function candidate 

                                                   

For the system given by Equation (1) and the sliding surface given by Equation (2), a sufficient 

condition for the existence of a sliding mode is that 

 

In a neighborhood of the surface given by. This is also a condition for reachability. 

Roughly speaking (i.e., for the scalar control case when m = 1), to achieve , the 

feedback control law is picked so that ζ and have opposite signs. That is, 

 makes negative when is positive. 

 makes positive when is negative. 

Note that 
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And so the feedback control law has a direct impact on . 

Theorem 2: Region of Attraction 

For the system given by Equation (1) and sliding surface given by Equation (2), the subspace for 

which the surface is reachable is given by 

 

That is, when initial conditions come entirely from this space, the Lyapunov function candidate 

V(ζ) is Lyapunov function and trajectories are sure to move toward the sliding mode surface 

where . 

Theorem 3: Sliding Motion 

Let 

 

Be nonsingular. That is, the system has a kind of controllability that ensures that there is always 

a control that can move a trajectory to move closer to the sliding mode. Then, once the sliding 

mode where is achieved, the system will stay on that sliding mode. Along sliding 

mode trajectories, is constant, and so sliding mode trajectories are described by the 

differential equation 

. 

If an -equilibrium is stable with respect to this differential equation, then the system will slide 

along the sliding mode surface toward the equilibrium. 

The equivalent control law on the sliding mode can be found by solving 

 

For the equivalent control law . That is, 
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And so the equivalent control 

 

That is, even though the actual control is not continuous, the rapid switching across the sliding 

mode where forces the system to act as if it were driven by this continuous control. 

Likewise, the system trajectories on the sliding mode behave as if: 

 

The resulting system matches the sliding mode differential equation 

 

and so as long as the sliding mode surface where is stable (in the sense of 

Lyapunov), the system can be assumed to follow the simpler condition after some initial 

transient during the period while the system finds the sliding mode. The same motion is 

approximately maintained provided the equality only approximately holds. 

It follows from Theorem 3 that the sliding motion is completely insensitive to any disturbances 

entering the system through the control channel (i.e., it is robust). The insensitivity of sliding 

mode control to certain disturbances and model uncertainties is its most attractive feature. 

As discussed in an example below, a sliding mode control law can keep the constraint 

 

In order to asymptotically stabilize any system of the form 

 

When has a finite upper bound. In this case, the sliding mode is where 
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(I.e., where ). That is, when the system is constrained this way, it behaves like a 

simple stable linear system, and so it has a globally exponentially stable equilibrium at the 

origin. 

  

5.      Control design examples 

 Consider a plant described by Equation (1) with single input u (i.e., m = 1). The 

switching function is picked to be the linear combination 

              

Where the weight si > 0 for all. The sliding surface is the simplex where . 

When trajectories are forced to slide along this surface,  

 

And so  

 

Which is a reduced-order system (i.e., the new system is of order n − 1 because the 

system is constrained to this (n − 1)-dimensional sliding mode simplex). This surface 

may have favorable properties (e.g., when the plant dynamics are forced to slide along 

this surface, they move toward the origin ). Taking the derivative of the Lyapunov 

function in Equation (3), we have  

 

To ensure is a negative-definite function (i.e., for Lyapunov stability of the 

surface ), the feedback control law must be chosen so that  
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Hence, the product because it is the product of a negative and a positive number. 

Note that 

       

The control law is chosen so that  

 

Where  

         Is some control (e.g., possibly extreme, like "on" or "forward") that 

ensures Equation (5) (i.e., ) is negative at  

         is some control (e.g., possibly extreme, like "off" or "reverse") that 

ensures Equation (5) (i.e., ) is positive at  

The resulting trajectory should move toward the sliding surface where . 

Because real systems have delay, sliding mode trajectories often chatter back and forth 

along this sliding surface (i.e., the true trajectory may not smoothly follow , 

but it will always return to the sliding mode after leaving it). 

