
“Introduction to Finite Elements”.

In Section 1 of this course you will cover these topics:
Fundamental Concepts
Matrix Algebra And Gaussian Elimination
One-Dimensional Problems

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Finite Element Method

 Learn the concept of Stress and Equilibrium

 Learn the concept of Boundary Conditions

 Learn the concept of Stress Strain Relation

Definition/Overview:

Finite Element Method: The finite element method (FEM) is used for finding approximate

solutions of partial differential equations (PDE) as well as of integral equations such as the heat

transport equation. The solution approach is based either on eliminating the differential equation

completely (steady state problems), or rendering the PDE into an approximating system of

ordinary differential equations, which are then solved using standard techniques such as Euler's

method, Runge-Kutta, etc.In solving partial differential equations, the primary challenge is to

create an equation that approximates the equation to be studied, but is numerically stable,

meaning that errors in the input data and intermediate calculations do not accumulate and cause
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the resulting output to be meaningless. There are many ways of doing this, all with advantages

and disadvantages. The Finite Element Method is a good choice for solving partial differential

equations over complex domains (like cars and oil pipelines), when the domain changes (as

during a solid state reaction with a moving boundary), when the desired precision varies over the

entire domain, or when the solution lacks smoothness. For instance, in simulating the weather

pattern on Earth, it is more important to have accurate predictions over land than over the wide-

open sea, a demand that is achievable using the finite element method.

Key Points:

1. Historical Background

The finite-element method originated from the needs for solving complex elasticity, structural

analysis problems in civil engineering and aeronautical engineering. Its development can be

traced back to the work by Alexander Hrennikoff and Richard Courant. While the approaches

used by these pioneers are dramatically different, they share one essential characteristic: mesh

discretization of a continuous domain into a set of discrete sub-domains. Hrennikoff's work

discretizes the domain by using a lattice analogy while Courant's approach divides the domain

into finite triangular subregions for solution of second order elliptic partial differential equations

(PDEs) that arise from the problem of torsion of a cylinder. Courant's contribution was

evolutionary, drawing on a large body of earlier results for PDEs developed by Rayleigh, Ritz,

and Galerkin. Development of the finite element method began in earnest in the middle to late

1950s for airframe and structural analysis and gathered momentum at the University of Stuttgart

through the work of John Argyris and at Berkeley through the work of Ray W. Clough in the

1960s for use in civil engineering. The method was provided with a rigorous mathematical

foundation in 1973 with the publication of Strang and Fix's An Analysis of The Finite Element

Method, and has since been generalized into a branch of applied mathematics for numerical

modeling of physical systems in a wide variety of engineering disciplines, e.g., electromagnetism

and fluid dynamics.The development of the finite element method in structural mechanics is

often based on an energy principle, e.g., the virtual work principle or the minimum total potential

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

2
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



energy principle, which provides a general, intuitive and physical basis that has a great appeal to

structural engineers.During testing of a material sample, the stressstrain curve is a graphical

representation of the relationship between stress, derived from measuring the load applied on the

sample, and strain, derived from measuring the deformation of the sample, i.e. elongation,

compression, or distortion. The nature of the curve varies from material to material. The

following diagrams illustrate the stressstrain behaviour of typical materials in terms of the

engineering stress and engineering strain where the stress and strain are calculated based on the

original dimensions of the sample and not the instantaneous values.Steel generally exhibits a

very linear stressstrain relationship up to a well defined yield point. The linear portion of the

curve is the elastic region and the slope is the modulus of elasticity or Young's Modulus. After

the yield point the curve typically decreases slightly due to dislocations escaping from Cottrell

atmospheres. As deformation continues the stress increases due to strain hardening until it

reaches the ultimate strength. Until this point the cross-sectional area decreases uniformly due to

Poisson contractions.However, beyond this point a neck forms where the local cross-sectional

area decreases more quickly than the rest of the sample resulting in an increase in the true stress.

On an engineering stressstrain curve this is seen as a decrease in the stress. Conversely, if the

curve is plotted in terms of true stress and true strain the stress will continue to rise until failure.

Eventually the neck becomes unstable and the specimen ruptures (fractures).Less ductile

materials such as aluminum and medium to high carbon steels do not have a well-defined yield

point. For these materials the yield strength is typically determined by the "offset yield method",

by which a line is drawn parallel to the linear elastic portion of the curve and intersecting the

abscissa at some arbitrary value (most commonly 0.2%). The intersection of this line and the

stressstrain curve is reported as the yield point.

2. Stress and Equilibrium

In continuum mechanics, stress is a measure of the average amount of force exerted per unit

area. It is a measure of the intensity of the total internal forces acting within a body across

imaginary internal surfaces, as a reaction to external applied forces and body forces. It was

introduced into the theory of elasticity by Cauchy around 1822. Stress is a concept that is based

on the concept of continuum. In general, stress is expressed as
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Where

is the average stress, also called engineering or nominal stress, and

is the force acting over the area

The SI unit for stress is the Pascal (symbol Pa), which is a shorthand name for one Newton

(Force) per square meter (Unit Area). The unit for stress is the same as that of pressure, which is

also a measure of Force per unit area. Engineering quantities are usually measured in mega-

Pascals (MPa) or giga-Pascals (GPa). In imperial units, stress is expressed in pounds-force per

square inch (psi) or kilo-pounds-force per square inch (ksi).

Stress is a second order tensor quantity. According to Cauchy, the stress at any a point in an

object, assumed to be a continuum, is completely defined by the nine components of the

Cauchy stress tensor. The Cauchy stress tensor is not the only measure of stress that is used in

practice. Other measures of stress include the first and second Piola-Kirchhoff stress tensors, the

Biot stress tensor, and the Kirchhoff stress tensor. If the continuum body is in equilibrium it can

be demonstrated that the components of the stress tensor in every material point in the body

satisfies the equilibrium equations (Cauchy's equations of motion for zero acceleration). At the

same time, equilibrium requires that the summation of moments with respect to an arbitrary point

is zero, which leads to the conclusion that the stress tensor is symmetric, thus having only six

independent stress components, instead of the original nine, i.e.

As a tensor, the stress tensor obeys the tensor transformation law under a change in the system of

coordinates. A graphical representation of this transformation law is the Mohr's circle for stress.

As with force, stress cannot be measured directly but is usually inferred from measurements of

strain and knowledge of elastic properties of the material. Devices capable of measuring stress

indirectly in this way are strain gauges and piezoresistors.

Equilibrium is the condition of a system in which competing influences are balanced and it may

refer to A system of particles is in static equilibrium when all the particles of the system are at

rest and the total force on each particle is permanently zero.
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This is a strict definition, and often the term "static equilibrium" is used in a more relaxed

manner interchangeably with "mechanical equilibrium", as defined next.

A standard definition of mechanical equilibrium for a particle is:

The necessary and sufficient conditions for a particle to be in mechanical equilibrium are that the

net force acting upon the particle is zero.

The necessary conditions for mechanical equilibrium for a system of particles are:

 The vector sum of all external forces is zero;

 The sum of the moments of all external forces about any line is zero.

As applied to a rigid body, the necessary and sufficient conditions become:

A rigid body is in mechanical equilibrium when the sum of all forces on all particles of the

system is zero, and also the sum of all torques on all particles of the system is zero.

A rigid body in mechanical equilibrium is undergoing neither linear nor rotational acceleration;

however it could be translating or rotating at a constant velocity.

However, this definition is of little use in continuum mechanics, for which the idea of a particle

is foreign. In addition, this definition gives no information as to one of the most important and

interesting aspects of equilibrium states their stability.

An alternative definition of equilibrium that applies to conservative systems and often proves

more useful is:

A system is in mechanical equilibrium if its position in configuration space is a point at which

the gradient with respect to the generalized coordinates of the potential energy is zero.

Because of the fundamental relationship between force and energy, this definition is equivalent

to the first definition. However, the definition involving energy can be readily extended to yield

information about the stability of the equilibrium state.

For example, from elementary calculus, we know that a necessary condition for a local minimum

or a maximum of a differentiable function is a vanishing first derivative (that is, the first

derivative is becoming zero). To determine whether a point is a minimum or maximum, one may

be able to use the second derivative test. The consequences to the stability of the equilibrium

state are as follows:
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 Second derivative < 0: The potential energy is at a local maximum, which means that the system

is in an unstable equilibrium state. If the system is displaced an arbitrarily small distance from

the equilibrium state, the forces of the system cause it to move even farther away.

 Second derivative > 0 : The potential energy is at a local minimum. This is a stable equilibrium.

The response to a small perturbation is forces that tend to restore the equilibrium. If more than

one stable equilibrium state is possible for a system, any equilibria whose potential energy is

higher than the absolute minimum represent meta-stable states.

 Second derivative = 0 or does not exist: The second derivative test fails, and one must typically

resort to using the first derivative test. Both of the previous results are still possible, as is a third:

this could be a region in which the energy does not vary, in which case the equilibrium is called

neutral or indifferent or marginally stable. To lowest order, if the system is displaced a small

amount, it will stay in the new state.

In more than one dimension, it is possible to get different results in different directions, for

example stability with respect to displacements in the x-direction but instability in the y-

direction, a case known as a saddle point. Without further qualification, equilibrium is stable

only if it is stable in all directions.

The special case of mechanical equilibrium of a stationary object is static equilibrium. A

paperweight on a desk would be in static equilibrium. The minimal number of static equilibria of

homogeneous, convex bodies (when resting under gravity on a horizontal surface) is of special

interest. In the planar case, the minimal number is 4, while in three dimensions one can build an

object with just one stable and one unstable balance point, this is called Gomboc. A child sliding

down a slide at constant speed would be in mechanical equilibrium, but not in static equilibrium.

3. Boundary Conditions

In mathematics, in the field of differential equations, a boundary value problem is a differential

equation together with a set of additional restraints, called the boundary conditions. A solution to

a boundary value problem is a solution to the differential equation which also satisfies the

boundary conditions.

Boundary value problems arise in several branches of physics as any physical differential

equation will have them. Problems involving the wave equation, such as the determination of

normal modes, are often stated as boundary value problems. A large class of important boundary
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value problems is the Sturm-Liouville problems. The analysis of these problems involves the

eigen-functions of a differential operator.

To be useful in applications, a boundary value problem should be well posed. This means that

given the input to the problem there exist a unique solution, which depends continuously on the

input. Much theoretical work in the field of partial differential equations is devoted to proving

that boundary value problems arising from scientific and engineering applications are in fact

well-posed.

Among the earliest boundary value problems to be studied is the Dirichlet problem, of finding

the harmonic functions (solutions to Laplace's equation); the solution was given by the

Dirichlet's principle.

4. Stress Strain Relation

Strain is related to change in dimensions and shape of a material. The most elementary definition

of strain is when the deformation is along one axis:

When a material is stretched, the change in length and the strain are positive. When it is

compressed, the change in length and strain are negative. This conforms to the signs of the

stresses which would accompany these strains, tensile stresses being positive and compressive

stresses negative. This definition refers to what are termed normal strains, which change the

dimensions of a material but not its shape; in other words, angles do not change. In general, there

are normal strains along three mutually perpendicular axes. By contrast, strains which involve no

length changes but which do change angles are known as shear strains. Materials undergo strain

when they are subject to stress. The relationship between stress and strain is different for

different materials, and can be appreciated by plotting stress against strain. Suppose a material

specimen is subject to a unaxial tensile load. It will deform in a manner characteristic of the

material. Examples of possible behavior are shown here. In this module, we assume that

materials obey the first type of behavior, linear elastic. This means that stresses and strains are

assumed to be related by Hookes Law. In its simplest form, Hookes Law can be stated as:
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Where the constant is known as an elastic modulus or simply a modulus.

5. The Rayleigh-Ritz Method

In applied mathematics and mechanical engineering, the Rayleigh-Ritz method is a widely

used, classical method for the calculation of the natural vibration frequency of a structure in the

second or higher order. It is a direct variational method in which the minimum of a functional

defined on a normed linear space is approximated by a linear combination of elements from that

space. This method will yield solutions when an analytical form for the true solution may be

intractable.

The method is also widely used in Quantum Chemistry.

Typically in mechanical engineering it is used for finding the approximate real resonant

frequencies of multi degree of freedom systems, such as spring mass systems or flywheels on a

shaft with varying cross section. It is an extension of Rayleigh's method. It can also be used for

finding buckling loads for columns, as well as more esoteric uses.

