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LECTURE 1: The Quantification of Sound and the Wave Equation 

Required Reading:  Denes & Pinson Chapters 1-3; 
Supplemental reading: Kinsler et al (KFCS) pg 99-111 

1.  The Basic Physical Attributes of Sound: What is Sound?  How is it Produced?  How does it 
Propagate?  
  
Sound is a propagating mechanical disturbance in a 
medium.  Propagation of sound does not occur via net 
translocation of matter, it is the mechanical disturbance 
that propagates.  Most of the course will be spent 
discussing sound in fluid media such as air and water.  The 
picture on the right shows a cam driven piston at the end of 
a rigid tube.  When the piston is set into oscillation, 
successive layers of the air medium within the tube are also 
set into motion causing local increases and decreases in the 
density of air (coded in shades of gray). Associated with 
the net back and forth oscillations of the air particles are 
increases (condensations) and decreases (rarefactions) in 
local pressure.  The velocity with which the particle 
oscillates is the particle velocity, while the velocity with 
which the disturbance in pressure and velocity moves down 
the tube is the propagation velocity of sound. Note that the 
variations in density have been greatly amplified for 
viewing purposes (after HF Olsen, ‘Music Physics and 
Engineering’ Dover Press 1967). 

 
 
 
 
 

Image removed due to copyright 
considerations. 

 Source: Olsen, H. F. Music Physics 
and Engineering. Dover Press, 1967. 

 

 
A. Sound Pressure, p(t),  is the variation about the baseline pressure that results from the alternating 
condensations and rarefactions of media that describe the propagating sound wave.  The units of 
sound pressure are pascals, where 1 Pa = 1 newton/m2.  A sound pressure of 1 Pa at 1000 Hz is of 
uncomfortable but not painful loudness.  This loud pressure is equivalent to 1/100,000 of an 
atmosphere and 50,000 times the lowest sound pressures that are audible.  Sound Pressure is a scalar 
quantity. 
 
B. Particle Velocity, v (t)is a vector quantity that describes the alternating average velocity of 
motion of a particle of medium.  The units of particle velocity are m/s. 
An acoustic particle is “a volume element large enough to contain millions of molecules so that the 
fluid may be thought of as a continuous medium, yet small enough that all acoustic variables may be 
considered nearly constant throughout...”  (KFC&S, page 99). 
Particle size depends on the medium and the frequency.  A medium excited by large wave length 
sounds can be broken into larger (more voluminous) particles than a medium excited by sounds with 
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smaller wave lengths. What’s important is that within the particle the sound pressure and the average 
motion of the particles is constant.  A particle of free air exposed to a sinusoidal sound pressure of 1 
Pa, moves back and forth with a velocity amplitude of about 2 mm/s.  How does that compare with 
the propagation velocity (speed of sound) in air? 
 
The definition of an acoustic particle is relevant to an important issue in acoustics, i.e. whether we 
can consider a system to be made up of a collection of ‘lumped elements’ which behave as particles 
or ‘distributed systems’ which behave like continuous media and support wave motion.  We will 
revisit this distinction regularly throughout the coming term. 
 
C. Scalars and Vectors 
 Scalars describe nondirectional physical processes like pressure.  Vectors describe the 
magnitude and direction of directional physical processes like force and velocity.  A vector can be 
broken into its three-dimensional components, e.g. 
 v = i xvx + i yvy + i zvz  (1.0) 

Where:  i x , i y and i z  are unit vectors in the x, y and z directions, and 
  are scalars that define the magnitudes of the x, y and z component vectors. vx,vy and vz
 
D.  Sound Frequency, f, describes the temporal variation of a pure tone, e.g.  

p(t) = Acos 2πf t + θ( ), where 2πf =ω, the radian frequency (1.1)   
 
E. The Density of the Sound Conducting Medium,ρ, is the mass per unit volume of the medium with 
SI units of kg/m3. The density of air at Standard Temperature & Pressure (20°C and 1 atm) ρ0 is 
about 1.21 kg/m3.  The density of gases goes up as pressure increases and goes down as temperature 
increases. 
 
F.  Linear Acoustics   

For most, if not all, of this course we will deal with sound flow through fluid media (mostly 
air) in a regimen know as linear acoustics.  As sound travels through a medium there are temporal 
and spatial variations in the pressure, density, particle velocity and temperature associated with the 
sound.   

sound pressure: p(x,y,z,t) = pTotal (x,y,z,t) − P0 , 
particle velocity: v (x, y,z,t) = vx (x,y, z, t)i x + vy (...)i y + vz (...)i z , 
sound density: ρ(x,y,z, t) = ρTotal (x,y,z,t) − ρ0  and 
sound temperature: T(x,y,z,t) = TTotal (x,y,z,t) − T0  
 
In linear acoustics the sound-induced variations in pressure p, density ρ and temperature T are small 
compared to the baseline value of these quantities P0, ρ0 and T0.   
 
G. The Bulk modulus, B of a material is the pressure difference associated with a fractional change in 
the volume of the material.  If we consider a collection of air particles of volume V1 at pressure P1, 
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and we then change the pressure acting on the volume to P2 with a resultant new volume of V2, the 
bulk modulus is: 

 B =
P2 − P1

V1 −V2( ) V2
   with units of pressure. (1.2) 

For ideal gases at 1 atmosphere with isothermal compression Boyles’ law tells us B=1 atm =105 Pa.  
In cases of adiabatic compression  of an ideal gas at P0 = 1 atm: BA=γP0 = γ 105 Pa.  For diatomic 
gases like N2 and O2 γ, the ratio of specific heats,  = 1.4  .  For monatomic gases like He γ = 1.67  .  
Air, which is mostly diatomic gases has a specific heat of γ = 1.41 such that at 1 atm and 20° C,  
BA= 1.41 × 105 Pa  . 

H. The Propagation Velocity of Sound, c, depends on the stiffness and density of the sound-
conducting medium, i.e. 
 c = BA ρ0   with units of m/s. (1.3) 

Why do we use the adiabatic compressibility?   
At standard temperature and pressure (20°C and 1 atm) c ≈ 340 m/s. 
 
I.  The wavelength of sound λ, depends on sound frequency and the propagation velocity,  
 λ = c

f  with units of meters per cycle (1.4) 

 Since the human ear is sensitive to sound pressures of frequencies varying from 20 Hz to 
20,000 Hz (aka 20 kHz), the wavelengths of the sounds to which we are sensitive vary from over 10 
meters to less than 2 cm.  This large variation from wave lengths that are much bigger than the 
objects around us to wave lengths that are smaller than the objects around us is one of the challenges 
of acoustics. 
 
Frequency (Hz) Wave length in 

air 
Comparable 

Structure 
Wave length in 

water 
Comparable 

Structure 
31.5 10.8 m class room 47m Olympic pool 
100 3.4 bed room 15 small yacht 
315 1.08 torso & head 4.7 small boat 

1,000 0.34 head 1.5 small human 
3,150 0.108 vocal tract 0.47 tuna 

10,000 0.034 ear canal 0.15 mackerel 
31,500 0.0108 human TM 0.047 anchovy 

100,000 0.0034 ossicle/gnat 0.015 chum 
 
J. The Characteristic Impedance, z0, is another property of the sound conducting medium that 
depends on the stiffness and density of the medium, i.e. 

 z0 = BAρ0 = ρ0c . (1.5) 

The characteristic impedance of a media relates the sound induced variations in pressure and particle 
velocity.  For the special case of a plane wave propagating in the x direction in free open space  
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 p(t) = z0vx (t).   (1.6) 

The unit of characteristic impedance is the rayl, named after Lord Rayleigh, where 1 rayl = 1Pa-s/m, 
i.e. the ratio of a pressure and a velocity.    
How does the characteristic impedance compare with electrical impedance and mechanical 
impedance? 
 
All of the formulae we have introduced thus far contain only real numbers.  This simplification 
is consistent with the plane-wave open-space constraint on Eqn 1.6, where that equation specifies 
that the patterns of temporal variations in particle velocity and pressure are identical.  As we will 
soon see, there can be significant differences in the temporal patterns of velocity and pressure in 
sound resulting in descriptions of impedance that depend on complex numbers. 

 

2. Simple Sounds: the Pure Tone. 
Figure 1.2 
The total pressure as a 
function of time is  

pT(t)=P0+p(t), 
at a point x in space in the 
presence of a propagating 
plane wave produced by a 
sound source playing a 
continuous tone.  The sound 
pressure is zero at time t =... 0, 
0.5, 1 ms ... 
 
 

99,998

100,000

100,002

TIME (ms)
0 0.5 1

A B S O L U T E  P R E S S U R E  ( P a )

What is the frequency of the tone in Fig 1.2? 
 
What is the peak amplitude of the sound pressure in Fig 1.2? 
 
What is the root-mean-square or rms amplitude of the sound pressure in Fig. 1.2? 

To compute rms amplitude:  square the waveform, average it over some characteristic time, 
and then take the square root of the average. 

 
Describe the wave in Figure 1.2 in terms of a cosine function of time.  
 
What is the amplitude/magnitude of the cosine function?  
 
What is the frequency? 
 
What is the phase angle? 
 
A. Magnitude and Phase: Complex notation 
 The fact that sinusoids can vary in magnitude and phase can be coded in terms of a complex 
number, e.g. a + jb, where a is the real part of the number, b is the imaginary part of the number and 
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 j = the imaginary number −1 . I use italic script to represent variables where lower-case variables 
generally refer to real constants or functions of time and upper-case variables generally refer to 
quantities that vary with frequency.  (An exception to this rule is BA.)  I denote complex variables 
with an underbar, e.g. B = a + jb.   

We can convert between the “rectangular” notion for complex numbers B = a + jb, and a 
“polar” notation B = Be j∠Bwhere the magnitude of the complex number B is 

 |B| = a2 + b2 ,  (1.7) 
and the angle of the complex number B is 

 ∠B = atan(b/a). (1.8) 

We can convert a complex magnitude and angle back into the rectangular real and imaginary 
components using Euler’s Equations, such that for B = a + jb: 

 
Real B{ }= a = B cos ∠B( ),  and

Imaginary B{ }= b = B sin ∠B( )
  . (1.) 

B. Euler’s Equations: the relationship between complex exponentials and sinusoids. 
i. Euler’s equations: 
   where j = −1  
 

e jθ = cosθ + j sinθ 

e− jθ = cosθ − j sinθ
 

ii.  A specific example:  
 

Ae j ωt+φ( ) = A cos ωt + φ( )+ j sin ωt + φ( )( ) 

iii.  Separation of (ii) into two complex  
    amplitudes,  one that is constant and one  
    dependent on time 
 

Ae jφe jωt = A cos ωt + φ( )+ j sin ωt + φ( )( ) 

iv.  A complex amplitude B with magnitude |B|   
    and phase angle ∠B  
 

Be jωt = B cos ωt + ∠B( )+ j sin ωt + ∠B( )( ) 

v.  Description of a simple cosine function by a   
  complex exponential 

Real Be jωt{ }= B cos ωt + ∠B( ) 

Row (i) notes Euler’s basic equations where a complex exponential amplitude of magnitude 1 and 
angle θ noted as ejθ has a real part of cosθ and an imaginary part of sinθ. 

Row (ii) gives another example of a complex exponential of magnitude = A and angle = (ωt+φ).  
Note that the angle argument has a component that varies with time t and radian frequency 
ω=2πf, and a component that is constant φ. 

In Row (iii) the complex exponential from the previous row is split into two components by simple 
algebra, i.e. Ae j ωt+φ( ) = Ae jφ Ae jωt . 

In Row (iv) we see the combination of two complex numbers B = Be j∠B and e jωt  yielding an 
argument to the cosine and sine terms made up of the time varying ωt and the constant ∠B. 

Row (v) describes a cosine function of magnitude |B| and angle ∠B as the real part of the product of 
two complex exponentials, one constant and the other time dependent. 

 
C.  The Specific Acoustic Impedance ZS 
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 With the introduction of complex amplitudes we can now give a more general description of 
acoustic impedance.  Suppose a sinusoidal source of frequency f produces a sound wave that passes 
through a point Q while propagating in direction x.  We can define the temporal variations in the 
sound pressure and the x-component of the velocity at point Q in terms of complex exponential 
amplitudes, where ω=2πf, and  
 p(t) = P cos ωt + ∠P( )= Real Pe jωt{ }, and 

 v x (t) = V cos ωt + ∠V( )= Real Ve jωt{ }. (1.10&b) 

 The specific acoustic impedance relating sound pressure and particle velocity at point Q is 
defined by the ratio of the complex amplitudes P and V, i.e. 

ZS = P
V   . (1.11)  

Note that ZS is: 
 -complex (it has a magnitude and an angle), 
 -independent of time, 
 -like the characteristic impedance of the medium has units of rayls, and 
 -unlike the characteristic impedance that describes the propagation of sound in an infinite 

expanse of a medium, the specific acoustic impedance can describe relationships between 
p(t) and v(t) where the two time functions are out of phase.  This is important when 
describing sound near objects, i.e. not in the free-field.  

D.  Sound Intensity and Power. 
 A more general metric of the amplitude of a sound wave is the Intensity or energy per unit 
time per unit area (joule/s/m2=watt/m2).  This quantity is sometimes called power density.  Why? 
 
 The average intensity of a sound wave is a real quantity related to the product of the sound 
pressure and the particle velocity.  We can define the instantaneous intensity in the x direction: 
 ix(t)=p(t) vx(t). (1.12) 
In the sinusoidal steady state: 
 ix (t) = P cos(ωt + ∠P) V cos(ωt + ∠V ). (1.13) 
Using the identity 

 cosacosb =
cos(a + b) + cos(a − b)

2
, leads to  

 ix (t) =
P V

2
cos(2ωt + ∠P + ∠V ) +

P V
2

cos(∠P −∠V ) . (1.14) 

 Since we are really interested in the intensity averaged over some time, we only need 
consider part of Eqn 1.14.  In particular note that the first term on the right-side of (1.14) is a cosine 
function with a frequency that is twice the frequency of the pressure and velocity variation.  The 
temporal average of such a sinusoidal function is zero for each cycle, and that term does not 
contribute to the average intensity which is a constant completely defined by the second term on the 
right, 

 I =
P V

2
cos(∠P −∠V ) . (1.15a) 

Note that the average intensity depends greatly on the phase relationship between P and V . If 
∠P=∠V then I=|PV|/2.  If ∠P and∠V differ by π/2 then I=0.  
 (1.15a) can also be written in terms of complex exponentials as 
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 I =
1
2

Real PV *{ },  (1.15b) 

where V* is the complex conjugate of V , i.e. V* =|V | e− j∠V .  
 We can also use the Specific Acoustic Impedance relating P and V to define sound intensity, 
where: ZS = P

V .  Substituting this relationship into 1.15b and realizing that V V*=|V|2 yields: 

 I =
1
2

Real PV *{ }=
1
2

V 2Real Z S{ }=
1
2

P 2Real 1
ZS

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

. (1.16) 

In the case of a plane wave ZS = z0 = ρ0c  and is real. 

 The average sound power Π  is I  (with units of power/area) times the area of the power 
collecting surface that is orthogonal to the direction of propagation of the wave. 
 
E. The decibel, dB, as Measure of Pressure and Intensity. 
 The decibel is a logarithmic description of the ratio of two energy levels.  The use of 
logarithmic scales to describe sound pressure and intensity stems from two facts:  
(1) The human ear responds to a wide range of sound intensities (about 6 orders of magnitude) and 
humans generally like to describe quantities in as few significant units as possible.  (2) Our ability to 
distinguish differences in the intensity of two sound signals, can be roughly described in terms of a 
threshold fractional difference in the intensity between the two, i.e.  sounds of intensity that are 
different by more than 25% are generally distinguishable while sounds of closer relative intensity are 
not.  This sensitivity to fractional changes is just what logarithmic scaling is all about, and is a 
common approximation for human sensation. (You’ll hear more about Weber’s and Fechner’s laws 
of psychophysical detection later in this course.)   
 The bel is a unit named after Boston’s own Alexander Graham Bell, where 1 bel describes an 
order of magnitude change in energy.  The decibel or dB breaks the bel into ten pieces where in the 
case of sound intensity (which is proportional to energy): 

 The dB value of Intensity =10log10
I
I0

, (1.17) 

where I0 is some arbitrary reference intensity level.   
A common intensity reference level in Speech and Hearing Science is the Sound Pressure Level 
(SPL) reference of 10-12watts/m2. 
 Equation 1.17 can be used to compute the dB level re some reference for any quantity that is 
proportional to energy, e.g. power or sound pressure.  However intensity and power are proportional 
to the square of sound pressure (see 1.16), and therefore to convert pressure measurements to some 
dB term:  

 The dB value of Intensity = 10log10
P

PRef

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

2

= 20log10
P

PRef
  . (1.18) 

The sound pressure reference level for Sound Pressure Level is 2x10-5 Pa.  You should use equation 
1.16 to convince yourself that the intensity and pressure references for SPL are consistent with each 
other. 
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3. Periodic Complex Signals 
 
Figure 1.3  Shows two periods of a periodic 
complex acoustic signal that can be 
characterized as an ‘exponentially decaying 
tone’.  The period of each repetition is 10 ms, the 
period of the ‘tonal’ component of the signal is 1 
ms. 
 
The signal has an rms amplitude of 0.27 Pa.  
What is its peak amplitude? 
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Two Cycles of a Periodic Wave Form

 
What are the frequencies within the complex signal of Figure 1.3? 
 What is the repetition frequency? 
 What is the frequency of the tonal component? 
 Are there other frequencies? 
 
A. Fourier’s  Theorem applied to periodic signals  
 Any periodic signal of period T can be reconstructed from the sum of a static component and 
a series of sinusoidal components that are harmonics of the repetition frequency. In general: 

 
For p(t) with period T,

p(t) = P0 + Pn
n=1

∞
∑ cos n2π 1

T
+ ∠Pn

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 
 . (1.19) 

Fourier analysis of the time wave form in Figure 1.3 yields the magnitude and angle spectra below, 
where the lines on the left show the magnitude of the complex Fourier components Pn and the pluses 

on the left show the angles of the same components. 
 

Figure 1.4 Bode plots of the Magnitude and Angle of the Fourier Components 
that describe p(t) in Fig. 1.3 
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B. Summing sound pressures of different frequencies 
The rms value of p(t) in Figure 1.3 can also be computed from the magnitude spectrum by 

summing the ‘intensities’ of the spectral components of Figure 1.4 components and converting back 
to pressure. 
 

 Prms
2 ρ0c =

1
2

Pn
2 /ρ0c⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ ∑  (1.20) 

 Prms =
1
2

Pn
2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ ∑   = 0.27 Pa 

 
As a simpler example, suppose we have two sound sources one of 1000 Hz and another of 1500 Hz 
that each produce tonal amplitudes of 2 Pa at some point Q, such that at Q: 
 p1(t) = 2cos 2π1000t( ), p2(t) = 2cos 2π1500t( ) 

The rms sound pressure when either source is active by itself is 1.41 Pa.   
What is the rms sound pressure when both sources are turned on? 
Since it is the intensity that adds: the total intensity is: 

 ITotal =
1
2

P1
2

z0
+

1
2

P2
2

z0
; PTotal = 2 z0 ITotal ; PTotal

rms = z0 ITotal ; (1.21) 

Or simply  PTotal = P1
2 + P2

2 , PTotal
rms = P1,rms

2 + P2,rms
2 = 2.0Pa. 

 
4. The Propagation of Sound in Time and Space:  The Wave Equation. 

A wave equation describes the variation of an acoustic variable in time and space.  The wave 
equations we will be using use the basic assumptions of linear acoustics (i.e. the sound-induced 
variations in p,T and ρ are small compared to P0,T0 and ρ0) and also assumes that air (and water) 
are inviscid (i.e. that sound propagation is primarily determined by the density and compressibility 
of the fluid and is not dependent on fluid viscosity). 
The one dimensional wave equation for sound pressure: 

 

∂2 p(x, t)
∂x2 =

ρ0
BA

∂2 p(x, t)
∂t2 , where ρ0

BA
=

1
c2 . (1.22) 

The derivation of the one dimensional wave equation for sound in a fluid includes: 

(i) An acoustic version of Newton’s second law 
∂p(x, t)

∂x
= −ρ0

∂vx (x, t)
∂t

 

(ii) an acoustic version of the conservation of mass: 

ρ0
∂vx (x, t)

∂x
= −

∂ρ(x,t)
∂t

 

(iii) a relationship between  compressibility and sound-induced changes in density and pressure: 

ρ x, t( ) = p x, t( ) ρ0
BA

. 
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Topic 2: The Equations of Linear Acoustics; Derivation of the wave equation 
Advanced Reading: Beranek Chapter 2; Kinsler et al. Chapter 2 
Another view: Fletcher, Chapter 6  
 
A. Define acoustic variables 

sound pressure: p(x,y,z,t) = pTotal (x,y,z,t) − P0 , 
particle velocity: v (x, y,z,t) = vx (x,y, z, t)i x + vy (...)i y + vz (...)i z , 
sound density: ρ(x,y,z, t) = ρTotal (x,y,z,t) − ρ0  and 
sound temperature: T(x,y,z,t) = TTotal (x,y,z,t) − T0  

 
B. The 'linear' assumption 
 The primary assumption of linear acoustics is that all variations in acoustic scalar quantities 
are small relative to the static equilibrium quantities, i.e. 

p(x,y,z, t) << P0; ρ(x,y, z, t) << ρ0; T(x,y, z, t) << T0  

 
C.  The 'inviscid' assumption 
 Another common simplifying assumption is that the viscosity of air is so small that we can 
consider the medium inviscid.  This assumption is generally valid except for tubes of very small 
cross-sectional area, when determining the 'Q' of a resonant acoustic system (which depends strongly 
on damping) or considering the propagation of sound over some large distances. 
 
D. Derivation of the one-dimensional wave equation 
 Assume a sound wave propagating in the x direction down a long rectangular duct of cross-
sectional area S (Figure 1.2.1), with a 'wave-front' orthogonal to the long axis.  Under these 
conditions, the sound pressure and particle velocity within any slice where x is  constant are 
invariant and we can describe the system in terms of variations in a single dimension: 

 p(x,y,z, t) ⇒ p(x, t) , and (1.2.1a) 
 v (x, y, z, t) ⇒ vx (x, t)i x + 0 × i y + 0 × i z ⇒ vx (x, t). (1.2.1b) 

x

y

z
(0 ,0 ,0)

x+²x

S=z y

 
Figure 1.2.1:  A long duct of height y, width z and undetermined length.  Our derivation of the wave 

equation is based on a section of duct described by the interval x  to x+∆x. 
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 In order to characterize the two unknowns p(x, t)  and vx (x,t)  , we need two constraining 
equations.  We use Newton's second law as one constraint and the conservation of mass together 
with the elastic properties of the medium for the second constraint.  
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Lecture 1 Acoustics of Speech and Hearing 6.551/HST 714J 

 
1.  Constraint 1:  Newton's second law: 
 Consider a small section of the duct of length ∆x..  Newton's second law reads:  

 
Force = m dvx (t)

dt . (1.2.2) 

The net force acting on the air in the small section of the duct is:  

 
Force = S × Difference in pressure at x and ∆x( )

= S p(x,t) − p(x + Λx, t)( )
. (1.2.3) 

 
The right side of equation (1.2.2) can be described in terms of the volume of the section of duct 
(S∆x) and the total density of air, leading to: 

 S p(x,t) − p(x + ∆x, t( )= S∆xρTotal (x, t) dvx (x,t)
dt

  . (1.2.4a) 

Substituting ρTotal(x,t)=ρ0+ρ(x,t) into (1.2.4a) yields:  

 S p x,t( )− p x + ∆x,t( )( )= S∆x ρ0 + ρ x,t( )( )dvx x,t( )
dt

 (1.2.4b)  

Dividing each side of (1.2.4b) by the volume (S∆x), assuming ρ(x,t) << ρ0 and taking the limit as ∆x 
goes to zero, yields: 

 
∂p(x, t)

∂x
= −ρ0

dvx (x, t)
dt

 .  (1.2.5) 

The derivative on the right of (1.2.5) can be rewritten in terms of partial derivatives as 

 

dvx (x, t)
dt

= vx (x, t) ∂vx (x,t)
∂x

+
∂vx (x, t)

∂t ,   and  
since we assume vx(x,t) is small:  

 
dvx (x, t)

dt
≈

∂vx (x, t)
∂t

   . (1.2.6) 

The final result relates pressure and velocity via two first order differential equations, one in space 
and the other in time: 

 
∂p(x, t)

∂x
= −ρ0

∂vx (x,t)
∂t

.   (1.2.7) 

The acoustic version of F=ma!! 
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2. Constraint Two: 
a. The conservation of mass. 

 In a sound field we can also define a flux J  (the mass flowing per unit area per unit time) as 
the product of the total density and the particle velocity  
 J = ρTotalv . (1.2.8) 

(The units of flux are kg/m2/s). 
 

In the one dimensional system of Figure 1.2.1, we need only worry about the x component of the 
vectors J and v ; and we can rewrite (1.2.8) as:  
 Jx (x, t) = ρTotal (x, t)vx (x, t)   . (1.2.9) 
 
 According to the conservation of mass, the net flux into a volume (S∆x) during time ∆t must equal 
the change in mass defined by the product of the volume and the change in total density during time 
∆t:  
 Jx (x, t) − Jx (x + ∆x, t)( )∆t S = ρT (x, t + ∆t) − ρT (x, t)( )∆x S . (1.2.10) 
 
Dividing both sides of (1.2.10) by ∆x ∆t S, and taking the limit as both ∆x and ∆t go to zero yields;  
 ∂Jx (x, t)

∂x
= −

∂ρTotal (x, t)
∂t

. (1.2.11) 

Substituting (1.2.9) into (1.2.11) and noting that 
∂ρTotal

∂t
=

∂ρ
∂t

;gives us our final description of the 

conservation of mass or continuity equation for a one-dimensional linear acoustic system:  
 

 ρ0
∂vx (x, t)

∂x
= −

∂ρ(x, t)
∂t

  . (1.2.12) 

Given a ‘box’ of medium, the change in density as a function of time is proportional to the net 
velocity of particles entering and leaving the box. 
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b.  The elastic properties of the medium 
 In general the density of a gas (like air) depends on pressure.  For example, the Ideal Gas Law  
relates the total pressure pT and volume Vol of the gas to some physical constants, n the number of 
moles of the gas, R the universal gas constant and TTotal the absolute temperature: 
 pTotal(x,t) Vol=nRTTotal(x,t) . (1.2.13) 
The gas law can be rewritten in terms of density ρ: 

 pTotal = ρTotal
RTTotal

M
,   (1.2.14) 

where M is the molecular weight of the gas. 
 
 If TTotal were to remain constant (isothermal conditions) then the relationship between pTotal and 
ρTotal is especially simple, such that: 

 
pTotal

p0
=

ρTotal
ρ0

 . (1.2.15) 

However, the rapid changes of pressure associated with sound at most audible frequencies does not 
permit heat exchange either within the sound field or between the sound field and the environment.  
Therefore the relation between pTotal and ρTotal must be defined for circumstances of no heat flow 
(adiabatic conditions).  For an ideal gas under adiabatic conditions: 

 
pTotal

p0
=

ρTotal
ρ0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

γ
 ,  (1.2.16) 

where γ is the ratio of specific heats and equals 1.41 for an ideal diatomic gas.  Equation 1.2.16 can 
be rewritten to include acoustic variables: 

 
p0 + p

p0
=

ρ0 + ρ
ρ0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

γ
 or  p0 + p = p0

ρ0 + ρ
ρ0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

γ
  . (1.2.17) 

 
A Taylor series expansion of the right side of (1.2.17) yields: 

 p0 + p = p0 + ρ ∂pTotal
∂ρTotal

+
ρ2

2
∂2 pTotal
∂ρ2

Total
+ ... (1.2.18) 

 
Since ρ is small the higher terms can be ignored, leaving  

 p(x, t) = ρ(x, t) ∂pTotal
∂ρTotal

= BA
ρ(x,t)

ρ0
   or   ρ(x, t) = p(x, t) ρ0

BA
 (1.2.19) 

where BA = ρ0
∂pTotal
∂ρTotal

.  For an ideal gas, BA = γ p0.  For a diatomic gas at 1 atmosphere of pressure 

BA=1.4x105 Pa. 
Directly from the gas law: P = n/V RT, or n/V = P/(RT). 
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3. Synthesis: 

Newtons 2nd Law: ∂p(x, t)
∂x

= −ρ0
∂vx (x, t)

∂t
   . (1.2.7) 

Conservation of Mass: ρ0
∂vx (x, t)

∂x
= −

∂ρ(x,t)
∂t

  . (1.2.12) 

Elasticity Relationship: ρ(x, t) = p(x, t) ρ0
ΒΑ

  . (1.2.19) 

Substituting 19 into 12 yields: 

 ∂vx (x,t)
∂x

= −
1

BA

∂p(x, t)
∂t

 . (1.2.20) 

 Equations (1.2.7) and (1.2.20) describe the partial derivatives of pressure and velocity with respect 
to x in terms of two equations, two properties of the media (ρ0 and Β) and two unknowns (the partial 
derivatives with respect to time).  Taking the partial of both sides of (1.2.7) with respect to x and 
substituting (1.2.20) into the result yields a one-dimensional "wave equation" in x and t, 

 ∂2 p(x, t)
∂x2 =

ρ0
BA

∂2 p(x, t)
∂t2 , where ρ0

BA
=

1
c2 . (1.2.21) 

One possible solution for (1.2.21) is in terms of two wave functions traveling in opposite directions: 

 p(x,t) = f + t − x /c( )+ f − t + x /c( )  , (1.2.22a) 

and vx (x, t) =
1
z0

f + t − x /c( )− f − t + x /c( )[ ]  , (1.2.22b) 

Things to note about 1.2.22 
1). z0 = BAρ0 = ρ0c , 
2). The wave functions f+ & f- are functions in time and space but the units to function 

argument is seconds. 
3.) In the forward traveling wave f+, for any t the argument (t-x/c) is smaller for larger xs. 
4.) In the backward traveling wave f- for any t the argument (t+x/c) is larger for larger xs. 
5.) While the scalar pressures produced by the two oppositely traveling waves add, the 

directional velocities are of opposite sign and subtract. 
6.) While the pressure and velocity components of each traveling wave are related by z0, 

the sum terms p(t,x)/vx(t,x) may not be.  
 

9-Sept-2004  14 
 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

14
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Lecture 2 Acoustics of Speech and Hearing 6.551J / HST.714J 

LECTURE 2: One-Dimensional ‘Traveling Waves’ 
Main Points 

- Exponential and sine-wave solutions to the one-dimensional wave equation. 

- The distributed compressibility and mass in acoustic plane waves are analogous with the 
distributed capacitance and inductance in electrical transmission lines. 

- Traveling waves vary in both space and time. 
- Interactions of waves with structures of different impedance that are of significant size compared 

to a wavelength produce reflected waves. 
- The magnitude of the reflection depends on the relative impedance of the object and the media. 

 
1. The One-Dimensional Wave Equation for Plane Waves: 

x

y

z
(0 ,0 ,0)

x+²x

S=z y

 
Figure 2.1:  A long duct of height y, width z and undetermined length.  Our derivation of the wave 

equation is based on a section of duct described by the interval x  to x+∆x. 
 

 We saw in Lecture 1 that we can characterize the propagation of plane waves fairly simply, if we 
make some generally reasonable assumptions: 

a.  the forces related to the viscosity of air are negligible,  and  
b.  the rapid variations in pressure associated with sound don't allow heat transfer within the medium 

or to the surround (the adiabatic condition), 
c.  the sound induced variations in the scalars p(x,t), ρ(x,t) and T(x,t) are small compared to their 

static values. 
d.  the sound induced particle velocity vx(x,t) is small compared to the propagation velocity. 

 These assumptions together with considerations of Newton’s second law, conservation of mass 
and consideration of the adiabatic compressibility of air lead to lossless acoustic equations (consistent 
with a and b above) in which the distributed mass (the densityρ0) and distributed compliance (the bulk 
modulus BA) of the air completely determine the relationship between vx (the magnitude of the x 
component of the particle velocity) and p (the sound pressure) at any position (x) and time (t) in a one 
dimensional system like Figure 2.1.   