 Consider the dynamic system 

 

Which can be expressed in a 2-dimensional state space (with x1 = x and ) as  

 

Also assume that (i.e., | a | has a finite upper bound k that is known). For this system, 

choose the switching function  
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By the previous example, we must choose the feedback control law so that

. Here,  

 

         When (i.e., when ζ < 0), to make , the control law should be 

picked so that  

         When (i.e., when ζ > 0), to make , the control law should be 

picked so that  

However, by the triangle inequality,  

 

and by the assumption about | a | ,  

 

So the system can be feedback stabilized (to return to the sliding mode) by means of the 

control law  

 

which can be expressed in closed form as  

 

Assuming that the system trajectories are forced to move so that , then  

 

So once the system reaches the sliding mode, the system's 2-dimensional dynamics 

behave like this 1-dimensional system, which has a globally exponentially stable 

equilibrium at . 
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Topic : Basic Concepts In Adaptive Control 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain various Applications 

 Explain Classification of adaptive control techniques 

 Explain Adaptive control 

  

  

Definition/Overview: 

Adaptive control: Adaptive control involves modifying the control law used by a controller to 

cope with the fact that the parameters of the system being controlled are slowly time-varying or 

uncertain. 

  

  

Key Points: 

1.      Adaptive control 

Adaptive control is different from robust control in the sense that it does not need a priori 

information about the bounds on these uncertain or time-varying parameters; robust control 

guarantees that if the changes are within given bounds the control law need not be changed, 

while adaptive control is precisely concerned with control law changes. 
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When designing adaptive control systems, special consideration is necessary of convergence and 

robustness issues. 

Uses of adaptive control involve Self-tuning of subsequently fixed linear controllers during the 

implementation phase for one operating point 

  

2.      Classification of adaptive control techniques 

In general one should distinguish between: 

 Feedforward Adaptive Control 

 Feedback Adaptive Control 

There are several broad categories of feedback adaptive control (classification can vary): 

 Dual Adaptive Controllers [based on Dual control theory]  

o Optimal Controllers 

o Suboptimal Dual Controllers 

 Non-dual Adaptive Controllers  

o Gain scheduling 

o Model Reference Adaptive Controllers (MRACs)   

 Gradient Optimization MRACs [use local rule for adjusting params when 

performance differs from reference] 

 Stability Optimized MRACs 

o Model Identification Adaptive Controllers (MIACs) [perform System 

identification while the system is running]  

 Cautious Adaptive Controllers [use current SI to modify control law, 

allowing for SI uncertainty] 

 Certainty Equivalent Adaptive Controllers [take current SI to be the true 

system, assume no uncertainty]  

 Nonparametric Adaptive Controllers 

 Parametric Adaptive Controllers  
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 Explicit Parameter Adaptive Controllers 

 Implicit Parameter Adaptive Controllers 

Some special topics in adaptive control can be introduced as well: 

 Adaptive Control Based on Discrete-Time Process Identification 

 Adaptive Control Based on the Model Reference Technique 

 Adaptive Control based on Continuous-Time Process Models 

 Adaptive Control of Multivariable Processes 

 Adaptive Control of Nonlinear Processes 

  

3.      Applications 

When designing adaptive control systems, special consideration is necessary of convergence and 

robustness issues. 

Typical applications of adaptive control are (in general): 

 Self-tuning of subsequently fixed linear controllers during the implementation phase for 

one operating point; 

 Self-tuning of subsequently fixed robust controllers during the implementation phase for 

a whole range of operating points; 

 Self-tuning of fixed controllers on request if the process behaviour changes due to ageing, 

drift, wear etc; 

 Adaptive control of linear controllers for nonlinear or time-varying processes; 

 Adaptive control or self-tuning control of nonlinear controllers for nonlinear processes; 

 Adaptive control or self-tuning control of multivariable controllers for multivariable 

processes (MIMO systems); 

Usually these methods adapt the controllers to both the process statics and dynamics. In special 

cases, the adaptation can be limited to the static behavior alone, leading to adaptive control based 

on characteristic curves for the steady-states or to extremum value control, optimizing the steady 

state. Hence, there are several ways to apply adaptive control algorithms. 
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  In Section 5 of this course you will cover these topics: 