The following discussion uses the simplest case, where the system has two lumped springs and

two lumped masses, and only two mode shapes are assumed. Hence M= [m1, m2] and K= [k1,

k2].

A mode shape is assumed for the system, with two terms, one of which is weighted by a factor B,

eg Y= [1, 1] +B*[1,-1]. Simple harmonic motion theory says that the velocity at the time when

deflection is zero is the angular frequency w times the deflection (y) at time of maximum

deflection. In this example the kinetic energy (KE) for each mass is etc,

and the potential energy (PE) for each spring is etc. For continuous systems the

expressions are more complex.

We also know, since no damping is assumed, that KE when y=0 equals the PE when v=0 for the

whole system. As there is no damping all locations reach v=0 simultaneously.

So, since KE=PE
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Note that the overall amplitude of the mode shape cancels out from each side, always. That is,

the actual size of the assumed deflection does not matter, just the mode shape.

A bit of mathematical skullduggery then reveals a solution for w, in terms of B. Then

differentiate w with respect to B, and find the minimum, i.e. when dw / dB = 0. This gives the

value of B for which w is lowest. This is an upper bound solution for w if w is hoped to be the

predicted fundamental frequency of the system because the mode shape is assumed, but we have

found the lowest value of that upper bound, given our assumptions, because B is used to find the

optimal 'mix' of the two assumed mode shape functions.

There are many tricks with this method, the most important is to try and choose realistic assumed

mode shapes. In the case of beam deflection problems it is wise to use a quartic, as the naturally

deformed shape of a uniform beam is a quartic. The springs and masses do not have to be

discrete, they can be continuous (or a mixture), and this method can be easily used in a

spreadsheet to find the natural frequencies of quite complex distributed systems, if you can

describe the distributed KE and PE terms easily, or else break the continuous elements up into

discrete parts.

This method could be used iteratively; adding additional mode shapes to the previous best

solution, or you can build up a long expression with many Bs and many mode shapes, and then

differentiate them partially.

6. Galerkin's Method

In mathematics, in the area of numerical analysis, Galerkin methods are a class of methods for

converting a continuous operator problem (such as a differential equation) to a discrete problem.

In principle, it is the equivalent of applying the method of variation to a function space, by

converting the equation to a weak formulation. Typically one then applies some constraints on

the functions space to characterize the space with a finite set of basic functions. Often when

using a Galerkin method one also gives the name along with typical approximation methods

used, such as Petrov-Galerkin method or Ritz-Galerkin method.

The approach is credited to the Russian mathematician Boris Galerkin.
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Since the beauty of Galerkin methods lies in the very abstract way of studying them, we will first

give their abstract derivation. In the end, we will give examples for their use.

Examples for Galerkin methods are:

 The finite element method

 Boundary element method for solving integral equations

 Krylov subspace methods

Here, we will restrict ourselves to symmetric bilinear forms, that is

a(u,v) = a(v,u).

While this is not really a restriction of Galerkin methods, the application of the standard theory

becomes much simpler. Furthermore, a Petrov-Galerkin method may be required in the

nonsymmetric case.

The analysis of these methods proceeds in two steps. First, we will show that the Galerkin

equation is a well-posed problem in the sense of Hadamard and therefore admits a unique

solution. In the second step, we study the quality of approximation of the Galerkin solution.

The analysis will mostly rest on two properties of the bilinear form, namely

 Boundedness: for all holds for some constant C 0

 Ellipticity: for all holds for some constant c 0

By the Lax-Milgram theorem, these two conditions imply well-posedness of the original problem

in weak formulation. All norms in the following sections will be norms for which the above

inequalities hold (these norms are often called energy norm).

Well-posedness of the Galerkin equation

Since , boundedness and ellipticity of the bilinear form apply to Vn. Therefore, the

well-posedness of the Galerkin problem is actually inherited from the well-posedness of the

original problem.

Quasi-best approximation (Ca's lemma)
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The error en = u − un between the original and the Galerkin solution admits the estimate

This means, that up to the constant C / c, the Galerkin solution un is as close to the original

solution u as any other vector in Vn. In particular, it will be sufficient to study approximation by

spaces Vn, completely forgetting about the equation being solved.

7. Saint Venant's Principle

In Saint-Venant's principle named after the French elasticity theorist Jean Claude Barr de Saint-

Venant can be stated as". The strains that can be produced in a body by the application, to a

small part of its surface, of a system of forces statically equivalent to zero force and zero couple,

are of negligible magnitude at distances which are large compared with the linear dimensions of

the part." A.E.H. Love The original statement was published in French by Saint-Venant in 1855.

Although stated verbally the principle is well known among mechanical engineers in this

informal formulation. More recent mathematical literature gives a rigorous interpretation in the

context of partial differential equations. An early contribution to this came from von Mises in

1945.

The von Mises yield criterion suggests that the yielding of materials begins when the second

deviatoric stress invariant reaches a critical value . For this reason, it is sometimes called the

-plasticity or flow theory. It is part of a plasticity theory that applies best to ductile

materials, such as metals. Prior to yield, material response is assumed to be elastic.

In material science and engineering the von Mises yield criterion can be also formulated in terms

of the von Mises stress, , a scalar stress value that can be computed from the stress tensor. In

this case, a material is said to start yielding when its von Mises stress reaches a critical value

known as the yield strength, . The von Mises stress is used to predict yielding of materials

under any loading condition from results of simple uniaxial tensile tests. The von Mises stress

satisfies the property that two stress states with equal distortion energy have equal von Mises

stress.
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Because the von Mises yield criterion is independent of the first stress invariant, , it is

applicable for the analysis of plastic deformation for ductile materials such as metals, as the

onset of yield for these materials does not depend on the hydrostatic component of the stress

tensor. Although formulated by Maxwell in 1865, it is generally attributed to von Mises. Huber

in a paper in Polish anticipated to some extent this criterion. This criterion is referred also as the

MaxwellHuberHenckyvon Mises theory.

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Gaussian elimination

 Learn the concept of Matrix Algebra

 Learn the concept of Conjugate Gradient Method

Definition/Overview:

Gaussian elimination: Gaussian elimination is an algorithm that can be used to determine the

solutions of a system of linear equations, to find the rank of a matrix, and to calculate the inverse

of an invertible square matrix. Gaussian elimination is named after German mathematician and

scientist Carl Friedrich Gauss. Elementary row operations are used throughout the algorithm.

The algorithm has two parts, each of which considers the rows of the matrix in order. The first

part reduces the matrix to row echelon form while the second reduces the matrix further to

reduced row echelon form. The first part alone is sufficient for many applications. A related but

less-efficient algorithm, GaussJordan elimination, brings a matrix to reduced row echelon form
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in one pass. The method of Gaussian elimination appears in Chapter Eight, Rectangular Arrays,

of the important Chinese mathematical text Jiuzhang suanshu or The Nine Chapters on the

Mathematical Art. Its use is illustrated in eighteen problems, with two to five equations. The first

reference to the book by this title is dated to 179 CE, but parts of it were written as early as

approximately 150 BCE. However, the method was invented in Europe independently. The

process of Gaussian elimination has two parts. The first part (Forward Elimination) reduces a

given system to either triangular or echelon form, or results in a degenerate equation with no

solution, indicating the system has no solution. This is accomplished through the use of

elementary row operations. The second step uses back substitution to find the solution of the

system above. Stated equivalently for matrices, the first part reduces a matrix to row echelon

form using elementary row operations while the second reduces it to reduced row echelon form,

or row canonical form. Another point of view, which turns out to be very useful to analyze the

algorithm, is that Gaussian elimination computes matrix decomposition. The three elementary

row operations used in the Gaussian elimination (multiplying rows, switching rows, and adding

multiples of rows to other rows) amount to multiplying the original matrix with invertible

matrices from the left. The first part of the algorithm computes LU decomposition, while the

second part writes the original matrix as the product of a uniquely determined invertible matrix

and a uniquely determined reduced row-echelon matrix. Matrix theory is a branch of

mathematics which focuses on the study of matrices. Initially a sub-branch of linear algebra, it

has grown to cover subjects related to graph theory, algebra, combinatorics, and statistics as well.

Key Points:

1. Matrix Algebra

The term matrix was first coined in 1848 by J.J. Sylvester as a name of an array of numbers. In

1855, Arthur Cayley introduced matrix as a representation of linear transformation. This period

was considered as the beginning of linear algebra and matrix theory. The study of vector space

over finite field, a branch of linear algebra which is useful in coding theory, naturally leads to the

study and use of matrices over finite field in coding theory.
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Module is a generalization of vector space. It could be considered as a vector space over ring. It

leads to the study of matrices over ring. Matrix theory in this area is not often considered as a

branch of linear algebra. Among the results listed in Useful theorems, Cayley-Hamilton Theorem

is valid if the underlying ring is commutative, Smith normal form is valid if the underlying ring

is a principal ideal domain, but others are valid for only matrices over complex numbers or real

numbers.

The motivation of linear algebra and the first use of matrices is the study of systems of linear

equations. Related concepts such as determinant and Gaussian elimination, exist long before the

introduction of the idea of matrices, now are part of the matrix theory.

Magic squares and Latin squares, two ancient branches of recreational mathematics, are now

reformulated using the language of matrices. The link between Latin square and coding theory

demonstrates that it is not merely a coincidence. If these two branches are taken into account, we

can push back the origin of matrix theory to as far as 650 BC.

With the advance of computer technology, we are now able to solve a system of a large number

of linear equations, not just in theory. John von Neumann and Herman Goldstine introduced

condition numbers in analyzing round-off errors in 1947. Later, different techniques to

calculation, multiplication or factorization of matrices were invented, such as the Fast Fourier

Transform.

Payoff matrix in game theory, another field pioneered by John von Neumann, might be the first

use of matrices in economics.

Simplex algorithm, a technique involving the operations of matrices of very large size, is used to

solve operations research problems, a field strongly related to economics. Flow network

problem, a branch of both graph theory and linear programming, can be solved using simplex

algorithm -- but there are other more efficient methods.

There are other uses of matrices in graph theory. For example, the adjacency matrix is a

representation of undirected graph.

The adjacency matrix is a type of nonnegative matrix. Permutation matrices, the matrix

representation of permutations in combinatorics, are also nonnegative matrices. Another

important matrix in combinatorics is the Hadamard matrix.

A useful type of nonnegative matrices is the stochastic matrices and doubly stochastic matrices.

Stochastic matrices are useful in the study of stochastic processes, in probability theory and in
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statistics. The evaluation of an enormous stochastic matrix is the central idea behind the Page-

Rank algorithm used by Google. It is worth to state that each doubly stochastic matrix is a

convex combination of permutation matrices. Another important tool in statistics is the

correlation matrix. Computer graphics also involve heavy computation of matrices. For example,

a search for a way to minimize the memory needed for best quality of graphics. For optimization

problems involving multi-variable real-value functions, Positive-definite matrices occur in the

search for maxima and minima. There are also practical uses for matrices over arbitrary rings. In

particular, matrices over polynomial rings are used in control theory. On the pure mathematics

side, matrix rings can provide a rich field of counterexamples for mathematical conjectures,

amongst other uses. The square matrices also plays a special role, because the nn matrices for

fixed n have many closure properties. Further, on the mathematics side, in an nxn' matrix, there

are natural rows and columns which define the matrix to actually be n x n. If a matrix can be

reduced down to its simplest form where the natural rows do not = n and the natural columns do

not = n than that matrix is not square or n x n.

2. Conjugate Gradient Method

In mathematics, the conjugate gradient method is an algorithm for the numerical solution of

particular systems of linear equations, namely those whose matrix is symmetric and positive

definite. The conjugate gradient method is an iterative method, so it can be applied to sparse

systems which are too large to be handled by direct methods such as the Cholesky

decomposition. Such systems arise regularly when numerically solving partial differential

equations. The conjugate gradient method can also be used to solve unconstrained optimization

problems such as energy minimization. The biconjugate gradient method provides a

generalization to non-symmetric matrices. Various nonlinear conjugate gradient methods seek

minima of nonlinear equations.

Suppose we want to solve the following system of linear equations

Ax = b

Where the n-by-n matrix A is symmetric (i.e., AT = A), positive definite (i.e., xTAx > 0 for all
non-zero vectors x in Rn), and real.

We denote the unique solution of this system by x*.
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3. The conjugate gradient method as a direct method

We say that two non-zero vectors u and v are conjugate (with respect to A) if

Since A is symmetric and positive definite, the left-hand side defines an inner product

So, two vectors are conjugate if they are orthogonal with respect to this inner product. Being

conjugate is a symmetric relation: if u is conjugate to v, then v is conjugate to u. (Note: This

notion of conjugate is not related to the notion of complex conjugate.)