Newtons 2nd Law:  ∂p(x, t)
∂x

= −ρ0
∂vx (x,t)

∂t
   (1.2.7) 

Conservation of Mass-Compressibility Relationship: 

 ∂vx (x,t)
∂x

= −
1

BA

∂p(x,t)
∂t

 .  (1.2.20) 

The Wave-Equation for Sound Pressure in a Plane Wave: 
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∂2 p(x, t)
∂x2 =

ρ0
BA

∂2 p(x, t)
∂t2 , where ρ0

BA
=

1
c2 . (1.2.21)  

 We can write a ‘matching’ equation to describe the variation in particle velocity as a function of 
time by taking the partial of both sides of 1.2.7 with respect to time, and substituting 1.2.20 into the left-
hand side of the result: 

 

∂2v(x, t)
∂x2 =

ρ0
BA

∂2v(x, t)
∂t2 . (2.1)  

 
2. Wave propagation. 
 The propagation of sound as described by the wave equation can be understood by a ‘distributed’ 
series of ‘lumped’ masses and compliance (spring-like) elements.  The following figure is a 
modification of Denes and Pinsons’s Figure 3, in which a perturbation in a string of springs and masses 
causes a propagated wave of force and motion, (modified from Denes & Pinson “The Speech Chain”, 
WH Freeman 1993). 
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In the top row the balls and springs are at rest 
In the second row, ball A is displaced to the left, stretching the AB spring 
In the third row, ball B has moved toward A, compressing AB and stretching BC 
In the fourth row Ball B moves even closer to A compressing AB past its rest position 
In the fifth row Ball B moves back to the left and settles into its new rest position, etc. 
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3.  Similarity to Transmission Line Equations 
We can use the acoustic analog of what are known as transmission line equations to describe sound in a 
one-dimensional plane wave.  In such a system, the wave is described in terms of the interaction of a 
distributed series of lumped electrical capacitors  and inductances.  In this analogy the voltage e(t,x) is 
the analog of pressure, the current i(t,x) is analogous to the one-dimensional particle velocity, the 
inductances are analogous to acoustic inertances per unit distance, and the capacitors are analogous to 
acoustic compliance per unit distance. 

 
Lx = is the electrical inductance per unit length (the electrical analog of density ρ0), 

Cx = the electrical capacitance per unit length (the analog of the compressibility of air 1/BA), 

I = a complex amplitude that describes the current (the analog of particle velocity), and 
E = a complex amplitude that describes the voltage (the analog of sound pressure). 

The inductance/length: 

∂e(x,t)
∂x

= −Lx ∂i(x,t)
∂t  (2.2) 

The compliance per length: ∂i(x,t)
∂x

= −C x ∂e(x,t)
∂t

  . (2.3) 

The variations in voltage and current in time and space can be described by wave equations: 

 

∂2e(x,t)
∂x2 =

1
c2

∂2e(x,t)
∂t2

, and 

∂2i(x,t)
∂x2 =

1
c2

∂2i(x,t)
∂t2

, where: 
c =

1
LxC x   . (2.4,5 &6) 

We can also define an electrical impedance in the transmission line where 

 Z = Lx

Cx   . (2.7) 

All of these equations are analogous to the equations we derived for plane-wave propagation of sound, 
where: 

e(t) → p( t)
i(t) → vx ( t)

Lx → ρ0

C x → 1
BA

   . 
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4. Solutions to the Wave Equation 
 A general solution for one-dimensional plane-wave propagation describes the pressure and 
particle velocity at any time and as the sum of two traveling waves, one moving in the positive x 
direction and the other negative going:  

 p( t,x) = f + t − x /c( )+ f − t + x /c( )  , (2.8) 

and vx (t,x) =
1
z0

f + t − x /c( )− f − t + x /c( )[ ] , (2.9) 

where the argument to the wave functions ( f+ and f–) is a time (t-x/c) determined by the absolute time t 
and the time needed to travel to x, i.e. x/c.   
 
You should note: 

–vx and p in each wave are related by the characteristic impedance of the medium z0. 
– The two scalar pressure terms add. 
– Because of a difference in direction, the two velocity terms subtract. 
– Because of the difference in the signs of the second terms, vx(t,x) and p(t,x) need not be 

proportional. 
 
 An alternative form of this solution can be given in terms of absolute position and the distance 
propagated in a given time: 

 p(t, x) = g+ x − ct( )+ g− x + ct( ),   and (2.10)  

 vx (t,x) =
1
z0

g+(x − ct) − g−(x + ct)( )  ,     (2.11)  

 Equations 2.8&9 define vx(x,t) and p(x,t) in terms of two functions (f+ and f–) that depend on the 
sound source and the boundary conditions at the two ends of our one-dimensional system.  In the case of 
a completely open space the sound produced by a source propagates along its one dimensional axis as a 
forward traveling wave, and there is no backward traveling wave: 

 p( t,x) = f + t − x /c( ), and 
vx (t,x) =

1
z0

f +(t − x /c)( )
. (2.12) 

Why are these Forward Traveling waves? 
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Why are these Forward Traveling waves? 

Think about how sound travels.  Assume (1) the sound pressure in this room is zero at all negative 
times and (2) at t=0 we generate a one dimensional plane-wave pulse of pressure of 1 Pa peak. 
To be precise: 

 
p( t,x) = 0 when t < 0;
p(0,0) =1;
p( t,0) = 0 at t > 0

    . (2.13) 

These boundary conditions when applied to Equation 2.12 suggest that the we can define the one 
dimensional forward traveling wave: as: 

p( t,x) = f + ζ( ); where ζ = t − x /c( )  
 with f+(ζ) = 0 for ζ< 0, and ζ> 0 (2.14) 
 and f+(ζ) = 1 for ζ=  0 . 

 

How does pressure vary within the room at t=0, t=1 ms, t=3 ms, t=5 ms ? 

0.5

1.0

1 meter 2 metersx=0
0

0.5

1.0

1 meter 2 meters
x=Distance from the Doorway

x=0
0

 

The pulse propagates as a “wave front” of the traveling wave.  
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5.  Sinusoidal Traveling Waves: 
 A sinusoidal steady state solution for the wave equation also depends on the summation of a 
forward and backward going traveling wave 

 p(t,x) = Real P+e jω (t−x /c) + P−e jω (t+x /c){ }, (2.15) 

 vx (t,x) = Real 1
z0

P+e jω (t−x /c) − P−e jω (t+x /c)( )⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

, (2.16) 

 
For those of you still not comfortable with the exponential notation, remember that Eqn. 2.15 is 
equivalent to: 

p(t,x) = P+ cos ω(t − x /c) + ∠P+( )+ P− cos ω(t + x /c) + ∠P−( ). 

 
How does this equivalence come about? 
 
 
Equations 2.15 and 2.16 can also be written in terms of the variable k= ω/c = 2π/λ, where k has units of 
radians per meter and is sometimes called the wave number, length constant or spatial frequency : 

 
p(t,x) = Real P+e j (ωt−kx) + P−e j (ωt+kx){ }, and (2.17) 

 
vx (t,x) = Real 1

z0
P+e j (ωt−kx) − P−e j (ωt+kx)( )⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭ . (2.18) 

 
 Suppose the sound pressure source in one of the walls produces a steady-state sinusoidal 
variation in pressure with radial frequency ω = 2π 170 Hz : 
 
 p(t,0) = cos(ωt) = Real{ejωt}. 
 
The sinusoid also "travels" across the room at a velocity of c, i.e. 
 
 p(t,x)=cos(ωζ); where ζ=(t - x/c) . 
 
How does sound pressure vary across the room at time 0 and at fractions of a period later?  (Hint: What 
is the wavelength of a sound of 170 Hz?) 
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p(t,x)=cos(ωζ); where ζ=(t - x/c) . 

-1.0

-0.5

0.0

0.5

1.0

S
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U
N
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 P

R
E

S
S

U
R

E
 (P

a)

2.001.751.501.251.000.750.500.250.00
X = DISTANCE FROM REFERENCE POINT

t=0 t=T/8 t=T/4 t=T/2 t=3T/4

 

As time progresses, the “wave-front” (here defined as the location of maximum pressure) travels across 
the room with a velocity c. 

 

Now suppose we place a microphone at various locations in the room.  How does the sound pressure 
vary with time at x = 0, x=0.5 meters, x=1 meters, and x=2 meters? 
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E
 (P
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0.0060.0050.0040.0030.0020.0010.000
time in sec (1/170 = 0.006)

x=0 m x=0.5 m x=1 m

 
0ne-dimensional wave propagation depends on both time and space.  The events that occur in the 
present at location x=0, predict the events that will occur further away from the source at a later time.
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6.  The separation of time and space dependence.  
 The time and space dependence of traveling waves can be separated from each other.  In cases 
where the temporal dependence of the wave is well defined, such a separation allows us to concentrate 
on the spatial dependence.  In the case of the sinusoidal steady state: 

 
p(t,x) = Real P+e j (ωt−kx) + P−e j (ωt+kx){ } (2.19) 

we can factor out ejωt, 

 

p(t, x) = Real e jωt P(x){ }, where

P(x) = P+e− jkx + P−e jkx( )  (2.20) 
In a wide open environment with no reflection, we can define the spatial dependence of a forward 
traveling plane wave, as 
 P x( )= P+e− jkx( )  . (2.21) 

If P+=1, how do the magnitude and angle of P(x) vary in space? 
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7. Reflections at Rigid Boundaries 
 Suppose our propagating plane wave hits a rigid wall placed orthogonally to the direction of 
propagation, where the wall dimensions are much larger than the wavelength.  The interaction will 
produce a reflected wave that appears as a backward traveling wave in a one-dimensional system. 

 
 
At the rigid boundary, the reflected wave acts as a continuation of the original wave, but its direction is 
altered.  In the steady state, the sound pressure at each location is the sum of the two waves: 
 

p(t,x) = Re P+eωt−kx) + P−eωt+kx) +{ } 

 
In the case of rigid boundary reflection in a one dimensional system: 
(1)  The amplitude and angle of the incident and reflected waves are equal P+|=|P–. 
(2)  The value of the incident and reflected pressure at the boundary is equal at all times 
 p+(t,0)=p-(t,0). 
(3)  The two waves always cancel at nλ/4,  (n=1, 3, 5, …) distance from the wall. 
(4)  The sum of the two waves has a magnitude of 2|P+| at distances mλ/2 (m=0, 1, 2, …) from the wall. 
(5)  At times when the incident wave is in ±sine phase at the wall, the summed pressure is 
 0 everywhere. 
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8.  The Spatial Dependence of the Total Sound Pressure in Rigid Wall Reflection 
 Earlier, we described the total pressure at any location and time in terms of the sum of the 
forward and backward going waves: 

 
p(t,x) = Real P+e j (ωt−kx) + P−e j (ωt+kx){ } (2.22) 

We also separated out the temporal and location dependence, i.e. 
 

 
p(t,x) = Real e jωt P(x){ } 

where: P(x) = P+e− jkx + P−e jkx
 (2.23) 

 
In the case of a forward traveling wave with a rigid boundary at x=0 where P+ = P− , as in Figure 2.6, 
Equation 2.23 simplifies via Euler’s equations to  

 P(x) = 2P+ cos kx( ),  (2.24) 
Note that Equation 2.24: 

(a) Is dependent on x, ω (k=ω/c) but independent of t, this is a standing wave. 

(b) The sound pressure at the rigid boundary (x=0) is twice the amplitude of the traveling 

waves P(0) = 2P+ . 

(c) When x=–λ/4; kx=π/2 and P(−λ /4) = 0 ; this zero is repeated at x=–3λ/4, –5λ/4, –7λ/4 … 

(d) ∠P(x) = ∠P+ and is invariant in space.  

 
 9.  The Spatial Dependence of the Specific Acoustic Impedance in Rigid Wall Reflection 
 Rigid-walled reflection, where the angle of incidence is 90° relative to the boundary, also 
produces standing waves in particle velocity. 
We can define Vx(x) starting from Equation 2.16: 

 
vx (t, x) = Real 1

z0
P+e jω (t−x /c) − P−e jω (t+x /c)( )⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭   (2.16) 

where: 

 

vx ( t,x) = Real 1
z0

e jωt P(x)
⎧ 
⎨ 
⎪ 

⎩ ⎪ 
⎫ 
⎬ 
⎪ 

⎭ ⎪ , with

V x(x) =
1
z0

P+e− jkx − P−e jkx( )= −2 j
P+

z0
sin(kx)

 (2.25) 

Note that for x < 0; ∠Vx(x) =( π 2 + ∠P+( ), has a magnitude of 0 at x=0, and has a magnitude maximum  

of 2 |P+|/z0 at x=–λ/4, –3λ/4, –5λ/4, –7λ/4 … 
The ratio of P(x) and Vx(x) defines the spatially varying specific acoustic impedance ZS(x).   
In the case of rigid boundary reflection: 

 ZS(x) =
P(x)

V x (x)
=

2P+ cos(kx)

− j 2P+

z0
sin(kx)

= jz0 cot(kx)  (2.26) 

At a position λ/4 away from the reflector, i.e. x = –λ/4, –3λ/4, –5λ/4, –7λ/4 … ;  ZS=0. 
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When x =0, –λ/2, –λ, –3λ/2 … ; ZS=∞. 
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Lecture 3:  Spherical Waves: Near & Far Field, Radiation Impedance, and Simple Sources 
 

Suggested Reading: Fletcher pg., 100-109, Chapter 7; Kinsler et al. Chapter 8 
 
I. Review of Wave Equations for Plane Waves 
 The one-dimensional wave equation for sound in a uniform plane wave, 

 ∂ 2 p(x, t)
∂x2 =

ρ0
B

∂ 2 p(x, t)
∂t2   , (3.1) 

can be solved in terms of two plane waves traveling in opposite direction: 
 p(x, t) = f+ t − x /c( )+ f− t + x /c( )  , (3.2) 

 vx (x,t) =
1
z0

f+ t − x /c( )− f− t + x /c([ ])   , and 

where:   z0 = BAρ0 = ρ0c , and c = BA
ρ0

   

 

Separating the time and space dependence in the sinusoidal steady state, where k=ω/c: 
p(x, t) = Re P(x)e jωt{ }; vx (x, t) = Re V (x)e jωt{ } ; (3.3) 

 P(x) = P+e− jkx + P−e jkx; V (x) =
1
z0

P+e− jkx − P−e jkx( );  

 I = p(t,x)vx (t,x) =
1
2

Re P(x)V *(x){ }=
1
2

P+ 2
− P− 2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

z0
 , (3.4) 

where P+ and P– are defined by the boundary conditions at the two ends of the one dimensional 
system. 
 
In the case of a plane-wave propagating in an unbounded open space, there is only a wave 
traveling in one direction and therefore: 

 P(x) = P+e− jkx; V (x) =
P+e− jkx

z0
; I =

1
2

P+ 2

z0
  , and (3.5) 

 p(x, t) = Re P(x)e jωt{ }= P+ cos ωt − kx + ∠P+( ). (3.6) 

 
Note that P(x) and V(x) are proportionally related by z0 and that z0 is real and independent of 
frequency. 
 
We also saw that in one-dimensional systems with forward and backward waves the specific 
acoustic impedance varied in space and was complex: 

 ZS (x) =
P(x)

V x (x)
 (3.7) 

16-September-2004  page 1 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

28
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Lecture 3 Acoustics of Speech & Hearing 6.551/HST.714J 

II. Spherically symmetric waves: Another kind of one-dimensional wave 
A. Spherical Coordinates & 
Symmetry 
 
Fig. 3.1: The transformation between 
three dimensional Cartesian 
coordinates (x,y,z) and spherical 
coordinates r, θ, and φ. 

z

x

y

rθ

φ

 
 
If we assume “spherical symmetry” (i.e. the pressure and particle velocity only vary in r, the 
distance from the ‘origin’ of the spherical wave), then we can define a spherically symmetric 
wave equation: 

 1
r2

∂ r2 ∂p(r, t)
∂r

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

∂r
=

1
c2

∂2 p(r, t)
∂t2   . (3.8) 

 
We can make (3.8) analogous to the plane wave equation (3.1) by expressing both p(r,t) terms 
above as r p(r,t):  The first step is to multiply both sides of (3.8) by r: 

 r 1
r2

∂ r2 ∂p(r,t)
∂r

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

∂r
= r 1

c2
∂2 p(r, t)

∂t2   ,  then rearrange such that 

 ∂2rp(r,t)
∂r2 =

1
c2

∂2rp(r,t)
∂t2    . (3.9) 

 
This result is identical to (3.1) except that we have replaced p(x,t), with rp(r,t).   
 
Therefore a general solution to spherically symmetric waves is 
 

 
rp(r,t) = f + t − r /c( )+ f − t + r /c( ), or

p(r,t) =
f + t − r /c( )

r
+

f − t + r /c( )
r

.
 (3.10) 

Note that this solution specifies that the amplitude of the pressure varies inversely with r.  
As r increases, the amplitude of the pressure falls.  This is one difference between plane 
waves and spherical waves. 
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B. Spherical Waves in the Sinusoidal Steady State: Outward Wave Only 
 In the sinusoidal steady state: 
 p(r, t) = Re P(r)e jωt{ }, (3.11) 

 where:    P(r) =
A
r

e− jkr .  

Comparing this description of the pressure term  to the description of the outward going wave in 
a plane wave, P(x) = P+e− jkx , note that while the complex amplitude P+ has units of pressure, A 
has units of pressure times length. 
 What about velocity?  We can relate the complex description of pressure and velocity 
using the acoustic version of Newtons’ second law: 

 −ρ0
∂vr (r,t)

∂t
=

∂p r, t( )
∂r

  . (3.12) 

leading to a more complicated solution for the velocity where  
 v(r,t) = Re V (r)e jωt{ }, and (3.13) 

  V (r) = P(r) 1
ρ0c

1+
1
jkr

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

A
r

e− jkr 1
ρ0c

1+
1
jkr

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   . (3.14) 

 
The particle velocity, for a given source amplitude, varies with distance from the source r, in a 
nonlinear manner and also varies wave number k (unlike uniform plane waves).   
The specific acoustic impedance (magnitude and angle) seen by the wave depends on r and k: 
 

 Z S (r) =
P(r)
V (r)

=
ρ0c

1+
1
jkr

=
z0

1+
1
jkr

  . (3.15) 

 
 Equations 3.11, 3.14 and 3.15 define P(r), V(r) and ZS(r) at all distances from the wave 
source, but, some useful approximations work near to and far from the source. 
 
 
In the “Far Field”, where kr>>1, Equations 3.16 and 3.17 are greatly simplified: 
 

 ZS (r)
kr>>1

≈ ρ0c   and V (r) kr>>1 ≈
A
r

e− jkr 1
ρ0c

=
P(r)
ρ0c

  . (3.18a&b) 

In the “Far Field” V(r) and P(r) are proportionately related by the characteristic impedance of the 
medium z0=ρ0c as in a uniform plane wave, and the magnitudes of V(r) and P(r) decrease 
proportionately with distance from the source.  
 
 The inverse proportionality between r and |V(r)| and |P(r)| leads to an average power 
density (or sound intensity) that decreases as the square of r:  

 I(r)
kr>>1

=
1
2

Re P(r)V *(r){ }≈
1
2

P(r) 2

z0
=

1
2

V (r) 2 z0 =
1
2

A 2

z0r2 .  (3.19) 
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This relationship is often referred to as the “inverse square law”. 
 
 In the “Near Field” where kr<<1, ZS(r) is approximately masslike:   

  ZS (r) =
z0

1+
1
jkr

=
jz0kr
jkr +1

 

  ZS (r)
kr<<1

≈ jz0kr ,  (3.20) 

and the particle velocity lags the sound pressure by π/2 radians: 

  V (r) kr<<1 =
P(r)
ZS ≈

P(r)
jz0kr

. (3.21) 

 
Since ZS(r) is dominated by a reactive term when kr<<1, little power is transferred from the 
source to the space that surrounds it.   
 
 
2. "Simple" Spherical Sources:  
A. Pulsing Sphere 

Fig 3.2  A pulsing sphere 

a

 

 
Where simple means all parts of the surface are vibrating 
in phase!  The sphere pulsations are also constrained to be 
small compared to the steady-state dimensions. 

“Source Strength”= U S = 4πa 2 V(a)   . (3.22) 

(Note that Source Strength is a volume velocity.) 

 
 The “Radiation impedance” (with units of Acoustic Ohms Pa-s/ m3) at the surface of the 
source is: 
 Z(a) =

P(a)
U S

=
1

4πa2
z0

1 +
1

jka

=
z0

4πa 2
jka

1 + jka
  . (3.23) 

In the High Frequencies, ka >>1, Z(a) looks like a characteristic acoustic impedance: 

 Z(a) ≈
z0

4πa 2
  . (3.24) 

At Low Frequencies, when ka <<1, 1
1 + jka

≈ 1 − jka( ), and 

 Z(a) ≈
z0

4πa 2 1 − jka( )jka =
z0

4πa2 ka( )2 + jka( ). (3.25) 
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Since the real part of Z(a) in the “Low Frequencies” is proportional to ω2, the average power 
radiated for a given source strength is also proportional to frequency.  

 Π =
1
2

U S
2 Re Z(a){ } ≈ U S

2 z0 ka( )2

8πa2 = US
2 ω2z0

8πc2
  . (3.26) 

i.e. at low ka, little average sound power radiates to the environment.  Also note that for a given 
US, with ka <<1 the average power radiated is independent of the dimensions of the source! 

 
       How can we describe wave propagation from a spherical source in terms of source strength?  
We have described the sound pressure in a spherical wave in terms of a complex constant A, i.e.  

P(r ) =
A
r

e − jkr
. 

 Knowing the source strength, we can define A in terms of the sound pressure at the walls of the 
spherical source:  

 P(a) =
A
a

e− jka = US Z(a); i.e. A = aUS Z(a)e− jka  . (3.27) 

In the Low Frequency situation, i.e. ka << 1, we can approximate e-jka as 1, and we can use the 
Low Frequency approximation for Z(a) : 

 A ≈ aU S
z0

4πa2 ka( )2 + jka( )≈ jωUS
ρ0
4π

  . (3.28) 

Therefore, when the radius a of the source is such that that ka << 1, the sound pressure at some 
distance r is: 

 P(r) = jωUS
ρ0
4πr

e− jkr   . (3.29) 

 
3.  Generalization of the simple source concept 
 The sound radiated from an acoustically small source with kx << 1, where x  is some 
descriptive linear dimension of the source, can be characterized by a source strength US as long 
as all parts of the 'radiator' move in phase.  
 
For example the output of three small loud speakers - 
of diaphragm areas S1, S2 and S3 and diaphragm 
velocities V1, V2, V3,  that all fit within an imaginary 
sphere of radius a  can be approximated by the output 
of a simple source with source strength: 

 US = SiV i
i=1

n
∑

= V (S) • dSS∫∫

  . (3.30) 

Figure 3.3 

S1, V1

S2, V2

S3, V3

2a
 

As long as all parts of all of the diaphragms are moving in phase and ka <<1. 
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Other low-frequency "simple sources" include: 
Figure 3.4 
 
A Loud Speaker in a box, 

VCone

SCone

 
 
The open end of an organ pipe, 

V

S

 
 
 
Radiation from the mouth. 

 

VLips

SLips

 
The equivalence to a simple source when ka <<1 also implies that far away from the radiator in 
the Far Field, where r>>a , the radiation is spherically symmetric and the sound pressures and 
particle velocities within the wave are quantifiable in terms of the source strength and the Far 
Field produced by a spherical source: 

 P(r) ≈
A
r

e− jkr ,  V (r) ≈
A

ρ0cr
e− jkr ,  where  A ka<<1 ≈ jωUS

ρ0
4π

 and z(r) ≈ z0  . (3.31) 

 
4.  More About Radiation Impedance 
 We have just argued that the specific acoustic impedance which describes the 
relationship between sound pressure and particle velocity is the same in the far field for any 
'simple' source.  However, one constraint on sound radiation that differs for the four simple 
sources in Figures 3.3 and 3.4 is the load that the surrounding air places on the radiators, i.e. the 
radiation impedance ZR.  Knowledge of ZR allows us to quantify: 
 (1). Power radiated from a source to the environment, and 
 (2). The resistive and reactive forces of the medium on the source. 
 
The pulsing sphere revisited: 
 We have already derived the radiation impedance acting on the surface of a pulsing 
sphere of radius a, where we can modify (3.23) such that: 

 
ZR =

P(a)
US

=
z0

4πa2
jka

1+ jka
1− jka
1− jka

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

z0
4πa2

ka( )2 + jka

ka( )2 +1   (3.32) 
Eqn. (3.32 describes a real part and an imaginary part to ZR. where 

 RR =
z0 ka( )2

4πa2 ka( )2 +1( )
,  and XR =

z0ka

4πa2 ka( )2 +1( )
  . (3.33) 
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According to (3.33), at low frequencies when ka <<1, the radiation resistance is independent of 
the sphere's radius and has a magnitude that increases as the square of ω: 

 RR ka<<1 ≈
z0 ka( )2

4πa2 =
z0k2

4π
=

z0ω2

4πc2   . (3.34) 

In the same low-frequency range, the radiation reactance is positive and proportional to 
frequency and is well approximated by an acoustic mass or inertance: 

 XR ka<<1 ≈
z0ka
4πa2 = ω ρ0a

4πa2 = ωM   . (3.35) 

This mass is equivalent to a blanket of air around the sphere of thickness a. 
At high frequencies, ka >>1 ,the radiation resistance approximates the ratio of the characteristic 
impedance of the medium and the area of the sphere and the reactance decreases proportionately 
with sound frequency: 

  RR ka>>1 ≈
z0

4πa2 , and XR ka>>1 ≈
z0

4πa2ka
=

ρ0c2

4πa3ω
  . (3.36) 

Figure 3.5:  The normalized 
radiation resistance RN and 
reactance XN acting on a pulsating 
sphere.  The normalization factor 
depends on the surface area of the 
sphere S and the characteristic 
impedance of the media z0.  The 
dashed lines illustrate the slopes of 
relationships that are proportional 
to ω, ω2 and 1/ω. 

ka
0.001 0.01 0.1 1 10 100

∝ 1/ω

∝ ω
∝ ω2

RN

XN

10

1

0.1

0.01

0.001

 
Each of the impedance components described above have a non-simple frequency dependence.  
There is trick to thinking about these in a more simple way.  The radiation admittance of a 
sphere is much simpler in form, where 

Y R =
1

ZR
=

1
RYR

+
1

XYR
, 

where:  RYR =
z0

4πa2 , and XYR ≈ ω ρ0a
4πa2  

 
More discussions of the radiation impedance can be found in Beranek 1986. 
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4. Combinations of Simple Sources 
 Source - frequency combinations that do not meet either the small ka or “in-phase” 
requirements can sometimes be approximated by combinations of simple sources.  For example, 
if we are concerned about the far-field transmission from the lips of sound frequencies whose 
wave lengths approximate the mouth opening ka ≈ 1,  you could model the mouth as an array of 
simple sources 

x

U1

U2

{
{

d/2

d/2

P(r,θ)
r1

r

r2

θ

 

 
Figure 3.6  Two simple sources U1 and U2 are 
separated by a distance d.  We are interested in 
the sound pressure P(r,θ)  at a point in the far 
field (r >>d, the open circle).  The distance 
between the measurement point and the two 
sources is r1  and r2.  r is the  distance 
between the measurement point and a point 
half-way between the two sources (the x).  θ is 
the angle between r and the line defined by the 
two sources. 

 Using superposition: 

 P(r,θ) = P1(r) + P2(r) =
jωρ0
4π

U1
r1

e− jkr1 +
U2
r2

e− jkr2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ . (3.37)  

Since r >>d we can assume r, r1 and r2 are parallel such that 
 
r1 ≈ r −

d
2

cosθ and 

r2 ≈ r +
d
2

cosθ : 

P(r,θ) =
jωρ0
4π

U1
r − d 2( )cosθ

e− jk r− d 2( )cosθ( )+
U2

r + d 2( )cosθ
e− jk r+ d 2( )cosθ( )⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  

Furthermore, since r >> (d/2) cosθ, the effect of distance on the magnitudes of each term are 
approximately equal and can be factored out along with the common e-jkr dependence: 

 P(r,θ) =
jωρ0
4πr

e− jkr U1e+ jk (d 2) cosθ + U2e− jk (d 2) cosθ( ). (3.38)  

Finally, for the special case where |U1|=|U2|=U0 and ∠U2 -∠U1=φ: 

 P(r,θ) =
jωρ0
2πr

U0e− jkr cos k (d 2)cosθ + φ /2( ). (3.39) 

-The multiplier to the cosine function in 3.39 defines an equivalent simple source of strength 
jωρ0
2πr

U0 and propagation constant e − jkr .   

-The cosine function   cos k d / 2( )cosθ + φ / 2( ) defines a directionality to the source output 
that depends on k, d, θ and φ.   
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5. Output of Arrays 
Case A.  Two simple sources in phase and of equal source strength 

 Equation 3.39 is relevant, P(r,θ) =
jωρ0
2πr

U0e− jkrg(θ) , where  

g(θ) = cos k d /2( )cosθ + φ /2( ) and φ = 0; 
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Example 1:  Sources are separated 
by a distance d= λ/8. What’s kd?   
 The plot on the left is a 
polar plot of the variation in |P| vs. 
θ at a large distance from the 
source.  The ‘x’s show the source 
axis.  The vertical dotted line shows 
the direction ‘in-line’ with the 
sources.  The horizontal line is the 
direction perpendicular to the 
source  line.  The concentric circles 
code pressure amplitude as a 
function of θ.  With d=λ/8,  The 
sound pressure magnitude is nearly 
nondirectional.   

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Polar Plot of |P| vs theta, d= lambda/8

How can we think about the small reductions in |P| that do occur about the angles that are close 
to on-axis?  Why are the pressures that are off-axis larger in magnitude? 
g(θ=0)=cos(2π/λ d/2 cos(0))=cos(2π/λ λ/16 cos(0))=cos(π/8) 

g(θ=π/2)=cos(π/8 cos(π/2))=_______  
 
Example 2:  d=λ/4 
 
g(0)=cos(2π/λ λ/8 cos(0))= ______ 
 
 
g(π/2)=cos(π/4 cos(π/2)) = ______ 

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Polar Plot of |P| vs theta, d= lambda/4
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16-September-2004  page 10 

Example 3:  d=λ/2 
 
g(0)=cos(2π/λ λ/4 cos(0))= ____ 
 
 
g(π/2)=cos(π/2 cos(π/2)) = ______ 

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Polar Plot of |P| vs theta, d= lambda/2

Example 4:  d=λ 

 

g(0)=cos(2π/λ λ/2 cos(0))= _____ 
 
 
g(π/2)=cos(π cos(π/2)) = _______ 
 
 
g(π/3)=cos(π cos(π/3)) = ________ 

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Polar Plot of |P| vs theta, d= lambda

Example 5: d=2λ 

 
g(?)  = 0? 

 

 
What do these patterns look like 
in three-dimensions?   
 
Are there some simple rules to 
the number of nodes in each 
pattern? 

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Polar Plot of |P| vs theta, d= 2 lambda
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B.  Equal strength Sources that are close to each other and out of phase: The dipole 
 U1 = -U2; therefore |U1=|U2|=U0 but ∠U1-∠U2=π; and φ/2=π/2; 

 P(r,θ) =
jωρ0
2πr

U0e− jkr cos k d 2cosθ + φ /2( )  (3.40) 

Since φ/2=π/2, and k=2π/λ; 

 P(r,θ) =
jωρ0
2πr

U0e− jkr sin dπ λcosθ( )   . (3.41) 

Finally since d << λ; 

 P(r,θ) =
jωρ0
2πr

U0e− jkr π λdcosθ =
jω2ρ0
4πrc

dU0 cosθ e− jkr    . (3.42) 

where |P(r,θ)| depends directly on d, U0 ,  ω2, 1/r and cosθ.   The product dU0  is sometimes 
called “Dipole Strength”.  
 
The dipole has a directivity pattern 
(on the right) that in one dimension 
is similar to the reverse of the two 
in-phase simple sources with d=λ/2.  
Are they similar in three 
dimensions?  _________ 
Also notice the difference in the 
amplitude of the pressures between 
here and Example 3 above. 

-0.2 -0.1 0 0.1 0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

Polar Plot of Dipole Output |P| vs theta, d= lambda/20

In example 3 the maximum pressure magnitude is measured with θ=±π/2:     

      PMAX
Monopole =

ρ0ωU0
2πr

 .  The maximum pressure amplitude produced by the dipole is: 

 PMAX
Dipole =

dU0ω2ρ0
4πrc

  , such that (3.43) 

 
PMAX

Dipole

PMAX
Monopole =

dU0ω2ρ0
4πrc

ρ0ωU0
2πr

=
dω
2c

= π d
λ

<1  . (3.44) 

C. General Conclusions:  
Arrays of simple sources can produce radiation patterns that are directional.   
The directivity depends on the spacing and the phases of the sources. 
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D. Directivity Index 
 
A Dipole 

θ

φ

X

X

 
 A useful metric that characterizes and quantifies angular 
selectivity (or directivity) of a sources output, is the Directivity Index., 
D, where: 

D =
Mean - Square response in some reference direction

Mean Square response averaged over all angles 
, 

or  D =
| Pref |2

1
4π

| P(r,θ,φ) |2 sinθ dθ dφθ =0
π∫φ=0

2π∫
 

where the reference direction is usually the axis describing the largest 
response.  For example the axis of an acoustic dipole is defined by the 
line that connects the two sources and the two maxima in pressure 
response.  A suitable reference angle is θ=0.  In the dipole 
P(r,θ,φ) ∝ cos θ, and  

 D =
cos2(0)

1
4π

cos2 θ sinθ dθ dφθ=0
π∫φ=0

2π∫
=

1
1

4π
4π
3

= 3,  

where  
 10log10(3) = 4.8dB. 
 In an acoustic monopole or simple source where the output is non-directional, i.e. 
|P(r,θ,φ)| is independent of direction: 

 D =
| P(r) |2

1
4π

| P(r) |2 sinθ dθ dφθ =0
π∫φ=0

2π∫
=

1
1

4π
4π

=1  . 
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Lecture 4:The Interaction of Sound and Objects: Scattering and Diffraction 

A. Definitions: 

1. Scattering 
 Scattering refers to the alteration in 
sound path produced by the interaction of a 
sound ‘ray’ and an object.  Scattering implies 
that the incident sound wave front is broken into 
multiple waves by the scatterer. The smearing of 
propagation directions introduced by interaction 
with a rough surface is also an example of 
scattering (AD Pierce “Acoustics: An 
introduction to its physical principles and 
applications” Acoustical Society of 
America,1981). 

a

Incident

Scattering of a plane wave by a rigid
immovable object.