      Control Of Multi-Input Physical Systems  

 

 

Topic : Control Of Multi-Input Physical Systems 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Explain Multiple-Input And Multiple-Output 

 Explain Background technologies 

 Explain Principle 

 Explain Wireless standards 

 Explain Functions of MIMO 

 Explain Multi-antenna types 

 Explain Multi-user types 

 Explain Mathematical description 

 Explain Applications of MIMO 

 Explain Principal researches 

 Explain Diversity-Multiplexing Tradeoff (DMT) 

 Explain Research trend 

  

  

Definition/Overview: 

Automatic Control: The theory of automatic control has been advanced in important ways 

during recent years, particularly with respect to stability and optimal control. These are 
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significant contributions which appeal to many workers, including the writers, because they 

answer important questions and are both theoretically elegant and practically useful.  

  

  

Key Points: 

1.      Multiple-Input And Multiple-Output 

In radio, multiple-input and multiple-output, or MIMO (pronounced mee-moh or my-moh), is the 

use of multiple antennas at both the transmitter and receiver to improve communication 

performance. It is one of several forms of smart antenna technology. 

MIMO technology has attracted attention in wireless communications, since it offers significant 

increases in data throughput and link range without additional bandwidth or transmit power. It 

achieves this by higher spectral efficiency (more bits per second per hertz of bandwidth) and link 

reliability or diversity (reduced fading). Because of these properties, MIMO is a current theme of 

international wireless research. 

  

2.      Background technologies 

The earliest ideas in this field go back to work by A.R. Kaye and D.A. George and W. van Etten. 

Jack Winters and Jack Salz at Bell Laboratories published several papers on beamforming 

related applications in 1984 and 1986. 

  

3.      Principle 

Arogyaswami Paulraj and Thomas Kailath proposed the concept of Spatial Multiplexing using 

MIMO in 1993. Their US Patent No. 5,345,599 issued 1994. on Spatial Multiplexing emphasized 

applications to wireless broadcast. 
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In 1996, Greg Raleigh and Gerard J. Foschini refine new approaches to MIMO technology, 

which considers a configuration where multiple transmit antennas are co-located at one 

transmitter to improve the link throughput effectively. 

Bell Labs was the first to demonstrate a laboratory prototype of spatial multiplexing (SM) in 

1998, where spatial multiplexing is a principal technology to improve the performance of MIMO 

communication systems. 

  

4.      Wireless standards 

In the commercial arena, Iospan Wireless Inc. developed the first commercial system in 2001 

that used MIMO-OFDMA technology. Iospan technology supported both diversity coding and 

spatial multiplexing. In 2005, Airgo Networks had developed a pre-11n version based on their 

patents on MIMO. Following that in 2006, several companies (Broadcom, Intel,Marvell..) have 

fielded a MIMO-OFDM solution based on a pre-standard for IEEE 802.11n WiFi standard. Also 

in 2006, several companies (Beceem Communications, Samsung, Runcom Technologies, etc.) 

have developed MIMO-OFDMA based solutions for IEEE 802.16e WIMAX broadband mobile 

standard. All upcoming 4G systems will also employ MIMO technology. Several research 

groups have demonstrated over 1 Gbit/s prototypes. 

  

5.      Functions of MIMO 

MIMO can be sub-divided into three main categories, precoding, spatial multiplexing or SM, and 

diversity coding. 