Suppose that {pk} is a sequence of n mutually conjugate directions. Then the pk form a basis of

Rn, so we can expand the solution x* of Ax = b in this basis:

This result is perhaps most transparent by considering the inner product defined above.

This gives the following method for solving the equation Ax = b. We first find a sequence of n

conjugate directions and then we compute the coefficients αk.

4. Finding the inverse of a matrix

Suppose A is a matrix and you need to calculate its inverse. The identity matrix is

augmented to the right of A, forming a matrix (the block matrix B = [A,I]). Through

application of elementary row operations and the Gaussian elimination algorithm, the left block

of B can be reduced to the identity matrix I, which leaves A − 1 in the right block of B.

If the algorithm is unable to reduce A to triangular form, then A is not invertible.

In practice, inverting a matrix is rarely required. Most of the time, one is really after the solution

of a particular system of linear equations.

The general algorithm to compute ranks and bases

The Gaussian elimination algorithm can be applied to any matrix A. If we get "stuck" in

a given column, we move to the next column. In this way, for example, some matrices can

be transformed to a matrix that has a reduced row echelon form like
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(The *'s are arbitrary entries). This echelon matrix T contains a wealth of information about A:

the rank of A is 5 since there are 5 non-zero rows in T; the vector space spanned by the columns

of A has a basis consisting of the first, third, fourth, seventh and ninth column of A (the columns

of the ones in T), and the *'s tell you how the other columns of A can be written as linear

combinations of the basis columns.

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Application of FEM

 Learn the concept of Potential energy

 Learn the concept of Quadratic Shape Functions

Definition/Overview:

Dimension: In mathematics, the dimension of a space is roughly defined as the minimum

number of coordinates needed to specify every point within it. For example: a point on the unit

circle in the plane can be specified by two Cartesian coordinates but one can make do with less

(the polar coordinate angle), so the circle is 1-dimensional even though it exists in the 2-

dimensional plane. This intrinsic notion of dimension is one of the chief ways in which the

mathematical notion of dimension differs from its common usages.

There is also an inductive description of dimension: consider a discrete set of points (such as a

finite collection of points) to be 0-dimensional. By dragging a 0-dimensional object in some

direction, one obtains a 1-dimensional object. By dragging a 1-dimensional object in a new
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direction, one obtains a 2-dimensional object. In general one obtains an n+1-dimensional object

by dragging an n dimensional object in a new direction. Returning to the circle example: a circle

can be thought of as being drawn as the end-point on the minute hand of a clock, thus it is 1-

dimensional. To construct the plane one needs two steps: drag a point to construct the real

numbers, and then drag the real numbers to produce the plane.

Consider the above inductive construction from a practical point of view -- ie: with concrete

objects that one can play with in one's hands. Start with a point; drag it to get a line. Drag a line

to get a square. Drag a square to get a cube. Any small translation of a cube has non-trivial

overlap with the cube before translation, thus the process stops. This is why space is said to be 3-

dimensional.

High-dimensional spaces occur in mathematics and the sciences for many reasons, frequently as

configuration spaces such as in Lagrangian or Hamiltonian mechanics. I.e.: these are abstract

spaces, independent of the actual space we live in. The state-space of quantum mechanics is an

infinite-dimensional function space. Some physical theories are also by nature high-dimensional,

such as the 4-dimensional general relativity and higher-dimensional string theories.

Key Points:

1. Finite Element Method

The finite element method (FEM) (sometimes referred to as finite element analysis) is a

numerical technique for finding approximate solutions of partial differential equations (PDE) as

well as of integral equations. The solution approach is based either on eliminating the differential

equation completely (steady state problems), or rendering the PDE into an approximating system

of ordinary differential equations, which are then numerically integrated using standard

techniques such as Euler's method, Runge-Kutta, etc.

In solving partial differential equations, the primary challenge is to create an equation that

approximates the equation to be studied, but is numerically stable, meaning that errors in the
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input data and intermediate calculations do not accumulate and cause the resulting output to be

meaningless. There are many ways of doing this, all with advantages and disadvantages. The

Finite Element Method is a good choice for solving partial differential equations over complex

domains (like cars and oil pipelines), when the domain changes (as during a solid state reaction

with a moving boundary), when the desired precision varies over the entire domain, or when the

solution lacks smoothness. For instance, in a frontal crash simulation it is possible to increase

prediction accuracy in "important" areas like the front of the car and reduce it in its rear (thus

reducing cost of the simulation); Another example would be the simulation of the weather

pattern on Earth, where it is more important to have accurate predictions over land than over the

wide-open sea.

2. Application of FEM

A variety of specializations under the umbrella of the mechanical engineering discipline (such as

aeronautical, biomechanical, and automotive industries) commonly use integrated FEM in design

and development of their products. Several modern FEM packages include specific components

such as thermal, electromagnetic, fluid, and structural working environments. In a structural

simulation, FEM helps tremendously in producing stiffness and strength visualizations and also

in minimizing weight, materials, and costs.

FEM allows detailed visualization of where structures bend or twist, and indicates the

distribution of stresses and displacements. FEM software provides a wide range of simulation

options for controlling the complexity of both modeling and analysis of a system. Similarly, the

desired level of accuracy required and associated computational time requirements can be

managed simultaneously to address most engineering applications. FEM allows entire designs to

be constructed, refined, and optimized before the design is manufactured.

This powerful design tool has significantly improved both the standard of engineering designs

and the methodology of the design process in many industrial applications. The introduction of

FEM has substantially decreased the time to take products from concept to the production line. It

is primarily through improved initial prototype designs using FEM that testing and development

have been accelerated. In summary, benefits of FEM include increased accuracy, enhanced
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design and better insight into critical design parameters, virtual prototyping, fewer hardware

prototypes, a faster and less expensive design cycle, increased productivity, and increased

revenue.

3. Technical discussion

P1 is a one-dimensional problem

where f is given and u is an unknown function of x, and u'' is the second derivative of u with

respect to x.

The two-dimensional sample problem is the Dirichlet problem

where Ω is a connected open region in the (x,y) plane whose boundary is "nice" (e.g., a

smooth manifold or a polygon), and uxx and uyy denote the second derivatives with respect to x

and y, respectively.

The problem P1 can be solved "directly" by computing antiderivatives. However, this method of

solving the boundary value problem works only when there is only one spatial dimension and

does not generalize to higher-dimensional problems or to problems like u + u'' = f. For this

reason, we will develop the finite element method for P1 and outline its generalization to P2.

Our explanation will proceed in two steps, which mirror two essential steps one must take to

solve a boundary value problem (BVP) using the FEM.

 In the first step, one rephrases the original BVP in its weak, or variational form. Little to no

computation is usually required for this step, the transformation is done by hand on paper.

 The second step is the discretization, where the weak form is discretized in a finite dimensional

space.
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After this second step, we have concrete formulae for a large but finite dimensional linear

problem whose solution will approximately solve the original BVP. This finite dimensional

problem is then implemented on a computer.

4. Potential energy

Potential energy can be thought of as energy stored within a physical system. It is called

potential energy because it has the potential to be converted into other forms of energy, such as

kinetic energy, and to do work in the process. The standard (SI) unit of measure for potential

energy is the joule, the same as for work, or energy in general.

Potential energy is the energy which is stored. Potential energy exists when there is a force that

tends to pull an object back towards some original position when the object is displaced. This

force is often called a restoring force. The phrase 'potential energy' was coined by William

Rankine. For example, when a spring is stretched to the left, it exerts a force to the right so as to

return to its original, un-stretched position. Or, suppose that a weight is lifted straight up. The

force of gravity will try to bring it back down to its original position. The initial steps of

stretching the spring and lifting the weight both require energy to perform. According to the

principle of conservation of energy, energy cannot be created or destroyed; hence this energy

cannot disappear. Instead it is stored as potential energy. If the spring is released or the weight is

dropped, this stored energy will be converted into kinetic energy by the restoring force elasticity

in the case of the spring, and gravity in the case of the weight.

The more formal definition is that potential energy is the energy of position, that is, the energy

an object is considered to have due to its position in space. There are a number of different types

of potential energy, each associated with a particular type of force. More specifically, every

conservative force gives rise to potential energy. For example, the work of elastic force is called

elastic potential energy; work of gravitational force is called gravitational potential energy, work

of the Coulomb force is called electric potential energy; work of strong nuclear force or weak

nuclear force acting on the baryon charge is called nuclear potential energy; work of

intermolecular forces is called intermolecular potential energy. Chemical potential energy, such

as the energy stored in fossil fuels, is the work of Coulomb force during rearrangement of mutual

positions of electrons and nuclei in atoms and molecules. Thermal energy usually has two
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components: the kinetic energy of random motion of particles and potential energy of their

mutual positions.

As a general rule, the work done by a conservative force F will be

where ΔPE is the change in the potential energy associated with that particular force. The most

common notations for potential energy are PE and U. It is important to note that electric

potential (commonly denoted with a V for voltage) is not the same as electric potential energy.

5. Quadratic Shape Functions

The essence of the finite element method, already stated above, is to approximate the unknown

by an expression given as

Ni
. ai =

Where Ni are the interpolating shape functions prescribed in terms of linear independent

functions and ai are a set of unknown parameters. Under normal circumstances the variables are

chosen to be identical with the values of the unknown function at the element nodes, thus making

ui ai

Now consider to interpolate a constant function over the simulation domain. It is clear that a

constant value of ai specified at all nodes must result in a constant value of $ \bf u$ which

immediately implies that

Ni = 1

at all points of the domain. The so defined shape functions are referred to as standard shape

functions and are the basics of most finite element programs.
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In Section 2 of this course you will cover these topics:
Trusses
Two-Dimensional Problems Using Constant Strain Triangles
Axisymmetric Solids Subjected To Axisymmetric Loading

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Pratt truss

 Learn the concept King post truss

 Learn the concept Town's lattice truss

 Learn the concept Vierendeel truss

 Learn the concept Statics of trusses

 Learn the concept Analysis of trusses

 Learn the concept Design of members

Definition/Overview:

In architecture and structural engineering, a truss is a structure comprising one or more triangular

units constructed with straight slender members whose ends are connected at joints referred to as

nodes. External forces and reactions to those forces are considered to act only at the nodes and

result in forces in the members which are either tensile or compressive forces. Moments

(torsional forces) are explicitly excluded because, and only because, all the joints in a truss are

treated as revolutes. A planar truss is one where all the members and nodes lie within a two

dimensional plane, while a space truss has members and nodes extending into three dimensions.
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A truss is composed of triangles because of the structural stability of that shape and design. A

triangle is the simplest geometric figure that will not change shape when the lengths of the sides

are fixed. In comparison, both the angles and the lengths of a square must be fixed for it to retain

its shape.

The simplest form of a truss is one single triangle. This type of truss is seen in a framed roof

consisting of rafters and a ceiling joist. Because of the stability of this shape and the methods of

analysis used to calculate the forces within it, a truss composed entirely of triangles is known as

a simple truss.

A planar truss lies in a single plane. Planar trusses are typically used in parallel to form roofs and

bridges. A space truss is a three-dimensional framework of members pinned at their ends. A

tetrahedron shape is the simplest space truss, consisting of six members which meet at four

joints.

The depth of a truss, or the height between the upper and lower chords, is what makes it an

efficient structural form. A solid girder or beam of equal strength would have substantial weight

and material cost as compared to a truss. For a given span length, a deeper truss will require less

material in the chords and greater material in the verticals and diagonals. An optimum depth of

the truss will maximize the efficiency.

Key Points:

1. Pratt truss

The Pratt truss was patented in 1844 by two Boston railway engineers; Caleb Pratt and his son

Thomas Willis Pratt. The design uses vertical beams for compression and horizontal beams to

respond to tension. What is remarkable about this style is that it remained popular even as wood

gave way to iron, and even still as iron gave way to steel.

The Southern Pacific Railroad Bridge in Tempe, Arizona is a 393 meter (1291 foot) long truss

bridge built in 1912. The structure is composed of nine Pratt truss spans of varying lengths. The

bridge is still in use today.
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2. King post truss

One of the simplest truss styles to implement, the king post consists of two angled supports

leaning into a common vertical support.

The queen post truss, sometimes queen-post or queens-post, is similar to a king post truss in that

the outer supports are angled towards the center of the structure. The primary difference is the

horizontal extension at the centre which relies on beam action to provide mechanical stability.