P(r, θ)

r

(From Pierce 1981) 

Courtesy of Acoustical Society of America. Used with permission. 

2. Diffraction 
 Diffraction is another result of interaction of sound waves and objects. Practically, diffraction 
is the name used to explain the results of such interactions that can not be explained by ray theory.  
The basic tool for analyzing diffraction is Hyugen’s principle: any wave front can be approximated 
by a series of in-phase and equal strength simple sources placed along the front. 

B. Examples of Scattering and Diffraction 

Figure 4.1:  Scattering and Diffraction by a large slit and a small slit (from Olsen, Music Physics and 
Engineering). Which of these examples is better fit by ray theory and which is better explained by 
diffraction? 
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Image removed due to copyright considerations.
 Source: Olsen, H. F. Music Physics and Engineering. Dover Press, 1967.
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Figure 4.2  Scattering and Diffraction by a large and small object  (From Olsen). Which of these 
situations is better explained by ray theory and which by wave theory and diffraction? 

 

 
 
 
 

 
Figure 4.3 (a) Scattering from an object positioned at an angle relative to the direction of 
propagation of the incident wave. The angle of reflection is equal to the angle of incidence.   (b)  
Scattering and transmission by an imperfectly rigid barrier. The energy transmitted equals the 
incident energy minus the reflected energy. (From HF Olsen “Music, Physics and Engineering”  
Dover Press 1967) 
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 Source: Olsen, H. F. Music Physics and Engineering. Dover Press, 1967 .

 Source: Olsen, H. F. Music Physics and Engineering. Dover Press, 1967.
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C. Model’s of Diffraction. 

 Hyugen’s principle (from Halliday & Resnick 1970) 
 “All points on a wavefront can be considered as point sources for the production of 
spherical secondary wavelets. After a time, the new position of the wavefront will be the surface of 
tangency of these secondary wavelets.”   
This principle allows us to model diffraction by a combination of simple sources. The tools used to 
analyze diffracted light at a distance far from a slit (called Fruanhofer diffraction) are essentially the 
tools we used to determine the sound pressure far from an array of sources. 

from Figure 4.4 Halliday & Resnick. Fundamentals of Physics. Wiley, 1970.

 

D.  Diffraction and Scattering of plane waves by a rigid Sphere. 
 While broad-band descriptions of diffraction and scattering get complicated, as you add more 
and more simple sources, one “simple” system for which there is an analytic solution is the 
diffraction and scattering of plane waves by a rigid sphere. This solution based on a simple 
geometric view of spherical symmetry ( only a and θ are significant) is mathematically complicated 
(Rayleigh, 1986; Morse & Ingard 1968). 
 
 
Figure 4.5A 
A geometry to describe the sound pressure at a 
point located on the surface of a spherical 
artificial head where the angle between the 
source and the midline of the sphere 
perpendicular to the measurement point is 
controlled. 
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θ

To distant screen

From 
distant source

A Model for Fraunhofer Diffraction by a slit

Adapted
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Figure 4.5B 
An alternative geometry to describe the sound 
pressure at a point located on the surface of a 
sphere where the angle between the source and 
the midline of the sphere that contains the 
measurement point is controlled. 
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Figure 4.6 Mathematical predictions of sound diffraction around a sphere (from Shaw 1974) 

 
Shaw, E. A .G . " The External Ear."  In Handbook of Sensory 

Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D.  
Neff. New York: Springer-Verlag, 1974,  pp. 455-490. 

 
A) The sound pressure measured at the 
surface of a sphere, relative to the free-field 
pressure in the stimulating plane wave, as a 
function of ka (the x-scale at the top) or 
frequency assuming a sphere of the size of the 
human head (the x-scale at the bottom). The 
parameter is θ, the angle between the sound 
source and the mid-line of the sphere.  The 
sound measurement point is located on the 
surface of the head at θ=90°.  The angular 
position of the source is the parameter. When 
the source is pointed directly at the 
measurements point on the sphere’s surface, 
θ=90° and the sound pressure is a maximum.  
When the source is directed at a point directly 
on the opposite side of the sphere, θ=-90° and 
the sound pressure is either equal to or a little 
larger than the pressure of the plane-wave 
stimulus. When the source is on the other side 
of the head but not at -90°, the measured 
sound either equals or is less than the pressure 
in the incident wave. 
 
 
B) The mathematical predictions illustrated in 
figure Abut now shown on a directional plot 
with frequency as a parameter. The radial 
distance between the center of the plot and the 
plotted functions codes the level of the 
measured sound at a point on the surface of 
the sphere at θ=0°, the direction of the source 
is varied from -180°< θ < 180°.  
Directionality functions are shown for 1 & 6 
kHz. 
(From Shaw 1974). 

 
These theoretical diffraction patterns are compared to sound pressure measurements on the surface 
of a sphere on the next page. Again, with a human sized head, ka=1 corresponds to a frequency of 
about 0.6 kHz. 
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Shaw, E. A .G . " The External Ear. " In Handbook of Sensory 

Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D.  
Neff. New York: Springer-Verlag, 1974,  pp. 455-490. 

Image removed due to copyright considerations.
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E. Measurements of Sound Pressure on the surface of a sphere P(a,θ): 
Wiener FM (1947). J. Acoust. Soc. Am. 19: 444-451. 

  

21-Sept-2004
  

page 6
 

 
Courtesy of Acoustical Society of America.

 
Used with permission.
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1. Contribution of the external-ear components to the sensitivity of the ear 

The effect of different external-ear structures on the gain between the sound pressure at the eardrum 
and the free-field sound pressure for a sound source positioned on the horizontal plane at 45° 
relative to the midline (the azimuth=45°; elevation = 0°).  (After Shaw 1974). 

 

Image removed due to copyright considerations.
Source: Shaw, E. A. G. "The External Ear." In Handbook of Sensory 

     Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D. Neff.
     New York: Springer-Verlag, 1974, pp. 455-490.
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2. The External-Ear and the Directionality of the Ear: Head-Related Transfer Functions 
The magnitude of the eardrum to free-field sound pressure ratio for the human head for sound 
sources located on the horizontal plane (Shaw 1974). 
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Source: Shaw, E. A. G. "The External Ear." In Handbook of Sensory 
Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D. Neff.
New York: Springer-Verlag, 1974, pp. 455-490.
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            Normalized HRTF vs Azimuth                  Interaural Level Differences vs Azimuth 
         sound frequency is the parameter                      sound frequency is the parameter 

 
Measurements and theoretical values for azimuthal dependence (HRTF normalized by HRTF(0)left ) 
and interaural intensity differences (right) of the magnitude of sound pressure at the ear drum 
normalized by the stimulus pressure in the plane wave.  (SHAW 1974). 
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Shaw, E. A. G. " The External Ear. " In  Handbook of Sensory 

Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D. Neff. 
New York: Springer-Verlag, 1974,  pp. 455-490. 

Image removed due to copyright considerations.
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          Normalized HRTF vs Azimuth                  Interaural Level Differences vs Azimuth 
         sound frequency is the parameter                      sound frequency is the parameter 

 
Measurements and theoretical values for azimuthal dependence (HRTF normalized by HRTF(0)left ) 
and interaural intensity differences (right) of the magnitude of sound pressure at the ear drum 
normalized by the stimulus pressure in the plane wave.  (SHAW 1974) 
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Source: Shaw, E. A. G. "The External Ear." In  Handbook of Sensory 
Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D. Neff.
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            Normalized HRTF vs Azimuth                  Interaural Level Differences vs Azimuth 
         sound frequency is the parameter                      sound frequency is the parameter 

 
Measurements and theoretical values for azimuthal dependence (HRTF normalized by HRTF(0)left ) 
and interaural intensity differences (right) of the magnitude of sound pressure at the ear drum 
normalized by the stimulus pressure in the plane wave.  (SHAW 1974) 
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G. Interaural time and phase differences 

 A simple model of the interaural time differences is presented below: 
 
4.13 The Geometric model of Interaural 
Time Difference (ITD) produced by a 
source in the horizontal plane for a 
spherical head of radius a: 

ITD =
a
c
θ + sinθ( ). 

Note that ITD in this model is 
independent of  Frequency.. 
 
In the sinusoidal steady state, the 
interaural phase difference is: 

IPD = ω ITD =
2π

period
ITD   

 

Estimates of ITD based on scattering and diffraction theory match the simple spherical model 
predictions at ka > 2 but underestimates ITD (and IPD) at frequencies where k< 0.3 .  

IT
D

 (m
s)

Angle of Incidence

Courtesy of Acoustical Society of America. Used with permission.

 
Figure 4.14 
The symbols are 
measurements made of the 
interaural time difference at 
different angles of incidence 
at high (o,x) and low 
frequencies (the square, dot 
and triangle).  The line labeled 
‘for ka>>1’ is the prediction 
of the simple spherical model 
for all frequencies, and 
scattering and diffraction 
theory for ka >> 1.  The line 
labeled for ka <<1 is based on 
scattering and diffraction 
around a rigid sphere for that 
condition.   (From Kuhn GF 
(1977). Model for the 
interaural time differences in 
the azimuthal plane. J. 
Acoust. Soc. Am. 62: 157-
167). 
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θ

θ

θ

Adapted from  Shaw, E. A. G. "The External Ear." In Handbook of Sensory
Physiology: Vol V/1: Auditory System. Edited by W. D. Keidel, and W. D. Neff.
New York: Springer-Verlag, 1974, pp. 455-490.
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The root of the simple model’s underestimation of interaural time is that, ITD varies with frequency, 
being longer at low frequencies than at higher.  This frequency-dependent interaural time is 
consistent with models of diffraction about a rigid sphere.  

 
From Kuhn 1977. 

Courtesy of Acoustical Society of America. Used with permission. 
 
While the measured and calculated ITDs at frequencies above 1000 Hz in man ka > 2 are consistent 
with the spherical model of Figure 4.13: the Normalized ITD,: 

Π =
ITD

a /c( )sinθ
, 

approximate is 2 in the spherical model and in the measurements in that high-frequency range.  
However. the measurements show it equals about 3 for ka < 1 (f < 600 Hz in man).  This 50% 
increase in interaural time at low frequency is consistent with an effective increase in head 
dimensions by 50%. 

 
From Kuhn 1977. 

Courtesy of Acoustical Society of America. Used with permission. 
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H. The ‘Duplex Theory’ for the localization of tones in the horizontal plane. 
 The differences in interaural intensity produced by low frequency sounds ka <0.3 are too 
small to be useful in judging the location of sound in the horizontal plane.  Instead, it is clear that 
some animals, including man, utilize interaural time (or phase) differences to locate sources of low-
frequency tones in the horizontal plane. (Mills 1972). 

1. Measurements of Minimum Audible Angle (Mills 1958) 
 
 
Minimum Audible Angle is the smallest angular 
deviation from a base azimuthal position θ that 
is detectable by human listeners.  The stimuli 
used in its quantification are long duration tone 
bursts, and you can consider the system in the 
sinusoidal steady state. Localization 
performance is best (MAA is smallest) for 
sources on the midline. 
(From  Mills AW (1958). On the minimum 
audible angle. J. Acoust. Soc. Am. 30: 237-
246.) 
 

Courtesy of Acoustical Society of America. Used with permission. 
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Measurements of MAA 
 
From  Mills AW (1958). On the 
minimum audible angle. J. 
Acoust. Soc. Am. 30: 237-246.) 
  
 

Courtesy of Acoustical Society of America. Used with permission.  

Low frequency (< 1000 Hz) MAA are consistent with the ability of the auditory system to detect 
interaural phase, while above 1000 Hz, the MAA are consistent with the ability of the listener to 
detect interaural intensity differences.  (A jnd is a just notable difference.) 

21-Sept-2004  page 16 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

55
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Lecture 4 Acoustics of Speech and Hearing 6.551J/HST714J  

 
From  Mills AW (1958). On the minimum audible angle. J. Acoust. Soc. Am. 30: 237-246.) 

                   Courtesy of Acoustical Society of America. Used with permission. 

I. The Effect of Sound Elevation on the Sound Pressure Input to the Auditory 
System. 
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While the difference between elevation and 
azimuth is irrelevant when discussing the 
symmetric sphere, asymmetries in the 
placement of the external ear and in the 
structures of the external ear, generate 
differences in the frequency dependence of 
the ear with sounds of varied elevation.  These 
differences take the form of “interference-
notches” produced by interactions of small 
wave-length sounds with the pinna flange and 
the different structures within the concha.  On 
the left are measurements of external-ear gain 
made at varied elevations in the cat from 
Musicant et al. 1990. 

 

Courtesy of Acoustical Society of America. Used with permission. 
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Lecture 7: Lumped Elements 

I. What is a lumped element? 
 Lumped elements are physical structures that act and move as a unit when 
subjected to controlled forces.  Imagine a two-dimensional block of lead on a one-
dimensional frictionless surface.  

x

mass=MFORCE
Acceleration

 
 When a force is imposed on the block, the block moves as a unit in a direction 
described by the difference in force acting on its two surfaces, or analytically: 

 dV
dt

=
Net Force

Mass
 (5.1) 

 
The key features is that a gradient of a physical parameter produces a uniform 
physical response throughout the lump. 
 
 Another example of a lumped element is an electrical resistor where a difference 
in the Voltage (E) across the resistive element produces a current (I) that is uniform 
throughout the resistor: 
 

I
E1 E2

a resistor
of value R  

where: I = E1 − E2( )/R (5.2) 
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II. Lumped Acoustic Elements 

A. Elements: A lumped element is a representation of a structure by one or two 
physical quantities that are homogenous or varying linearly throughout the structure 
 

Standing Waves in P and 
V in a long tube with a 
rigid termination at x=0. 
The spatial variation in the 
sound pressure magnitude 
and phase P(x) is defined 
by a cosine function.  The 
spatial variation in particle 
velocity magnitude and 
phase V(x) is defined by a 
sine function.  The region 
where the tube can act as a 
lumped element is the 
region where the pressure 
amplitude is nearly 
constant and the ‘volume 
velocity’ (v x tube cross-
section) varies linear with 
x. 

 

B.  An example of a lumped acoustic element is a short open tube of moderate 
diameter, where length l and radius a are <0.1 λ. 

u(t)

p
1
(t) p

2
(t)

length l

A SHORT 
CIRCULAR TUBE 

OF RADIUS 
a

 
Under these circumstances particle velocity V and the sound pressures are simply 
related by: 

 dV
dt

=
P1 − P2( )

ρ0l
 (5.3) 
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where Eqn. 5.3 is the specific acoustic equivalent of Eqn. 5.1.  (Hint: you can describe 
the forces acting on the lump by multiplying the pressures by the cross-sectional area 
of the tube πa2. 
C. Volume Velocity and Acoustic Impedance 
 In discussing lumped acoustic elements, it is convenient to think about velocity 
in terms of a new variable Volume Velocity U where in the case of the tube above,  

UP1

length l

P2 2 x a

 
the volume velocity is defined by the product of the particle velocity and the cross-
sectional area of the tube, i.e. U = πa2 V = SV   . 
 
The relationship between volume velocity and the pressure difference in the open tube 
above can be obtained by multiplying both sides of Eqn, 5.3 by S=πa2, i.e. 

 
S dV

dt
=

P1 − P2( )
ρ0l

S

dU
dt

=
P1 − P2( )

ρ0l
S =

P1 − P2( )
ρ0Sl

S2 ,where Sl = Tube Volume.
 (5.4) 

The Acoustic Impedance of the tube is :  P1 − P2
U

 

III. Separation into ‘Through’ and ‘Across’ Variables 

 , where  power(t) = through (t) across(t)  

 ‘Across’ variable ‘Through’ variable 

Electrics voltage e(t) current i(t) 

Mechanics: Impedance 
analogy 

force f(t) velocity v(t) 

Mechanics: Mobility 
analogy 

velocity v(t) force f(t) 

Acoustics: Impedance sound pressure p(t) volume velocity u(t) 
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analogy 
Acoustics: Mobility 

analogy 
volume velocity u(t) sound pressure p(t) 

In all of the above analogies, power(t) = through (t) across(t)  has units of watts. 

IV. Two Terminal Elements  

A. Electrical Elements 
Figure 5.1 Simple linear 
2-terminal lumped 
electrical elements and 
their constitutive 
relations. The 
orientation of the arrow 
and the +/- signs 
identifies the positive 
reference direction for 
each element.  In this 
figure the variable i is 
current and v is voltage.  
(From Siebert “Circuits, 
Signals and System, 
1986). 

Note that R, C and L are the coefficients of the 0th and 1st order differential equations 
that relate v(t) (or e(t)) to i(t). 
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Units of R are ohms (Ω)
Units of G are siemens (S)

v(t) = v0(t) independent of i(t) i(t) = i0(t) independent of v(t)

Units of C are farads (F) Units of L are henries (H)

LC v(t)v(t)

v(t)

i(t)i(t)

v0(t)i(t)

v(t)

i0(t)i(t)

+

-

+

+

- + -
-

+

-

v(t)

v(t) = Ri(t) 

i(t)
+

-
i(t) = C

dv(t)
dt

v(t) = L
di(t)
dt

R =
1
G

t t

0

1
C

or
v(t) - v(0) = i(  )d 

0

1
L

or
i(t) - i(0) = v(  )d

or
i(t) = Gv(t)

Resistor Capacitor Inductor

Ideal Independent Voltage Source Ideal Independent Current Source

m mτ τ ττ
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B.  Analogous Elements 

Figure 5.2 
Electric elements and their  
mechanical and acoustic counter- 
parts in the “Impedance analogy” 
From Kinsler, Frey, Coppens, &  
Sanders, Fundamentals of Acoustics ,
 3rd Ed. (1982) 

 

C. Analogous Constitutive Relationships 
 

 Mechanical 
V vs F 

Electrical 
I vs E 

Acoustical 
U vs P 

 
Spring 

Capacitor 
Compliance 

 
Spring 

v(t) = CM
df (t)

dt
 

 
Capacitor 

i(t) = CE
de(t)

dt
 

 
Compliance 

u(t) = C A
dp(t)

dt
 

 
Damper 
Resistor 
Resistor 

 
Damper 

v(t) =
1

RM
f (t)  

 
Resistor 

i(t) =
1

RE
e(t)  

 
Resistor 

u(t) =
1

RA
p(t)  

 
Mass 

Inductor 
Inertance 

 
Mass 

v(t) =
1

LM
f (t)∫ dt  

 
Inductor 

i(t) =
1

LE
e(t)∫ dt  

 
Inertance 

u(t) =
1

LA
p(t)∫ dt  
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Mass

m

Cm = 1/s

Rm R R

C C

M L

Inertance Inductance

Compliance Compliance

Resistance

Fig. 10.3. Acoustic, electrical and mechanical
analogues.

Resistance Resistance

Capacitance

ElectricalMechanical Acoustical
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V vs F I vs E U vs P 
 

Spring 
Capacitor 

Compliance 

 
Spring 

 
V(ω) = jωCM F(ω)

 
Capacitor 

 
I(ω) = jωCE E(ω)  

 
Compliance 

 
U (ω) = jωCA P(ω)  

 
Damper 
Resistor 
Resistor 

 
Damper 

V (ω) =
1

RM
F(ω)  

 
Resistor 

I(ω) =
1

RE
E(ω)  

 
Resistor 

U (ω) =
1

RA
P(ω)  

 
Mass 

Inductor 
Inertance 

 
Mass 

V (ω) =
1

jωLM
F (ω )

 
Inductor 

I(ω) =
1

jωLE
E (ω )  

 
Inertance 

U (ω) =
1

jωLA
P(ω)

 

p(t) = Real Pe jωt{ }= P cos ωt +∠P( )
dp(t)

dt
= Real jωPe jωt{ }= −ω P sin ωt +∠P( )

= ω P cos ωt +∠P +π /2( )
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In the Sinusoidal Steady State: 
 

 Mechanical Electrical Acoustical 
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V. Acoustic Element Values and Physics 
 Element constraints result from physical process and element values are 

determined by physical properties including the dimensions of structures, e.g. the 

electrical resistance of a resistor depend on the dimensions and the resistivity of the 

material from which it’s constructed. 

 

A. Acoustic mass: units of kg/m4 

An open ended tube with linear dimensions l and a <0.1 λ and S=πa2 

l

p1 p2u(t)

circular tube

p(t) = p1(t) - p2(t)

p(t) = LA
du(t)
dt

assumes only inertial forcesLA =
ρο l

S
ρο Volume

S2=

ρο = equilibrium mass density of medium  

The Electrical Analog  
 

P1-P2=U jω LA . 

 

 Note that the acoustic mass is equivalent to the mass of the air in the enclosed 

element divided by the square of the cross-sectional area of the element.  Also since 

some small volume of the medium on either end of the tube is also entrained with the 

media inside the tube, the “acoustic” length is usually somewhat larger than the 

physical length of the tube.  For a single open end, the difference between the physical 

length and the acoustic length is ∆l ≈ 0.8a .  This difference is called the end 

correction. 
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B. Acoustic Compliance: units of m3/Pa 
Volume displaced per unit pressure difference (2 examples, both of which assume 

resistance and inertia are negligible). 

 
 1. A Diaphragm of  a < 0.1 λ 
 

vol =  p1 t( ) − p2 t( )( )C A

= p t( )CA

u t( ) =
d vol( )

dt
u t( ) = C A

dp t( )
dt

diaphragm at rest 
diaphragm displaced

volume displacement = vol

p1 t( ) p2 t( )

 
The Electrical Analog 

 

 
U = jωCA(P1 − P2) 

 
For a round, flat, “simply mounted” plate 
 

C A =
πa6 7 + v( ) 1 − v( )

16Et 3 , 

 
where: a  is the radius of the plate, v = 0.3 is Poisson’s ratio, E  is the elastic constant 

(Young’s modulus) of the material, and t  is the thickness (Roark and Young, 1975, p. 

362-3, Case 10a). 
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2.  Enclosed volume of air with linear dimensions <0.1 λ 
 

u(t)
p(t)

 

 
P(jω)

U(jω)

 
Another structure that may be well 
approximated by an acoustic 
compliance. 

C =
Volume

Adiabatic Bulk modulus
 

U = jωCAP  

The variations in sound pressure within an enclosed air volume generally occur about 

the steady-state atmospheric pressure, the ground potential in acoustics.  Therefore, 

one terminal of an electrical-analog of a volume-determined acoustic compliance 

should always be grounded. 

 

C. Acoustic Resistance: units of Acoustic Ohms (Pa-s/m3) 

1.  A narrow tube or radius a << 0.001 λ 

l
circular (radius = a) rigid tube --
filled with acoustic medium

p1 t( ) p2 t( )
u t( )

p t( ) = p1 t( )− p2 t( ) = RAu t( )← assumption;  only viscous forces

RA =
8ηl
πa4 ⇒

p1(t) − p2 (t)
u(t)

η = viscosity of medium  
 

Because of the viscous forces, relative motions of fluid at one radial position with 

respect to an adjacent position exerts a force opposing the motion that is proportional 

to the spatial derivative of the velocity and the fluid’s coefficient of shear viscosity η.  
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The action of these forces results in a proportionality of pressure difference and 

volume velocity that is analogous to an electric resistance.  In the sinusoidal steady 

state, then: 

P1(jω) P2(jω)

U1(jω) RA

, 

 
where P1-P2=U1 RA . 
 

 
The consequence of the viscosity is 

that the velocity at the stationary 

walls is zero, and is maximum in the 

center of the tube (see Fig. 5.3).  

The viscous forces produce energy 

loss near the walls where the 

velocity changes with position.   

  Fig. 5.3 Relative Particle velocity amplitude as a 
function of radial position in a small pipe of radius 

a = 0.1 cm, at frequency f = 200 Hz. 
After Kinsler and Frey, 1950; p. 238 

The velocity profile in Figure 5.3 varies as v(r) =1−e
− 0.1−r( )

δ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
, where the “space 

constant” , with η, the coefficient of shear viscosity = 1.86x10-5 N-s-

m-2 for air at STP,  ρ0, density of air = 1.2 kg-m3, and ω, radian frequency = 2πf. 

δ = η / ρ0ω( )[ 1/ 2]

 
At 200 Hz δ=1.1x10-4 m = 0.011 cm (Figure 5.3) 

At 20 Hz δ=3.5x10-5 m = 0.035 cm 
 
The effect of the viscous forces is insignificant when the radius of the tube is an order 

of magnitude or more larger than the space constant and therefore we can ignore 

viscosity for short tubes of moderate to large radius, 0.01λ < a <0.1λ. 
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Radial position, r, in cm; a = 0.1

Relative velocity 
amplitude

0.1 0.05 0

0.5

1.0
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type of acoustic resistance can be constructed from a long tube of moderate cross-

sectional dimensions (0.01 λ < a < 0.2 λ).  Such a construction can conduct sound 

power away from a system and can be treated as an acoustic resistance where: 

 
R =

ρ0 c
πa2 . 

30 Sept -2004  page 12 

 
2. An infinitely long tube 
 

The action of an acoustic resistor is to absorb sound power.  The viscous forces 

within a narrow tube convert the sound power into heat that dissipates away. A second 
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There is a catch, however, in that 

this lumped element always has 

one end coupled to ground and 

therefore can only be used to 

either terminate acoustic circuits 

or be placed in parallel with other 

elements.  There are ways of 

dealing with long tubes as a 

collection of series and parallel 

elements that have already been 

discussed in Lecture 2. 

l is effectively infinite
p(t)

u(t)
P0

 
 

P1(jω)

U1(jω) RA

 

 

D. Two Mixed mass-resistance acoustic loads 

1. A tube of intermediate radius (neither wide nor narrow) has an impedance 

determined by the combination of an acoustic mass or inertance (associated with 

accelerating the fluid mass within the tube) and a resistance (associated with 

overcoming viscous drag at the stationary walls of the tube).  Since the pressure 

drop across the resistance and the mass elements add, we think of these as an R 

and L in series. 

u(t)
p

1
(t) p

2
(t)

length l

An intermediate 
tube

 
 

    ∆P = P2 − P1 = U jωρol S + R( ) 
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LE RE

 
where S is the cross-sectional area of the tube and R is the resistance. 

2. The radiation impedance acts whenever sound radiates from some element 

and is made up of an acoustic mass associated with accelerating the air particles 

near the surface of the element and a resistance associated with the transmission 

of sound energy into the far field.  Since the volume velocities associated with 

these two processes add (some fraction of U goes into accelerating the mass 

layer, while the rest radiates away from the element), we can think of these as 

two parallel elements.  

 
Radiation from the end of an organ pipe of radius a can be modeled by the following: 
 

LR RR

U

+
P
_

 
 

where:   

U
P

= Y Rad =
1

Z Rad
=

1
jωLR

+
1

RR

=
1

jω 0.8a
2πa2

+
1

ρ0c
2πa2

 

 
 
Note that the radiation mass is equivalent to the addition of a tube of radius a and 

length 0.8a to the end of the pipe.  This is the end correction!! 

 

E. Range of applicability of acoustic circuit theory. 
1. Pressure and volume-velocity ranges consistent with “linear acoustics”. 
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2. Frequency range limited by the assumption of “lumped” elements, i.e. the 

dimensions of the structures need to be small compared to a wavelength:  

a and l < 0.1 λ. 
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VI.   Circuit Descriptions of a Real Acoustic System 

A Jug or Helmholtz Resonator 

 

A. An Acoustic Circuit Description 
If we are using acoustic volume velocity as a through variable; the flow of volume 
velocity through the neck suggests a series combination of Acoustic Elements.  The 
volume velocity first flows through an a series combination of an acoustic inertance 
LA, and an acoustic resistor RA, and then into the acoustic compliance CA of the closed 
cavity, where: 

LA =
ρ0 ′ l 
πa2 ; RA = g(l,a, frequency); C A =

Volume
γP0

. 

Furthermore if we really treat the neck as an L and R combination than U2 = U1. 

 
 

In the sinusoidal steady state:     P1 ω( ) =U1 ω( ) jωLA + RA +
1

jωC A

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

The ratio of P1/U1 defines the acoustic input impedance of the bottle and in this case it 
is equal to the series sum of the impedance of the three series elements.   
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Z IN ω( )= jωLA + RA +
1

jωCA
 

B. An Electrical Analog of the Acoustic Circuit Description 
In Electrical circuits the wires that connect the ideal elements are perfect conductors. 

 
LE RE

CEE1 E2 E3

+ + +

 

If the numerical values of LE = LA, RE=RA, and CE=CA, then I1=U1, E1=P1 and 

E2=P2. 

C. A Mechanical Analog of the Acoustic Circuit Description 

In Mechanical circuits the rods that attach ideal mechanical elements are rigid and 

massless. 
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If the numerical values of LM = LA, 
RM=RA, CM=CA, then V1=U1=U2, and 
F=P1, then 

F
V1

= jωLM + RM + 1
jωCM

 

 
Where the total force acting on the 
elements equals the sum of the forces 
acting on each. 
 

F = V1 jωLM + RM + 1
jωCM

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
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1 The Concept of Finite (Lumped) Elements 

Although sound can always be thought of as a wave phenomenon, it is often not possible 
to solve analytically the partial differential equations that govern sound propagation. This 
difficulty generally arises when the structure of the boundary conditions is complex, as in 
most physiological and many mechanical systems. 

In certain restricted conditions, it is possible to develop approximations that allow the 
sound field to be determined with high accuracy without resorting to the partial differen
tial equation formalism. These approximations rely on the fact that over sufficiently short 
distances sound (pressure, p(x, t), and particle velocity, u(x, t)) can be treated as varying 
linearly with position over the short distances: 

u(t) 

u(t) 

p(t) terminals 

node 

a 

b 

Figure 1: General acoustic circuit element, illustrating the terminals of the element, the 
pressure p across the element, the volume velocity u through the element, and the node at 
the connection of two terminals from different elements. 

2 Acoustic Circuits 

Acoustic circuits consist of elements that interact with each other at distinct terminals 
(Fig. 1). Each element has a pressure difference p(t) across its and a volume velocity u(t) 
through it, entering the element at one terminal and leaving at the other. The pressure 
difference p(t) corresponds to the difference between the acoustic pressures at different points 
in space. The volume velocity u(t) is the product of the particle velocity and the area 
characteristic of the physical element. Use of volume velocity, rather than particle velocity, 
simplifies the formulation of the conservation equations (Sec. 4) for acoustic circuits. The 
rate at which work is done on an element by the rest of the circuit to which the element is 
connected is the acoustic power w(t) = p(t)u(t). 

3 Acoustic Elements 

This section introduces three fundamental acoustic elements: the acoustic mass, the acoustic 
compliance, and the acoustic resistance, and two acoustic sources: volume velocity source, 
and the pressure source. 
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p 

p 

u 
u 

us us 

Figure 2: The circuit representation and terminal characteristic of a volume velocity source 
with intrinsic volume velocity uS. 

3.1 Volume Velocity Source 

A volume velocity source (Fig. 2) moves a specified volume velocity from one point in an 
acoustic circuit to another independent of the pressure difference between the two points. 
The circuit symbol for and terminal characteristics of a volume velocity source are shown in 
Fig. 2. The pressure p across the terminals of a volume velocity source is determined by the 
intrinsic volume velocity of the source uS and the rest of the network to which the volume 
velocity source is connected. Note that the rate at which work is done on a volume velocity 
source, w = pu = puS may be positive or negative, so that the volume velocity source may 
do work on the rest of the network or have work done on it. 

p 

p 
u 

u 

p 
s p 

s 

Figure 3: The circuit representation and terminal characteristic of a pressure source with 
intrinsic pressure pS. 

3.2 Pressure Source 

A pressure source (Fig. 3) imposes a specified pressure difference between two points in an 
acoustic circuit independent of the volume velocity through the source. The circuit symbol 
for and terminal characteristics of a pressure source are shown in Fig. 3. The volume velocity 
u that flows through a pressure source is determined by the intrinsic pressure of the source 
pS and the rest of the network to which the pressure source is connected. Note that the rate 
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at which work is done on a pressure source, w = pu = pSu may be positive or negative, so 
that the pressure source may do work on the rest of the network or have work done on it. 

p 

p 
u 

u 

RA 

RA 
1 

st p(t)=Pe 

st u(t)=Ue 

P=RAU 

ZR =R 

Figure 4: The circuit representation and terminal characteristic of an acoustic resistance 
with resistance RA. 