Precoding is multi-layer beamforming in a narrow sense or all spatial processing at the 

transmitter in a wide-sense. In (single-layer) beamforming, the same signal is emitted from each 

of the transmit antennas with appropriate phase (and sometimes gain) weighting such that the 

signal power is maximized at the receiver input. The benefits of beamforming are to increase the 

signal gain from constructive combining and to reduce the multipath fading effect. In the absence 

of scattering, beamforming results in a well defined directional pattern, but in typical cellular 

conventional beams are not a good analogy. When the receiver has multiple antennas, the 

transmit beamforming cannot simultaneously maximize the signal level at all of the receive 

antenna and precoding is used. Note that pre-coding requires knowledge of the channel state 

information (CSI) at the transmitter. 
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Spatial multiplexing requires MIMO antenna configuration. In spatial multiplexing, a high rate 

signal is split into multiple lower rate streams and each stream is transmitted from a different 

transmit antenna in the same frequency channel. If these signals arrive at the receiver antenna 

array with sufficiently different spatial signatures, the receiver can separate these streams, 

creating parallel channels for free. Spatial multiplexing is a very powerful technique for 

increasing channel capacity at higher Signal to Noise Ratio (SNR). The maximum number of 

spatial streams is limited by the lesser in the number of antennas at the transmitter or receiver. 

Spatial multiplexing can be used with or without transmit channel knowledge. 

Diversity Coding techniques are used when there is no channel knowledge at the transmitter. In 

diversity methods, a single stream (unlike multiple streams in spatial multiplexing) is 

transmitted, but the signal is coded using techniques called space-time coding. The signal is 

emitted from each of the transmit antennas using certain principles of full or near orthogonal 

coding. Diversity exploits the independent fading in the multiple antenna links to enhance signal 

diversity. Because there is no channel knowledge, there is no beamforming or array gain from 

diversity coding. 

Spatial multiplexing can also be combined with precoding when the channel is known at the 

transmitter or combined with diversity coding when decoding reliability is in trade-off. 

  

6.      Multi-antenna types 

Up to now, multi-antenna MIMO (or Single user MIMO) technology has been mainly developed 

and is implemented in some standards, e.g. 802.11n (draft) products. 

 SISO/SIMO/MISO are degenerate cases of MIMO  

o Multiple-input and single-output (MISO) is a degenerate case when the receiver 

has a single antenna. 

o Single-input and multiple-output (SIMO) is a degenerate case when the 

transmitter has a single antenna. 

o single-input single-output (SISO) is a radio system where neither the transmitter 

nor receiver have multiple antenna. 

 Principal single-user MIMO techniques  

o Bell Laboratories Layered Space-Time (BLAST), Gerard. J. Foschini (1996) 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

51
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



o Per Antenna Rate Control (PARC), Varanasi, Guess (1998), Chung, Huang, 

Lozano (2001) 

o Selective Per Antenna Rate Control (SPARC), Ericsson (2004) 

 Some limitations  

o The physical antenna spacing are selected to be large-multiple wavelengths at the 

base station. The antenna separation at the receiver is heavily space constrained in 

hand sets though advanced antenna design and algorithm techniques are under 

discussion. Refer to: Advanced MIMO 

  

7.      Multi-user types 

Recently, the research on multi-user MIMO technology is emerging. While full multi-user 

MIMO (or network MIMO) can have higher potentials, from its practicality the research on 

(partial) multi-user MIMO (or multi-user and multi-antenna MIMO) technology is more active. 

 Multi-user MIMO (MU-MIMO)  

o In recent 3GPP and WiMAX standards, MU-MIMO is being treated as one of 

candidate technologies adoptable in the specification by a lot of companies 

including Samsung, Intel, Qualcomm, Ericsson, TI, Huawei, Philips, Alcatel-

Lucent, Freescale, et al since MU-MIMO is more feasible to low complexity 

mobiles with a small number of reception antennas than SU-MIMO with the high 

system throughput capability. 

o PU
2
RC allows the network to allocate each antenna to the different users instead 

of allocating only single user as in single-user MIMO scheduling. The network 

can transmit user data through a codebook-based spatial beam or a virtual 

antenna. Efficient user scheduling, such as pairing spatially distinguishable users 

with codebook based spatial beams, are additionally discussed for the 

simplification of wireless networks in terms of additional wireless resource 

requirements and complex protocol modification. Recently, PU
2
RC has been 

adopted to use in 3GPP LTE standard and furthermore, PU
2
RC is included the 
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system description documentation (SDD) of IEEE 802.16m (WiMAX evolution 

to meet the ITU-R's IMT-Advance requirements). 

o Enhanced multiuser MIMO: 1) Employ advanced decoding techniques, 2) 

Employ advanced precoding techniques 

o SDMA represents either space-division multiple access or super-division multiple 

access where super emphasises that orthogonal division such as frequency and 

time division is not used but non-orthogonal approaches such as super-position 

coding are used. 