This truss style is only suitable for relatively short spans.

3. Town's lattice truss

American architect Ithiel Town designed Town's Lattice Truss as an alternative to heavy-timber

bridges. His design, patented in 1835, uses easy-to-handle planks arranged diagonally with short

spaces in between them.

4. Vierendeel truss

The Vierendeel truss is a truss where the members are not triangulated but form rectangular

openings, and is a frame with fixed joints that are capable of transferring and resisting bending

moments. Regular trusses comprise members that are commonly assumed to have pinned joints

with the implication that no moments exist at the jointed ends. This style of truss was named

after the Belgian engineer Arthur Vierendeel, who developed the design in 1896. Its use for

bridges is rare due to higher costs compared to a triangulated truss.

The utility of this type of truss in buildings is that there is no diagonal bracing, the creation of

rectangular openings for windows and doors is simplified and in cases the need for compensating

shear walls is reduced or eliminated. After being damaged by the impact of plane hitting the

building, parts of the framed curtain walls of the Twin Towers of the World Trade Center

resisted collapse by Vierendeel action displayed by the remaining portions of the frame.

5. Statics of trusses

A truss that is assumed to comprise members that are connected by means of pin joints, and

which is supported at both ends by means of hinged joints or rollers, is described as being

statically determinate. Newton's Laws apply to the structure as a whole, as well as to each node
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or joint. In order for any node that may be subject to an external load or force to remain static in

space, the following conditions must hold: the sums of all horizontal forces, all vertical forces, as

well as all moments acting about the node equal zero. Analysis of these conditions at each node

yields the magnitude of the forces in each member of the truss. These may be compression or

tension forces.

Trusses that are supported at more than two positions are said to be statically indeterminate, and

the application of Newton's Laws alone is not sufficient to determine the member forces.

In order for a truss with pin-connected members to be stable, it must be entirely composed of

triangles. In mathematical terms, we have the following necessary condition for stability:

where m is the total number of truss members, j is the total number of joints and r is the number

of reactions (equal to 3 generally) in a 2-dimensional structure.

When m = 2j − 3, the truss is said to be statically determinate, because the (m+3) internal

member forces and support reactions can then be completely determined by 2j equilibrium

equations, once we know the external loads and the geometry of the truss. Given a certain

number of joints, this is the minimum number of members, in the sense that if any member is

taken out (or fails), then the truss as a whole fails. While the relation (a) is necessary, it is not

sufficient for stability, which also depends on the truss geometry, support conditions and the load

carrying capacity of the members.

Some structures are built with more than this minimum number of truss members. Those

structures may survive even when some of the members fail. They are called statically

indeterminate structures, because their member forces depend on the relative stiffness of the

members, in addition to the equilibrium condition described.

6. Analysis of trusses

Because the forces in each of its two main girders are essentially planar, a truss is usually

modelled as a two-dimensional plane frame. If there are significant out-of-plane forces, the

structure must be modelled as a three-dimensional space.

The analysis of trusses often assumes that loads are applied to joints only and not at intermediate

points along the members. The weight of the members is often insignificant compared to the
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applied loads and so is often omitted. If required, half of the weight of each member may be

applied to its two end joints. Provided the members are long and slender, the moments

transmitted through the joints are negligible and they can be treated as "hinges" or 'pin-joints'.

Every member of the truss is then in pure compression or pure tension shear, bending moment,

and other more complex stresses are all practically zero. This makes trusses easier to analyze.

This also makes trusses physically stronger than other ways of arranging material because nearly

every material can hold a much larger load in tension and compression than in shear, bending,

torsion, or other kinds of force. Structural analysis of trusses of any type can readily be carried

out using a matrix method such as the direct stiffness method, the flexibility method or the finite

element method.

7. Design of members

A truss can be thought of as a beam where the web consists of a series of separate members

instead of a continuous plate. In the truss, the lower horizontal member (the bottom chord) and

the upper horizontal member (the top chord) carry tension and compression, fulfilling the same

function as the flanges of an I-beam. Which chord carries tension and which carries compression

depends on the overall direction of bending. In the truss pictured above right, the bottom chord is

in tension, and the top chord in compression.

The diagonal and vertical members form the truss web, and carry the sheer force. Individually,

they are also in tension and compression, the exact arrangement of forces depending on the type

of truss and again on the direction of bending. In the truss shown above right, the vertical

members are in tension, and the diagonals are in compression.

In addition to carrying the static forces, the members serve additional functions of stabilizing

each other, preventing buckling. In the picture, the top chord is prevented from buckling by the

presence of bracing and by the stiffness of the web members.

The inclusion of the elements shown is largely an engineering decision based upon economics,

being a balance between the costs of raw materials, off-site fabrication, component

transportation, on-site erection, the availability of machinery and the cost of labor. In other cases

the appearance of the structure may take on greater importance and so influence the design

decisions beyond mere matters of economics. Modern materials such as pre-stressed concrete
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and fabrication methods, such as automated welding, have significantly influenced the design of

modern bridges.

Once the force on each member is known, the next step is to determine the cross section of the

individual truss members. For members under tension the cross-sectional area A can be found

using A = F γ / σy, where F is the force in the member, γ is a safety factor (typically 1.5 but

depending on building codes) and σy is the yield tensile strength of the steel used.

The members under compression also have to be designed to be safe against buckling.

The weight of a truss member depends directly on its cross section -- that weight partially

determines how strong the other members of the truss need to be. Giving one member a larger

cross section than on a previous iteration requires giving other members a larger cross section as

well, to hold the greater weight of the first member -- one needs to go through another iteration

to find exactly how much greater the other members need to be. Sometimes the designer goes

through several iterations of the design process to converge on the "right" cross section for each

member. On the other hand, reducing the size of one member from the previous iteration merely

makes the other members have a larger (and more expensive) safety factor than is technically

necessary, but doesn't require another iteration to find a buildable truss. The effect of the weight

of the individual truss members in a large truss, such as a bridge, is usually insignificant

compared to the force of the external loads.

In Section 3 of this course you will cover these topics:

Two-Dimensional Isoparametric Elements And Numerical Integration

Beams And Frames

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Isoparametric quadrilateral

 Learn about The conjugate gradient method as an iterative method
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 Learn about Quadrature rules based on interpolating functions

Definition/Overview:

Since most finite element programs employ six degrees of freedom per node, the vertex in-plane

rotation in membrane elements has been a topic of research for some time. Early attempts to

design elements with vertex rotations were largely unsuccessful and only since the

Bergan/Felippa triangle was introduced1, has some success been forthcoming. Although this

formulation is dependent on two adjustable coefficients, it passes the patch test and performs

excellently. Cook2 employed an assumed stress hybrid method. His proposed element, the CST

Hybrid, performs well in both the rectangular and distorted cantilevers. Recently, MacNeal and

Harder3 proposed a quadrilateral membrane with vertex rotations based on the 8-node

serendipity element with 2 x 2 integration.

Adjustable parameters are used to control the rank deficiencies.

The kinematics of the current formulation originated with Taylor and Simo4, who used the 9-

node Lagrangian element and degenerated the midside degrees of freedom to in-plane corner

rotations. The centre node variables are condensed. The element is based on a pure displacement

model.

Key Points:

1. Isoparametric quadrilateral

To demonstrate the ease with which element types can be interchanged in programs, consider the

next member of the isoparametric quadrilateral group, namely the quadratic quadrilateral with

midside nodes shown in Figure
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The same local coordinate system is retained and the coordinate matrix GEOM becomes

The shape functions are now

In mathematics, the conjugate gradient method is an algorithm for the numerical solution of

particular systems of linear equations, namely those whose matrix is symmetric and positive

definite. The conjugate gradient method is an iterative method, so it can be applied to sparse

systems which are too large to be handled by direct methods such as the Cholesky

decomposition. Such systems arise regularly when numerically solving partial differential

equations.

The conjugate gradient method can also be used to solve unconstrained optimization problems

such as energy minimization.

The biconjugate gradient method provides a generalization to non-symmetric matrices. Various

nonlinear conjugate gradient methods seek minima of nonlinear equations.

2. The conjugate gradient method as an iterative method

If we choose the conjugate vectors pk carefully, then we may not need all of them to obtain a

good approximation to the solution x*. So, we want to regard the conjugate gradient method as

an iterative method. This also allows us to solve systems where n is so large that the direct

method would take too much time.

We denote the initial guess for x* by x0. We can assume without loss of generality that x0 = 0

(otherwise, consider the system Az = b − Ax0 instead). Note that the solution x* is also the

unique minimizer of the quadratic form
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This suggests taking the first basis vector p1 to be the gradient of f at x = x0, which equals

Ax0−b or, since x0 = 0, −b. The other vectors in the basis will be conjugate to the gradient,

hence the name conjugate gradient method.

Let rk be the residual at the kth step:

Note that rk is the negative gradient of f at x = xk, so the gradient descent method would be to

move in the direction rk. Here, we insist that the directions pk are conjugate to each other, so we

take the direction closest to the gradient rk under the conjugacy constraint. This gives the

following expression:

The resulting algorithm

After some simplifications, this results in the following algorithm for solving Ax = b where A is

a real, symmetric, positive-definite matrix. The input vector x0 can be an approximate initial

solution or 0.

Repeat

If rk+1 is "sufficiently small" then exit loop end if

End repeat

The result is
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3. Quadrature rules based on interpolating functions

A large class of quadrature rules can be derived by constructing interpolating functions which are

easy to integrate. Typically these interpolating functions are polynomials.

The simplest method of this type is to let the interpolating function be a constant function (a

polynomial of order zero) which passes through the point ((a+b)/2, f((a+b)/2)). This is called the

midpoint rule or rectangle rule.

The interpolating function may be an affine function (a polynomial of degree 1) which passes

through the points (a, f(a)) and (b, f(b)). This is called the trapezoidal rule.

For either one of these rules, we can make a more accurate approximation by breaking up the

interval [a, b] into some number n of subintervals, computing an approximation for each

subinterval, then adding up all the results. This is called a composite rule, extended rule, or

iterated rule. For example, the composite trapezoidal rule can be stated as

where the subintervals have the form [k h, (k+1) h], with h = (b−a)/n and k = 0, 1, 2, ..., n−1.

Interpolation with polynomials evaluated at equally-spaced points in [a, b] yields the

NewtonCotes formulas, of which the rectangle rule and the trapezoidal rule are examples.

Simpson's rule, which is based on a polynomial of order 2, is also a NewtonCotes formula.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

32
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Quadrature rules with equally-spaced points have the very convenient property of nesting. The

corresponding rule with each interval subdivided includes all the current points, so those

integrand values can be re-used.

If we allow the intervals between interpolation points to vary, we find another group of

quadrature formulas, such as the Gaussian quadrature formulas. A Gaussian quadrature rule is

typically more accurate than a NewtonCotes rule which requires the same number of function

evaluations, if the integrand is smooth (i.e., if it has many derivatives.) Other quadrature methods

with varying intervals include ClenshawCurtis quadrature (also called Fejr quadrature) methods.

Gaussian quadrature rules do not nest, but the related GaussKronrod rules do. ClenshawCurtis

rules nest.

Some details of the algorithm require careful thought. For many cases, estimating the error from

quadrature over an interval for a function f(x) isn't obvious. One popular solution is to use two

different rules of quadrature, and use their difference as an estimate of the error from quadrature.

The other problem is deciding what "too large" or "very small" signify. A local criterion for "too

large" is that the quadrature error should not be larger than where t, a real number, is the

tolerance we wish to set for global error. Then again, if h is already tiny, it may not be

worthwhile to make it even smaller even if the quadrature error is apparently large. A global

criterion is that the sum of errors on all the intervals should be less than t. This type of error

analysis is usually called "a posteriori" since we compute the error after having computed the

approximation.

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Structural characteristics

 Learn the concept of General shapes

 Learn the concept of Balloon framing

 Learn the concept of Platform framing

 Learn the concept of Structure

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

33
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Definition/Overview:

A beam is a structural element that is capable of withstanding load primarily by resisting

bending. The bending force induced into the material of the beam as a result of the external

loads, own weight and external reactions to these loads is called a bending moment.

Framing, in construction known as light frame construction, is a building technique based around

structural members, usually called studs, which provide a stable frame to which interior and

exterior wall coverings are attached, and covered by a roof comprising horizontal ceiling joists

and sloping rafters (together forming a truss structure) or manufactured pre-fabricated roof

trussesall of which are covered by various sheathing materials to give weather resistance.