3.3 Acoustic Resistance 

An acoustic resistance (Fig. 4) develops a pressure difference across its terminals that is 
proportional to the volume velocity through the resistance. The circuit symbol for and 
terminal characteristics of an acoustic resistance are shown in Fig. 4. The pressure p across 
the terminals of an acoustic resistance is proportional to volume velocity that flows through 
the resistance RA, p = RAu. The rate at which work is done on an acoustic resistance is 
w = pu = RAu2 = p2/RA. For a physical acoustic resistance, RA ≥ 0, so w ≥ 0, i.e. an 
acoustic resistance cannot do work on the rest of the network to which it is connected. 

If the volume velocity through an acoustic resistance is u(t) the pressure across the 
terminals of the resistance is p(t) = RAu(t). Thus the waveforms u(t) and p(t) have the 
same shape, differing only in scale factor (including units) In the special case 

u(t) = Ue st (1) 

p(t) = Pe st = RAUe st . (2) 

so that P = RAU . ZR = P/U = RA is said to be the acoustic impedance of the acoustic 
resistance. 

3.4 Acoustic Mass 

An acoustic mass (Fig. 5) develops a pressure difference across its terminals that is propor
tional to the time rate of change of volume velocity through the mass. The circuit symbol for 
and terminal characteristics of an acoustic mass are shown in Fig. 5. The pressure p across 
the terminals of an acoustic mass is proportional to the time rate of change of the volume 
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u(t) 

MA 
p(t) p(t)=MA 

du
d 

( 
t
t) 

st st u(t)=Ue p(t)=Pe 

P=sMAU 

ZM =sMA 

Figure 5: The circuit representation and terminal characteristic of an acoustic mass with 
mass MA. 

velocity that flows through the acoustic mass MA, p(t) = MA
du . The rate at which work is 
dt 

done on an acoustic mass is 

du(t) dEM(t) 
w(t) = p(t)u(t) = MA u(t) = ,

dt dt 

where 
1 

EM(t) = MA u 2(t)
2 

is the energy stored in the acoustic mass. When w(t) > 0, the rest of the circuit is causing 
the energy stored in the acoustic mass to increase. 

If the volume velocity through an acoustic mass is u(t) = Uest , the pressure across the 
terminals of the mass is 

p(t) = MA 

du(t)
= sMA Ue st ,

dt 

so that p(t) = Pest , where P = sMA U . ZM = P/U = sMA is said to be the acoustic 
impedance of the acoustic mass. Note that unlike the impedance of an acoustic resistance, 
the impedance of an acoustic mass is dependent on the value of the generalized frequency 
parameter s. 

3.5 Acoustic Compliance 

The volume velocity through an acoustic compliance (Fig. 6) is proportional to the time rate 
of change of acoustic pressure across the compliance. The circuit symbol for and terminal 
characteristics of an acoustic compliance are shown in Fig. 6. The volume velocity u through 
an acoustic compliance is proportional to the time rate of change of the pressure across the 
terminals of the acoustic compliance CA, u(t) = dp . The rate at which work is done on CA dt 

an acoustic compliance is 

dp(t) dEC(t) 
w(t) = p(t)u(t) = p(t) CA = ,

dt dt 
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st st
u(t) u(t)=Ue p(t)=Pe 

1
P= Up(t) u(t)=CA 

dp
d 

( 
t
t) 

sCACA 
1

ZC = sCA 

Figure 6: The circuit representation and terminal characteristic of an acoustic compliance 
with compliance CA. 

where 
1 

EC(t) = CA p 
2(t)

2 

is the energy stored in the acoustic compliance. When w(t) > 0, the rest of the circuit is 
causing the energy stored in the acoustic compliance to increase. 

If the pressure across the terminals of an acoustic compliance is p(t) = Pest , the volume 
velocity through the compliance is 

u(t) = CA 

dp(t)
= sCA Pe st ,

dt 

so that u(t) = Uest where U = sCA P . ZC = P/U = 1/sCA is said to be the acoustic 
impedance of the acoustic compliance. Note that unlike the impedance of an acoustic resis
tance, the impedance of an acoustic compliance is dependent on the value of the generalized 
frequency parameter s. 

4 Connections of Acoustic Elements 

An acoustic circuit is an interconnection of acoustic elements. The connections occur at the 
terminals of the elements, which become the nodes of the circuit. The connections allow 
volume velocity and pressure to be shared among elements. The precise consequences of 
making these connections were first stated as laws (in the context of electrical circuits) by 
Kirchoff in the nineteenth century. 

4.1 KUL - Kirchoff ’s Volume Velocity Law 

Kirchoff’s Volume Velocity Law expresses the conservation of mass in circuit terms. For each 
node in an acoustic circuit, e.g., Fig. 7, the algebraic sum of the volume velocities entering 
(or leaving) the node must be zero, otherwise mass would accumulate at the node. If there 
are N nodes in the circuit, N equations expressing KUL can be written, but only N − 1 of 
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u
1 2 

3 

u 

u 

u1+u2−u3 =0 

u1 =U1e st 

u2 =U2e st 

u3 =U3e st 

U1+U2−U3 =0 

Figure 7: An example of the application of Kirchoff’s Volume Velocity Law. For volume 
velocities with arbitrary time dependence, KUL applies to the values of u1, u2 and u3 at 
each instant of time, u1 + u2 − u3 = 0. If all volume velocities have the same est time 
dependence, KUL is satisfied at each instant of time if it is satisfied by the values of the 
volume velocities at t = 0, U1, U2, and U3, so that U1 + U2 − U3 = 0. 

these are linearly independent. As a result, KUL is satisfied automatically at the Nth node 
if it is satisfied at the other (N − 1) nodes. 

4.2 KPL - Kirchoff ’s Pressure Law 

Kirchoff’s Pressure Law expresses the conservation of work in circuit terms. For each closed 
loop in an acoustic circuit, e.g., Fig. 8, the algebraic sum of the pressures encountered in 
a traverse of the loop node must be zero, otherwise net work would be done during the 
traverse. 

p
1 

2 3
p p 

p1+p3−p2 =0 

p1(t)=P1e st 

p2(t)=P2e st 

p3(t)=P3e st 

P1+P3−P2 =0 

Figure 8: An example of the application of Kirchoff’s Pressure Law. For pressures with 
arbitrary time dependence, KPL applies to the values of p1, p2, and p3 at each instant of 
time, p1 + p3 − p2 = 0. If all pressures have the same est time dependence, KPL is satisfied 
at each instant of time if it is satisfied by the values of the pressures at t = 0, P1, P2, and 
P3 so that P1 + P3 − P2 = 0. 
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P1 

U2 

P 
2P S 

U 1 

U S 

Z 
1 

Z 2 

A B 

C 

Figure 9: Example of an acoustic circuit consisting of a pressure source and two elements 
connected in series. All pressures and volume velocities are assumed to have the same est 

time dependence. 

5 Example - Elements in Series 

U

U

In the circuit of Fig. 9, KUL may be expressed at nodes A and B as 

S + U1 = 0 Node A. 

−U1 + U2 = 0 Node B. 

Adding these two equations yields the KUL equation at Node C1
 

S + U2 = 0. 

The above equations indicate that 

−US = U1 = U2 = U. (3) 

Connections of elements, such as that in Fig. 9 that require that two or more elements share 
a common volume velocity (ignoring sign) are said to be series connections. 

In the circuit of Fig. 9, KPL may be expressed by traversing the single loop 

−PS + P1 + P2 = 0 

or, equivalently, 
PS = P1 + P2. (4) 

Recognizing that P1 = U1Z1 = UZ1 and that P2 = UZ2, one has 

PS = U(Z1 + Z2). (5) 

1This confirms, as noted above, that the KUL equation at the third node is linearly dependent on the 

KUL equations at the other two nodes. 
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6 Provided Z1 + Z2 = 02 , U can be determined by dividing both sides of this equation by 
Z1 + Z2: 

1 
U = PS (6) 

Z1 + Z2 

This result indicates that the series connection of impedances Z1 and Z2 is equivalent to a 
single impedance of value Z1 + Z2. 

Making use of Eq. 6, pressures P1 and P2 are readily determined 

Z1
P1 = 

Z1 + Z2 
PS (7) 

P2 = 
Z2 

Z1 + Z2 
PS. (8) 

Equations Eq. 7 and Eq. 8 indicate that PS, the pressure across nodes A and C, divides 
across the two series-connected impedances in proportion to the value of the impedance, i.e., 

P1 Z1 
= 

P2 Z2 

In contrast to the series connection, in which elements share a common volume velocity, 
elements share a common pressure when connected in parallel (Problem Set 3). 

For both series and parallel connections of impedances across a pair of terminals, there is 
an equivalent impedance that is indistinguishable when connected across the same terminals. 
This concept is generalized in Sec. 6. 

6 Equivalent Circuits 

Rather than present methods for solving the equations that govern arbitrary acoustic net
works, the sections below develop general techniques for analyzing an important subclass: 
networks made up of sources and linear elements. 

6.1 Superposition - the Effects of Multiple Sources. 

The acoustic circuit elements introduced so far are of two types: sources, which specify either 
the element pressure or volume velocity in terms of an intrinsic property of the source, and 
(in the case of pressures and volume velocities that have an est time dependence) impedances 
for which the amplitude of the pressure and volume velocity are proportional. The equations 
that govern the element pressures and volume velocities can be written so that the unknown 
element pressures and volume velocities occur on the left side, with constant (integers or 
impedances) factors and the intrinsic pressures and volume velocities of the sources appear 
on the right. These equations are linear in terms of the unknown pressures and volume 
velocities. According to the theory of linear equations, each of the unknown element pressures 

2The consequences of equality will be discussed later. 
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∑ ∑ 

and volume velocities (e.g., bi) can be expressed as a linear weighted sum of the intrinsic 
pressures and volume velocities of the sources: 

M N 

bi = + βkUSk 
αjPSj 

j=1 k=1 

In circuit theory, this result is known as the Superposition Principle. This Principle allows 
circuits with multiple sources to be analyzed simply by considering the effects of each source 
separately. In combination, the contributions of the sources simply add. Importantly, when 
each source is considered separately, impedances are often found to be connected in series 
or in parallel. 

u(t) 

p(t) 
u'(t) 

Figure 10: Example of an acoustic circuit containing a port. It can be shown that Kirchoff’s 
volume velocity law requires that u(t) = u ′ (t). 

6.2 Equivalent Acoustic Circuits for One-Ports. 

A port (Fig. 10) is a pair of terminals (or nodes) in an acoustic circuit that can be connected 
to another circuit. 

6.2.1 Thev́enin Equivalent Circuits 

If the “other” circuit is a volume velocity source of arbitrary intrinsic velocity U0, then it 
can be shown that the pressure P across the terminals of the port must satisfy 

P = PTh + ZThU0 (9) 

This result was first obtained by the French telegrapher Thev́enin and is usually referred to 
as Thev́enin’s Theorem. 

In Eq. 9, PTh has a non-zero value only when the sources in the acoustic circuit (other 
than U0) have non-zero intrinsic values, and is said to be the “open-circuit” (i.e., when 
U0 = 0) pressure of the circuit to the right of the terminals. If all sources in the circuit 
to the right of the terminals have zero intrinsic value, P = ZThU0. For this reason ZTh is 
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U P0 

Figure 11: An acoustic circuit for which it is possible to apply Thev́enin’s Theorem. 

said to be the equivalent impedance (or internal impedance) of the circuit to the right of 
the terminals. This generalizes the notion of impedances equivalent to the connection of two 
impedances in series or in parallel. 

It can be shown that if Thev́enin’s Theorem applies at a pair of terminals, the dependence 
of P on U0 in the acoustic circuit of Fig. 11 is the same as for the acoustic circuit of Fig. 12. 
The series connection of ZTh and PTh is said to be the “Thev́enin Equivalent” of the acoustic 
circuit to the right of the terminals in Fig. 11. 

U0 

Z Th 

P
ThP 

Figure 12: The “Thev́enin Equivalent” acoustic circuit at a pair of terminals. 

6.2.2 Norton Equivalent Circuits 

Alternatively, if the “other” circuit is a pressure source of arbitrary intrinsic pressure P0, 
then it can be shown that the volume velocity entering the terminal of the port must satisfy 

P0
U = −UN + (10) 

ZN 

This result was first obtained by an engineer (and M. I. T. graduate) at the Bell Telephone 
Laboratories and is usually referred to as Norton’s Theorem. 

It can be shown that if Norton’s Theorem applies at a pair of terminals, the dependence 
of U on P0 in the acoustic circuit of Fig. 13 is the same as for the acoustic circuit of Fig. 14. 
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U 

P0 

Figure 13: An acoustic circuit for which it is possible to apply Norton’s Theorem. 

The parallel connection of ZN and UN is said to be the “Norton Equivalent” of the acoustic 
circuit to the right of the terminals in Fig. 13. 

UN 

U 

Z NP
0 

Figure 14: The Norton Equivalent acoustic circuit at a pair of terminals. 

In addition to simplifying the analysis of acoustic circuits, Thev́enin’s Theorem can be 
used to develop circuit models for imperfect sound sources (as opposed to the “ideal” volume 
velocity and pressure sources introduced in Secs. 3.1 and 3.2). An imperfect (real world) 
volume velocity source can be represented as an ideal volume velocity source in parallel with 
an impedance. An imperfect pressure source can be represented as an ideal pressure source 
in series with an impedance. 

6.2.3 Thev́enin - Norton Relations 

In many acoustic circuits, it is possible to connect either a pressure source of arbitrary 
intrinsic pressure or a volume velocity source of arbitrary intrinsic velocity at the same pair 
of terminals. Such circuits satisfy both Thev́enin’s Theorem and Norton’s Theorem at those 
terminals. For such circuits, the Theévenin and Norton Equivalents are related: 

PTh = UNZN (11) 

ZTh = ZN (12) 
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6.3 Equivalent Acoustic Circuits for Two-Ports.  

U1 P1 U2P2 

Figure 15: An acoustic circuit to which it is possible to connect two one-port circuits. In 
this case the one-port circuits are volume velocity sources with arbitrary intrinsic velocities 
U1 and U2. 

The concept of equivalent circuits can be generalized to acoustic circuits that contain 
more than one port. When there are two ports in an acoustic circuit, it is necessary to 
distinguish between cases in which it is possible to connect two arbitrary volume velocity 
sources (e.g., Fig. 15), two arbitrary pressure sources, and one arbitrary volume velocity 
source and one arbitrary pressure source. The concept of two-ports generalizes readily to N-
ports, where N ≥ 2. Such circuits are used 

• To develop simpler or abstract representations of portions of circuits. 

• To define abstract elements, e.g. acoustic-mechanical transformers.  

In the first case, e.g. Fig. 15, a generalization of The´  venin’s Theorem is applicable: 

P1 = Z11U1 + Z12U2 + POC1 
(13) 

P2 = Z21U1 + Z22U2 + POC2 
(14) 

In the second case, a generalization of Norton’s Theorem is applicable: 

U1 = Y11P1 + Y12P2 − USC1 
(15) 

U2 = Y21P1 + Y22P2 − USC2 
(16) 

When it is possible to connect an arbitrary volume velocity source at the first port and 
an arbitrary pressure source at the second: 

P1 = S11U1 + S12P2 + POS1 
(17) 

U2 = S21U1 + S22P2 − UOS2 
(18) 

As in the case of one-ports, the terms POC1
, POC2 

, USC1 
, USC2 

, POS1
, and UOS2 

represent 
the effects of sources within the two-port. If there are no sources in the two-port, or if the 
intrinsic values of the sources in the two-port are all zero, these terms are necessarily zero. 
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∣ ∣ 

∣ ∣ 

∣ ∣ 

∣ ∣ 

∣ ∣ 

∣ ∣ 

In the absence of sources in the two-ports, the above relations become 

P1 = Z11U1 + Z12U2 (19) 

P2 = Z21U1 + Z22U2 (20) 

In the second case, a generalization of Norton’s Theorem is applicable: 

U1 = Y11P1 + Y12P2 (21) 

U2 = Y21P1 + Y22P2 (22) 

When it is possible to connect an arbitrary volume velocity source at the first port and an 
arbitrary pressure source at the second: 

P1 = S11U1 + S12P2 (23) 

U2 = S21U1 + S22P2 (24) 

6.3.1 Reciprocity 

Acoustic circuits composed of volume velocity sources, pressure sources, and impedances 
satisfy reciprocity relations that are easily expressed in terms of the two-port descriptions. 
For example, in Eq. 13 and 14, Z12 = Z21, in Eq. 15 and 16, Y12 = Y21, and in Eq. 17 and 
18, S12 = −S21. 

In the absence of sources reciprocity ensures that, corresponding to Eq. 19 and 20, 

P2 
∣

P1 
∣ 

∣ = ∣ (25) 
U2 U1=0 U1 U2=0 

corresponding to Eq. 21 and 22, 

U2 
∣

U1 
∣ 

∣ = ∣ (26) 
P2 P1=0 P1 P2=0 

and corresponding to Eq. 23 and 24, 

U1 
∣

P2 
∣ 

∣ = ∣ . (27) 
P1 U2=0 

−
U2 P1=0 

These consequences of reciprocity can be observed in sound fields as well as in acoustic 
circuits. 
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∣ 

∣ 

7 System Functions 

When the pressures and volume velocities in an acoustic circuit all have the same exponential 
time behavior, ratios of the amplitudes of pressures across node pairs, or the amplitudes 
of volume velocities through elements, to the the amplitudes of the intrinsic pressures of 
pressure sources or of the intrinsic velocities of volume velocity sources, are commonly called 
system functions. 

For example, in a one-port that contains no sources, (e.g., Fig. 11), the ratio 

P 
= ZTh(s). 

U0 

is said to be the driving point impedance system function. Similarly, in the two port of Fig. 
15, the ratio 

P2 
∣ 

∣ = Z21(s). 
U1 U2=0 

is said to be the transfer impedance system function for the two ports. In each case, the 
notation emphasizes the dependence of the ratio on the frequency s of the source. 

7.1 Acoustic Circuits 

For acoustic circuits consisting of a finite number of elements, system functions take the 
form of a ratio of polynomials in s, e.g. 

n(s) sM + b1s
M−1 + + bM

H(s) = = K 
sN + a1sN−1 + 

· · · 
,

d(s) · · · + aN 

where K, the ai, and the bj are real numbers. 
The fundamental theorem of algebra states that each of the polynomials n(s) and d(s) 

may be represented as a product of factors 

H(s) = K
(s − z1)(s − z2) · · · (s − zM) 

. 
(s − p1)(s − p2) · · · (s − pN) 

The zi are said to be the zeroes of the system function H(s) and the pj are said to be the 
poles of H(s). In general, these zeroes and poles are complex numbers. 

The interpretation of the zi is straightforward. As s → zi, H(s) → 0. For the poles, on 
the other hand, as s . For these values of s it is possible to have non-zero → zj , H(s) → ∞ 
pressures and volume velocities in an acoustic circuit when all sources have zero value. The 
poles are often called the natural frequencies of the circuit (see Sec. 8.3). 
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u(t) 

p (t)
O 

p (t) 
S C 

R 

Figure 16: Circuit for Example 1. Assume that all pressures and volume velocities have an 
exponential (est) time dependence. 

7.2 Example 1 – Resistance-Compliance Circuit 

a) Determine the input admittance system function (Y (s) = U/PS) and the pressure transfer 
ratio system function (H(s) = PO/PS) for the circuit of Fig. 16. 

b) Identify the values of the poles and zeroes of Y (s) and H(s) 
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u(t) 

p (t)
O 

p (t) 
S C 

R M 

Figure 17: Circuit for Example 2. Assume that all pressures and volume velocities have an 
exponential (est) time dependence. 

7.3 Example 2 – Resistance-Mass-Compliance Circuit 

a) Determine the input admittance system function (Y (s) = U/PS) and the pressure transfer 
ratio system function (H(s) = PO/PS) for the circuit of Fig. 17. 

b) Identify the values of the poles and zeroes of Y (s) and H(s) 
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8 The Sinusoidal Steady State 

Understanding the behavior of acoustic circuits when the intrinsic pressures and volume 
velocities of sources vary sinusoidally in time is of considerable theoretical and practical im
portance. If the circuits contain finite positive acoustic resistances, the transient pressures 
and volume velocities that may be excited when the sources are first turned on eventually die 
away while the sinusoidal pressures and volume velocities corresponding to the sources con
tinue and eventually dominate the response to the sources. The importance of understanding 
the response to sinusoidal sources reflects the following: 

•  Arbitrarily complex periodic time waveforms can be represented as an infinite “Fourier 
Series”, a sum of terms each of which has a sinusiodal time dependence. 3 In a circuit 
composed of linear elements, the response to a sum of sinusoidal waveforms is the sum 
of the responses to each component separately. 

•  In the sinusoidal steady state, the pressures and volume velocities elicited in a circuit 
by sources having sinusoidal waveforms have sinusiodal waveforms with the same fre
quency as the sources. These can be characterized simply in terms of their relative 
amplitudes and phase angles. The dependence of the relative amplitudes and phase 
angles on frequency provides a complete description of the relation between the sources 
and the pressures and volume velocities. 

•  The use of sinusoidal sources greatly simplifies the task of making measurements to 
characterize the behavior of real acoustic systems. In addition to the properties men
tioned above, use of sinusoids permits measurements to be made at any time after the 
transient components of the responses have died away. 

8.1 Source - Response Relations 

Assume that all pressures and volume velocities in a circuit have an est time dependence, 
and that when the source waveform is x(t) = Xest , the pressure across a pair of nodes or 
volume velocity through an element is y(t) = Y est , where the system function relating Y to 
X is 

Y 
H(s) = 

X 

When s = jω, H is typically a complex quantity. In general, X and Y may be complex 
as well. To emphasize this, bold symbols are used to denote complex quantities, thus 

Y 
H(jω) = 

X 

3This result can be generalized to non-periodic waveforms, in which case the infinite series becomes an 

integral. 
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[ ] [ ] 

[ ] [ ] 

√ 

[ ] 

In the sinusoidal steady state 

x(t) = X cos (ωt) = Re Xejωt = Re Xejωt 

Yejωt y(t) = Y cos (ωt + θ) = Re Y ej(ωt+θ) = Re . 

Where X = X and Y = Y ejθ = H(jω)X. For each value of ω, H is a complex number 

H(jω) = H| ejθH| 

where 

= (Re [H])2 + (Im [H])2|H| 
Im [H]

θH = arctan . 
Re [H] 

It follows from Eq. 57 that 

= |H X = H X (28) |Y| | | | | |
θ = θH , (29) 

so that 

y(t) = Re X |H| ejθH ejωt 

= X H cos (ωt + θH). (30) | | 

This illustrates the central role played by the magnitude and angle of system functions when 
s = jω. 

8.1.1 Example 1 – Resistance-Compliance Circuit 

The system functions for the circuit of Fig. 16 can be shown to be of the form: 

ω0
H(s) = PO = 

PS ω0 + s 
1 s 

Y (s) = 
P
U 

S 
= 

R ω0 + s 
, 

where ω0 = 1/RC. It is easy to see that as s → 0, H(s) → 1 and Y (s) ≈ s/ω0 → 0. Similarly, 
as s → ∞ , H(s) ≈ ω0/s → 0 and Y (s) → 1/R. These observations are consistent with a 
physical understanding of the circuit of Fig. 16. As s → 0, the impedance of the compliance 
becomes arbitrarily large, the impedance seen across the terminals becomes arbitrarily large, 
and the pressure division ratio approaches unity. As s → ∞, the impedance of the compliance 
approaches 0, the impedance seen across the terminals approaches R, and and the pressure 
division ratio approaches 0. When s = jω, 

ω0 1 
H(jω) = = , (31) 

ω0 + jω 1 + jΩ 
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√ 

√ 

where Ω = ω/ω0 is the normalized frequency. Making use of Eq. 49, 50, and 58, one has 

1 
H(jω) = (32) | | √

1 + Ω2 

θH = − arctan Ω (33) 

Because s = 0 only when ω = 0 and ω → ∞ implies s → ∞, these expressions confirm 
the limiting behavior of H as ω → 0 and as ω → ∞. But they also show that both 
H and θH decrease monotonically as ω increases. In the special case ω = ω0, Ω = 1, |
H
|

| | = 1/
√

2 = 0.707 . . . and θH = −45o . Also, 

1 jω 1 jΩ 
Y(jω) = = . (34) 

R ω0 + jω R 1 + jΩ 

Note that Y(jω) is just H(jω) multiplied by jΩ/R. Since 

jΩ Ω j π 

= e 2 ,
R R 

Ω 
2Y(jω) = H(jω)ej π 

R 
making use of Eq. 49, 50, and 57, one has 

1 Ω 
Y(jω) = (35) | | 

R
√

1 + Ω2 

π 
θY =

2 
− arctan Ω (36) 

These expressions show that while θY decreases monotonically as ω increases, Y increases | |
monotonically as ω increases. In the special case ω = ω0, Ω = 1, Y = 1/(

√
2R) ≈ 0.707/R | |

and θH = +45o . The dependence of the magnitude and angle of H and Y on Ω are illustrated 
in Fig. 18. The system function H is said to have a lowpass characteristic because H 1| | → 
as ω 0 and H 0 as ω → ∞. Similarly Y is said to have a highpass characteristic → | | →
because Y 0 as ω 0 and Y 1 as ω → ∞.| | → → | | → 

8.1.2 Example 2 – Resistance-Mass-Compliance Circuit 

The system functions for the circuit of Fig. 17 are: 

ω2 
0H(s) = PO = 

PS s2 + αω0s + ω2 
0 

1 s 
=Y (s) = 

P
U 

S M s2 + αω0s + ω2 
, 

0 

where ω0 = 1/
√

MC , Ω = ω/ω0 is the normalized frequency, and α = R/ M/C is the 

normalized resistance. 4 

4The quantity ZC = M/C is the characteristic impedance of the circuit. 
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Figure 18: Dependence of the magnitude and phase of the input admittance system function
Y (solid curves) and pressure transfer ratio system function H (dotted curves) on normalized
frequency Ω = ω/ω0 for the acoustic circuit of Fig. 16. The magnitude of the admittance
system function Y has been multiplied by R.
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It is easy to see that as s → 0, H(s) → 1 and Y (s) ≈ s/M → 0. Similarly, as , 
H(s) ≈ (ω0/s)

2 → 0 and Y (s) ≈ 1/(Ms) → 0. When s = jω, 
s → ∞ 

ω2 1 
H(jω) = 

2 
0 = 

ω0 − ω2 + jαω0ω (1 − Ω2) + jαΩ
, (37) 

Note that although Eq. 37 bears a certain resemblance to Eq. 31, the real part of the 
denominator is not constant. In particular it vanishes when Ω = 1, i.e., when ω = ω0. 
Making use of Eq. 49, 50, and 58, one has 

1 
H(jω) = √ (38) | | 

(1 − Ω2)2 + (αΩ)2 

αΩ 
θH = − arctan 

1 − Ω2 
(39) 

Note that when ω = ω0, Ω = 1, H = 1/α and θH = −90o . Also, | | 

1 jω 1 jΩ 
Y(jω) = 

2 
= 

M (ω0 − ω2) + jαω0ω ZC (1 − Ω2) + jαΩ 
. (40) 

Similar to the RC circuit, Y is just H multiplied by jΩ/ZC. Making use of Eq. 49, 50, and 
57, one has 

1 Ω 
Y(jω) = √ (41) | | 

ZC (1 − Ω2)2 + (αΩ)2 

π αΩ 
θY =

2 
− arctan 

1 − Ω2 
(42) 

Note that, when ω = ω0, Ω = 1, Y = 1/(αZC) = 1/R and θH = 0o, so that from the point | |
of view of the terminals, the RMC circuit is indistinguishable from a resistance of value R. 

The dependence of the magnitude and angle of H and Y on Ω are illustrated in Fig. 19. 
The system function H is said to have a lowpass characteristic because H 1 as ω 0| | → →
and H 0 as ω → ∞. On the other hand, Y is said to have a bandpass characteristic | | →
because Y 0 as ω → 0 and also as ω → ∞, but Y = 1/R > 0 when ω = ω0. Note | | → | |
that, as ω increases, both θH and θY decrease over a range of 180o, twice the range for the 
RC circuit of Fig. 18. Also the entire decrease of these angles is largely confined to a small 
range of frequencies near ω = ω0 where H and Y exhibit sharp peaks. This pairing of | | | |
highly peaked magnitude functions and phase angles that change rapidly over nearly 180o is 
characteristic of a highly-tuned resonant circuit. 

8.2 Generalization 

The system function notion can be applied to a wider class of systems than circuits with 
a finite number of elements. These systems are generally called linear, time independent 
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Figure 19: Dependence of the magnitude and phase of the input admittance system function 
Y (solid curves) and pressure transfer ratio system function H (dotted curves) on normalized 
frequency Ω = ω/ω0 for the acoustic circuit of Fig. 17. The magnitude of the admittance 
system function Y has been multiplied by ZC. The curves have been drawn for the case 
α = 0.1. 
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∏ 

systems, and include, for example, acoustic tubes. The volume velocity transfer function for 
an acoustic tube of length L that is closed at one end and open at the other is 

U 1 
H(jω) = = 

US cos ω L 
c 

Clearly H(s) cannot be written as a ratio of polynomials in the variable s, because cos x has 
an infinite number of zeroes. However 

∞ ω2 

H(jω) = 
ω2 

k 

k − ω2 
k=1 

where 
c 

ωk = 2πk 
4L 

and k = 1, 3, . . .. 

8.3 Example - Natural Frequencies 

u 

C 

M 
Cu 

p 
M 

pp u CM 

u M 

pOS S O 

Figure 20: Circuits that have a single acoustic mass and a single acoustic compliance. In 
the circuit on the left, all elements are connected in series; in that on the right all elements 
are connected in parallel. 

Consider the circuits of Fig. 20. When all pressures and volume velocities have an est 

time dependence, the system functions for the series circuit can be shown to be 

ω2 

H = 
PO 

= 0 
2PS s2 + ω0 

U 1 s 
Y = = 

PS M s2 + ω0
2 
, 

where ω0 = 1/
√

MC . Similarly for the parallel circuit 

PO 1 s 
Z = = .

2US C s2 + ω0 
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Note that the poles of all three system function are the same: 

pi = ±jω0 

To understand why these poles are the natural frequencies of these circuits, consider the 
acoustic circuit of Fig. 21, which is identical to the circuits of Fig. 20 when the sources have 
zero intrinsic value. 

u 

p
C 

C 
M 

p
M 

Figure 21: The circuits of Fig. 20 reduce to this two element circuit when the sources have 
zero intrinsic value. 

For this circuit, the elements are connected both in series and in parallel. Kirchoff’s Vol
ume Velocity Law requires that both elements have the same volume velocity, u(t). Kirchoff’s 
Pressure Law requires that pM = −pC or 

du(t)
M = −pC(t),

dt 

while the defining property of a compliance requires that 

dpC(t) 
u(t) = C . 

dt 

Differentiating the latter equation with respect to time yields an expression for the derivative 
of volume velocity that can be substituted in the former equation: 

d2pC(t)
MC + pC(t) = 0,

dt2 

or 
d2pC(t) 

+ ω0
2 pC(t) = 0. 

dt2 

Second order linear differential equations of this type have been encountered when solving 
the one-dimensional acoustic wave equation in the case of sinusoidal time dependence. The 
solution is readily seen to be of the form 

pC(t) = PC cos (ωt + θ) 

24 
www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

98
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



because the time derivative of this expression is 

dpC 
= −ω0 sin (ωt + θ)

dt 

and the second derivative is 

d2pC(t) −ω2 = −ω0 
2 cos (ωt + θ) = 0pC(t)

dt2 

This demonstrates that it is possible to have pressures and volume velocities in an acoustic 
circuit with no sources provided their frequencies are the values of the poles of the system 
function. In the case considered, the poles (and natural frequencies) are purely imaginary 
(simplifying the algebra) so the pressures and volume velocities have a sinusoidal time depen
dence. In the more general case, the poles would be complex, with negative real parts, and 
the time dependence associated with the complex natural frequencies would be exponentially 
decaying sinusoids. 

9 Power and Energy 

This section derives three results relevant to power and energy in acoustic circuits. Al
though the results are obtained for the series RMC circuit of Fig. 22, they apply to arbitrary 
connections resistances, masses, and compliances 

p (t)
C 

u (t)
S 

C 

R M 

p (t)
C 

p (t)
M 

p(t) 
A A 

A 

Figure 22: Example used to analyze power and energy in acoustic circuits. 