 Cooperative MIMO (CO-MIMO)  

o Utilizes distributed antennas which belong to other users. 

 MIMO Routing  

o Routing a cluster by a cluster in each hop, where the number of nodes in each 

cluster is larger or equal to one. MIMO routing is different from conventional 

(SISO) routing since conventional routing protocols route a node by a node in 

each hop. 

  

8.      Applications of MIMO 

Spatial multiplexing techniques makes the receivers very complex, and therefore, it is typically 

combined with Orthogonal frequency-division multiplexing (OFDM) or with Orthogonal 

Frequency Division Multiple Access (OFDMA) modulation, where the problems created by 

multi-path channel are handled efficiently. The IEEE 802.16e standard incorporates MIMO-

OFDMA. The IEEE 802.11n standard, which is expected to be finalized soon, recommends 

MIMO-OFDM. 

MIMO is also planned to be used in Mobile radio telephone standards such as recent 3GPP and 

3GPP2 standards. In 3GPP, High-Speed Packet Access plus (HSPA+) and Long Term Evolution 

(LTE) standards take MIMO into account. Moreover, to fully support cellular environments 

MIMO research consortia including IST-MASCOT propose to develop advanced MIMO 

techniques, i.e., multi-user MIMO (MU-MIMO). 
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9.      Mathematical description 

In MIMO systems, a transmitter sends multiple streams by multiple transmit antennas. The 

transmit streams go through a matrix channel which consists of multiple paths between multiple 

transmit antennas at the transmitter and multiple receive antennas at the receiver. Then, the 

receiver gets the received signal vectors by the multiple receive antennas and decodes the 

received signal vectors into the original information. Here is a MIMO system model: 

 

Where and are the receive and transmit vectors, respectively. In addition, and are the 

channel matrix and the noise vector, respectively. 

Referring to information theory, the erogodic channel capacity of MIMO systems is given by 

 The achievable capacity of closed loop MIMO systems is  

 

Where we have used that and . The 

functions of svd() and waterfilling() represent singular value decomposition and power 

allocation by the water filling rule, respectively. 

 The achievable capacity of open loop MIMO systems is  

 

Since the use of any unitary matrix information shaping of at the transmitter can 

achieve the capacity of an open-loop MIMO system, which is mostly min(Nt,Nr) times 

larger than that of a SISO system 
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10.  Principal researches 

Papers by Gerard J. Foschini and Michael J. Gans, Foschini and Emre Telatar have shown that 

the channel capacity (a theoretical upper bound on system throughput) for a MIMO system is 

increased as the number of antennas is increased, proportional to the minimum number of 

transmit and receive antennas. This basic finding in information theory is what led to a spurt of 

research in this area. A text book by A. Paulraj, R. Nabar and D. Gore has published an 

introduction to this area . 

  

11.  Diversity-Multiplexing Tradeoff (DMT) 

There exists a fundamental tradeoff between diversity and multiplexing in a MIMO system. 

  

12.  Research trend 

In the IEEE international VTC 2007 fall conference (30 September 3 October 2007, Renaissance 

Harborplace Hotel, Baltimore), approximately 130 MIMO, or spatial processing, based papers 

were presented among 420 other wireless communication papers. Those about MIMO treat not 

only antenna processing but also various wireless technologies over MIMO configurations. Some 

of those papers take into account multi-user MIMO in addition to multi-antenna MIMO. Multi-

user type techniques consider multiple active users as a basic unit of multiple element processing 

while multi-antenna type techniques consider multiple antenna elements. 

Given the nature of MIMO, it is not limited to wireless communication. It can be used for wire 

line communication as well. For example, a new type of DSL technology (Gigabit DSL) has 

been proposed based on Binder MIMO Channels. 
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