Modern light-frame structures usually gain strength from rigid panels (plywood and other

plywood like composites such as OSB) used to form all or part of wall sections, but until recently

carpenters employed various forms of diagonal bracing (called "wind braces") to stabilize walls.

Diagonal bracing remains a vital interior part of many roof systems, and in-wall wind braces are

required by building codes in many municipalities or by individual state laws in the United

States.

Light frame construction using standardized dimensional lumber has become the dominant

construction method in North America and Australasia because of its economy. Use of minimal

structural materials allows builders to enclose a large area with minimal cost, while achieving a

wide variety of architectural styles. The ubiquitous platform framing and the older balloon

framing are the two different light frame construction systems used in North America.
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Key Points:

1. Structural characteristics

The universal beam flange sections are three times further apart than the solid beam's upper and

lower halves. The second moment of inertia of the universal beam is nine times that of the square

beam of equal cross section (universal beam web ignored for simplification)

Internally, beams experience compressive, tensile and shear stresses as a result of the loads

applied to them. Typically, under gravity loads, the original length of the beam is slightly

reduced to enclose a smaller radius arc at the top of the beam, resulting in compression, while the

same original beam length at the bottom of the beam is slightly stretched to enclose a larger

radius arc, and so is under tension. The same original length of the middle of the beam, generally

halfway between the top and bottom, is the same as the radial arc of bending, and so it is under

neither compression nor tension, and defines the neutral axis (dotted line in the beam figure).

Above the supports, the beam is exposed to shear stress. There are some reinforced concrete

beams that are entirely in compression. These beams are known as pre-stressed concrete beams,

and are fabricated to produce a compression more than the expected tension under loading

conditions. High strength steel tendons are stretched while the beam is cast over them. Then,

when the concrete has begun to cure, the tendons are released and the beam is immediately under

eccentric axial loads. This eccentric loading creates an internal moment, and, in turn, increases

the moment carrying capacity of the beam. They are commonly used on highway bridges.

The primary tool for structural analysis of beams is the Euler-Bernoulli beam equation. Other

mathematical methods for determining the deflection of beams include "method of virtual work"

and the "slope deflection method". Engineers are interested in determining deflections because

the beam may be in direct contact with a brittle material such as glass. Beam deflections are also

minimized for aesthetic reasons. A visibly sagging beam, though structurally safe, is unsightly

and to be avoided. A stiffer beam (high modulus of elasticity and high second moment of area)

produces less deflection.
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Mathematical methods for determining the beam forces (internal forces of the beam and the

forces that are imposed on the beam support) include the "moment distribution method", the

force or flexibility method and the direct stiffness method.

2. General shapes

Most beams in reinforced concrete buildings have rectangular cross sections, but the most

efficient cross section is a universal beam. The fact that most of the material is placed away from

the neutral axis (axis of symmetry in case of universal beam) increases the second moment of

area of the beam which in turn increases the stiffness.

A universal beam is only the most efficient shape in one direction of bending: up and down

looking at the profile as an I. If the beam is bent side to side , it functions as an H where it is less

efficient. The most efficient shape for both directions in 2D is a box (a square shell) however the

most efficient shape for bending in any direction is a cylindrical shell or tube. But, for

unidirectional bending, the universal (I or wide flange) beam is king.

Efficiency means that for the same cross sectional area (Volume of beam per length) subjected to

the same loading conditions, the beam deflects less.

Other shapes, like L (angles), C (Channels) or tubes, are also used in construction when there are

special requirements.

3. Balloon framing

It utilizes long continuous framing members (studs) that run from sill plate to eave line with

intermediate floor structures nailed to them, with the heights of window sills, headers and next

floor height marked out on the studs with a storey pole. Once popular when long lumber was

plentiful, balloon framing has been largely replaced by platform framing.
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While no one is sure who introduced balloon framing in the U.S., the first building using balloon

framing was probably a warehouse constructed in 1832 in Chicago by George Washington

Snow. The following year, Augustine Taylor (1796-1891) constructed St. Mary's Catholic

Church in Chicago using the balloon framing method.

The curious name of this framing technique was originally a derisive one. As Taylor was

constructing his first such building, St. Mary's Church, in 1833, skilled carpenters looked on at

the comparatively thin framing members, all held together with nails, and declared this method

of construction to be no more substantial than a balloon. It would surely blow over in the next

wind! Though the criticism proved baseless, the name stuck.

Although lumber was plentiful in 19th century America, skilled labor was not. The advent of

cheap machine-made nails, along with water-powered sawmills in the early 19th century made

balloon framing highly attractive, because it did not require highly-skilled carpenters, as did the

dovetail joints, mortises and tenons required by post-and-beam construction. For the first time,

any farmer could build his own buildings without a time-consuming learning curve.

It has been said that balloon framing populated the western United States and the western

provinces of Canada. Without it, western boomtowns certainly could not have blossomed

overnight. It is also a fair certainty that, by radically reducing construction costs, balloon framing

improved the shelter options of poorer North Americans. For example, many 19th century New

England working neighborhoods consist of balloon-constructed three-story apartment buildings

referred to as triple deckers.

The main difference between platform and balloon framing is at the floor lines. The balloon wall

studs extend from the sill of the first story all the way to the top plate or end rafter of the second

story. The platform-framed wall, on the other hand, is independent for each floor.

Balloon framing has several disadvantages as a construction method:

The creation of a path for fire to readily travel from floor to floor. This is mitigated with the use

of firestops at each floor level.
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The lack of a working platform for work on upper floors. Whereas workers can readily reach the

top of the walls being erected with platform framing, balloon construction requires scaffolding to

reach the tops of the walls (which are often two or three stories above the working platform).

The requirement for long framing members

In certain larger buildings, a noticeable down-slope of floors towards central walls, caused by the

differential shrinkage of the wood framing members at the perimeter versus central walls. Larger

balloon-framed buildings will have central bearing walls which are actually platform framed and

thus will have horizontal sill and top plates at each floor level, plus the intervening floor joists, at

these central walls. Wood will shrink much more across its grain than along the grain. Therefore,

the cumulative shrinkage in the center of such a building is considerably more than the shrinkage

at the perimeter where there are much fewer horizontal members. Of course, this problem, unlike

the first three, takes time to develop and become noticeable.

Balloon framing has been outlawed by building codes in many areas because of the fire danger

that it poses.

Since steel is generally more fire-resistant than wood, and steel framing members can be made to

arbitrary lengths, balloon framing is growing in popularity again in light gauge steel stud

construction. Balloon framing provides a more direct load path down to the foundation.

Additionally, balloon framing allows more flexibility for trade workers in that it is significantly

easier to pull wire, piping and ducting without having to bore through or work around framing

members.

4. Platform framing

In Canada and the United States, the most common method of light-frame construction for

houses and small apartment buildings as well as some small commercial buildings is Platform

framing.

The framed structure sits atop a concrete (most common) or treated wood foundation. A sill plate

is anchored, usually with 'J' bolts to the foundation wall. Generally these plates must be pressure
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treated to keep from rotting. The bottom of the sill plate is raised a minimum 6 inches (150 mm)

above the finished grade by the foundation. This again is to prevent the sill-plate from rotting as

well as providing a termite barrier.

The floors, walls and roof of a framed structure are created by assembling (using nails)

consistently sized framing elements of dimensional lumber (24, 26, etc.) at regular spacings (12″,

16″, and 24″ on center), forming stud-bays (wall) or joist-bays (floor). The floors, walls and roof

are typically made torsionally stable with the installation of plywood or composite wood skin

referred to as sheathing. Sheathing has very specific nailing requirements (such as size and

spacing); these measures allow a known amount of shear force to be resisted by the element.

Spacing the framing members properly allows them to align with the edges of standard

sheathing. In the past, tongue and groove planks installed diagonally were used as sheathing.

Occasionally, wooden or galvanized steel braces are used instead of sheathing. There are also

engineered wood panels made for shear and bracing.

The floor, or the platform of the name, is made up of joists (usually 2x6, 28, 210 or 212,

depending on the span) that sit on supporting walls, beams or girders. The floor joists are spaced

at (12″, 16″, and 24″ on center) and covered with a plywood subfloor. In the past, 1x planks set

at 45-degrees to the joists were used for the subfloor.

Where the design calls for a framed floor, the resulting platform is where the framer will

construct and stand that floors walls (interior and exterior load bearing walls and space-dividing,

non-load bearing partitions). Additional framed floors and their walls may then be erected to a

general maximum of four in wood framed construction. There will be no framed floor in the case

of a single-level structure with a concrete floor known as a slab on grade.

Stairs between floors are framed by installing stepped stringers and then placing the horizontal

treads and vertical risers.

A framed roof is an assembly of rafters and wall-ties supported by the top storys walls.

Prefabricated and site-built trussed rafters are also used along with the more common stick

framing method. Trusses are engineered to redistribute tension away from wall-tie members and

the ceiling members. The roof members are covered with sheathing or strapping to form the roof

deck for the finish roofing material.
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Floor joists can be engineered lumber (trussed, I-beam, etc.), conserving resources with

increased rigidity and value. They allow access for runs of plumbing, HVAC, etc. and some

forms are pre-manufactured.

Double Framing is a style of framing used to reduce heat loss and air infiltration. Two walls are

built around the perimeter of the building with a small gap in between. The inner wall carries the

structural load of the building and is constructed as described above. The exterior wall is not load

bearing and can be constructed using lighter materials. Insulation is installed in the entire space

between the outside edge of the exterior wall and the inside edge of the interior wall. The size of

the gap depends upon how much insulation is desired. The vapor barrier is installed on the

outside of the inner wall, rather than between the studs and drywall of a standard framed

structure. This increases its effectiveness as it is not perforated by electrical and plumbing

connections.

5. Structure

Light-frame buildings are often erected on monolithic concrete slab foundations that serve both

as a floor and as a support for the structure. Other light-frame buildings are built over a

crawlspace or a basement, with wood or steel joists used to span between foundation walls,

usually constructed of poured concrete or concrete blocks.

Engineered components are commonly used to form floor, ceiling and roof structures in place of

solid wood. I-beam (closed web trussed) joists are often made from laminated woods, most often

chipped poplar wood, in panels as thin as 1 cm (3/8ths of an inch), glued between horizontally

laminated members of less than 5 cm by 5 cm (two-by-two inches), to span distances of as much

as 9 m (30 ft). Open web trussed joists and rafters are often formed of 5 cm by 10 cm (two-by-

four inch) wood members to provide support for floors, roofing systems and ceiling finishes.
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In Section 4 of this course you will cover these topics:

Three-Dimensional Problems In Stress Analysis

Scalar Field Problems

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Load transfer

 Learn the concept of Plane stress

 Learn the concept of Mohr's circle for stresses

Definition/Overview:

Stress analysis is an engineering discipline that determines the stress in materials and structures

subjected to static or dynamic forces or loads (alternately, in linear elastic systems, strain can be

used in place of stress).

The aim of the analysis is usually to determine whether the element or collection of elements,

usually referred to as a structure, can safely withstand the specified forces. This is achieved when

the determined stress from the applied force(s) is less than the ultimate tensile strength, ultimate

compressive strength or fatigue strength the material is known to be able to withstand, though

ordinarily a factor of safety is applied in design.

The factor of safety is a design requirement for the structure based on the uncertainty in loads,

material strength (yield and ultimate), and consequences of failure. Often a separate factor of

safety is applied to the yield strength and to the ultimate strength. The factor of safety on yield

strength is to prevent detrimental deformations and the factor of safety on ultimate strength is to

prevent collapse. The factor of safety is used to calculate a maximum allowable stress.

Factor of Safety = Ultimate Tensile Strength/Maximum allowable stress
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When performing stress analysis, a factor of safety is calculated to compare with the required

factor of safety. The factor of safety is a design requirement given to the stress analyst. The

Analyst calculates the design factor. Margin of safety is another way to express the design factor.

Design Factor = Ultimate Tensile Strength / Maximum Calculated Tensile Stress

A key part of analysis involves determining the type of loads acting on a structure, including

tension, compression, shear, torsion, bending, or combinations of such loads.

Sometimes the term stress analysis is applied to mathematical or computational methods applied

to structures that do not yet exist, such as a proposed aerodynamic structure, or to large structures

such as a building, a machine, a reactor vessel or a piping system.

A stress analysis can also be made by actually applying the force(s) to an existing element or

structure and then determining the resulting stress using sensors, but in this case the process

would more properly be known as testing (destructive or non-destructive). In this case special

equipment, such as a wind tunnel, or various hydraulic mechanisms, or simply weights are used

to apply the static or dynamic loading.