In the acoustic circuit of Fig. 22 all elements have the same volume velocity uS(t) and 
Kirchoff’s Pressure Law requires 

p(t) = pR(t) + pM(t) + pC(t) 

The power that the volume velocity source supplies to the circuit to the right of the terminals 
is thus 

w(t) = p(t)uS(t) = pR(t)uS(t) + pM(t)uS(t) + pC(t)uS(t) 
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[ ] 

[ ] 

but since 

pR(t) = RAuS(t) 

duS(t) 
pM(t) = MA 

dt 
dpC(t) 

uS(t) = CA 
dt 

duS(t) dpC(t)2 t tw(t) = RAuS( ) + MAuS( ) + +CApC(t)
dt dt 

dEM(t) dEC(t)2 ( ) + +w(t) = RAuS t dt dt 

Since RAu2 ( ) is the power absorbed by the acoustic resistance wd( ), EM is the energy t tS 

stored in the acoustic mass, and EC is the energy stored in the acoustic compliance, one has 

d (EM(t) + EC(t)) 
w(t) = wd(t) + , (43) 

dt 
that is, the power flowing into the terminals from the source is equal to the power dissipated 
in the acoustic resistance plus the rate of increase of energy stored in the mass and compliance 
elements. 

9.1 Sinusoidal Steady State 

Assume that in the sinusoidal steady state 

USejωt uS(t) = US cos (ωt + φ) = Re 

p(t) = P cos (ωt + θ) = Re Pejωt . 

Then 
w(t) = USP cos (ωt + φ) cos (ωt + θ). 

Making use of the trigonometric identity 

1 1 
cos x cos y = cos (x − y) + cos (x + y)

2 2 
1 1 

w(t) = USP cos (θ − φ) + USP cos (2ωt + θ + φ)
2 2 

This can be readily shown to equal 

1 1 
w(t) = Re [PU∗ ] +

2
|P| |US cos (2ωt + θ + φ)

2 S 
| 

The average value of the second term over a period (T = 2π/ω) is zero. The average value 
of the power supplied to the circuit to the right of the terminals in Fig. 22 is 

1 
Wav = Re [PU∗] (44) 

2 
Note that since PU∗ = P∗U the choice for defining Wav in Eq. 44 is somewhat arbitrary. 
The reason for this choice is explained below. 
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9.2 Vector Power

The quantity

W =
1

2
PUS

∗

is called the vector power supplied to the portion of the circuit to the right of the terminals
in Fig. 22. Making use of Kirchoff’s Pressure Law

P = PR + PM + PC

PUS
∗ = RA |US|2 + jωMA |US|2 − jωCA |PC|2 ,

so that

W =
1

2
PUS

∗ =
1

2
RA |US|2 + j2ω

(

1

4
MA |US|2 −

1

4
CA |PC|2

)

(45)

Since 1
2
RA |US|2 is the average power dissipated in the acoustic resistance, 1

4
MA |US|2 is the

average energy stored in the acoustic mass 〈EM〉, and 1
4
CA |PC|2 is the average energy stored

in the acoustic compliance 〈EC〉, one has

W = Pav + j2ω (〈EM〉 − 〈EC〉) . (46)
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10 Arithmetic for Complex Numbers

Re

Im

a

b

θ
ρ

z

Figure 23: Representation of the complex number z as a point in the complex plane. The rep-
resentation may be described in terms of rectangular components z = a+ jb, or equivalently
in polar components z = ρejθ.

In what follows, a, a1, a2, b, b1, b2, ρ, ρ1, ρ2 θ, θ1, and θ2 are real numbers, z, z1, z2 are
complex numbers, with

z = ρejθ = a + jb (47)

where

ρ = |z| =
√

a2 + b2 (48)

θ = arctan b/a (49)

Re [z] = a = ρ cos θ (50)

Im [z] = b = ρ sin θ. (51)

Similarly,

z1 = ρ1e
jθ1 = a1 + jb1 (52)

z2 = ρ2e
jθ2 = a2 + jb2. (53)

10.1 Addition and Subtraction

z1 + z2 = (a1 + a2) + j(b1 + b2) (54)

z1 − z2 = (a1 − a2) + j(b1 − b2) (55)

10.2 Multiplication and Division

z1 ∗ z2 = ρ1ρ2e
j(θ1+θ2) = (a1a2 − b1b2) + j(a1b2 + a2b1) (56)
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z1

z2

=
ρ1

ρ2
ej(θ1−θ2) =

(a1a2 + b1b2) + j(a2b1 − a1b2)

a2
2 + b2

2

(57)

1

z
=

1

ρ
e−j(θ) =

a − jb

a2 + b2
(58)

10.3 Complex Conjugates

The complex conjugate of z, denoted by z∗ has the following properties:

z∗ = ρe−jθ = a − jb (59)

Re [z∗] = ρ cos θ = a (60)

Im [z∗] = −ρ sin θ = −b (61)

zz∗ = ρ2 = a2 + b2 (62)

z

z∗
= ej2θ =

(a2 − b2) + j(2ab)

a2 + b2
(63)

[z∗]∗ = z (64)

(z1 ± z2)
∗ = z∗

1
± z∗2 (65)

(z1z2)
∗ = z∗

1
z∗
2

(66)
(

z1

z2

)

∗

=
z∗
1

z∗2
(67)
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Lecture 10 Acoustics of Speech & Hearing 6.551 - HST 714J 

Lecture 10: Lumped Acoustic Elements and Acoustic Circuits 

I. A Review of Some Acoustic Elements 

A. An open-ended tube or Acoustic mass: units of kg/m4 

linear dimensions l and a <0.1 λ and S=πa2 

l

p1 p2u(t)

circular tube

p(t) = p1(t) - p2(t)

p(t) = LA
du(t)
dt

assumes only inertial forcesLA =
ρο l

S
ρο Volume

S2=

ρο = equilibrium mass density of medium  

The Electrical Analog 

 

 
 

P1-P2=U jω LA . 

 
B.  An Enclosed volume of air : units of Pa/m3. 
     linear dimensions <0.1λ 
 

u(t)
p(t)

 

 
P(jω)

U(jω)

 

 
 
 

CA =
Volume

Adiabatic Bulk modulus
 

U = jωCAP  
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Lecture 10 Acoustics of Speech & Hearing 6.551 - HST 714J 

C. A narrow tube or Acoustic Resistance: units of Acoustic Ohms (Pa-s/m3) 

        radius a << 0.001 λ 

l
circular (radius = a) rigid tube --
filled with acoustic medium

p1 t( ) p2 t( )
u t( )

p t( ) = p1 t( )− p2 t( ) = RAu t( )← assumption;  only viscous forces

RA =
8ηl
πa4 ⇒

p1(t) − p2 (t)
u(t)

η = viscosity of medium  

P1(jω) P2(jω)

U1(jω) RA

, 

 
where P1-P2=U1 RA . 

 
 
II. An acoustic Circuit: The Helmholtz Resonator 
 

Volume = V

pC(t)u(t)
l

radius =a

pS(t)

 
 

Consider the case where the stimulus is a sound pressure source p1(t)=pS(t). Since all 
of the volume velocity going into the lumped mass and resistance of the small tube 
goes into the cavity, a series arrangement of the elements is appropriate 

 

pS(t)
+

pC(t)
-

u(t) RA MA

CA
+
–
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Lecture 10 Acoustics of Speech & Hearing 6.551 - HST 714J 

Volume = V

pC(t)
u(t)

l

radius =a

pS(t)

 

pS(t)
+

pC(t)
-

u(t) RA MA

CA
+
–

 

Another way of expressing this series arrangement is that the impedance loading the 
source, the input impedance of the circuit is the sum of the impedances of the three 
elements: 

ZA
IN (s) =

P(s)
U(s )

= RA (s) + sM A +
1

sCA
. 

A. Relating the Different Acoustic Variables within a Lumped System: System functions 
 The two circuit representations are shorthand descriptions of differential 
equations that describe the relationship between system variables.  In the case of 
pressure source the system function that describes the ratio of the volume-velocity at 
the input to the sound pressure of the input drive is known as the Acoustic Input 
Admittance YA.  A second system function is the ratio of the sound pressure inside the 
jug to the stimulus sound pressure. 
 
      For the Helmholtz Resonator with a Sound Pressure source 

 

U(s)
PS (s)

= YA
IN (s) = 1

RA + sM A +
1

sCA

 = sCA
s2 M ACA + sCA RA + 1

PC (s )
PS (s)

=

1
sCA

RA + sM A +
1

sCA

= 1
s2 M ACA + sCA RA + 1

(Eqn. 10.1A&B) 
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Lecture 10 Acoustics of Speech & Hearing 6.551 - HST 714J 

if RA Approximates 0 

U(s)
PS (s)

≈ sCA
s2 M ACA +1

PC (s )
PS (s)

≈
1

s2M AC A + 1

 

Where are the poles and where are the zeros?  
 
 
Writing 10.1 in terms of a sinusoidal drive yields  
U(ω)
PS (ω)

= Y A(ω) = 1

RA + jωM A +
1

jωC A

 = jωCA
−ω2M ACA + jωC ARA + 1

PC ( jω)
PS ( jω)

=

1
jωCA

RA + jωM A +
1

jωC A

= 1
−ω2M AC A + jωCA RA +1

 (Eqn. 10.2) 

 
Again if RA is small, the two system functions have poles at approximately 

  ω p ≈ ±
1

M ACA
, (Eqn. 10.3) 

While the Admittance YA(ω) (Eqn 10.2A) also has a zero at ω = 0. 
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Lecture 10 Acoustics of Speech & Hearing 6.551 - HST 714J 

2. Natural Frequencies with a Sound Pressure Source. 
 Natural frequencies are frequencies where there will be some energy existing 
within the system when the input drive is turned off.  These natural frequencies are 
essentially the poles of the transfer function.  Equation 10.3 shows that the natural 
frequencies will depend on the dimensions of the bottle. 
 

Model with the source on.  
The Natural frequencies are those you 
see when the sources are turned off, 
which of the circuits in the next line is 
an appropriate model for turning the 
pressure source off? 

What’s the acoustic analog of this  
“short circuit” ? 

What’s the acoustic analog of this  
“open circuit”? 

 
3. A Helmholtz Resonator with a Volume-velocity source: System Functions and 
Natural Frequencies 
 

Volume = V

pC(t)

l

radius =a

pS(t)u(t)
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+
p1(t)

-

+
p2(t)

-

u(t)

RA MA

CA
+

p3(t)
-

 
System Functions for the bottle with a Volume Velocity source are:  

 

P1(s)
U

= ZA (s) = RA + sM A + 1
sCA

 

ZA (s) =
s2 M ACA + sCA RA + 1

sCA
P2 (s)

U
=

1
sCA

 

 (10.4A&B) 

 
in the sinusoidal steady state: 

 

P1(ω)
U

= Z A (ω) =
−ω2 M ACA + jωCA RA +1

jωCA
 

P2 (ω)
U

= 1
jωCA

 (10.5A&B) 

 
Again if RA is near 0; 

P1(ω)
U

= Z A (ω) ≈
−ω2 M ACA +1

jωCA
 

P2 (ω)
U

= 1
jωCA

. 

 
Note that that the poles of 10.1 & 10.2 are the zeros of 10.4 & 10.5, and vice-versa, 

and that both 4.5A&B have the same pole. 

What are the natural frequencies when the sound pressure source is turned off?   

 

What is the condition of the bottle when the volume-velocity is turned off? 

u(t)=0 corresponds to a rigid termination at the entrance of the bottle 
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Volume = V

p2(t)p1(t) u(t)
l

radius =a
 

 
What does the electric circuit look like, when the current source is turned off? 
 
4. Frequency Dependence of the Impedances and Transfer Functions: 
 Equation 10.5A defines how the impedance magnitude and angle of varies with 

frequency ω. 

Case 1:  In the low-frequency limit, when the frequency of the stimulus is very small: 

10.5A can be approximated by   

 P1(ω)
U(ω)

=
1

jωCA
   (10.6) 

In the low-frequency limit: the impedance is imaginary with a magnitude that is 

inversely proportional with frequency and an angle of -π/2. 

 

Case 2: When the frequency is very large. The numerator is dominated by ω2MACA 

and 10.5A can be approximated by  

       P1(ω)
U(ω)

= jωMA  , (10.7) 

such that the magnitude is proportional to frequency and the angle is +π/2. 

 

Case 3: With R small, Eqn, 10.5A has a zero at some Middle Frequency

 ω0 ≈ 1 CAMA , (10.8) 
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This behavior indicates a zero in the impedance.  What is the angle of the impedance at 

this ‘resonance frequency’ 
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5  Bode Plots of Complex Amplitudes in the Sinusoidal Steady State 
Equation 10.5A demonstrates how the input impedance functions vary with ω. 
For a model coke bottle: 
Vol = 0.5 liter = 0.5x10-3 m3 

CA=Vol/(1.4x105)=3.6x10-9 Pa/m3 

l = 5 cm = 0.05 m; a =0.005 cm 
MA=1.18*0.05/(πa2)=750 kg/m4 

RA≈ 1000 Pa-s/ m3;  

Z INPUT
A = RA + jωM A +

1
jωC A  

INPUT IMPEDANCE  

.

101 102 103103

104

105

106

107

108

FREQUENCY

M
A

G
N

IT
U

D
E

Coke Bottle Input Impedance

101 102 103-0.5

0

0.5

FREQUENCY

A N G L E  ( p e r i o d s )
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6. Input Impedance and Power 
 
 The input impedance of a system is an indicator of power absorption and power 

storage within the system.  The rate of energy absorption by an acoustic system can be 

defined by the average power at the input: 

 WAV = 1
2 Re PIN{ U IN

* }= 1
2 PIN U IN

* cos(∠PIN −∠U IN ). (10.9) 

Note that the argument to the cosine function on the right side of (10.9) is the angle of 

the impedance.  The cosine term is maximum (with a value of 1) when the impedance 

angle is 0.  If the impedance is dominated by some reactive term (impedances that are 

dominated by imaginary terms) such that ∠ZIN ≈ ±π/2, then the average power 

approximates 0 and little power is absorbed. 

 

 In the case of reactive impedances, little power is absorbed by the system, 

instead the system is periodically storing sound energy and returning it to the source on 

a cycle-by cycle basis.  In the case of an acoustic compliance, the energy stored WC 

(with units of joules) stored in the compliance at any one time is proportional to the 

square of the pressure difference across the compliance, pC(t), such that the potential 

energy stored in the compliance is maximum at  ± peak pressures and 0 when the 

sound pressure = 0: 

 EC (t) =
1
2

CA pC
2 (t)   . (10.10) 

In the case of an acoustic inertance, kinetic energy is alternately stored and returned in 

the momentum of the air particles and is largest during times of peak velocity: 

 EM (t) =
1
2

M A u2 (t)   . (10.11) 
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The sign of the reactance at any frequency, negative for compliance dominated 

reactances and positive for inertance dominated reactances, tells you how energy is 

stored in the system at that frequency.  Input impedance zeros occur when there is a 

balance between the energy stored and released by a compliance and a mass.  
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A sketch of the normalized pressure and volume velocity at the entrance to the bottle at 
some frequency below the resonant or natural frequency. 

p(t), u(t) at Bottle entrance at f < resonance frequency 

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0 1 2 3 4 5 6 7

2*pi*periods

p(t)
u(t)

 
 

A sketch of the normalized pressure and velocity squared at the entrance to the bottle 
at some frequency below the resonant or natural frequency. 

p(t)^2 & u(t)^2 at f < resonance frequency

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0 1 2 3 4 5 6 7

2*pi*periods

p(t)sq
u(t)sq
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What do these curves look like above the resonant frequency? 
What do we know about the magnitude of the stored potential and kinetic energy at the 
resonant frequency? 
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II. Mechano-Acoustic Transformers & Transducers 
1. Ideal Transformers and Transformation of variables 

a. One example of a two-port is an Ideal Electrical transformer, where: 

 

 
U 2
U1

= T =
P1
P2

 

with T=“the turns ratio” 
How does the transformer ‘Transform’ 

impedance? 

Note that the Transformer turns ratio T, in this case, is dimensionless. 
 
b. An example of an ideal mechanical transformer is a massless rigid lever arm.. 
 

F1
F2

V1 V2

l1 l2

 

V2
V1

= T =
F1
F2

 

where T=l2/l1  
and is dimensionless. 

 
 
c. Ideal coupled pistons act as (dimensionless) acoustic transformers. 

P 1 P2

U 1

U 2

A 2
A 1

 
 

U2
U1

= T =
P1
P2

 

where T=A2/A1 
and is dimensionless. 

How does the piston ‘Transform’ acoustic impedance? 
 
d. An ideal piston and a coupled rod can act as an acoustico-mechanical transformer 
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P1 F2

U1
V2A1

 

V2
U1

= T =
P1
F2

 

where T=1/A1 with units of 1/area 
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e. A first order model of the vertebrate middle ear is as an acoustic transformer that 
couples acoustic power from air to the fluid-filled inner ear. 

P 1 P2

U 1

U 2

A 2
A 1

 

U2
U1

= T =
P1
P2

  

A cross-section through half a lizard head 

BONEY
SKULL

INNER EARTWO
WINDOWS

SINGLE
OSSICLE

TYMPANIC
MEMBRANE

THROAT

DORSAL SURFACE
(TOP OF THE HEAD)

MIDDLE
EAR AIR
SPACE

In the lizards the tympanic 
membrane is about 20 times 
larger in area than that of the 
boney footplate of the ossicle (the 
wide part that couples to one of 
the inner ear windows).  This 
leads to a transformer ratio of 
1/20 that would suggest. 

U 2
U1

=
VAFP
VATM

≈
1

20
. 

The Impedance transformation 
ratio is T2=1/400:   

If    P2
U 2

= 400; P1
U1

= 1 

The acoustic transformer trades a change in volume velocity for a change in pressure 
of opposite magnitude.  As we will see in the next two lectures, the ideal transformer is 
an idealization in the real world its difficult to build a massless, rigid piston that is 
perfectly mobile. 
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f.  An acoustic – mechanical – electric transducer : The capacitive microphone 
 
The signal flow through a capacitive microphone can be separated into three separate 
stages: 

- An Acoustic stage that generates the acoustic input signal: 
- A Mechanical stage that gathers the force produced by the acoustic signal 
- An electric system that transforms mechanical force and motion into voltage 

and current 

Electrical 
System

Mechanical 
System

Acoustical 
System

 
 
   

Fixed 
Plate

+
–

Moving 
PlateE

I V
F

 
mechanical transformer such that: 

The heart of an electro-static transducer is 

a charged capacitor with a fixed internal 

plate and a moving external plate where 

the capacitance depends on the distance 

between the plates and the distance is a 

function of the voltage across the plates.  

Such a transducer acts as an electro - 

V
I

= TES =
E
F

 

where TES =
x0(the static separation of the plates)

C0(static capaci tan ce)E0(static voltage)
 

when the voltage induced variations in x, C and F are small.   Input voltages produce a 

force on and velocity of the moving plate (or diaphragm) that when integrated over the 

surface of the moving plate produce a volume velocity and a sound pressure. 
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f. A Low-Frequency Model of the Electrostatic Microphone: 
   In the electrostatic microphone, the microphone acts simply as long as the 
capacitance of the diaphragm and backplate CE controls the electrical stage and the 
compliance of the diaphragm CM controls the mechanical stage. 
 

 
 
In our circuit, CM is placed in series with the acoustic source, since the force and 
motion is gathered by motion of the diaphragm.   
 
CE is placed in parallel because it represents the static electrical capacitance which is 
their even when the diaphragm is fixed and V and I =0. 
 
Expensive ‘capacitive’ microphones with small (high-impedance) capacitance and stiff 
(low compliance) membranes are used as “STANDARD MICROPHONES” 
throughout the world. 
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Lecture 11: Electro-Mechano-Acoustic Transformers 

I. Ideal Transformers & Transducers 
1. Ideal Transformers and Transformation of variables 

a. One example of a two-port is an Ideal Electrical transformer, where: 

 

U 2
U1

= T =
P1
P2

 

where T=“the turns ratio” 
and is dimensionless. 

How does the transformer ‘Transform’ 
impedance? 

b. An example of an ideal mechanical transformer is a massless rigid lever arm. 

F1
F 2

V 1 V2

l1 l2 V2
V1

= T =
F1
F2

 

where T=l2/l1  
and is dimensionless. 

 

c. Ideal coupled pistons act as (dimensionless) acoustic transformers. 

P 1 P2

U 1

U 2

A 2
A 1

 
 

U2
U1

= T =
P1
P2

 

where T=A2/A1 
and is dimensionless. 

d. An ideal piston and a coupled rod can act as an acoustico-mechanical transformer. 

P 1 F 2

U 1
V2A1

 

V2
U1

= T =
P1
F2

 

where T=1/A1 with units of 1/area 
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e. A first order model of the vertebrate middle ear is as an acoustic transformer that 
couples acoustic power from air to the fluid-filled inner ear. 

P 1 P2

U 1

U 2

A 2
A 1

 

U2
U1

= T =
P1
P2

  

A cross-section through half a lizard head 

BONEY
SKULL

INNER EARTWO
WINDOWS

SINGLE
OSSICLE

TYMPANIC
MEMBRANE

THROAT

DORSAL SURFACE
(TOP OF THE HEAD)

MIDDLE
EAR AIR
SPACE

In the lizards the tympanic 
membrane is about 20 times 
larger in area than that of the 
boney footplate of the ossicle (the 
wide part that couples to one of 
the inner ear windows).  This 
leads to a transformer ratio of 
1/20 that would suggest. 

U 2
U1

=
VAFP
VATM

≈
1

20
. 

The Impedance transformation 
ratio is T2=1/400:   

If    P2
U 2

= 400; P1
U1

= 1 

The acoustic transformer trades a change in volume velocity for a change in pressure 
of opposite magnitude.  As we will see in the next two lectures, the ideal transformer is 
an idealization in the real world it’s difficult to build a massless, rigid piston that is 
perfectly mobile. 
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2. The microphone.  An acoustic – mechanical – electric transducer  

a. The capacitive microphone 
 
The signal flow through a capacitive microphone can be separated into three separate 
stages: 

- An Acoustic stage that generates the acoustic input signal: 
- A Mechanical stage that gathers the force produced by the acoustic signal 
- An electric system that transforms mechanical force and motion into voltage 

and current 

Electrical 
System

Mechanical 
System

Acoustical 
System

 
 

Fixed 
Plate

Moving 
PlateE

I V
F

+
–

: 

The heart of an electro-static transducer is 

a charged capacitor with a fixed internal 

plate and a moving external plate where 

the capacitance depends on the distance 

between the plates and the distance is a 

function of the voltage across the plates.  

Such a transducer acts as an 

electromechanical transformer such that - 

V
I

= TES =
E
F

 

where TES =
x0(the static separation of the plates)

C0(static capaci tan ce)E0(static voltage)
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when the voltage induced variations in x, C and F are small.   Input voltages produce a 

force on and velocity of the moving plate (or diaphragm) that when integrated over the 

surface of the moving plate produce a volume velocity and a sound pressure. 
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b. A Low-Frequency Model of the Electrostatic Microphone: 
   In the electrostatic microphone, the microphone acts simply as long as the 
capacitance of the diaphragm and backplate CE controls the electrical stage and the 
compliance of the diaphragm CM controls the mechanical stage. 
 

 
In our circuit, CM is placed in series with the acoustic source, since the force and 
motion is gathered by motion of the diaphragm.   
CE is placed in parallel because it represents the static electrical capacitance which is 
their even when the diaphragm is fixed and V and I =0. 
Expensive ‘capacitive’ microphones with small (high-impedance) capacitance and stiff 
(low compliance) membranes are used as “STANDARD MICROPHONES” 
throughout the world. 
What is the Thevenin impedance of the microphone measured at its output electrical 
port?   With the sound source turned off:  

Z E
TH (ω) =

′ E 
− ′ I 

=
1

jωCE
in parallel with 1

jωCM
TM

E( )2

=
1

jω CE +
CM

TM
E( )2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 

 

What is the Thevenin voltage equivalent to a sound pressure of P? 
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ETH (ω) =
P

TA
MTM

E
1 jωCE( )

1 jωCE( )+ TM
E( )2 jωCM( )

=
P

TA
MTM

E
1 CE

1 CE + TM
E( )2 CM
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3. Reciprocity Revisited 
 We have already given you a formal definition of reciprocal networks in terms 
of constraints placed on two-port network parameters, e.g. in the case of a two-port 
electrical network coupled to two voltage sources: 
 

I I

 
 

I1 = Y11E1 + Y12E2
I2 = Y21E1 + Y22E2

 

 
When E1 is set to 0: I1 = Y12E2 ; while when E2 is set to 0: I2 = Y21E1 .  If the system is 
made up of passive RLCs and transformers, then the system is reciprocal and 
Y12 = Y21.  This means you can couple up a known voltage source to one side of the 
network and measure the same current on the other side of the network, no matter 
which side you couple to the source. 
 
Given the ‘Admittance description of the two-port on the previous page: 

 
I1 = Y11E1 + Y12E2
I2 = Y21E1 + Y22E2

 Eqn 11.1 

 
Let’s fix I1 with a current source while setting I2 = 0, i.e. opening the circuit at port 2. 
The relationship between I1 and E2 can be defined from Eqns 11.1 
 

Since I2 = 0;  E1 I2=0 = −
Y22
Y21

E2  (11.2) 

 
Substituting into 11.1A yields 

 I1 I2=0 = E2 Y12 −
Y11Y22

Y21

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
  . (11.3) 
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Now lets fix I2 with a current source while setting I1 = 0, i.e. opening the circuit at port 
1. The relationship between I2 and E1 can be defined from Eqns 11.1 as 

 I2 I1=0 = E1 Y21 −
Y11Y22

Y12

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  . (11.4) 

 
If reciprocity holds: Y21=Y12=YR,  and  

 

    

E2
I1 I2=0

=
E1
I2 I1=0

=
1

YR −
Y11Y22

YR

 (11.5) 

Note that this reciprocal relationship only works for specific combinations of sources 
and port measurements. 
 
1. Acoustic Reciprocity 
 Acoustic Reciprocity, as strictly defined by Lord Rayleigh, says that in a given 
environment, if a spherical sound source of strength U is placed at position 1 (x1,y1,z1) 
and the sound pressure at some position 2 (x2,y2,z2) is P, then placement of the same 
sound source at position 2, will produce a sound pressure of P at position 1. 
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4. The Electro-Static Speaker 

ZA R

TE S:1 V

+
F
–

+
E
–

I

+
–

ZE B

Z M S
A:1 U

+
P
–

+
F2
–

I'

 
 

The diagram above is a schematic representation of all of the processes involved in the 
production of sound by the electrostatic speaker. 
 
1. The right most segment of the circuit describes the 

relationship between the volume velocity U and sound 
pressure P produced by the source and the acoustic 
radiation impedance ZAR. 

 

Z AR =
P
U

 

2. The right most transformer describes the transformation 
of the force and the velocity produced by the moving 
plate of the transducer to volume-velocity and sound 
pressure and has units of area. 

 

U
V

= A =
F2
P

 

3. The middle mechanical-impedance describes the force 
necessary to move the outer plate with a given velocity. 

 
Z MS =

F − F2
V

 

4. The left hand transformer describes the transformation 
between voltage and force and current and velocity by 
the electro-static mechanism. 

 

V
I'

= TES =
E
F

 

5. The left-most impedance block describes the electrical 
impedance when the outer plate is fixed and cannot 
move. 

 

Z EB =
E
I V =0

 

Note that the total electrical impedance seen at the voltage source varies as the outer 
plate moves and depends on the impedances of the mechanical and acoustic 
components 
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Z E =
V
I

= Z EB //T 2 Z MS + A2Z AR( )

=
Z EBT 2 Z MS + A2Z AR( )

Z EB + T 2 Z MS + A2Z AR( )
. 
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If we assume: 
 -the electrical impedance is primarily capacitive 

-the mechanical impedance is primarily determined by the compliance of the         
diaphragm, and 

 -the acoustic impedance is a radiation impedance,  
 
We can model the electrostatic speaker with this relatively simple circuit. 

TE S:1 V

+
F
–

+
E
–

I

+
–

A:1 U

+
P
–

+
F2
–

C M

C E

M A R A

. 
 

At low frequencies the Ratio of transfer ratio of P/E is determined by the compliance 
of the diaphragm CM, and the acoustic mass.  At high frequencies the pressure-to-
voltage ratio depends on the area of the diaphragm A, and the electro-static transducer 
constant TES. 

The Radiation Impedance    The Mechanical Impedance with 
Radiation 

P
U

=
jωM A RA

jωM A + RA
                             F

V
=

1
jωCM

+ A2 jωM A RA
jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

 
         Sound Pressure / Force                          Sound Pressure / Volt  

P
F

=
1
A

A2 jωM A RA
jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

1
jωCM

+ A2 jωM A RA
jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟            
⎟ 
⎟ 

P
E

=
1

TES

1
A

A2 jωM A RA
jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

1
jωCM

+ A2 jωM A RA
jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 
⎟ 

 

or P
E

=
1

TES

1
A

−A2ω2M ARACM
−A2ω2M ARACM + jωM A + RA

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

  
                                Sound Pressure / Volt (Approximates) 

14- Oct -2004  page 11 
www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

132
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Lecture 11 Acoustics of Speech & Hearing 6.551 - HST 714J 

P
E smallω

=
1

A TES
−ω2CM A2M A(( ))                   P

E large ω
=

1
A TES

     . 

10 100 1000 10,000
0.1

1

10

100

Electro-Static Speaker Characteristics

Frequency (Hz)

M
ag

ni
tu

de
M

ec
ha

ni
ca

l O
hm

s 
or

 P
a/

V
ol

ts

ZmRad
ZmComp
ZmTotal
P/E

 
Assumes: 
 TES=1 

 A = π (0.1)2 m2 
 RA and MA defined by radius 
 CM= 3x10-5 m/N 
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5. The Electro-Dynamic Speaker 
The Electrodynamic speaker usually uses magnetic force to move a light-weight 
diaphragm.   The diagram below shows the magnet (PM), the current input to the 
‘voice coil’ (VC) in the magnetic field, and the attachment of the paper cone PC to the 
coil.   

 
 
B: Magnetic Flux Density 
PM: ringed Permanent Magnet 
BP: Base Plate 
PP: Pole Piece 
CP: Cover Plate 
VC:Voice Coil 
SP: Spider (supports the voice  
       coil) 
PC: Paper Cone 
DC: Dust Cover 
CS: Cone Support 
 
 
from FV Hunt 
“Electroacoustics” 
Acoustical Society of 
America 1982 

 In generating an electrical analog of electro-acoustic transduction in the electro-
dynamic speaker, it is still convenient to break the system into electrical; mechanical 
and acoustical sections that are connected by ‘ideal’ transducers modeled by 
transformers with dimensions.  Something new in the model below is that alternating 
current in a magnetic field produces an electromotive Force.  This proportionality 
between current and force leads to the use of the electrical-mechanical admittance 
analogy where force and sound pressure are analogous to current, and velocity and 
volume velocity are analogous to voltage. 
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Because of this change in analogies, the acoustical and mechanical boxes are defined 
by impedance elements with values of 1 over the mechanical and acoustical 
impedances, and the electrical impedance ZEB (measured when the speaker cone is 
fixed in place) is in series with the voltage source. 
 
1. The Effect of Speaker Enclosures 
 The box around a speakers serves to increase the output power of the sound by 
making the moving cone a monopole source.  However, in doing so it places some 
acoustic-mechanical constraints on the motion of the diaphragm.   
 

 

 
 

P
U

=
jωM A RA

jωM A + RA
+

1
jωCBox

 

 
 
These constraints can be modified by use of openings in the speaker cabinet, as in 
bass-reflex speakers. 
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Lecture 12. Middle Ear Structure-Function & Pathology 

I. The Middle ear 
A. Anatomy of the Middle Ear 

Figure 12.1  A schematic ‘coronal’-section of the human auditory periphery 

Anne Green drawing in Kiang NYS, Peake WT. "Physics and Physiology of Hearing."
 In Stevens' Handbook of Experimental Psychology. Edited by Atkinson R. C., Herrnstein R. J., 
 Lindzey G., and Luce R. D. New York: John Wiley & Sons, 1988. 
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Adapted from

Fossa of Helix

Antihelix (pf)

Cymba (concha)

Cavum (concha)
Antitragus

Lobule (pf)

Mid-concha position
Ear canal entrance
position
Ear canal insert 
position

Eardrum position

Tragus

Crus helias

A

B

L

A'

Helix (pf)

Adapted from
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The cat external ear 
(Rosowski JJ, Carney LH, 
Peake WT. (1988). The 
radiation impedance of the 
external ear of cat: 
Measurements and 
applications. Journal of 
the Acoustical Society of 
America 84:1695-1708.) 

SUPERIORMEDIAL

POSTERIOR

CONCHA

CANAL

PINNA
FLANGE

5 mm
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Courtesy of Acoustical Society of America. Used with permission.
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Figure 12.3 Two Views of the Human Tympanic membrane (the eardrum) 

 

 
 

Source: Schuknecht, H. F. Pathology of the ear. Cambridge: Harvard University Press, 1974.  
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Figure 12.4 A Medial View 
of the Human Middle Ear 
-TM 
-ossicles 
     Malleus with Umbo  
     Incus  
     Stapes with footplate  
-middle-ear muscles 
     Tensor Tympani ) 
     Stapedius Muscle  
-mastoid air spaces 
-Tympanic cavity  
-Eustachian Tube 
-VII (Facial) Nerve 

Source: Henson, O. W. "Comparative anatomy of 
the middle ear." In Handbook of Sensory Physiology: 
The Auditory System. Edited by Kiedel W. D., Neff W. D. 
1974, pp. 39-110.  

 

Figure 12.5 The Three Human Ossicles 

Source: Henson, O. W. "Comparative anatomy of the middle ear." In Handbook of Sensory Physiology:
The Auditory System. Edited by Kiedel W. D., Neff W. D., 1974, pp. 39-110. 
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Figure 12.6: A cast of the Human Inner ear: After Schuchnect 1974 

 

Source: Schuknecht, H. F. Pathology of the ear. Cambridge: Harvard University Press, 1974. 
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Figure 12.7:  A horizontal section through the human ear: 
Source: Schuknecht, H. F. Pathology of the ear. Cambridge: Harvard University Press. 1974. 

B. There is a wide variation in the form and function of the ossicles and middle-ear 
air spaces. 

Fig 12.8: (Source: Rosowski, J. J. The Evolutionary Biology of Hearing. New York: Springer-Verlag, 
1992, pp. 625-631.) 
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Figure 12.9 

The middle ears of mammals are different from those of other terrestrial vertebrates in 
that other vertebrates (bird’s reptiles and amphibians) have a single ossicle, a curved 
out tympanic membrane, one or no middle-ear muscle and a middle-ear cavity that is 
less well defined. (Source: Rosowski, J. J. "The middle and external ears of terrestrial vertebrates as 
mechanical and acoustic transducers." In Sensors and Sensing in Biology and Engineering.    Edited by 
Barth, F. G., Humphrey J. A. C., and Secomb T. W. New York: Springer-Verlag, 2003, pp.59-69.)   
 Fig 12.10: Middle-Ear System Function: Stapes Velocity / Sound Pressure in Ear 
canal 
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Rosowski 2003 
C.  There is also a wide variation in the hearing range of different animals 
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Figure 12.11: 
Pure-Tone Audiograms (Threshold sound level vs frequency contours for the human 
(Sivian & White 1932) domestic cat (Heffner and Heffner 1985),bat (Long & 
Schnitzler 1975), pigeon (Heinz et al. 1985) and Bull Frog (Megela-Simmons 1987).  
The abscissa is tone frequency.  The left ordinate is the threshold sound pressure in dB 
SPL.  The right ordinate is the threshold in pascals.  (Rosowski 2003) 
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PRW

POW VOW

VRW

Fluid-filled cochlea

Bone
Middle-ear air space

Acoustic shield
 between oval and 

round windows
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Ossicularly Coupled Sound 
in the Normal Ear 
PWD ≈ PS   
and 
Acoustically Coupled Sound  
(POW – PRW )=∆P 
 
 

 

In Cases of Severe Ossicular Disruption Acoustic Coupling Limits the hearing 

loss :  (Merchant & Rosowski 2002)

 

 

A: Interrupt I-S Joint B: Lost TM, malleus & incus 
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Type IV Tympanoplasty: 
Use of Acoustic Shielding to Manipulate Acoustic Coupling by Increasing the 
Window Pressure Difference: Merchant SN and Rosowski JJ.  2002 
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E. Another reconstructive surgery; the stapedectomy 

 
 

 
 

+
_PEC

MIDDLE EAR�
TWO PORT

UT
VS

+

FS

Š

AFP:1

US

+

PC

Š

ZC

PEC = Ear Canal Sound 
Pressure 

UT = TM Volume 
Velocity 

FS = Force on 
Stapes/Prosthesis 

VS = Stapes/Prostehesis 
Velocity 

AFP = Area of the 
Footplate/Prosthesis 

PC = Sound Pressure in 
the Cochlea 

US = Stapes/Prosthesis 
Volume Velocity   
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ZC = Cochlear Acoustic 

input Impedance 
 

Predicted Variations in Hearing Level with Different Prosthesis Cross-Sectional 
Areas 

Rosowski & Merchant 1995 
 

 
If we define the Source 
Impedance as the 
impedance on the Left 
(input side) of the 
transformer when the 
source is turned off, and 
the Load Impedance as 
the impedance loading 
the Right (output side) 
of the transformer, then 
the Maximum Available 
Power reaches the load 
when the transformer 
matches the two 
impedances.  Matching 
occurs when the two 
impedances are complex 
conjugates. 
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Figure 3.10 (a) Uniform tube open at both ends. (b) Uniform tube closed at both ends.
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From  Acoustic Phonetics by Kenneth Stevens.

 

(c) 1998, MIT Press.

 

Used with permission.

From  Acoustic Phonetics by Kenneth Stevens. (c) 1998, MIT Press. Used with permission.
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Figure 3.18 Illustrating a perturbation A in the area of an acoustic tube at a short segment of

length A centered at point x = xj.

AFI
+

A F2 +

AF3 

x=-X x=O

Figure 3.19 Curves showing the relative magnitude and direction of the shift AFn in formant

frequency Fn for a uniform tube when the cross-sectional area is decreased at some point along

the length of the tube. The abscissa represents the point at which the area perturbation is made.

The minus sign represents a decrease in formant frequency and the plus sign an increase.
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6.551J/HST714J ACOUSTICS OF SPEECH AND HEARING

Lecture A' 2 /ay V/ *

Features for consonants in English
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Table 1. Articulator-free features for some consonants in English

t,d s,z 0,6 n

continuant

sonorant

strident

+ +

+

+

1

cont
strid.
lips
blade
body
ant
nas
voic

z

_ _

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

200
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Stevens, K.N.:Distinctive Features

Table 2. Seven articulators and the features that specify phonetic distinctions that can be made with

each articulator. The articulators are divided into three groups: those that can form a constriction in

the oral cavity, those that control the shape of the airway in the laryngeal and pharyngeal regions,

and the aspect of vocal-fold adjustment relating to stiffness.

lips [round]

tongue blade

tongue body

soft palate

pharynx

glottis

[anterior]

[distributed]

[lateral]

[rhotic]

[high]

[low]

[back]

[nasal]

[advanced tongue root]

[spread glottis]

[constricted glottis]

[stiff vocal folds]

-

67J. Acoust. Sc. An

vocal folds
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Th

voicing:

+: bdgv6zij
-: ptkfOsc

coronal (blade)

+: tdOszszcjn
-: pkbgfvmj

strident

+: szizjfv
-: tdgjO 6mnpkb

English plural

az s z

cab
cad
cog

cave
quay
eye
ham
hen

Nasal Assimilation

land lamp laik

Suffix /jan/

commune
hell

confess + jan
deride
contrite
Egypt
divide

communion
hellion
million

confession
derision
contrition
Egyptian
division

hat
cake
cap
cuff

kiss
bush
fez
rouge
church
judge

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

202
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Stevens, K.N.:Distinctive Features

Table 5. Lexical representations for the words help, debate and wagon. The syllable structure of

each word is schematized at the top ((5 = syllable, o = onset, r = rime).

r r

0

a oar
r), O/ r

d a b e t w ae g o n h 1 p

vowel + + + + +

glide + +

consonant + + + + + + +

stressed - + + -

reducible + -+

continuant

sonorant - - + +

strident

lips + +

tongue blade + + + +

tongue body +

round +

anterior + + + +

lateral +

high + - + - +

low - - + -

back - - + - - +

adv. tongue root + +

spread glottis +

nasal +

stiff vocal folds - - + - +

J. Acoust. Sc. Arn 73
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7
S ee_ chtb uibi\it -Cov /xIouLL

s ve eh Aan ts

-K,.tLO-NOISE RATIO IN OCaELS

Figure 2: Dependence of word identification score on speech to noise ratio for keywords
spoken in sentences (five per sentence) and for the same words spoken in isolation (from
Miller, Heise, and Lichten, 1951).

SIGNAL-TO-NOtSE RATIO IN DEGBLI
TI&L la2taWitr o =o0o0ylabk a a& Wat-g ob d Al Je t soawdwr a) as

Figure 1: Dependence of intelligibility on the number of items (monosyllabic words) in the

test vocabulary (from Miller, Heise, and Lichten, 1951).
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FIG. 4. PH and PL scores versus S/N ratio for the original 10
test forms (250 items of each type), for normally hearing young
and old listeners.
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CoSwloY matibCts FD Onr.YI!Ot)Yl

in ti slabkes

TABLE V. Confusion matrix for S/N- +6 db and frequency response of 200-6500 cps.

p I k f 5S b d t V f s 3 m .

p 162 10 55 5 3 1
t 8 270 14
k 38 6 171 1

f 5 1 2 207 57 3 1
* 5 1 2 71 142 3 2 2

I 1 7. 232 2 1
S 1 239

b 1 2 214 31 12
d 206 14 9 1 2
t 11 64 194 4 2 1

I I 14 2 205 39 5 I
'5 2 4 55 179 22 2

3 10 2 20 198 3
3 3 4 2 215

m 217 3
n 1 2 285

TABLE II. Confusion matrix for S/N- -6 db and frequency response of 200-6500 cps.

p f rs S b d g tS 3 

p 80 43 64 17 14 6 2 1 1 2
71 84 55 5 9 3 8 I 1 2 2 3

A 66 76 107 12 8 9 4 I

f 18 12 9 175 48 11 1 7 2 1 2 2
e 19 17 16 104 64 32 7 5 4 5 6 4 5

8 S 4 23 39 107 45 4 2 3 1 1 3 2 1
5 1 6 3 4 .6 29 195 3 1

b 1 $ 4 4 136 10 9 47 16 6 2 5 4
d 8 5 80 45 11 20 20 26 1
g 2 3 63 66 3 19 37 56 3

2 2 48 5 5 145 45 12 4
16 6 31 6 17 86 58 21 5 6 4
a I I 1 7 20 27 16 28 94 44
3 1 26 18 3 8 45 129 2

M 1 4 4 2 3 177 46
a 4 I 5 2 7 1 6 47 163

TALZE II. Confusion matrix for S/IN- -12 db and frequency response 200-6500 cp.

p k # S5 b d g I ' s 5 m

51 3 65 22 19 6 11 2 2 3 3 I S 8 S
64 57 74 20 24 22 14 2 3 1 1 2 1 1 5 1
50 42 62 22 18 16 .11 4 1 1 1 2 4 2

31 22 28 85 34 15 II 3 5 8 8 3 3
26 22 25 63 45 27 12 6 9 3 11 9 3 2 7 2
16 15 16 33 24 53 48 3 5 6 3 1 6 2 1
23 32 20 14 27 25 I1S I 4 5 3 6 3 4 2

4 2 2 18 7 7 1 60 18 18 44 25 14 6 20 10
3 1 4 7 4 11 18 48 35 16 24 26 14 9 12
3 1 1 1 4 5 7 20 38 29 16 29 29 38 10 9

I 1 12 5 4. 5 37 20 23 71 16 14 4 14 9
1 4 17 2 3 2 53 31 25 50 33 23 S 13 6

6 1 2 2 6 14 8 23 29 27 24 19 40 26 3 6
3 2 2 I 6 7 7 30 23 9 7 39 77 5 14

I I I 11 3 6 8 I1 1 109 60
I I 1 2 2 6 7 1 1 9 84 145

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

208
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



immpile M a ErSpeFigure 2pol

Figure 2

Discrete Output

tinuous Gestures

Sound Output

/0

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

209
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



/1

Figure 4

Universal component

Phonological
Representations 

4- discrete
- - - - - - - - -& A 4 -
el)!C, eI li LU ii

continuous
epresentation

Sound output

Mo 

N1 PI

Language specific
component

I
Overlap

Vocal Tract

. .

16! !

m

-

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

210
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Massachusetts Institute of Technology 
Department of Electrical Engineering and Computer Science 

Harvard-MIT Division of Health Science and Technology 
6.551J/HST.714J Acoustics of Speech and Hearing 

Distributed Thursday 9 Sept 2004 
Due Thursday 16 Sept 2004 

How long did it take to complete this problem set? _______ 
 
Problem1. Some tonal exercises.  
 
Figure 1.1 
The total pressure as a 
function of time pT(t) at a point 
Q in space in the presence of a 
propagating plane wave 
produced by a sound source 
playing a continuous tone.  The 
sound pressure is zero at time  
t =  ... 0, 0.5 ms, 1 ms ... 
 
 
 

a).  In the presence of a continuous tonal drive from a distant loudspeaker the absolute pressure at a 
point Q in space is plotted as a function of time p(t) for a short segment around -0.2 < t <1.1 ms in 
Figure 1.1. 

a.i. What is the frequency f in Hz of the continuous tone?   
a.ii. What is the radian frequency ω? 
a.iii. The total pressure is the sum of a constant steady-state pressure P0 and a time varying 

sound pressure p(t):   pT(t)=P0+ p(t).   
What is the peak-peak amplitude of the sound pressure of the sinusoidal variation?  
What is the peak amplitude of the sound pressure?   
What is the rms amplitude of the sound pressure? 
What is the total pressure at time t=0?   
What is the average total pressure for 0 < t <1 ms?    
What is the average sound pressure for 0 < t <1 ms?   

a.iv. Describe the illustrated sound pressure p(t) by a sine function in t. 
a.v. Describe the sound pressure p(t) by a cosine function.  
a.vi. What is the cosine phase of the sound pressure p(t) at time t= 0?  
a.vii. Describe the illustrated sound pressure in terms of an exponential function in t with a 

magnitude, frequency and angle. 
a.viii. We often describe the amplitude of an oscillating sound pressure in terms of decibels 

or dB.  The decibel is a measure of energy relative to some standard, where energy is 
proportional to (sound pressure)2: 

The dB value of a pressure P =  10 log10  
P

PRef

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

2

= 20 log10  
P

PRef

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ . 

 What is the sound pressure amplitude in Figure 1.1 in dB relative to PRef =1 Pa rms? 
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6.551J/HST714J Problem set 1 

 The international sound pressure reference for dB SPL is 2x10-5 Pa rms. What is the sound 
pressure amplitude in Figure 1.1 in dB SPL? 

Figure 1.2 
The x component of sound 
induced particle velocity vx(t ) 
(as it propagates in the x 
direction) associated with the 
pressure variations of Figure 
1.1 

 
b).  The particle velocity along the direction of propagation of the wave vx(t) at the same point in 
space (point Q) produced by the same tone is plotted as a function of time for a short segment 
around -0.2 < t <1.1 ms in Figure 1.2. 

b.i. Define an acoustic air particle. 
b.ii. Define particle velocity. 
b.iii. In quantifying the plotted particle velocity we were careful to define a direction (‘along the 

direction of propagation’).  Why is that?   Why didn’t we define a direction for the 
pressure? 

b.iv. Describe vx(t) at point Q in terms of a cosine function. 
b.v.  Describe vx(t) via an exponential.  How do the magnitude and angle of the exponential 

notation relate to the magnitude and angle of a cosine function?  
b.vi.  The specific acoustic impedance at a point in a propagating plane wave is determined by 

the characteristic impedance of the media z0=ρ0c, where ρ0 is the static density of air at the 
experimental pressure and temperature, and c is the propagation velocity under the same 
conditions.  What is z0 of air at standard temperature and pressure?  

b.vii. The characteristic impedance of a medium, which relates pressure and velocity, has units of 
rayls, named after Lord Rayleigh.  Describe 1 rayl in terms of pascals and meters.  Do the 
same for newtons and meters.  Do the same for kilograms and meters. 

b.viii. The characteristic impedance of air is a real number, i.e. angle(z0) = 0.  Are the pressure 
and velocity time traces at point Q consistent with the being related by z0?  Specificall y 
are the relative phase angles of the sound pressure and particle velocity equal, as they 
should be if p(t) and vx(t) are proportional?  The characteristic impedance  also relates the 
amplitude of p(t) and vx(t) are the amplitudes in  Figures 1.1 and 1.2 consistent with z0? 

b.ix. The characteristic impedance of the media can also be defined in terms of the density ρ0 
and Bulk modulus B (a measures of the stiffness of a medium) such that: z0 = ρ0B  .   
Define the Bulk modulus in terms of ρ0 and c. 
Give another definition of the Bulk modulus of air in terms of volume and pressure 
changes. 
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6.551J/HST714J Problem set 1 
Figure 1.3 
The sound pressure as a 
function of time p(t) at two 
points (S-the dashed line- & Q-
the solid line) in space in the 
presence of the sinusoidal 
propagating plane wave.  

 
c).  Figure 1.3 is a comparison of the sound pressures p(t) measured at two points S & Q in the sound 
field produced by the propagating plane wave.   The line connecting the two points in space is 
parallel with the direction of sound propagation.  Furthermore, the environment is anechoic, so we 
need not be concerned with reflected sounds, i.e. the only relevant sound wave is the one that is 
propagating from the distant speaker. 

c.i.  What is the propagation velocity of sound in air at standard temperature and pressure? 
c.ii.  What is the smallest propagation time necessary to explain the phase difference between 

the sound pressures at S & Q ? 
c.iii.  Based on this smallest propagation time, what is the shortest distance between S & Q? 
c.iv.  Define a few other measurement-point separations that can fit the data of Figure 1.3.  Hint:  

The amplitude of a propagating plane wave is constant, i.e. independent of the distance 
from the source. 

c.v. Describe the sound pressure as a function of time at any point on the plane that contains S 
and is orthogonal to the direction of propagation.  

 

d).  Sound Intensity is defined by the Real part of the product of sound pressure and the complex 
conjugate of particle velocity: 

I =
1
2

Real PV *{ }=
1
2

Real P
P
z0

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

*⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
=

1
2z0

P 2= 1
2

Real Vz0( )V *{ }=
1
2

z0V 2 . 

d.i. What are the units of sound intensity? 
d.ii. How does intensity compare to power (units of Pa-m3/s)?  Explain why we equate sound 

intensity with power density. 
d.iii We can also use decibels to quantify the relative intensity of a sound.  Since intensity is 

proportional to energy,  

The dB value of an intensity I =  10 log10  
I

IRef

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ . 

 What is the reference intensity level IRef for dB SPL? 
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6.551J/HST714J Problem set 1 
Problem 2.  The magnitude of sound pressures. 
 
 Sound pressures with an amplitude of 1 pascal are rather loud, e.g. the sound level that 
results from a very loud voice.  This question asks you to compute how much of a change in 
elevation is required to produce a change in atmospheric pressure of 1 pascal.  (In answering this 
question, there is no need to maintain an accuracy greater than 2 decimal places.) 
 

Elevation in meters Atmospheric pressure in 
pascals 

Sea level (0 meters) 101,300 pascals 
+ 500 95,400 

The table on the right lists the 
pressure produced by the 
atmosphere as a function of 
elevation above sea level 

+1000 89,800 
 
a. Assuming a linear relationship between elevation and atmospheric pressure near sea level, what 

is the change in elevation required to produce an atmospheric pressure of 1 Pa above the sea 
level value? 

b. The lowest audible sound pressure has an amplitude of about 2x10-5 Pa.  What is the change in 
elevation required to produce an atmospheric pressure of 2x10-5 Pa above the sea level value? 

c. If you are like me. You head bobs up and down by 2 to 3 cm when you walk.  What kind of 
sound pressure variation would be produced by such a motion?  Why is that variation not 
audible? 
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6.551J/HST714J Problem set 1 
Problem 3.  Time and Frequency  (To be answered from your reading and with a little 
computation.) 

 
Fourier’s Theorem relates the temporal variations in a periodic signal to the summation of sinusoidal 
waves of different frequencies.   Specifically for a waveform p(t), we can define a Fourier series: 

 p(t) = P0 + Pn cos nωt + ∠Pn( )
n=1

∞
∑  

where P0 is a static pressure term, n is the component number, ω is the base radian frequency of the 
periodic signal and |Pn| and ∠ Pn are the magnitudes and angles of the nth complex Fourier 
component. 

 
(a)  What is the difference between a periodic and an aperiodic waveform?   Can both be described 

in terms of a Fourier series? 
 
(b) Determine the Fourier series that describes the waveform in Figure 1.1.  What is (are) the 

magnitudes and angles of the Fourier component(s) in the series? 
 
(c) The periodic glottal pulse that is the fundamental source of ‘voicing’ is often described as a 

sawtooth function, e.g. Figure 2.   
 
Figure 2:  A saw-toothed 
description of the temporal 
variations in sound pressure 
associated with the glottal pulse. 

0 0.005 0.01 0.015 0.02
-1.5

-1

-0.5
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1

1.5

TIME (s)

A SAWTOOTH WAVEFORM

 
 Demonstrate (here’s where the computation is necessary) that the waveform of Figure 2 can be 

approximated by the first four terms of the following infinite Fourier series, where A=1 and 
ω=2π100: 

x(t) = Acos(ωt −
π
2

) +
A
2

cos(2ωt −
π
2

) +
A
3

cos(3ωt −
π
2

) + .... 

 
(d) Calculate the sum of the first four “odd” terms of the same infinite series, i.e. 

 y(t) = Acos(ωt −
π
2

) +
A
3

cos(3ωt −
π
2

) +
A
5

cos(5ωt −
π
2

) +
A
7

cos(7ωt −
π
2

) . 

 What’s the common name for the waveform that is approximated by the above series? 
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6.551J/HST714J Problem set 1 
 
(e) The reading for this week points out that difference in the phase relationship between different 

frequency components can lead to variations in time wave forms.   
 

i) What are the phases of the Fourier components you used in part b & c of this problem?  
 

ii) Would you expect the same time waveform to result if the phase of the 2ω component in the 
series of 2c was set to 0?  

 
iii) Would you expect the same time waveform to result if the phases of all of the components 

in the series of 2c were set to 0?  
 
(f) What is the rms sound pressure of the saw-toothed wave? 
 
(g) What is the average intensity (in dB SPL) of the sound ?  
 
(f) A common format for displaying the magnitude and angle of complex components that vary 

with frequency is the Bode plot, which is the combination of a log-log plot of component 
magnitude vs. frequency and a linear-log plot of the angle of the component vs. frequency.  
Prepare a Bode plot (using the scales below) of the first 6 components of the infinite series 
described in 2c.  Assume  
A = 1 Pa and ω =2π100 Hz 
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6.551J/HST714J Problem set 1 
Problem 4.  One-dimensional wave propagation in a long duct:  The acoustic transmission line 

 x

y

z
(0 ,0 ,0)

x+²x

S=z y

 
Figure 4.1: A rigid-walled rectangular duct.  

 
 It has been demonstrated that the ‘Wave Equation’ describing the variation of pressure 
within an infinite duct as a function of space and time can be simplified to one-dimension, e.g. 

 ∂2 p(x,t)
∂x2 =

ρ0
B

∂2 p(x,t)
∂t2   , 

as long as the dimensions orthogonal to the long axis of the duct (y and z) are much less than a wave 
length,  z & y << λ=c/f.  
  
 In the case of a sinusoidal stimulus which has been on for some time (‘the Sinusoidal Steady 
State), we can define the sound pressure at the entrance to the duct by: 

p(0, t) = Pcos(ωt)  
where P is a real number and ω =2πf.   

Assume a forward moving sound wave down the tube: 

a.) How much time is required for the ‘wave front’, defined by the maximum in pressure that 
occurs at x =0 at t=0, to propagate 1 meter down the tube? 

b.) Assume the sinusoidal frequency f is 85 Hz and the propagation velocity of sound is 340 Hz.  
Sketch the relationship between pressure and time for 0 ≤ t  ≤ 1/85 seconds at x=0. On a 
separate set of axes, sketch the pressure observed at x= 1 meter over the same time period. 

c.) How does the wave front defined by the region of maximum pressure travel along the duct? 
Does the pressure measured at x=0 foretell the future of what will occur at x=1 meter or 
recap the past?  Explain. 
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Imaginary or
j Axis

Real Axis
P-P

jP

-jP

π/ 4

 

Figure 4.2.  Phaser representation 
on the complex plane.  The thick 
black arrow represents a cosine 
function P cos(0) , while the gray 
arrow is the phaser representation 
of the function P cos(π/4). 

 

d.) Lets look at the trading between time and distance in a different light.  The dark thick arrow 
in Figure 4.2 is a ‘phaser’ display in the complex plane of the cosine function P cos(ωt-kx) 
when (ωt-kx)=0.  The thick gray arrow in Figure 4.2 represents the ‘phaser’ of Pcos(ωt-kx) 
when (ωt-kx)= π/4.  Any change that increases the argument to the cosine function makes the 
phaser rotate in a counter-clockwise direction. Any change that decreases the argument to the 
cosine function makes the phaser rotate in a clockwise direction. 
d.i) What is the Real component (projection on the Real axis) of the phaser when t=0?  

How about when ωt = π/4 ? 
d.ii) Sketch a plot of the real projection of the function P cos(ωt) vs. ωt, as ωt varies 

between 0 and 2π.  
d.iii) Sketch a phaser plot that describes the magnitude and phase angle of the pressure in 

the duct at time t=0 at three positions, a x=0, λ/4 and λ/2.   
d.iv) At any one position in the duct, does advancing time cause a clockwise or 

counterclockwise rotation of the phaser?   At any one time does moving forward in 
the duct cause a clockwise or counterclockwise rotation of the phaser? 

d.v) Discuss in a paragraph, the notion that the motion of a wave front in space and time 
can be described in terms of a phaser display (like Figure 4.2) where the rotation of 
the phaser due to advancing time is offset by the rotation of the phaser due to 
increasing distance from the sound source.  
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Massachusetts Institute of Technology 
Department of Electrical Engineering and Computer Science 

Harvard-MIT Division of Health Science and Technology 
6.551J/HST714J Acoustics of Speech and Hearing 

 
Issued Thursday 16-Sept-2004 

Due Thursday 23-Sept-2004 
How much time did you spend on this problem set? _________ 
 
Problem 1: Real and Imaginary numbers and complex conjugates 
a) In lecture 1, we defined a complex conjugate P* such that: 
 P * = P , and ∠P* = −∠P . 

Use your knowledge of complex numbers to prove that given: P = a + jb, then P* = a − jb . 

b) A common error in the use of complex numbers is to equate: 

 Real 1
P

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

 with 1
Real P{ }

  

Prove that these two quantities are not equal.   (Hint: assume P =a+jb.)  

 
Problem 2.  Summing pressure waves of the same frequency 
 An example of the utility of complex amplitudes is to use them to sum cosine waves of 
identical frequency but varying amplitude and phase.  Consider the series: 

p1(t) = 2cos(ωt),
p2 (t) =1cos(ωt + π),
p3(t) = 1cos(ωt + π / 2),  and
p4 (t) = 2 cos(ωt − π / 2).

 

Define. 
 pSUM (t) = p1(t) + p2(t) + p3(t) + p4 (t) . 

What are the amplitude and phase of pSUM(t)? 

One way of doing the problem is to: 
 define 4 complex amplitudes P1 … P4 with appropriate amplitude and phase, 
 compute the real and imaginary parts of the 4 complex amplitudes, 
 compute the sum of the four complex numbers, and 
 compute the magnitude and angle of the sum. 
A second way of doing the problem is to graphically do a ‘vector’ sum of the four complex numbers 
and measure the resultant magnitude and angle. 
A third way is to use a computer to prepare digital representations of the 4 waves, which you then 
sum. 
Use one of these or your own to compute your solution. 
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Problem 3: Plane Waves in a Symmetric Tube 

1 met er1 met er

microphone 1 microphone 2

x = 0x = -1 x = 1  
Consider the infinitely long cylindrical tube above with a flat solid plate positioned orthogonally to 
the long axis of the tube at position x=0.  The plate has an area equivalent to the cross-sectional area 
of the cylinder.  Two microphones are symmetrically placed around the plate, so that each is 
centered in the tube 1 meter from the plate, but microphone 1 is on the left and microphone 2 is on 
right.  Suppose the plate has been moving with a sinusoidal velocity for some time and that at time 
t=0 the plate is in sine phase, such that vx(t)=A cos(2π1000t – π/2), where A=1 mm/s. 

5.a Sketch a plot that describes the velocity of the piston during the period t=0 through 5 ms.  
The motion of the piston produces an acoustic disturbance that propagates down the tube, and you 
can assume that the particle velocity in air near the piston has a magnitude equal to the piston’s 
velocity. 
5.b First concentrate on the sound wave that propagates to the right (x ≥ 0).  Sketch a plot that 

describes the sound induced x component of the particle velocity vx(t,x) inside the tube as a 
function of position for the range 0 ≤ x ≤ 1 meters, when t=0, 0.25 and 0.5 ms. 

5.c Sketch a plot that describes the time wave form of the sound pressure measured by microphone 
2 during the period t=0 through 5 ms.  You can assume that the specific acoustic impedance of 
the air in the tube equals the characteristic impedance of the medium. 

5.d Now concentrate on the sound wave that propagates to the left x ≤ 0.  Sketch a plot that 
describes the sound induced x component of the particle velocity inside the tube as a function 
of position for the range –1 ≤ x ≤ 0 meters, when t=0, 0.25 and 0.5 ms.  

HINT:  Be mindful of the different phase of the source in (b) & (d).  While the source for (b) is 
vx(t)=A cos(2π1000t – π/2), the effective source driving the leftward waves in (d) is  
vx(t)=–A cos(2π1000t – π/2).  You’ll also need to think clearly about waves traveling in the 
negative x direction. 
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Problem 4: Bi-directional Plane Waves
Consider a plane wave propagating across the front of a Room much like we talked about in 
Lecture 2.  Assume the forward going plane wave is the result of a distant sinusoidal source of 340 
Hz that is somewhere to the left of the room.  The wave then propagates from left to right across the 
front of the room as observed by you .  We can define the variation in sound pressure in time and 
space by: 
p(x,t)=Real{P e-jkxejωt}, where P= 1 pascal, ω=2π340, k=ω/c, (assume c = 340 m/s), x=0 is at a 
point in the middle of the room, and that x increases from left to right. 

 

     
 
a What is the magnitude and angle of the complex amplitude of the forward traveling wave at 

x=0? 

b. Sketch, on the above graphs, how the magnitude and phase angle of the sound pressure Pe-jkx 
varies as a function of x. (Remember that sin(0)=sin(2π)=sin(4π)...). 
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Now assume that there is an impedance ‘zero’ located orthogonal to the direction of propagation of 
the plane wall located at position x=0.  This zero produces a reflected ‘backward’ traveling wave of 
complex amplitude -Pejkx .  Note that negative sign in front of the pressure in the backward 
traveling wave constrains the ‘backward’ wave pressure to be of equal amplitude but opposite sign 
to the pressure in the forward traveling wave at x=0 . 
c. Relate the equal and opposite pressures in the two waves at x=0 and the impedance zero at x=0? 

d. Sketch, on the above graph, how the magnitude and phase angle of the sound pressure p-(x,t) in 
the backward traveling wave (described by the complex amplitude above) vary as a function of 
x.  

e. Now suppose both waves are traveling at the same time.  You can determine the magnitude and 
angle of the summed waves at each location by adding the vectors that describe the magnitude 
and angle of the two pressure waves at each location.  How does the sum differ from its parts?  
Are their regular variations in magnitude of either the parts or the sum?  What about regular 
variations in angle?  

Another way to think of the variation of magnitude and phase of the sound pressure with x in this 
case is to start with the complex amplitude that describes the sum of the two waves: 

  P(x) = Pe− jkx − Pe jkx . 
This equation is readily reducible to a single sine function in x.  How? 

Hint: Factor out the magnitude of the two waves and then use Euler’s equations to expand each of 
the exponentials into a combination of cosine and sine functions.  A little algebra should then yield: 

 P(x) = − j2P sin(kx)  

 
f.  How does the predicted sine function in space compare with your graphical description of the 

magnitude and angles of the traveling waves above?  Specifically:  
 How does the magnitude of the summed pressures vary in space? 
 If there are nulls in this spatial distribution, where do they occur? 
 

 

Problem 5. Spherical waves 

A microphone is placed in a sound field produced by a simple source of radius a that generates 
uniform spherical waves described by a sinusoidal spherical traveling wave  

    
p(r,t ) =

A
r

cos 2π4000(t − r / c)( ). 

The sound field is bounded by anechoic walls that absorb all sound energy and generate no 
reflections, so we need only consider outward traveling waves.   
a).  Use exponential notation to describe the dependence of the sound pressure and particle velocity 

on r. 
b).  When the microphone is located at r80 = 2 m, the sound pressure at the microphone is 80 dB 

SPL and when located at r40 the sound pressure is 40 dB SPL. Determine the value of r40. 
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6.551J/HST714J Problem Set 2 

Problem 6: Two spherical sources 

Two loud speakers that produce continuous pure 
tones of 500 Hz are placed in space as in the 
figure to the right with d= 0.34 meters.  The 
source strength of each speaker is  
                U1 = U2 = U .   
We are interested in determining the sound 
pressure produced by the speakers at positions 
30 meters from the center point of the speaker 
pair, i.e. r=30m, and at varied angles θ.   