When forces are applied, or expected to be applied, repeatedly, nearly all materials will rupture

or fail at a lower stress than they would otherwise. The analysis to determine stresses under these

cyclic loading conditions is termed fatigue analysis and is most often applied to aerodynamic

structural systems.

Key Points:

1. Load transfer

The evaluation of loads and stresses within structures is directed to finding the load transfer path.

Loads will be transferred by physical contact between the various component parts and within

structures. The load transfer may be identified visually, or by simple logic for simple structures.

For more complex structures, more complex methods such as theoretical solid mechanics or by
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numerical methods may be required. Numerical methods include direct stiffness method which is

also referred to as the finite element method.

The object is to determine the critical stresses in each part, and compare them to the strength of

the material.

For parts that have broken in service, a forensic engineering or failure analysis is performed to

identify weakness, where broken parts are analysed for the cause or causes of failure. The

method seeks to identify the weakest component in the load path. If this is the part which

actually failed, then it may corroborate independent evidence of the failure. If not, then another

explanation has to be sought, such as a defective part with a lower tensile strength than it should

for example

2. Plane stress

A state of plane stress exist when one of the principal stresses is zero, stresses with respect to the

thin surface are zero. This usually occurs in structural elements where one dimension is very

small compared to the other two, i.e. the element is flat or thin, and the stresses are negligible

with respect to the smaller dimension as they are not able to develop within the material and are

small compared to the in-plane stresses. Therefore, the face of the element is not acted by loads

and the structural element can be analyzed as two-dimensional, e.g. thin-walled structures such

as plates subject to in-plane loading or thin cylinders subject to pressure loading. The stress

tensor can then be approximated by:

.

in which the non-zero term arises from the Poisson effect. This strain term can be temporarily

removed from the stress analysis to leave only the in-plane terms, effectively reducing the

analysis to two dimensions.
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Plane strain

If one dimension is very large compared to the others, the principal strain in the direction of the

longest dimension is constrained and can be assumed as zero, yielding a plane strain condition.

In this case, though all principal stresses are non-zero, the principal stress in the direction of the

longest dimension can be disregarded for calculations. Thus, allowing a two dimensional

analysis of stresses, e.g. a dam analyzed at a cross section loaded by the reservoir.

3. Mohr's circle for stresses

Mohr's circle is a graphical representation of any 2-D stress state and was named for Christian

Otto Mohr. Mohr's circle may also be applied to three-dimensional stress. In this case, the

diagram has three circles, two within a third.

Mohr's circle is used to find the principal stresses, maximum shear stresses, and principal planes.

For example, if the material is brittle, the engineer might use Mohr's circle to find the maximum

component of normal stress (tension or compression); and for ductile materials, the engineer

might look for the maximum shear stress.

In the case of finite deformations, the Piola-Kirchhoff stress tensors are used to express the

stress relative to the reference configuration. This is in contrast to the Cauchy stress tensor

which expresses the stress relative to the present configuration. For infinitesimal deformations or

rotations, the Cauchy and Piola-Kirchoff tensors are identical. These tensors take their names

from Gabrio Piola and Gustav Kirchhoff.

4. 1st Piola-Kirchhoff stress tensor

Whereas the Cauchy stress tensor, , relates forces in the present configuration to areas in the

present configuration, the 1st Piola-Kirchhoff stress tensor, relates forces in the present

configuration with areas in the reference ("material") configuration. is given by
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Where is the Jacobian, and is the inverse of the deformation gradient.

Because it relates different coordinate systems, the 1st Piola-Kirchhoff stress is a two-point

tensor. In general, it is not symmetric. The 1st Piola-Kirchhoff stress is the 3D generalization of

the 1D concept of engineering stress.

If the material rotates without a change in stress state (rigid rotation), the components of the 1st

Piola-Kirchhoff stress tensor will vary with material orientation.

The 1st Piola-Kirchhoff stress is energy conjugate to the deformation gradient.

5. 2nd Piola-Kirchhoff stress tensor

Whereas the 1st Piola-Kirchhoff stress relates forces in the current configuration to areas in the

reference configuration, the 2nd Piola-Kirchhoff stress tensor relates forces in the reference

configuration to areas in the reference configuration. The force in the reference configuration is

obtained via a mapping that preserves the relative relationship between the force direction and

the area normal in the current configuration.

This tensor is symmetric.

If the material rotates without a change in stress state (rigid rotation), the components of the 2nd

Piola-Kirchhoff stress tensor will remain constant, irrespective of material orientation.

The 2nd Piola-Kirchhoff stress tensor is energy conjugate to the Green-Lagrange strain.

The components of the stress tensor depend on the orientation of the coordinate system at the

point under consideration. However, the stress tensor itself is a physical quantity and as such, it

is independent of the coordinate system chosen to represent it. There are certain invariants

associated with every tensor which are also independent of the coordinate system. For example, a

vector is a simple tensor of rank one. In three dimensions, it has three components. The value of

these components will depend on the coordinate system chosen to represent the vector, but the
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length of the vector is a physical quantity (a scalar) and is independent of the coordinate system

chosen to represent the vector. Similarly, every second rank tensor (such as the stress and the

strain tensors) has three independent invariant quantities associated with it. One set of such

invariants are the principal stresses of the stress tensor, which are just the eigenvalues of the

stress tensor. Their direction vectors are the principal directions or eigenvectors. When the

coordinate system is chosen to coincide with the eigenvectors of the stress tensor, the stress

tensor is represented by a diagonal matrix:

where , , and , are the principal stresses. These principal stresses may be combined to

form three other commonly used invariants, , , and , which are the first, second and third

stress invariants, respectively. The first and third invariant are the trace and determinant

respectively, of the stress tensor. Thus, we have

Because of its simplicity, working and thinking in the principal coordinate system is often very

useful when considering the state of the elastic medium at a particular point.

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Heat transfer

 Learn the concept of Conduction

 Learn the concept of Convection

 Learn the concept of Newton's law of cooling

 Learn the concept of Failure mode
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Definition/Overview:

In mathematics and physics, a scalar field associates a scalar value, which can be either

mathematical in definition, or physical, to every point in space. Scalar fields are often used in

physics, for instance to indicate the temperature distribution throughout space, or the air

pressure. In mathematics, or more specifically, differential geometry, the set of functions defined

on a manifold define the commutative ring of functions.

Just as the concept of a scalar in mathematics is identical to the concept of a scalar in physics, so

also the scalar field defined in differential geometry is identical to, in the abstract, to the

(unquantized) scalar fields of physics.

A scalar field is a function from Rn to R. That is, it is a function defined on the n-dimensional

Euclidean space with real values. Often it is required to be continuous, or one or more times

differentiable, that is, a function of class Ck.

The scalar field can be visualized as a n-dimensional space with a real or complex number

attached to each point in the space.

The derivative of a scalar field results in a vector field called the gradient.

Key Points:

1. Heat transfer

Heat transfer is the transition of thermal energy from a heated item to a cooler item. When an

object or fluid is at a different temperature than its surroundings or another object, transfer of

thermal energy, also known as heat transfer, or heat exchange, occurs in such a way that the body

and the surroundings reach thermal equilibrium. Heat transfer always occurs from a hot particle
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to a cold one, a result of the second law of thermodynamics. Where there is a temperature

difference between objects in proximity, heat transfer between them can never be stopped; it can

only be slowed down. Thermal energy is conducted well by metals such as copper, platinum,

gold, iron, etc.

2. Conduction

Conduction is the transfer of heat by direct contact of particles of matter. The transfer of energy

could be primarily by elastic impact as in fluids or by free electron diffusion as predominant in

metals or phonon vibration as predominant in insulators. In other words, heat is transferred by

conduction when adjacent atoms vibrate against one another, or as electrons move from atom to

atom. Conduction is greater in solids, where atoms are in constant contact. In liquids (except

liquid metals) and gases, the molecules are usually further apart, giving a lower chance of

molecules colliding and passing on thermal energy.

Heat conduction is directly analogous to diffusion of particles into a fluid, in the situation where

there are no fluid currents. This type of heat diffusion differs from mass diffusion in behavior,

only in as much as it can occur in solids, whereas mass diffusion is mostly limited to fluids.

Metals (eg. copper) are usually the best conductors of thermal energy. This is due to the way that

metals are chemically bonded: metallic bonds (as opposed to covalent or ionic bonds) have free-

moving electrons and form a crystalline structure, greatly aiding in the transfer of thermal

energy. If you put a metal spoon in a cup of hot chocolate, then the hot chocolate wouldn't be as

hot because the metal spoon conducts the heat, and gets it out of the hot chocolate.

As density decreases so does conduction. Therefore, fluids (and especially gases) are less

conductive. This is due to the large distance between atoms in a gas: fewer collisions between

atoms means less conduction. Conductivity of gases increases with temperature but only slightly

with pressure near and above atmospheric.

To quantify the ease with which a particular medium conducts, engineers employ the thermal

conductivity, also known as the conductivity constant or conduction coefficient, k. In thermal

conductivity k is defined as "the quantity of heat, Q, transmitted in time (t) through a thickness
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(L), in a direction normal to a surface of area (A), due to a temperature difference (ΔT) [...]."

Thermal conductivity is a material property that is primarily dependent on the medium's phase,

temperature, density, and molecular bonding.

A heat pipe is a passive device that is constructed in such a way that it acts as though it has

extremely high thermal conductivity.

Transient Conduction vs. steady state conduction

Steady state conduction is the form of conduction which happens when the temperature

difference is constant, so that an equilibration time, the spatial distribution of temperatures in an

object does not change (for example, a bar may be cold at one end and hot at the other, but the

gradient of temperatures along the bar do not change with time). There also exist situations

wherein the temperature drop or raise occurs more drastically, such as when a hot copper ball is

dropped into oil at a low temperature, and the interest is in analyzing the spatial change of

temperature in the object over time. This mode of heat conduction can be referred to as unsteady

mode of conduction or transient conduction. Analysis of these systems is more complex and

(except for simple shapes) calls in for the application of approximation theories.

Lumped System Analysis

A common approximation in transient conduction, which may be used whenever heat conduction

within an object is much faster than heat conduction across the boundary of the object, is

Lumped system analysis. This is a method of approximation that suitably reduces one aspect of

the transient conduction system (that within the object) to an equivalent steady state system (that

is, it is assumed that the temperature within the object is completely uniform, although its value

may be changing in time). In this method, a term known as the Biot number is calculated, which

is defined as the ratio of resistance to heat transfer across the object's boundary with a uniform

bath of different temperature, to the conductive heat resistance within the object. When the

thermal resistance to heat transferred into the object is less than the resistance to heat being

diffused completely within the object, the Biot number is small, and the approximation of

spacially uniform temperature within the object can be used. As this is a mode of approximation,

the Biot number must be less than 0.1 for accurate approximation and heat transfer analysis.

Even if the Biot number is not less than 0.1, analysis can be continued, but the accuracy of the
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result reduces. This mode of analysis has been applied to forensic sciences to analyze the time of

death of humans. Also it can be applied to HVAC (heating, ventilating and air-conditioning, or

building climate control), to ensure more nearly instantaneous effects of a change in comfort

level setting.

3. Convection

Convection is transfer of heat by movement of a heated fluid. Unlike the case of pure

conduction, now currents in fluids are additionally involved in convection. This movement

occurs into a fluid or within a fluid, and cannot happen in solids. In solids, molecules keep their

relative position to such an extent that bulk movement or flow is prohibited, and therefore

convection does not occur.

In natural convection a fluid surrounding a heat source receives heat, becomes less dense and

rises. The surrounding, cooler fluid then moves to replace it. This cooler fluid is then heated and

the process continues, forming a convection current. The driving force for natural convection is

buoyancy, a result of differences in fluid density when gravity or any type of acceleration is

present in the system.

Forced convection, by contrast, occurs when pumps, fans or other means are used to propel the

fluid and create an artificially induced convection current. Forced heat convection is sometimes

referred to as heat advection, or sometimes simply advection for short. But advection is a more

general process, and in heat advection, the substance being "advected" in the fluid field is simply

heat (rather than mass, which is the other natural component in such situations, as mass transfer

and heat transfer share generally the same equations).

In some heat transfer systems, both natural and forced convection contribute significantly to the

rate of heat transfer.