S = 0.1e j0

Please assume that the propagation velocity of 
sound is 340 m/s. 

x

U1

U2

{
{

d/2

d/2

P(r,θ)
r1

r

r2

θ

 
 
a).  What is the sound pressure (magnitude and angle) produced by speaker 1 alone at position r 

=30m, θ = 90 degrees? 
b). What is the sound pressure (magnitude and angle) produced by speaker 2 alone at position r 

=30m, θ = 90 degrees? 
c). What is the sound pressure (magnitude and angle) produced by simultaneous activation of both 

speakers at position r =30m, θ = 90 degrees? 
d).  What is the sound pressure (magnitude and angle) produced by speaker 1 alone at position r 

=30m, θ = 0 degrees? 
e). What is the sound pressure (magnitude and angle) produced by speaker 2 alone at position r 

=30m, θ = 0 degrees? 
f). What is the sound pressure (magnitude and angle) produced by simultaneous activation of both 

speakers at position r =30m, θ = 0 degrees? 
g). The sound pressure at r =30m, θ = 0 degrees depends strongly on the separation of the two 

speakers.  Given that physical constraints do not permit d to be less than 0.1 meter, is there 
some value of d where the sound pressure at r =30m, θ = 0 degrees approximates that at r 
=30m, θ = 90 degrees?  What is d under those conditions? 

 

 

Problem 7: Sound-Diffraction and Localization 
Listeners use differences in interaural (the difference between the two ears) phase and 

intensity in order to localize the sources of tones.  At frequencies below about 1000 Hz, a reasonable 
model of the human head in localization is a set of microphones separated by a distance of about 1.5 
times the anatomical interaural distance (figure 7b).  In a paragraph or two, discuss why such a 
model yields reasonable predictions of the interaural differences in tone phase and intensity at 
frequencies below 1000 Hz.  Include some statement about whether such a model would yield 
reasonable interaural differences in phase and intensity at higher frequencies ( 1000 < f < 8000 Hz). 
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Figure 7: 
a.  A spherical model of the human head 

 
b. A low-frequency model of Interaural Phase & 
Intensity 
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Massachusetts Institute of Technology 
6.551J – HST.714J 

Problem Set 3 
Issued: September 23, 2004 Due: September 30, 2004 

Problem 1. 

A listener, whose head is at the origin of a coordinate system in anechoic space, attempts 
to distinguish a sound source located at (r, θ, φ) from one located at (r + Δr, θ, φ). In this 
problem, you are to assume that θ = φ = 0 so that the sound source is in the median and 
horizontal planes. 

r

a) When the source is located at r80 = 2 m, the sound pressure P at the two ears is 80 dB 
SPL and that when located at r40 the sound pressure is 40 dB SPL. Determine the value of 

40. 

b) When distinguishing between sound pressure differences, determine the relative pres
sure differences ΔP/P for 

1. For broadband noise of 40 dB SPL. 

2. For 500 Hz tones of 40 dB SPL. 

3. For 500 kHz tones of 80 dB SPL. 

c) Determine the size of the changes in r that the listener is able to discriminate when 
r = r80 = 2 m and when r = r40 

1. For broadband noise of 40 dB SPL. 

2. For 500 Hz tones of 40 dB SPL. 

3. For 500 Hz tones of 80 dB SPL. 

Experimental results indicate that when the stimulus is broadband noise of pressure 40 dB 
SPL the smallest change in θ and φ that listeners can discriminate are Δθ = 2 deg and 
Δφ = 8 deg. 

d) Compare the sizes of the source displacements corresponding to the smallest discriminable 
changes in r, θ, and φ. 
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Problem 2. 

A sinusoidal sound source located in anechoic space far from the head in the horizontal plane 
at azimuth θ and elevation φ = 0. The sound at the left ear is l (t) and the sound at the 
right ear is r (t) where: 

√

l (t) = 2AL sin (2πf (t − τL)) 
√

r (t) = 2AR sin (2πf (t − τR)) 

Thus the interaural level difference is 

AL 

A
α =


R


and the interaural time difference is 

τ = τL − τR. 

a) Plot graphs of 20 log10 α as a function of τ as θ varies from 0 to π/2 for f = 500, 1600, 
and 6000 Hz. 

When sounds are presented by earphones, sound images are typically lateralized within 
the head. When identical sounds are presented via earphones, the image of the sound is 
typically centered in the head. When the sound in the left ear has an amplitude that is 
greater than the sound in the right ear, the sound image shifts from the center towards 
the left ear. When the sound is a low frequency tone or broadband, and a time delay is 
introduced in the left ear, the image of the sound shifts from the center towards the right 
ear. 

It is possible to displace the image from a centered position using an interaural time 
difference τ and recenter it by applying an interaural level difference α. The time-intensity 
trading relation is heavily dependent on the spectral content of the stimulus, with smaller 
time differences required to match a given level difference when the stimulus contains only 
frequency components below 1400 Hz (see Fig. 25 in the Notes on Localization). 

b) How do the plots you prepared in part (a) of this problem compare the data obtained 
from subject 2 on time-intensity trading for lowpass filtered clicks presented at 20 dB SL 
(included in Fig. 25 in the class notes). Compare a sinusoid of frequency 500 Hz with clicks 
lowpass filtered to 500 Hz, a sinusoid of frequency 1600 Hz to clicks lowpass filtered to 1400 
Hz. and a sinusoid of frequency 6000 Hz to clicks lowpass filtered to 7000 Hz. 

c) Some researchers speculate that the time-intensity trading ratio is a reflection of experience 
with the properties of real world sounds. Comment on this speculation based on the analysis 
you performed in part (b) of this problem. 
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Problem 3. 

The following two paragraphs are from the section Ambiguity of Interaural Phase of the class 
notes. 

Mills (1972) notes that a time difference between two pure tones that produces a 
half cycle or more of phase lead (π+φ) is indistinguishable from an opposite phase 
difference that produces a phase lag of (π − φ). The minimum acoustical path 
between the ears (roughly 23 cm in air) is greater than one half of a wavelength 
for frequencies in excess of 750 Hz. 

For a specified (angular) frequency ω = 2πf , for which (π + φ′ ) is the maximum 
possible interaural phase difference for the frequency ω, phase differences less 
than (π − φ′ ) correspond to unique azimuths, but phase differences greater than 
(π−φ′ ) can be produced by two different sound sources – one on each side of the 
head. 

a) Assume that sound sources are located in the horizontal plane and that it takes sound 
714 µs for sound to travel from one ear to the other. Give an example of two sinusoidal 
sound sources that would be confused (become indistinguishable) as described in the first of 
the above paragraphs. What is the lowest frequency for which it is possible to observe such 
confusions. 

b) The assertion in the second of the above paragraphs is true for a ranges of frequencies. 
Demonstrate that you understand why it is true by determining the range of frequencies for 
which it is true. 

Problem 4. 

A person with normal hearing (e.g. Fig. 2 from the class handout) attempts to detect a 
sound pressure waveform s(t) that is a square-wave of peak-to-peak amplitude A and period 
T . The square-wave pressure is +A for one-half the period and −A for the other half. The 
Fourier series for the square-wave can be expressed as: 

∞2A � 1 2nπt 
s (t) = sin (1) 

π n T
n,odd 

2A 1 2πt 1 2πt 1 2πt 
= sin 1 + sin 3 + sin 5 + (2) · · · 

π 1 T 3 T 5 T 

a) Assume the square wave is audible when at least one of its component sinewaves is audible, 
i.e., at the threshold of hearing. Determine the minimum value of A for which s(t) is audible 

3
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when T = 0.2, 2.0, and 20.0 msec. In each case identify the frequency of the component that 
provides the cue used for detecting s(t). 

b) How would your answers change if the square wave is audible when the the power in one 
critical band is at the threshold of hearing, consistent with the findings of Fletcher (1954). 

Problem 5. 

a) In some experiments it would be convenient to use a masking noise that produced tone 
detection thresholds that were independent of frequency. What would be the shape of the 
spectrum of such a masking noise? Assume that the masked tone detection thresholds are 
to be well above the quiet thresholds of the tones. If the total noise power is limited to 80 
dB SPL, over what frequency range would such a spectrum yield tone thresholds that were 
independent of frequency? 

b) According to the data of Hawkins and Stevens, at a given frequency the Critical Ratio 
is constant, independent of the spectrum level N0 of the noise, for sufficiently high values 
of N0. At moderate sound levels, the critical ratio for 1000 Hz tones is roughly 70 Hz (18.5 
dB). How much would tone detection thresholds change if the critical ratio were twice this 
value, 140 Hz. 

P

c) Fletcher’s analysis of the results of his masking experiments in terms of Critical Bands has 
been criticized because he assumed that tones were detected when the ratio of tone power 

T to noise power N at the output of the critical band was unity, i.e., PT /N = 1. How would 
Fletcher’s estimates of the critical bandwidths change if he had assumed that PT /N = 2.5? 

d) Moore’s data on the detection of 2000 tones in noises of various bandwidths can be used 
to estimate the ratio of tone power PT to noise power N at the output of the critical band. 
Assuming that the width of the critical band is 400 Hz when the tone frequency is 2000 
Hz, plot a graph of the ratio PT /N as a function of the bandwidth of the external noise 
bandwidth. Since Moore does not report the power spectral density of his masking noise, 
you should assume that his thresholds would be the same as those obtained by Hawkins and 
Stevens at wide bandwidths. 
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Massachusetts Institute of Technology 
Department of Electrical Engineering and Computer Science 

6.551J / HST 712J 
Problem Set 4 

Issued: October 7, 2004 Due: October 14, 2004 

Problem 1. 

Assume that the volume velocity through an acoustic mass MA is u(t) = U cos 2πft. 

a. Determine an expression for the pressure p(t) across the acoustic mass. 

b. Sketch graphs of u(t) and p(t) over the time interval 0 ≤ t < 1/f . Use the axes 
provided in Fig. 5. Provide scales for the axes. You may assume f = 1. 

c. Determine an expression for the acoustic power w(t) supplied to the acoustic mass in 
terms of MA, U , and f . 

d. What is the average power over one time period (e.g., 0 ≤ t < 1/f) supplied to the 
acoustic mass? 

e. Determine an expression for the energy EM(t) stored in the acoustic mass in terms of 
MA, U , and f . 

f. What is the average value of EM(t) over one time period (e.g., 0 ≤ t < 1/f)? 

g. Sketch graphs of w(t) and EM(t) over one time period (e.g., 0 ≤ t < 1/f). Use the 
axes provided in Fig. 5. 

You may find the following trigonometric identities helpful: 

1 1 
cos x × cos y = 

2 
cos (x − y) + 

2 
cos (x + y) 

1 1 
sin x × cos y = 

2 
sin (x + y) + 

2 
sin (x − y) 

1 1 
sin x × sin y = 

2 
cos (x − y) −

2 
cos (x + y) 
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Problem 2.


P1 

U2 

P 
2

P S 

U 1 

U S Z 2Z
1 

Figure 1: Example of an acoustic circuit consisting of a volume velocity source and two 
elements connected in parallel. All pressures and volume velocities are assumed to have the 
same est time dependence. 

The acoustic circuit in Fig. 1 is an example of a parallel connection of acoustic elements. 

a. Identify the nodes in this circuit. Write equations expressing Kirchoff’s Volume Ve
locity Law at all nodes. Show that one of the equations can be derived from the 
others. 

b. Write equations expressing Kirchoff’s Pressure Law for the loops of the circuit. How 
many independent equations can be written. 

c. Use the equations expressing Kirchoff’s Pressure Law to specify a general principle for 
circuit elements connected in parallel. 

d. Combine this result with the equations expressing Kirchoff’s Volume Velocity Law to 
determine an expression for the impedance Z = P/US. 

e. Generalize this result to the case in which more than two impedances are connected in 
parallel. 

f. Determine expressions for the volume velocities U1 and U2 and for the volume velocity 
ratio U1/U2. What property of the circuit elements determines this ratio? 

2

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

230
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



P3
P S Z

3 

Z 2 

U S 

Problem 3. 

Figure 2: An acoustic circuit consisting of a pressure source, a volume velocity source and 
two impedances. All pressures and volume velocities are assumed to have the same est time 
dependence. 

For the circuit of Fig. 2 

a. 

b. Write equations that express Kirchoff’s pressure and volume velocity laws for the nodes 
and loops of this circuit. 

c. Solve the equations formulated in parts (a) and (b) of this problem to determine an 
expression for P3 in terms of US, PS, Z2 and Z3. 

d. Determine P3 in terms of PS, Z2 and Z3 when US = 0. 

e. Determine P3 in terms of US, Z2 and Z3 when PS = 0. 

f. Use of the Superposition Principle to determine P3 in terms of US, PS, Z2 and Z3. 
Make use of your results to parts (d) and (e) of this problem. 

3
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Write equations for the pressure differences "across" and the volume velocities "through" each of the elements in Figure 2.
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Problem 4.


A 

B 

u (t)
S 

C 
A

RA 
M 

A 

p (t)
O 

u (t)
M 

Figure 3: Example of an acoustic circuit consisting of a volume velocity source, an acoustic 
mass, an acoustic resistance, and an acoustic compliance connected in parallel. All pressures 

st and volume velocities are assumed to have the same est time dependence, i.e. uS (t) = USe , 
st uM (t) = UMest , and pO (t) = POe . 

pressure PO across the volume velocity source to the amplitude of the volume velocity source 
is Z (s) = PO/US and the system function that relates the amplitude of the volume velocity 
through the acoustic mass to the amplitude of the volume velocity source is G (s) = UM/US. 
When s = jω 

Z (jω) = (1) |Z| ejθZ 

G (jω) = |G ejθG (2) |

a. Determine an expression (in terms of s, MA, RA, and CA) for the impedance Z. 

b. Determine an expression (in terms of s, MA, RA, and CA) for the volume velocity 
transfer ratio G 

c. Identify the poles and zeroes of Z and G. Do these two system functions have the 
same poles? How do the poles and zeroes of Z and G differ from the poles and zeroes 
of Y and H in Example 2 of the class notes? 

d. Determine approximate expressions for the dependence of Z(s) and G(s) on s in the 
two limiting cases: i) s → 0, and ii) .s → ∞

e. Plot graphs of G (jω) , Z (jω) θG (jω), and θH (jω) , Z (jω) θG (jω) as functions of | | | | | | |
ω on the axes provided in Fig. 6 and 7. As in the Class Notes, assume R/ M/C = 0.1. 
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For the acoustic circuit of Fig. 3 the system function that relates the amplitude of the



Problem 5.


u(t) 

p (t)
O 

p (t) 
S 

CR 

M 

Figure 4: Example of an acoustic circuit consisting of a pressure source, an acoustic mass, 
an acoustic resistance, and an acoustic compliance, all connected in series. All pressures and 
volume velocities are assumed to have the same est time dependence. 

Assume that all pressures and volume velocities in the circuit of Fig. 4 are sinusoidal with 
frequency ω = 1/

√
MC . 

a. Determine an expression for the vector power 

1 
∗

W = PU
S2 

supplied to the portion of the circuit to the right of the terminals in terms of US , R, 
M , and C. 

b. At the frequency ω = 1/
√

MC, what is the relation between the time average1 en
ergy stored in the acoustic mass and the time average energy stored in the acoustic 
compliance? 

1Over one period of pS (t). 
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Figure 5: Graphs for Problem 1, parts b (upper panel), and g (lower panel).
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Figure 6: Graphs for Problem 4 part (e). 
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Figure 7: Graphs for Problem 4 part (e). 
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6.551J/HST714J Problem Set 5 

 

Due 21-Oct-2004  page 1 

Massachusetts Institute of Technology 
Department of Electrical Engineering and Computer Science 

Harvard-MIT Division of Health Science and Technology 
6.551J/HST714J Acoustics of Speech and Hearing 

 
Issued Thursday 14-Oct-2004 

Due Thursday 21-Oct-2004 
 

Problem 1.  Acoustic circuit elements, (Fletcher , p. 128-141; Kinsler et al. p. 231-233; Beranek, p. 

128-139) 

This problem specifies conditions that allow representation of some acoustic structures by simple 

lumped elements by developing relationships between structural dimensions and material properties. 

 

a. Acoustic mass 

 Consider a rigid tube of length l and cross-sectional area A filled with a fluid of mass density 

ρ0.  Rigid pistons at each end of the tube move with identical volume velocities u(t).  Assume that 

the velocity and mass density are uniform throughout the tube.  Assume that the effects of viscosity 

are ignorable. 

 
Figure 1:  A Uniform Tube of Cross-sectional area A 

 (i) Use Newton’s second law to show that the pressure difference between the ends of the tube can 

be expressed as: 

  
  
p1(t ) − p2(t ) = M A du(t )

dt
,  (4.1) 

where: 
    
M A =

ρ0l
A

=
M M

A2
 is the acoustic mass, and 

MM is the mechanical mass of the fluid in the tube. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

237
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



6.551J/HST714J Problem Set 5 

 

Due 21-Oct-2004  page 2 

(ii) In a few sentences explain the relationship between acoustic mass MA and mechanical mass 

MM. 

(iii) If each piston has a mechanical mass  MP
M  and moves without friction in the tube, determine a 

relation between u(t) and the pressure difference between the outer surfaces of the pistons p3(t)-

p4(t). 

c. Acoustic compliance. 
 
Structures that may be well approximated as acoustic compliances (i.e. volume displacements 

proportional to sound pressure) include diaphragms (as in microphones, drum heads, tympanic 

membranes, loudspeaker cones) and volumes of air enclosed by rigid walls (as in nasal sinuses, the 

mouth, loudspeaker enclosures and middle-ear cavities). 
 
 (i.) Loudspeaker cones are often designed to be non-uniform in their elastic properties, so that the 

central portion is rigid and a narrow annular region at the edge is relatively flexible.  Assume 

that the width of the annular, flexible region is much less than the cone radius a and that the 

stiffness per unit length of the annulus (along the circumference) is k Newtons/m2.   Determine 

the acoustic compliance (i.e. volume displacement per unit pressure difference across the cone) 

of this structure in terms of k and a . 
 
 (ii.) Consider a rigid walled container of fluid in which the pressure pT(t) is uniform throughout the 

volume V (Figure 2).  A rigid piston (in black) moves into the container with a volume velocity 

(i.e. volume displacement per time) u(t).  Define the acoustic impedance of the closed air space. 

 

 

 

 

 

 

Figure 2: A closed cavity 

 

 
(iii), Assume the volume of the closed cavity in figure 2 is 1 cc  (1 cubic centimeter).  Also assume 

that the piston has a surface area of 1 cm2, and that the piston displaces in and out in a 
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sinusoidal motion with an amplitude of 1 micrometer (1x10-6 meter) and a frequency of 100 Hz.  

Sketch a drawing of the displacement of the piston in time (you can assume a phase that is 

convenient).  Also sketch drawings of the resultant volume velocity of the piston and the sound 

pressure within the cavity that results from the piston motion.  While your sketches need not be 

exact they do need to clearly show the limits on the time axis, as well as the amplitude and 

relative phases of the displacement, volume velocity and sound pressure waveforms.  

 
Problem 2: An Acoustic Filter 

 
Figure 2 

 

Consider the three coupled cylindrical tubes of Figure 2: where l =b=5 cm and a=1 cm. 

i) Construct an electrical analog circuit model of the acoustic system in Figure 2 consisting of 

three lossless (assume viscosity is negligible) elements.   

ii) Write an equation that relates UOUT to UIN.  How are UOUT and UIN related when ω is very 

small?  How are UOUT and UIN related when ω is very large? 

iii) This system is an acoustic filter (like an automobile’s muffler) that passes low 

frequencies and attenuates high frequencies.  Does this fit with your results? 
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Problem 3: Energy Storage 

Figure 3.        Volume = V

pC(t)

l

radius =a

pS(t)u(t)

 

 In Lecture 10 we found that the input impedance of the bottle in Figure 3 could be 

approximated by the equation below if we assumed losses were negligible: 

Ps(s)
U

= ZA (s) ≈ sMA +
1

sCA
 . 

We also defined an impedance zero at ω0 ≈1 CAMA , as well as 

 the potential energy stored in the compliance, EC (t)=
1
2

CA pC
2 (t), and  

the kinetic energy stored in the acoustic mass, EM (t)=
1
2

MAu2(t). 

Using the dimensions used to calculate the Bode plots on page 8 of the lecture 10 notes: 

Vol = 0.5 liter = 0.5x10-3 m3 

CA=Vol/(1.4x105)=3.6x10-9 Pa/m3 

l = 5 cm = 0.05 m; a =0.005 cm 

MA=1.18*0.05/(πa2)=750 kg/m4 

and assuming u(t)=1 mm3/s cos(ωt),  

(i) What is the peak value of EC(t) and EM(t) at 20 Hz (well below the resonant frequency)  

(ii) at 500 Hz (well above the resonant frequency), and  

(iii) at 110 Hz (just above the resonant frequency). 

(iv) In a paragraph discuss the results of your computations in terms of your understanding of 

the frequency dependence of the impedance and resonance. 
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Due 21-Oct-2004  page 5 

Problem 4:  The ideal transformer 

Figure 4:       

Consider the ideal ‘acoustic transformer’ of the analog circuit in figure 4, where U1, P1, U2 and P2 

are complex amplitudes describing the sinusoidal steady state, and P2= 1 Pa. 

(i) Define U2 in terms of P2 and Z. 

(ii) Define U1 and P1 in terms of U2, P2 and T. 

(iii) Write an equation describing the average power on the right-hand side of the 

transformer in terms of U2 and P2. 

(iv) Write an equation describing the average power on the left-hand side of the 

transformer in terms of U2 and P2. 

(v) In a few sentences compare your answers to (iii) and (iv) and comment on power 

absorption by an ideal transformer. 
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1 6.55IJ/ftST.714J Problem Set 6 11/02/04 

6.551J/HST.714J ACOUSTICS OF SPEECH AND HEARING 
FALL 2004 

Problem Set 6 11/02/04 

Problem 1 
¼ l' ,',rm =[ 

i 
- IIa I 

LI~~L~_ 
1 n~F 

2 cm 

Fig. 1.1 

The tube in Fig. 1.1 contains a narrow constriction whose cross-sectional area is 0.2 cm 2 and 
the cross-sectional area ofthe remainder of the tube is 4 cm2. The overall length of the tube is 
15 cm, and the length of the constriction is 2 cm. In this problem, make appropriate 
approximations, such as assuming the tube has hard walls and assuming that the sound 
pressure is zero at the open end of the tube. 

(a) What is the length b of the back cavity (shown in the figure) such that the second and 
third natural frequencies of the entire tube are about equal? 

(b) For the value bfound in (a), what is the lowest natural frequency F1? 

(c) What is the greatest length b such that the fourth and fifth natural frequencies of the 
entire tube are about equal? 

(d) The front part ofthe tube is narrowed so that its cross-sectional area is small and equal 
to that of the constriction, as in Fig. 1.2. Repeat parts (a) and (b) for this condition. 

I "--------15 CM oil-

II 

-- IJ-

Fig. 1.2 
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Problem 2 

~O X 

Fig. 2.1 

A sinusoidal volume velocity source Us (t) = U0 cos 2;zft is applied at the end of a tube with a 

cross-sectional area A, as shown in Figure 2.1. Assume that the cross dimension of the tube is 
sufficiently small that one-dimensional waves propagate in the tube. There is no acoustic loss 
in the tube. 

(a) Assume that the tube has infinite length. At a distance x from the source it is observed 
that the volume-velocity waveform is U(t) = Uo sin 25ft. What is the smallest value of 

x for which this waveform is observed? 

(b) For the same point in the tube as in (a) write an expression for the waveform of the 
sound pressure. 

(c) The same tube is cut off at a length , and is closed at that end, as in Figure 2.2. The 
c c

length f is between and , where c = velocity of sound. The same source U is 
2f f 

applied. Write an expression for the sound pressure waveform immediately in front of 
the source. 

(d) At a distance x in front of the source in (c), it is observed that the sound pressure is 
zero for all t. What is the largest value of x (i.e., smallest value of t-x) for which this 
condition occurs? 

I----- p--

Fig. 2.2 
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3 

Problem 3. 

a) In some experiments it would be convenient to use a masking noise that produced tone 
detection thresholds that were independent of frequency. What would be the shape of the 
spectrum of such a masking noise? Assume that the masked tone detection thresholds are 
to be well above the quiet thresholds of the tones. If the total noise power is limited to 80 
dB SPL, over what frequency range would such a spectrum yield tone thresholds that were 
independent of frequency? 

b) According to the data of Hawkins and Stevens, at a given frequency the Critical Ratio 
is constant, independent of the spectrum level No of the noise, for sufficiently high values 
of No. At moderate sound levels, the critical ratio for 1000 Hz tones is roughly 70 Hz (18.5 
dB). How much would tone detection thresholds change if the critical ratio were twice this 
value, 140 Hz. 

c) Fletcher's analysis of the results of his masking experiments in terms of Critical Bands has 
been criticized because he assumed that tones were detected when the ratio of tone power 
PT to noise power N at the output of the critical band was unity, i.e., PT/N = 1. How would 
Fletcher's estimates of the critical bandwidths change if he had assumed that PT/N = 2.5? 

d) Moore's data on the detection of 2000 tones in noises of various bandwidths (Fig. 15 on p 
25 of the Notes on Auditory Sensitivity) can be used to estimate the ratio of tone power PT 
to noise power N at the output of the critical band. Assuming that the width of the critical 
band is 400 Hz when the tone frequency is 2000 Hz, plot a graph of the ratio PT/N as a 
function of the bandwidth of the external noise bandwidth. Since Moore does not report the 
power spectral density of his masking noise, you should assume that his thresholds would be 
the same as those obtained by Hawkins and Stevens at wide bandwidths. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

244
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



HST.714J/6.551J ACOUSTICS OF SPEECH & HEARING
HT74/651 CUTC FSEC ERN 

Issued: 9 November 2004 Due: 30 November 2004 

Legend: C - extra credit (not required) 

N.B. For all problems explain your reasoning! 

Problem Set 7 No explanation X No credit = No joy 

When making plots, be sure to label all axes, provide numerical tick 
marks, and specify the units of measurement. 

Collaboration is encouraged so long as everyone understands and 
works on all problems. Please indicate the names of your collaborators. 

These problems are designed to get you thinking about quantitative approaches to issues in hearing. 
In problem 1 you will determine a lower bound on the size of an acoustic "particle" and estimate 
the number of collisions an air molecule experiences per second. In problem 2 you will analyze some 
of George von Bk6sy's (Nobel Prize, 1961) classic measurements of the traveling wave. In problem 
3 you will explore the relation between tuning curves (measured versus frequency at fixed position) 
and traveling waves (measured versus position at fixed frequency) and show how measurements of 
one can be used to deduce features of the other. In problem 4 (optional) you will be challenged to 
derive and solve the equations for a simple cochlear model. In problems 5 & 6 you will compare 
your model responses to actual measurements of basilar-membrane motion made in the squirrel 
monkey. Does the simple model agree with experiment? In problem 7 you will investigate a classic 
model for the physiological basis of musical consonance based on the notion of the "critical band." 

Problem 1: Molecules and Sound Particles. In their chapter on the physics of sound in 
The Speech Chain, Denes and Pinson confuse the molecules in air (i.e., the molecules of nitrogren, 
oxygen, etc) with the much larger "fluid particles" used to derive the equations of acoustics. 

1. The average distance a molecule in air travels before colliding with another molecule is known 
as its mean free path. The mean free path sets a conservative lower bound on the size of 
an acoustic particle. Estimate the mean free path for a typical molecule in air at room 
temperature. [Hint: Estimate the mean free path as the distance the molecule needs to travel 
before it sweeps out a volume equal to the average empty volume surrounding each molecule 
of air. Use the ideal gas law and a plausible estimate of molecular dimensions.] 

2. At what sound frequency would the wavelength of sound become comparable to the mean free 
path? Does sound propagate in air at these frequencies? Explain why or why not. 

3. Determine the typical number of air molecules in a cube one mean free path on a side. 

4. Estimate the typical (root-mean-square) velocity of the molecules in air at room temperature. 
[Hint: Use thermodynamic equipartition of energy which says that the translational kinetic 
energy of an air molecule moving in three dimensions is typically kT.] Use your answer to 
determine the typical number of collisons a molecule of air experiences during one second. 

Problem 2: Bkesy's Traveling Waves. This problem is based on the measurements of Bekesy 
reproduced in the course notes (Fig. 11-58 of B6k6sy 1960, or Fig. 7.14 of Yost 1994, or Fig. 3.8 of 
Pickles, 1988). 

1. According to Bkesy's measurements, what is the instantaneousspeed of the traveling wave 
that results from a 100 Hz stimulus as it passes a point 30 mm from the human stapes? What 
is the speed of a 200 Hz stimulus at the same point? Compare your results with the speed of 
sound in water. 
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HST.714J/6.551J ACOUSTICS OF SPEECH &HEARING 

2. The waves Bekesy describes are very different from plane waves. Explain why, illustrating 
your remarks by using B6k6sy's measurements to deduce the time waveform of the partition 
displacement that results from a stimulus consisting of two pure tones of equal amplitude with 
frequencies of 100 Hz and 200 Hz. (Assume, following B6k6sy's procedure, that the stimulus 
is applied directly to the stapes; filtering by the middle ear can then be neglected.) Plot a 
snapshot of the time-domain waveform as it would appear (1) at the stapes, (2) at 28 mm 
from the stapes, and (3) at 30 mm from the stapes. 

Problem 3: Width of the Excitation Pattern. In this problem you will estimate the number 
of inner hair cells stimulated by a low-level pure tone. Figure 1 below shows a neural tuning curve 
measured in the cat. Imagine presenting a threshold-level pure tone at the neuron's characteristic 
frequency. The tone sets up a traveling wave whose envelope-and the corresponding pattern of 
hair-cell excitation-has a certain width, Ax. Count as "stimulated" any hair cell whose stereocil
iary motion is at least 1/10 as large as the motion at the characteristic place. 1 Derive a relation 
between the bandwidth, Af, of the tuning curve and the spatial width, Ax, of the excitation pat
tern. For simplicity, assume that the relation between ear-canal sound pressure and stereociliary 
deflection is linear and that the middle-ear transfer function does not significantly affect the shape 
of the tip of the tuning curve. Justify these assumptions. Explain your procedure for estimating 
the spatial "spread of excitation" from the neural tuning curve (Hint: Use local scaling symmetry). 
Potentially useful facts: (1) in this region the cat cochlear position-frequency map is approximately 
exponential: 

-fCF(X) fmaxe /, 

where f ax 57 kHz and I 5 mm; (2) the width of a hair cell is roughly 10 pm. What fraction m 

of the total number of inner hair cells is stimulated by a threshold-level pure tone? Comment on 
the canonical characterization of neural tuning as "sharp." 

C Problem 4: Transmission-line Model of the Cochlea. In this problem you will analyze the 
simple, one-dimensional model of cochlear mechanics illustrated in Fig. 2. Represent the "unrolled" 
I I, I 1I I : ii - I: 1 : , w . 1 11 -i..z,1.-,.11,,.1 F ~.8r t Ad + 

scala vestibuli and scala tympani, separated by an elastic membrane, representing the cochlear 
partition. Assume that the wavelength of the traveling wave is long compared to the height of the 
scalae. The pressures in the two scalae are then approximately uniform in any cross section and 
depend only on the longitudinal distance from the stapes, x. 

1. Assume that fluid viscosity is negligible and use Newton's 2nd law to derive an expression 
between the fluid pressure, Pv, and the longitudinal fluid velocity, uv, in the scala vestibuli. 

In particular, show that 

a Pxat (1) 

where p is the density of the fluid. (Hint: Consider the forces on the fluid element in a 
cross sectional slice through the scala vestibuli of length Ax.) Derive the analogous equation 
relating Pt and ut in the scala tympani. Assume that both uv and ut are positive when the 

fluid particle flows in the direction of increasing x (i.e., towards the helicotrema). 

2. Assume that the fluid is incompressible and derive an expression between u, and the membrane 
velocity using conservation of mass. Assume that the membrane displacement, d(x,t), is 

1Extra credit: Justify this criterion based on your knowledge of the difference between rate and synchrony measures of neural 
threshold. 
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Figure 1: Neural tuning measured in the cat by Liberman and Kiang (1978, Fig. 1; see also Fig. 4.3 of Pickles 
(1988)). 

orthogonal to its surface and let d be positive when the membrane is displaced downwards 
(i.e., into the scala tympani). In particular, show that 

Sauv =_badb (2) 

where S is the constant cross-sectional area of each scala and b is the width of the membrane. 
(Hint: Consider fluid flow into and out of the cross-sectional slice of length Ax.) Likewise, 
show that 

S-at = btat . (3)&x 

3. Consider now the motion of the cochlear partition, which moves in response to the pressure 
difference across its surface. Represent a small section Ax of the partition as a simple harmonic 
oscillator with an effective mass pAx, damping yAx, and stiffness nAx. (Thus, p, 7, and 
are the mass, damping, and stiffness per unit length.) Derive the equation of motion for this 
section using Newton's 2nd law. In particular, show that 

a2d ad 
b(p - t) = t-2 + + d . (4) 

4. Show that the quantity S(vv + vt) is constant, independent of position. Explain why this 
constant must be zero. Use the results to show that Pv + Pt is also constant, independent of 
position. 