To calculate the rate of convection between an object and the surrounding fluids, engineers

employ the heat transfer coefficient, h. Unlike the thermal conductivity, the heat transfer

coefficient is not a material property. The heat transfer coefficient depends upon the geometry,

fluid, temperature, velocity, and other characteristics of the system in which convection occurs.
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Therefore, the heat transfer coefficient must be derived or found experimentally for every system

analyzed. Formulae and correlations are available in many references to calculate heat transfer

coefficients for typical configurations and fluids.

It should be noted that convection does not occur in a perfect vacuum due to the lack of media to

transmit heat. This mode of heat transfer does not occur in space where there is no atmosphere in

the surroundings of the system to be analyzed. It only occurs where gases are present.

4. Newton's law of cooling

A related principle, Newton's law of cooling, states that the rate of heat loss of a body is

proportional to the difference in temperatures between the body and its surroundings, or

environment. The law is

Q = Thermal energy in Joules

h = Heat transfer coefficient

A = Surface area of the heat being transferred

T0 = Temperature of the object's surface

Tenv = Temperature of the environment

This form of heat loss principle is sometimes not very precise; an accurate formulation may

require analysis of heat flow, based on the (transient) heat transfer equation in a non-

homogeneous, or else poorly conductive, medium. The following simplification may be applied

so long as it is permitted by the Biot number, which relates surface conductance to interior

thermal conductivity in a body. If this ratio permits, it shows that the body has relatively high

internal conductivity, such that (to good approximation) the entire body is at same uniform

temperature as it is cooled from the outside, by the environment. If this is the case, then it is easy

to derive from these conditions the behavior of exponential decay of temperature of a body. In

such cases, the entire body is treated as lumped capacitance heat reservoir, with total heat content
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which is proportional to simple total heat capacity Q=mcT, and the temperature of the body. If

T(t) is the temperature of such a body at time t, and Tenv is the temperature of the environment

around the body, then

Where

r is a positive constant characteristic of the system, which must be in units of 1/time, and is

therefore sometimes expressed in terms of a time constant: r = 1/t0.

The solution of this differential equation, by standard methods of integration and substitution of

boundary conditions, gives:

Here, T(t) is the temperature at time t, and T(0) is the initial temperature at zero time, or t = 0.

If:

Is defined as : where is the initial temperature difference at time

0, then the Newtonian solution is written as:

5. Failure mode

The shear stress in the shaft may be resolved into principal stresses via Mohr's circle. If the shaft

is loaded only in torsion then one of the principal stresses will be in tension and the other in

compression. These stresses are oriented at a 45 degree helical angle around the shaft. If the shaft

is made of brittle material then the shaft will fail by a crack initiating at the surface and

propagating through to the core of the shaft fracturing in a 45 degree angle helical shape. This is

often demonstrated by twisting a piece of blackboard chalk between one's fingers.

In fluid dynamics, a potential flow is a velocity field which is described as the gradient of a

scalar function: the velocity potential. As a result, a potential flow is characterized by an
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irrotational velocity field, which is a valid approximation for several applications. The

irrotationality of a potential flow is due to the curl of a gradient always being equal to zero (since

the curl of a gradient is equivalent to take the cross product of two parallel vectors, which is

zero).In case of an incompressible flow the velocity potential satisfies the Laplace equation.

However, potential flows have also been used to describe compressible flows. The potential flow

approach occurs in the modeling of both stationary as well as non-stationary flows. Applications

of potential flow are for instance: the outer flow field for aero-foils, water waves, and

groundwater flow. For flows (or parts thereof) with strong vorticity effects, the potential flow

approximation is not applicable.

In Section 5 of this course you will cover these topics:

Dynamic Considerations

Introduction To Engineering Design

Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Element mass matrix

 Learn the concept of Eigenvalue, eigenvector and eigenspace

 Learn the concept of Characteristic equation

Definition/Overview:

In physics the term dynamics customarily refers to the time evolution of physical processes.

These processes may be microscopic as in particle physics, kinetic theory, and chemical
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reactions, or macroscopic as in the predictions of statistical mechanics and non-equilibrium

thermodynamics. Kinetic theory (or kinetic theory of gases) attempts to explain macroscopic

properties of gases, such as pressure, temperature, or volume, by considering their molecular

composition and motion. Essentially, the theory posits that pressure is due not to static repulsion

between molecules, as was Isaac Newton's conjecture, but due to collisions between molecules

moving at different velocities. Kinetic theory is also known as the Kinetic-Molecular Theory or

the Collision Theory or the Kinetic-Molecular Theory of Gases.

Key Points:

1. Element mass matrix

If the integral (22) is used to form the element mass matrix a system mass matrix results which is

similar in form to the system stiffness matrix. This is known as a consistent mass formulation

which results in significant computer time to reduce the eigenproblem to standard form. An

alternative is to use a lumped mass formulation; this results in a diagonal mass matrix which is of

considerable computational convenience. The lumped system matrix is formed from the

consistent element mass matrix. The lumped and consistent mass formulations are discussed in

more detail in Chapter 3 of the Introduction.

The element mass matrix M may be written as

In program terminology this becomes
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2. Eigenvalue, eigenvector and eigenspace

In mathematics, given a linear transformation, an eigenvector (helpinfo

) of that linear transformation is a nonzero vector which, when that transformation is applied to
it, may change in length, but not direction.

For each eigenvector of a linear transformation, there is a corresponding scalar value called an

eigenvalue (info) for that vector, which determines the amount the eigenvector is scaled under

the linear transformation. For example, an eigenvalue of +2 means that the eigenvector is

doubled in length and points in the same direction. An eigenvalue of +1 means that the

eigenvector is unchanged, while an eigenvalue of −1 means that the eigenvector is reversed in

sense. An eigenspace of a given transformation for a particular eigenvalue is the set (linear span)

of the eigenvectors associated to this eigenvalue, together with the zero vectors (which has no

direction).

In linear algebra, every linear transformation between finite-dimensional vector spaces can be

expressed as a matrix, which is a rectangular array of numbers arranged in rows and columns.

Standard methods for finding eigenvalues, eigenvectors, and eigenspaces of a given matrix are

discussed below.

These concepts play a major role in several branches of both pure and applied

mathematicsappearing prominently in linear algebra, functional analysis, and to a lesser extent in

nonlinear mathematics.

Many kinds of mathematical objects can be treated as vectors: functions, harmonic modes,

quantum states, and frequencies, for example. In these cases, the concept of direction loses its

ordinary meaning, and is given an abstract definition. Even so, if this abstract direction is

unchanged by a given linear transformation, the prefix "eigen" is used, as in eigenfunction,

eigenmode, eigenstate, and eigenfrequency.

The key equation in this definition is the eigenvalue equation, Ax = λx. That is to say that the

vector x has the property that its direction is not changed by the transformation A, but that it is

only scaled by a factor of λ. Most vectors x will not satisfy such an equation: a typical vector x

changes direction when acted on by A, so that Ax is not a multiple of x. This means that only
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certain special vectors x are eigenvectors, and only certain special numbers λ are eigenvalues. Of

course, if A is a multiple of the identity matrix, then no vector changes direction, and all non-

zero vectors are eigenvectors.

The requirement that the eigenvector be non-zero is imposed because the equation A0 = λ0 holds

for every A and every λ. Since the equation is always trivially true, it is not an interesting case.

In contrast, an eigenvalue can be zero in a nontrivial way. Each eigenvector is associated with a

specific eigenvalue. One eigenvalue can be associated with several or even with an infinite

number of eigenvectors.

Geometrically (Fig. 2), the eigenvalue equation means that under the transformation A

eigenvectors experience only changes in magnitude and signthe direction of Ax is the same as

that of x. The eigenvalue λ is simply the amount of "stretch" or "shrink" to which a vector is

subjected when transformed by A. If λ = 1, the vector remains unchanged (unaffected by the

transformation). A transformation I under which a vector x remains unchanged, Ix = x, is defined

as identity transformation. If λ = −1, the vector flips to the opposite direction; this is defined as

reflection.

If x is an eigenvector of the linear transformation A with eigenvalue λ, then any scalar multiple

αx is also an eigenvector of A with the same eigenvalue. Similarly if more than one eigenvector

share the same eigenvalue λ, any linear combination of these eigenvectors will itself be an

eigenvector with eigenvalue λ. . Together with the zero vectors, the eigenvectors of A with the

same eigenvalue form a linear subspace of the vector space called an eigenspace.

The eigenvectors corresponding to different eigenvalues are linearly independent meaning, in

particular, that in an n-dimensional space the linear transformation A cannot have more than n

eigenvectors with different eigenvalues.

If a basis is defined in vector space, all vectors can be expressed in terms of components. For

finite dimensional vector spaces with dimension n, linear transformations can be represented

with n n square matrices. Conversely, every such square matrix corresponds to a linear
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transformation for a given basis. Thus, in a two-dimensional vector space R2 fitted with standard

basis, the eigenvector equation for a linear transformation A can be written in the following

matrix representation:

Where the juxtaposition of matrices denotes matrix multiplication.

3. Characteristic equation

When a transformation is represented by a square matrix A, the eigenvalue equation can be

expressed as

This can be rearranged to

If there exists an inverse

Then both sides can be left multiplied by the inverse to obtain the trivial solution: x = 0. Thus we

require there to be no inverse by assuming from linear algebra that the determinant equals zero:

The determinant requirement is called the characteristic equation (less often, secular equation) of

A, and the left-hand side is called the characteristic polynomial. When expanded, this gives a

polynomial equation for λ. The eigenvector x or its components are not present in the

characteristic equation.

Uniform scaling and reflection
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As a one-dimensional vector space, consider a rubber string tied to unmoving support in one end,

such as that on a child's sling. Pulling the string away from the point of attachment stretches it

and elongates it by some scaling factor λ which is a real number. Each vector on the string is

stretched equally, with the same scaling factor λ, and although elongated, it preserves its original

direction. For a two-dimensional vector space, consider a rubber sheet stretched equally in all

directions such as a small area of the surface of an inflating balloon (Fig. 3). All vectors

originating at the fixed point on the balloon surface (the origin) are stretched equally with the

same scaling factor λ. This transformation in two-dimensions is described by the 22 square

matrix:

Expressed in words, the transformation is equivalent to multiplying the length of any vector by λ

while preserving its original direction. Since the vector taken was arbitrary, every non-zero

vector in the vector space is an eigenvector. Whether the transformation is stretching (elongation,

extension, inflation), or shrinking (compression, deflation) depends on the scaling factor: if λ >

1, it is stretching; if λ < 1, it is shrinking. Negative values of λ correspond to a reversal of

direction, followed by a stretch or a shrink, depending on the absolute value of λ.

Unequal scaling

For a slightly more complicated example, consider a sheet that is stretched unequally in two

perpendicular directions along the coordinate axes, or, similarly, stretched in one direction, and

shrunk in the other direction. In this case, there are two different scaling factors: k1 for the

scaling in direction x, and k2 for the scaling in direction y. The transformation matrix is

, and the characteristic equation is (k1 − λ)(k2 − λ) = 0. The eigenvalues, obtained as

roots of this equation are λ1 = k1, and λ2 = k2 which means, as expected, that the two

eigenvalues are the scaling factors in the two directions. Plugging k1 back in the eigenvalue

equation gives one of the eigenvectors:
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or, more simply, y = 0.

Thus, the eigenspace is the x-axis. Similarly, substituting λ = k2 shows that the corresponding

eigenspace is the y-axis. In this case, both eigenvalues have algebraic and geometric

multiplicities equal to 1. If a given eigenvalue is greater than 1, the vectors are stretched in the

direction of the corresponding eigenvector; if less than 1, they are shrunken in that direction.

Negative eigenvalues correspond to reflections followed by a stretch or shrink. In general,

matrices that are diagonalizable over the real numbers represent scaling and reflections: the

eigenvalues represent the scaling factors (and appear as the diagonal terms), and the eigenvectors

are the directions of the scaling.

The figure shows the case where k1 > 1 and 1 > k2 > 0. The rubber sheet is stretched along the x

axis and simultaneously shrunk along the y axis. After repeatedly applying this transformation of

stretching/shrinking many times, almost any vector on the surface of the rubber sheet will be

oriented closer and closer to the direction of the x axis (the direction of stretching). The

exceptions are vectors along the y-axis, which will gradually shrink away to nothing.

4. Rotation

A rotation in a plane is a transformation that describes motion of a vector, plane, coordinates,

etc., around a fixed point. Clearly, for rotations other than through 0 and 180, every vector in the

real plane will have its direction changed, and thus there cannot be any eigenvectors. But this is

not necessarily true if we consider the same matrix over a complex vector space.

A counterclockwise rotation in the horizontal plane about the origin at an angle φ is represented

by the matrix

The characteristic equation of R is λ2 − 2λ cos φ + 1 = 0. This quadratic equation has a

discriminant D = 4 (cos2 φ − 1) = − 4 sin2 φ which is a negative number whenever φ is not equal
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a multiple of 180. A rotation of 0, 360, is just the identity transformation, (a uniform scaling by

+1) while a rotation of 180, 540, , is a reflection (uniform scaling by -1). Otherwise, as expected,

there are no real eigenvalues or eigenvectors for rotation in the plane.

Rotation matrices on complex vector spaces

The characteristic equation has two complex roots λ1 and λ2. If we choose to think of the

rotation matrix as a linear operator on the complex two dimensional, we can consider these

complex eigenvalues. The roots are complex conjugates of each other: λ1,2 = cos φ i sin φ = e iφ,

each with an algebraic multiplicity equal to 1, where i is the imaginary unit.

The first eigenvector is found by substituting the first eigenvalue, λ1, back in the eigenvalue

equation:

The last equation is equivalent to the single equation x = iy, and again we are free to set x = 1 to

give the eigenvector

Similarly, substituting in the second eigenvalue gives the single equation x = − iy and so the

eigenvector is given by

Although not diagonalizable over the reals, the rotation matrix is diagonalizable over the

complex numbers, and again the eigenvalues appear on the diagonal. Thus rotation matrices

acting on complex spaces can be thought of as scaling matrices, with complex scaling factors.
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Topic Objective:

At the end of this topic student would be able to:

 Learn the concept of Mesh Generation

 Learn the concept of Pre-Processing

 Learn the concept of Post Processing

Definition/Overview:

Pre-Processing: In computer science, a preprocessor is a program that processes its input data to

produce output that is used as input to another program. The output is said to be a preprocessed

form of the input data, which is often used by some subsequent programs like compilers. The

amount and kind of processing done depends on the nature of the preprocessor; some

preprocessors are only capable of performing relatively simple textual substitutions and macro

expansions, while others have the power of fully-fledged programming languages. A common

example from computer programming is the processing performed on source code before the

next step of compilation. In some computer languages (e.g., C) there is a phase of translation

known as preprocessing.

Post-Processing: Post-processing may refer to Differential Global Positioning System (DGPS)

that uses a network of fixed, ground-based reference stations to broadcast the difference between

the positions indicated by the satellite systems and the known fixed positions. These stations

broadcast the difference between the measured satellite pseudoranges and actual (internally

computed) pseudoranges, and receiver stations may correct their pseudoranges by the same

amount.

The term can refer both to the generalized technique as well as specific implementations using it.

It is often used to refer specifically to systems that re-broadcast the corrections from ground-

based transmitters of shorter range. For instance, the United States Coast Guard runs one such

system in the US and Canada on the longwave radio frequencies between 285 kHz and 325 kHz.

These frequencies are commonly used for marine radio, and are broadcast near major waterways
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and harbors. Post-processing is used in Differential GPS to obtain precise positions of unknown

points by relating them to known points such as survey markers.

The GPS measurements are usually stored in computer memory in the GPS receivers, and are

subsequently transferred to a computer running the GPS post-processing software. The software

computes baselines using simultaneous measurement data from two or more GPS receivers.

The baselines represent a three-dimensional line drawn between the two points occupied by each

pair of GPS antennas. The post-processed measurements allow more precise positioning, because

most GPS errors affect each receiver nearly equally, and therefore can be cancelled out in the

calculations.

Differential GPS measurements can also be computed in real-time by some GPS receivers if they

receive a correction signal using a separate radio receiver, for example in Real Time Kinematic

(RTK) surveying or navigation.

Key Points:

1. Mesh Generation

Mesh generation is the practice of generating a polygonal or polyhedral mesh that approximates

a geometric domain. The term "grid generation" is often used interchangeably. Typical uses are

for rendering to a computer screen or for physical simulation such as finite element analysis or

computational fluid dynamics. The input model form can vary greatly but a common sources are

CAD, NURBS, B-rep and STL (file format). The field is highly interdisciplinary, with

contributions found in mathematics, computer science, and engineering.

Three-dimensional meshes created for finite element analysis need to consist of tetrahedra,

pyramids, prisms or hexahedra. Those used for the finite volume method can consist of arbitrary

polyhedra. Those used for finite difference methods usually need to consist of piecewise

structured arrays of hexahedra known as multi-block structured meshes.
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2. Parallel mesh generation

Parallel mesh generation in numerical analysis is a new research area between the boundaries of

two scientific computing disciplines: computational geometry and parallel computing. Parallel

mesh generation methods decompose the original mesh generation problem into smaller sub-

problems which are solved (meshed) in parallel using multiple processors or threads. The

existing parallel mesh generation methods can be classified in terms of two basic attributes: (1)

the sequential technique used for meshing the individual sub-problems and (2) the degree of

coupling between the sub-problems. One of the challenges in parallel mesh generation is to

develop parallel meshing software using off-the-shelf sequential meshing codes.

3. Parallel mesh generation software

While many solvers have been ported to parallel machines, grid generators have left behind. Still

the preprocessing step of mesh generation remains a sequential bottleneck in the simulation

cycle. That is why the need for developing of stable 3D parallel grid generator is well-justified.

Work in this direction is carried out by several institutions. parTgen - partitioner and parallel

tetrahedral mesh generator is an example of decoupled method developed and implemented by

Evgeny Ivanov et al.

Another parallel mesh generator is D3D was developed by Daniel Rypl at Czech Technical

University in Prague. D3D is a mesh generator capable to discretize in parallel (or sequentially)

3D domains into mixed meshes.

4. Challenges in parallel mesh generation

It takes about ten to fifteen years to develop the algorithmic and software infrastructure for

sequential industrial strength mesh generation libraries. Moreover, improvements in terms of

quality, speed, and functionality are open ended and permanent which makes the task of

delivering state-of-the-art parallel mesh generation codes even more difficult.
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An area with immediate high benefits to parallel mesh generation is domain decomposition. The

DD problem as it is posed in is still open for 3D geometries and its solution will help to deliver

stable and scalable methods that rely on off-the-shelf mesh generation codes for Delaunay and

Advancing Front Techniques.

Finally, a long term investment to parallel mesh generation is to attract the attention of

mathematicians with open problems in mesh generation and broader impact in mathematics

5. Global Positioning System

Global Positioning System (GPS) is a global navigation satellite system (GNSS) developed by

the United States Department of Defense and managed by the United States Air Force 50th

Space Wing. It is the only fully functional GNSS in the world, can be used freely, and is often

used by civilians for navigation purposes. It uses a constellation of between 24 and 32 Medium

Earth Orbit satellites that transmit precise microwave signals, which allow GPS receivers to

determine their current location, the time, and their velocity. Its official name is NAVSTAR

GPS. Although NAVSTAR is not an acronym, a few backronyms have been created for it. Since

it became fully operational in 1993, GPS has become a widely used aid to navigation worldwide,

and a useful tool for map-making, land surveying, commerce, scientific uses, and hobbies such

as geocaching. Also, the precise time reference is used in many applications including the

scientific study of earthquakes. GPS is also a required key synchronization resource of cellular

networks, such as the Qualcomm CDMA air interface used by many wireless carriers in a

multitude of countries.

A GPS receiver calculates its position by precisely timing the signals sent by the GPS satellites

high above the Earth. Each satellite continually transmits messages containing the time the

message was sent, precise orbital information (the ephemeris), and the general system health and

rough orbits of all GPS satellites (the almanac). The receiver measures the transit time of each

message and computes the distance to each satellite. Geometric trilateration is used to combine

these distances with the location of the satellites to determine the receiver's location. The

position is displayed, perhaps with a moving map display or latitude and longitude; elevation
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information may be included. Many GPS units also show derived information such as direction

and speed, calculated from position changes.

It might seem three satellites are enough to solve for position, since space has three dimensions.

However a very small clock error multiplied by the very large speed of lightthe speed at which

satellite signals propagateresults in a large positional error. The receiver uses a fourth satellite to

solve for x, y, z, and t which is used to correct the receiver's clock. While most GPS applications

use the computed location only and effectively hide the very accurately computed time, it is used

in a few specialized GPS applications such as time transfer and traffic signal timing.

Although four satellites are required for normal operation, fewer apply in special cases. If one

variable is already known (for example, a ship or plane may have known elevation), a receiver

can determine its position using only three satellites. Some GPS receivers may use additional

clues or assumptions (such as reusing the last known altitude, dead reckoning, inertial

navigation, or including information from the vehicle computer) to give a degraded position

when fewer than four satellites are visible

6. Navigation signals

Each GPS satellite continuously broadcasts a Navigation Message at 50 bit/s giving the time-of-

week, GPS week number and satellite health information (all transmitted in the first part of the

message), an ephemeris (transmitted in the second part of the message) and an almanac (later

part of the message). The messages are sent in frames, each taking 30 seconds to transmit 1500

bits.

Transmission of each 30 second frame begins precisely on the minute and half minute as

indicated by the satellite's atomic clock according to Satellite message format. Each frame

contains 5 sub-frames of length 6 seconds and with 300 bits. Each sub-frame contains 10 words

of 30 bits with length 0.6 seconds each.

Words 1 and 2 of every sub-frame have the same type of data. The first word is the telemetry

word which indicates the beginning of a sub-frame and is used by the receiver to synch with the

navigation message. The second word is the HOW or handover word and it contains timing
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information which enables the receiver to identify the sub-frame and provides the time the next

sub-frame was sent.

Words 3 through 10 of sub-frame 1 contain data describing the satellite clock and its relationship

to GPS time. Words 3 through 10 of sub-frames 2 and 3 contain the ephemeris data, giving the

satellite's own precise orbit. The ephemeris is updated every 2 hours and is generally valid for 4

hours, with provisions for updates every 6 hours or longer in non-nominal conditions. The time

needed to acquire the ephemeris is becoming a significant element of the delay to first position

fix, because, as the hardware becomes more capable, the time to lock onto the satellite signals

shrinks, but the ephemeris data requires 30 seconds (worst case) before it is received, due to the

low data transmission rate.

The almanac consists of coarse orbit and status information for each satellite in the constellation,

an ionospheric model, and information to relate GPS derived time to Coordinated Universal

Time (UTC). Words 3 through 10 of sub-frames 4 and 5 contain a new part of the almanac. Each

frame contains 1/25th of the almanac, so 12.5 minutes are required to receive the entire almanac

from a single satellite. The almanac serves several purposes. The first is to assist in the

acquisition of satellites at power-up by allowing the receiver to generate a list of visible satellites

based on stored position and time, while an ephemeris from each satellite is needed to compute

position fixes using that satellite. In older hardware, lack of an almanac in a new receiver would

cause long delays before providing a valid position, because the search for each satellite was a

slow process. Advances in hardware have made the acquisition process much faster, so not

having an almanac is no longer an issue. The second purpose is for relating time derived from the

GPS (called GPS time) to the international time standard of UTC. Finally, the almanac allows a

single-frequency receiver to correct for ionospheric error by using a global ionospheric model.

The corrections are not as accurate as augmentation systems like WAAS or dual-frequency

receivers. However, it is often better than no correction, since ionospheric error is the largest

error source for a single-frequency GPS receiver. An important thing to note about navigation

data is that each satellite transmits not only its own ephemeris, but transmits an almanac for all

satellites.

All satellites broadcast at the same two frequencies, 1.57542 GHz (L1 signal) and 1.2276 GHz

(L2 signal). The receiver can distinguish the signals from different satellites because GPS uses a
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code division multiple access (CDMA) spread-spectrum technique where the low-bitrate

message data is encoded with a high-rate pseudo-random (PRN) sequence that is different for

each satellite. The receiver knows the PRN codes for each satellite and can use this to reconstruct

the actual message data. The message data is transmitted at 50 bits per second. Two distinct

CDMA encodings are used: the coarse/acquisition (C/A) code (a so-called Gold code) at 1.023

million chips per second, and the precise (P) code at 10.23 million chips per second. The L1

carrier is modulated by both the C/A and P codes, while the L2 carrier is only modulated by the

P code. The C/A code is public and used by civilian GPS receivers, while the P code can be

encrypted as a so-called P(Y) code which is only available to military equipment with a proper

decryption key. Both the C/A and P(Y) codes impart the precise time-of-day to the user.
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