5. Simplify the equations by introducing the variables p Pv - Pt and u S(uv - ut)/2. Assume 
that p and u have sinusoidal time dependence and denote their Fourier transforms by upper
case letters (so that, e.g., p(x, t) = Re {P(x,w)eiwt), where w is 27r times the frequency of 
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Scala vestibuli pv(x,t)=pressure Sv=area 
Stapes 

uv(x,t)=fluid particle velocity 

d(x,t)=partition displacement 

Cochlear partition
Round pt(x,t) (of width, b)
window 

Scala tympani st 

Figure 2: Schematic diagram. 

stimulation). Show that one obtains a pair of first-order ordinary differential equations for P 
and U: 

dP 
-= -ZU; (5)
dz 
dU 

= -YP, (6)
dz 

where 
Z(x, w) _ iwM , (7) 

and 

(8)Y(x, w) 
iw(L() + R(x) + l/iwC(x) ( 

What are the values of M, L, R, and C in terms of the mechanical properties of the cochlea 

(e.g, p, b, , etc)? 

Equations (5) and (6) have the same form as the equations describing an electrical transmission 
0 l The lnnr-Xwkrvp mnrll1; 1, ; rrln 7 n rl ehF tI-rlm-ttnr. V nrr lft loncrf

is thus often referred to as a one-dimensional transmission-linemodel. 

6. Decouple the transmission-line equations to obtain a wave equation for P(x, w) at frequency 
w: 

d2 P 1
d P+ P=PO (9)2dx2 

[Hint: Differentiate Eq. (5) for dP/ldx and substitute Eq. (6) for dU/dx into the result.] What 
is A(x, w) in terms of Z and Y? 

7. Solve the wave equation for P(x, w) [Eq. (9)] assuming that Z and Y are constant, independent 
of position. Discuss the character of the solution Peiwt when A 21rA(x) is real. Provide a 
physical interpretation of A. How is the solution modified if A has an imaginary part? 

8. The mechanical properties of the cochlea (e.g., the mass and stiffness of the partition) vary with 
position. But if they change gradually enough, the cochlea might be expected to act locally 
much as a uniform transmission line. This assumption allows one to obtain an approximate 
solution for the forward-traveling pressure wave using the so-called "WKB approximation." 2 

Here, you will show that when the mechanical properties of the medium vary with position, 

2 "WKB" stands for Wentzel, Kramers, and Brillion, who applied this approximation technique to Schr6dinger's equation 
and the problem of a wave packet moving in a potential. 
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the amplitude of the wave changes even when A is entirely real. First, justify assuming a trial 
solution of the form 

P(x) A(x)e-if dx'/(') , (10) 

where A(x) is some function to be determined (note that the dependence on w has been 

omitted for clarity). Substitute this expression into the wave equation and assume that the 

second spatial derivative of A(x) is "small" and can be neglected. Solve the resulting equation 

and determine the function A(x). Discuss the qualitative differences between this solution for 

P(x, w) and the result you obtained assuming that A= constant. 

9. At its basal end, the cochlear "transmission line" is driven by the motion of the stapes. To 

compare model predictions with experiment we need to normalize basilar-membrane (BM) 

velocity by the velocity of the stapes and thereby obtain a "transfer function," 

BM velocity 
stapes velocity' (11) 

that depends only on the mechanics of the cochlea. Assume continuity of volume velocity and 

obtain an expression for the ratio, T, of membrane velocity at point x to the velocity of the 

stapes. Your expression should involve b, Z, Y, P, and the area of the stapes footplate (or 

oval window), Sow. 

10. Based on the forms for Z and Y obtained above (i.e., Eqs. 7 and 8) show that A has the form 

I (1 - p2 i) 2 (12) 

where 3(x,w) -W/r(X), N - (1/4)v/M L, Wr(X) 1 /- is 2r times the "resonant" 
frequency of a section of membrane, and 6 -=WrRC is the dimensionless damping parameter. 

Comment on the significance of the fact that A(x, w) is a function of the ratio /wr(X). 

Problem 5: Comparing Theory and Experiment. In this problem you will compare the one-
dimensional transmission-line model with actual measurements of basilar-mmhrane otion To 

solve for the model response, one substitutes the equation for the wavelength of the traveling wave 

27rA(x, w) [from Eq. 12 from Problem 4, part 10] into the expression you obtained for the basilar-

membrane transfer function T(x, w) [from Problem 4, part 9], uses the WKB approximation to solve 

for the pressure P(x, w) [from Problem 4, part 8], and evaluates the necessary integrals. When the 
smoke clears, the transfer function, T, becomes3 

T(x, w) Tooi/(x,w)[ Wmax 11/2 e-i4N{sin- [,(x,w) -i6/2] -sin-' [P(0,w)-i6/2]} 

WrT( [1 - 0 2 (X,W) i6(, )]3/ 4 (13) 

where To is a real, dimensionless constant and the dimensionless constants N and 6 (defined along 

with (x, w) in Problem 4, part 10) have been assumed independent of position. 

1. Rhode's (1971) measurements of the amplitude and phase of T(xo, w) in the squirrel monkey 

(made as a function of angular frequency w at some point x0o) are shown in Fig. 3. Compute 

T(xo, w) from Eq. (13)-using, for example, Matlab or some similar program-and vary the 

free parameters (To, xo, N, and 6) to try to obtain a decent fit to the data.4 A decent fit should 
3 Much extra credit: Derive Eq. (13) for T(x,w). 
4 Compute your model responses over the range 1-10 kHz using at least 256 points/decade resolution. Plot your amplitude 

results on a logarithmic frequency scale and your phase results on a linear frequency scale, as in Fig. 3. You may find the 
Matlab functions angle() and unwrap() helpful for computing your model phase responses. (When trying to match the phase 
data, the function unwrap() will help you remove discontinuities from the model phase response by adding integer multiples 
of 2r when appropriate.) And when converting your magnitudes to dB, be careful to take the common and not the natural 
logarithm! 
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Rhode's Measurements of T 
(Animal 69-473) 

Amplitude Phase 
f [kHz] ITI [dB] f [kHz] LT [rad] 

1.0 -6.0 1.0 -0.6 
1.5 -2.9 1.5 -2.0 
2.0 -1.2 2.0 -3.4 
2.5 4.2 2.5 -4.5 
3.0 3.0 3.0 -6.3 
3.5 9.2 3.5 -7.1 
4.0 5.7 4.0 -8.5 
4.5 10.7 4.5 -10.0 
5.0 12.3 5.0 -11.1 
5.5 15.6 5.5 -13.0 
6.1 19.8 6.0 -14.2 
6.4 21.6 6.2 -14.9 
6.7 23.6 6.4 -15.6 
7.0 25.6 6.6 -16.6 
7.2 25.4 6.8 -17.3 
7.4 27.4 7.0 -18.4 
7.6 27.2 7.2 -19.1 
7.8 29.3 7.4 -19.6 
8.0 24.1 7.6 -21.5 
8.2 19.4 7.8 -22.9 
8.3 15.2 8.0 -23.9 
8.4 8.5 8.2 -24.8 
8.7 -0.8 8.4 -25.3 
8.9 -10.2 8.6 -26.1 
9.0 -13.1 8.8 -27.5 
9.3 -21.2 9.0 -28.0 
9.5 -28.0 9.3 -27.8 
10.0 -24.9 10.0 -28.5 

Table 1: Data for the measurements shown in Fig. 3. Note that the frequencies at which the amplitude and 
phase are measured are not always the same. 

do a reasonable job reproducing both the amplitude and the phase simultaneously. (Hint: Try 
N - 3 and 3. 1/10 as reasonable first guesses for N and 3.) List the parameter values of your 
fit and plot the resulting function T together with the data. Note that measurements in the 
squirrel monkey suggest that 

Wr(X ) = Wmaxe-xl (14) 

where Wma/27r 50 kHz and 1 5 mm. For your reference the values of the data points are 
listed in Table 1. 

2. Based on your experience varying the parameters values, explain the physical significance of 
the parameters To, x0, N, and 3. What features of T depend on the value of each? How 
accurately are the parameter values determined by the data (i.e., how sensitively does the fit 
depend on the value of each)? Assess the overall quality of your fit. What features of the 
model response are similar to the data? What features are not? 

1O) 3. Using your best-fit parameters, plot the real and imaginary parts of A(x, w) [i.e., 27rA(x, w) 
from Eq. 12 in Problem 4, part 10]. Make two plots: (1) the first at x0 as a function of f and 
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Extrapolated 
Measurements of T 

(Animal 73-104) 
f [kHz] ITj [dB] LT [rad] 

2.0 1.7 -2.8 
4.6 15.4 -10.6 
5.4 19.6 -12.9 
6.0 24.6 -15.0 
6.3 29.5 -16.5 
6.4 33.4 -17.2 
6.6 40.3 -18.3 
6.8 41.0 -19.5 
7.0 50.7 -20.8 
7.1 61.5 -22.2 
7.4 80.9 -25.8 
7.6 80.3 -29.3 
7.8 51.3 -34.8 
8.1 5.6 -34.0 

Table 2: Data for the measurements shown in Fig. 4. 

(2) the second at the best frequency (i.e., approximately 7.8 kHz) as a function of x. Discuss 
how the real and imaginary parts of A(x, w) determine the behavior of the wave (see part 7 of 
Problem 4). 

Problem 6: Theory and Experiment, Revisited. Cochlear mechanics is now known to be 
extremely labile. Healthy preparations show nonlinear responses at all but the lowest (and highest) 
sound levels. Rhode's (1971) measurements were made on what is now thought to be a compromised 
preparation at sound levels of 70-90 dB SPL. Figure 4 shows a more modern estimate of T obtained 
bv eitr nolthin Rholde's lter ra mlrementts to soilnd-levels near threqhold (Zweif 1991). 

1. Compute T(x, w) as in Problem 5 and attempt to obtain an approximate fit to the data by 
varying the free parameters (i.e., To, x0, N, and ). (Hint: Use your earlier experience to 
obtain initial estimates.) List the parameter values of your fit and plot the resulting function 
T together with the data. For your reference the values of the data points are listed in Table 2. 

2. Assess the overall quality of your fit. What features of the data are captured by the model 
response? What features are not? A number of simplifying assumptions were made in deriving 
the model. Which assumptions do you believe to be the most significant (i.e., most likely 
to underlie any discrepancy between the model predictions and the data)? Explain your 
reasoning. 

Problem 7: A Model for the Physiological Basis of Harmony. Certain musical intervals 
are called consonantbecause listeners consider pitches separated by these intervals to "sound good" 
when played together, e.g., on a piano. The intervals traditionally considered consonant are listed 
in Table 3. Note how the relative frequencies of the tones in a consonant interval are given by ratios 
of small integers. In this problem you will investigate a model (originally due to Helmholtz and 
extended and modernized by Plomp) for the physiological basis for this striking "numerological" 
fact, a fact that underlies the rules of harmony governing much of Western music. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

252
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



-10

0

10

1 2 3 4 5 6 7 8 9

Frequency [kHz]

Extrapolated Measurements
A

m
pl

itu
de

 o
f T

 [d
B

]

20

30

40

50

60

70

80

90

-40

-20

-10

0

0 1 3 6 7 8 9

Frequency [kHz]

Ph
as

e 
of

 T
 [r

ad
ia

ns
]

2 4 5

-30

Figure by MIT OCW

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

253
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



0
0 1

Minor Third

Whole Tone

Half Tone

Critical Bandwidth

2 4 5

Center Frequency [kHz]

Fr
eq

ue
nc

y 
D

iff
er

en
ce

 [H
z]

 

1000

800

600

400

200

3

Figure by MIT OCW

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

254
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



0.0
0.0 0.2 0.4 0.6 0.8 1.0

Frequency Difference
(fraction of a critical bandwidth)

R
el

at
iv

e 
D

is
so

na
nc

e
1.0

0.8

0.6

0.4

0.2

R
elative C

onsonance

Figure by MIT OCW

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

255
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

256
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



2 6.551J/HST.714J PS8 11/30/04 

Problem 2 

Make up three different sentences, each containing 5-7 words. The following criteria apply 
to each sentence: 

(a) Sentence 1: Every vowel should be a front vowel. 

(b) Sentence 2: Every vowel should be a back vowel. 

(c) Sentence 3: Every vowel should be a lax vowel. 

(d) Sentence 4: Every consonant should be a sonorant consonant (i.e., there is no 
pressure buildup in the mouth). 

(Note: The sentences might contain schwa vowels as in words like the, or the first vowel in 
about. Don't count these vowels.) 

Problem 3 

A spectrogram of a sentence is attached. Answer the following questions about events or 
regions in this sentence. Briefly explain the reasoning that leads to your answer. 

1. Identify a region in time where there is evidence for a back vowel. 

2. What is the approximate speaking rate for this sentence, in syllables per second? 

3. Identify at least two regions where there is complete closure of the lips. 

4. Identify at least one region where the velopharyngeal port is open (i.e., there is a 
lowering of the soft palate). 

5. There is a time interval of about 100 milliseconds where the tongue body moves 
from a backed to a fronted position. Identify this time interval. 

6. Identify a region where turbulence noise is generated by blowing air against the 
lower incisors. 

7. Roughly what is the vocal-tract length of the speaker? (Hint: find the average 
frequency ofthe third formant.) 

8. Identify a region where the principal source ofsound is aspiration noise in the 
vicinity of the glottis. 
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9. Locate a time when there is evidence for a segment with the following combination 
of features: [+vowel, +high, -back]. 

10. What is the fundamental frequency ofvocal-fold vibration in the vicinity of 1800 
milliseconds? 

11. Estimate where in the sentence the tongue body is in a maximally low position. 
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6.551J/HST 714J Acoustics of Speech and Hearing: Laboratory I 
  

Week of 27-September-2004  page 1 
 

Spherical Waves and Reverberation: Sound pressure measurements a reverberant room 
(Report due 7-October-2004) 

 Laboratory 1 consists of acoustic measurements.
 Each student should prepare a report on the lab. Since you work in pairs, the data presented 
in each report may be shared among partners, however the words: introducing the report, 
describing the data and describing the conclusions must be the work of each individual.  

A. Objectives  
 The primary objectives of this laboratory session are: 
1. to demonstrate the properties of spherical acoustic waves. 
2. to demonstrate the effects of room reverberation on sound transmission. 

B. Equipment 
– A speaker (on a 1.2 m pole) driven by a power amplifier, 
– A microphone (on a pole), 
–  A microphone amplifier, 
– A two-channel oscilloscope,  
– A PC compatible micro-computer with a DSP-16+ and SysId software, and 
–  A highly reverberant room 
–  A sound level meter is optional 

C. Theory 

1. Spherical Acoustic Waves (Section 5.11 of Kinsler et al., pg. 112-115). 
 Spherical acoustic waves can be treated as one dimensional waves in which the 
magnitude and angle of sound pressure P vary only with the radial distance from the source r, 
such that 

 P(r) = A+

r
e− jkr   ,  (Eq. 1) 

where: k =ω c  and A+ is the complex amplitude describing the outward going wave, (Eq. 1 

assumes that there are no reflected waves). Reflections and the production of backward traveling 
waves complicate the relationship between P(r) and r. 
 

2. Room Acoustics (Chapter 13 of Kinsler et al.) 

a. The influence of reverberations on sound pressure and volume velocity 
 The importance of reflections in an acoustic environment is primarily dependent on the 
sound absorptive properties of the environment’s boundaries and furnishings.  Anechoic 
environments are bounded by surfaces that are matched to the characteristic impedance of air.  
Such surfaces absorb all incident sound waves, such that there are no reflections.  Rigid 
boundaries absorb little sound energy and cause large reflections.  If the walls and all of the 
furnishings within a room were completely rigid and air were a truly lossless medium, sound 
emitted within such an reverberant environment would theoretically continue forever, bouncing 
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from surface to surface without loss. 
 
     The Sabine equation  
 T ∝ Volume / Absorption  (Eq. 13.1 of Kinsler et al.) 
relates the reverberation time (a measure of the decay time of an acoustic transient) to the losses 
(absorption) within an environment. The reverberation time T is usually defined as the time 
needed for an acoustic transient to be reduced to 60 dB below it’s peak value. The 60 dB 
dynamic range required of the measurement equipment is difficult to achieve without the use of 
large sound pressures or long averaging times. The techniques in this laboratory exercise will 
allow you to estimate reverberation times from measurements of smaller dynamic range. 

b. The use of narrow-band noise 
 The presence of large reflections increases the spatial variation within a sound field. The 
sound-pressure magnitude in response to a tonal stimulus in a reverberant environment would 
show large spatial derivatives corresponding to alterations between peaks and troughs of the 
“standing waves”. This rapid spatial dependence complicates measurements of sound 
propagation within the room. In order to smooth out the spatial dependence, it is common 
practice to use narrow-band noise in measurements of the acoustic properties of a room. Part of 
the measurement protocol makes use of a third-octave bandwidth noise centered at 1 kHz to help 
determine how sound pressure and velocity vary in a room. 

c. Direct and Diffuse field. 
 In general, the sound pressure at any point in space can be characterized as the sum of 
waves propagating in all directions. In the one-dimensional case, we need only consider waves 
propagating in the positive and negative directions. In a three-dimensional reverberant 
environment, the number of possible wave directions is infinite. However, there are a few rules, 
which simplify the sound field. If the dimensions of the environment are large compared to 
sound wavelengths, there will be a region near the sound source where the sound field is 
dominated by the one-dimensional “direct field”.  This region occurs because losses in air and 
the spread of sound power through the room reduce the magnitude of the reflected waves relative 
to the output wave near the source.  As the stimulus wave propagates from the sound source its 
pressure amplitude is reduced by a factor of 1/r (Eqn 1) until the reflected waves dominate.  If 
the sound stimulus continues for a long enough time, the reflected waves come from all 
directions and are all of similar average power density such that the sound pressure is relatively 
independent of position.  This condition is called the diffuse field.  The location where the direct 
and diffuse field meet is called the critical distance. 

3. Sources of Variation in Acoustic Measurements 
 In general, acoustic measurements are inherently variable, e.g. small variations in 
microphone positions in the sound field or uncontrolled noise sources can cause significant 
variations in measured sound pressure. Your presence and the presence of others in the rooms 
where you make measurements, as well as the ringing of the elevator bell, doors opening and 
closing, etc., will increase the uncertainty associated with any one measurement. In order to 
reduce these uncertainties you should plan to repeat measurements.  A well thought out plan of 
measurement repetitions will not only determine the variability of your estimates, but will allow 
you to partition the variability between uncontrolled room-noise and variations and errors in 
microphone 
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positioning.
 

D. Protocol  

1. Set up 
a.  Place the speaker in the center of the room and connect it to the power amplifier output. 
b. Place the microphone assembly 0.25 meter from the speaker and connect the pressure 

microphone to the amplifier. 
c. Confirm that the output lead of the DSP-16+ board is connected to both oscilloscope 

channel 1 and the input to the power amplifier. 
d. Confirm that the output of the microphone amplifier is connected to both oscilloscope 

channel 2 and the input lead of the SysId board. 
e. Confirm that the microphone amplifier is on, working and the gain is set to 20 dB. 
f. Confirm that the power amplifier is on and the attenuator is set to 20 dB.  You may adjust 

the attenuator to change the intensity of the sound produced.  Smaller attenuations yield 
more intense sounds.  Assume the attenuator and the microphone amplifier are linear. 

Use the attenuator to adjust the sound to a comfortable level.  Keep track of the attenuator 
level and microphone gain in your protocol.  Undocumented variations in gain or 
attenuation can cause large misinterpretations.  Also be conscious of noise floor issues.  If 
your measured pressures vary randomly about some level, is it because the stimulus is 
indistinguishable from measurement noise? 

g. Turn on the computer, and move to the appropriate disk directory. 
 –Type the bold in response to the prompt 
  C:\>cd 6551LABS.04\LAB1.DIR  
h. Start SYSID by typing 
  C:\6551LABS.04\LAB1.DIR>sysid 

2. Impulse Response 
 Measure the sound pressure produced by an acoustic click and estimate the reverberation 
time of the system. 

a. Load the impulse measurement parameters with a macro command 
 – hit the “F1” key 
 – at prompt hit “ENTER” key. 
b. Initiate the measurement (Type F). 
c. Describe the response spectrum.  Is it flat? upward sloping? downward sloping? What is 

the frequency of the maximum and what are the critical frequencies for describing roll-
offs?  (Make sure you choose an attenuation and microphone gain that give a good signal 
to noise level.  To differentiate between signal and noise, make repeated measurements at 
varied attenuator levels.  The signal should change regularly with attenuation, the noise 
will not.) 

d. Describe the time wave form. 
 – Type T  
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 – What is the duration and overall shape of the click response? 
 – How long does it take for the click response to decay from its peak to the noise level? 
 – Adjust the display limits (use the L command) to more closely observe the first 200 ms 

of the response. 
 – What is the latency between the electric pulse to the speaker and the first maximum of 

the click response? 
e. Redisplay the full time span of the response and use a log-representation of the envelope 

of the wave form to investigate reverberation time.  (The waveform envelope traces 
measurements of the average amplitude of the waveform made over a small integration 
time.)  

 – Type V and then G.  
 – What is the magnitude range (in decades) between the peak response and noise? 
 – How much time is required for the stimulus to go from the reverberation maximum, just 

after the click peak, to the noise floor?  
 – Use these plots to estimate the reverberation time of the room.  In a dB vs. linear time 

plot, the reverberation should decrease in a near linear fashion.  Use the slope of the 
decrease to estimate how much time it would take for the reverberation to fall a full 60 
dB.  Remember that you won’t see a full 60 dB fall because of noise.  

3. Sound Pressure as a Function of Distance from the Source. 
Spherical wave theory predicts that the pressure varies in regular patterns with distance 

from the source.  This exercise asks you to use tones and a third-octave noise band to determine 
these spatial variations in both environments.  

a. Place the microphones 25 cm from the speaker and connect the pressure microphone to 
the amplifier. 

b. Initiate a noise band centered at 1 kHz.  
 – Load the measurement parameters and start the measurement with macro “F3” 
 – at prompt hit “ENTER” key. 
c. Measure the response magnitude, it may be helpful to use third-octave filtering from the 

Process menu: type P, O, and return.  Also clicking the mouse activates a cursor. 
d. Repeat the measurement a few times in order to estimate the variability. 
 - From the Measure menu type F. 
e. Repeat the process with a few pure tones of 1000 Hz,  
 - from the Measure menu type O and then 1000 and then return. 
f. Vary the distance of the microphone from the speaker and re-measure with the noise and 

tone.  Plot your results.  Is there a regular variation of |P| with r?  What would you 
predict for a spherical source?  Is that pattern observable in your data?  Can you define a 
critical distance where the reverberation begins to dominate?  Use a constant spatial 
increment, say 25 cm for your measurements.  Are the measurements with the noise, 
more or less regular than the measurement with the tones?  

 Construct all plots while you are taking the data.  Inspection of the results will help 
you think about the measurements and may point out errors. 

4. Other things you can try. 
a. A spherical sound source is omni-directional.  Does this speaker approximate an omni-

directional source?.  Does the directionality depend on sound wavelength? 
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b. Using impulses or tone bursts (hit the F5 or F6 keys), change the position of the 
microphone in the room to try to exaggerate and identify specific echoes. 

c. Walk around the room with the sound level meter while either tones or the noise band is 
being played.  Can you find evidence of nulls. 

 
E. Report 
Describe your results in a brief but complete report.  Your report should include: 

–A brief review of your methods:  Where was the sound source placed?  Over what distance 
range did you make acoustical measurements, etc.  

–A description of the impulse response and the estimates of reverberation time.  How 
reproducible are these estimates.  What determines the first few msec of the impulse 
response?  What determines the later times?  How good are these estimates?.   

–Describe in detail how sound pressure varies with distance from the source in the elevator 
lobby.  Does any part of these measurements fit the theory for spherical acoustic waves?  
Does any part of these measurements fit the theory for the diffuse field? What is the 
critical distance in the two environments?  Are there differences between the tone and 
noise-band measurements?  Why or why not? 

-If you investigated the directionality of the speaker or the location dependence of the 
reverberation, or any thing else, summarize those results. 

-Remember each lab report is 10% of your grade.  The best reports will be concise and 
clear, and will discuss the measured data in terms of some aspect of acoustic theory, e.g. 
you may use the data to test the “inverse square law” hypothesis and then discuss to 
what degree it holds in the two environments. 
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Massachusetts Institute of Technology 
6.551-HST.714 

Acoustics of Speech and Hearing 
Lab 2: Measurement of Masked Thresholds 
Laboratory Exercise - October 25-29, 2004 

Write Up Due - November 4, 2004 

Background 
Measurements of a listener's ability to detect sounds are made in both scientific research and 
in routine clinical practice. This laboratory exercise is concerned with methodological issues 
that arise in such measurements. You will compare four different methods of characterizing 
detection abilities. In addition, for each method you will examine the effects of practice 
and training on the performance of the listener, and study the ability of each method to 
detect changes in performance. These methodological issues are pervasive and occur when 
one attempts to measure many psychoacoustic phenomena. 

Two basic methods of testing are used in psychoacoustics: fixed level and adaptive pro
cedures. Fixed level procedures, such as the method of constant stimuli, test a number of 
predetermined fixed levels in an attempt to estimate the function which relates some measure 
of performance, such as percentage of correct responses, to a measure of the stimulus, such 
as intensity. Often a criterion measure, such as the detection threshold, is then estimated by 
interpolation from this curve. An adaptive procedure is one in which the stimulus presented 
on a given trial is determined by the subject's responses on previous trials. The rules for 
adjusting the stimulus' are intended to achieve a specified level of performance on the part 
of the subject. 

In general the choice of measurement procedures depends upon one's application. For 
each application, a good procedure would be efficient, yielding reliable measures of perfor
mance in minimal testing time. The reliability of an experimental measurement is inversely 
related to its variability (as might be determined by repeated measurements) and its bias 
(systematic difference between true and measured values). 

Fixed level and adaptive procedures have different advantages so their usefulness is a 
function of the researcher's needs. The trade-offs often occur between accuracy and speed. 
Fixed level procedures can provide useful estimates of the detection threshold if the stimulus 
levels tested bracket the true value and if the test levels provide sufficient resolution. In 
order to ensure that the bracketing is adequate a relatively large range of levels must be 
tested. Since it is difficult to make use of the results of trials in which the stimulus is clearly 
audible or clearly inaudible to improve the accuracy of the threshold estimate, a considerable 
fraction of the testing effort can be wasted. 

Adaptive procedures can make more efficient use of test time to the extent that they 

'Rules that are currently in wide use are discussed in a paper by H. Levitt: "Transformed Up-Down 
Methods in Psychoacoustics," J. Acoust. Soc. Am. 49, pp 467-477. 
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concentrate testing effort on stimulus levels near the threshold value. Of course, all methods 
are adaptive, in the sense that experimenters typically adjust the range of levels to match 
the listeners demonstrated performance, even in procedures that are nominally fixed-level. 
The adaptive procedures in use today employ much more rapid adjustments: test levels 
may be changed on the basis of only one or two responses. The availability of electronically 
controlled stimulus generators and programmable computers that can keep track of responses 
and adjust the selection of test levels automatically accounts for the widespread use of these 
methods in current research. 

Laboratory Procedures 

In the laboratory, you will make connections between a variety of apparatus that generate 
electrical signals and transduce them into sounds. In addition, you will login to a computer 
that controls the experiment and identify the Audiostation you plan to use. Each lab group is 
provided with a separate account that maintains files containing records of the experiments. 
Before conducting an experiment you should calibrate the signals you intend to use. Al
though careful experimenters would measure the acoustic signals produced by the earphones 
(very careful experimenters would measure the pressure waveforms in the ear canals while 
headphones are worn) this level of accuracy is not needed in this exercise. It is satisfactory 
to calibrate signals in terms of the electrical voltages at the terminals of the headphones 
used in the experiment. 

Setup 
The tone to be detected is produced on one channel of the audio card and the masking noise 
is produced on a second channel. 

Protocols 

This laboratory exercise consists of two protocols. Each listener should be able to complete 
these protocols in one two-hour lab session. Each partner spend about one hour serving as 
listener and one hour controlling the experiment. It is not good idea to serve as a listener 
for a period of one hour. Each listener should collect half of the data in the first hour, the 
rest of the data in the second hour. 

The target stimulus in all protocols is a 1 (or 3) kHz sinusoid, 500 msec in duration. 
The purpose of each protocol is to determine the minimum intensity at which this tone can 
be detected when added to a bandpass 80 (or 40) dB SPL Gaussian noise. Because the 
tone to be detected is presented in an additive noise background, the "masked threshold" is 
being determined. Presentation in a quiet background would be required to determine the 
"absolute threshold" as in clinical audiometry. The noise background minimizes the effects 
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of extraneous sounds, and the data will be relevant when the topic of masking is discussed 
later in the subject. 

Protocol 1 

The first protocol uses the "method of limits" to estimate the detection threshold. In this 
method, stimulus intensities are systematically decreased (descending limits) or increased 
(ascending limits) from presentation to presentation. In descending limits the signal level is 
initially well above the subject's threshold and then the level is decreased at fixed intervals 
until the subject responds "No"to the question, "Do you hear the tone?" The "descending 
threshold" for a given test is taken to be the level at which the responses change from "Yes" 
to "No". In ascending limits the signal level is initially well below the subject's threshold 
and then increased at fixed intervals until the subject responds "Yes"to find the ascending 
threshold. In both cases the starting point and the set of stepsizes are varied to discourage 
response patterns based on counting. 

In general the ascending threshold is higher than the descending threshold. When a 
single estimate of the detection threshold is needed, ascending and descending thresholds are 
usually averaged. The rationale for this is that when levels are presented in descending order, 
there is a bias for the response "Yes". When the tone levels are presented in ascending order, 
there is a bias for the response "No". Therefore, averaging the ascending and descending 
thresholds tends to cancel the biases. 

Repeat this threshold test a total of four times under identical listening conditions to 
estimate its reliability. Test twice in each of two hours. Record the ascending and descending 
thresholds after each run and enter them into Table 6. You should run this test protocol 
twice, conduct Protocol 2, then repeat the entire set. 

Protocol 2 

This measurement uses the adaptive, up-down procedure developed by H. Levitt. Two ex
periments are performed: an upward biased experiment and a downward biased experiment. 
The upward biased experiment begins well above the estimated threshold with decreasing 
stimulus levels expected at the end of the first run (descending run). Recall that a run is 
a series of steps in only one direction. The downward biased experiment begins well below 
the estimated threshold in the upward biased experiment with increasing stimulus levels ex
pected at the end of the first run (ascending run). A turnaround point is the point at which 
the stimulus level is decreased during an ascending run or increased during a descending run. 
Eight runs are performed for each experiment. The average of the turnaround points is the 
threshold (nominally corresponding to 70.7 % responses). 

This is a one-interval two-alternative forced-choice procedure in that each trial consists 
of one interval of either noise (probability 0.5) or tone plus noise (probability 0.5). There 
are two parameters of concern: the criteria for changing stimulus levels and the method of 
adkusting the step size. 
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The initial stimulus level should be 10 dB higher than the average value measured in 
Protocol 1 for an upward biased experiment and 10 dB lower than the average value measured 
in Protocol 1 for a downward biased experiment. 

The criteria for changing stimulus levels can be found in entry 2 of Table I in the Levitt 
paper. The level increases if the response is incorrect (a turnaround point for descending 
runs), stays the same if the response is correct, and decreases if the response has been correct 
for two consecutive trials (turnaround point for ascending runs). According to Levitt's 
analysis, these criteria should cause the stimulus level to converge to a performance level of 
70.7% correct responses. 

Trial Dirction Turns Step Level I Response || 

1 0 0 5.0 60.0 + 
2 0 0 5.0 60.0 + 
3 D 0 5.0 55.0 
4 U 1 5.0 60.0 + 
5 U 1 5.0 60.0 + 
6 D 2 2.5 57.5 
7 U 3 1.7 59.2 + 
8 U 3 1.7 59.2 + 
9 D 4 1.2 58.0 

Table 1: Sample track of the Up-Down Adaptive Method. The directions are: U - increasing 
level, D - decreasing level, 0 - undetermined direction. Levels are in dB. A correct response 
is designate +. An incorrect response is designated -. 

The step size starts at some initial and relatively large value, say 5 dB, and stays at that 
value until a turnaround occurs. At each successive turnaround the step size is this value 
divided by the number of the turnaround. It is then used to compute the next stimulus value. 
For convenience the minimum value of the step size is 1.0 dB. A possible initial sequence of 
trials is shown in Table 1. 

Presentations cease when the total number of turnarounds exceeds a specified value, in 
this case eight. The threshold is taken as the average of the turnaround values. 

Repeat the measurement procedure four times under identical listening conditions to 
estimate its reliability. Test twice in each of the two hours. Record the upward and downward 
biased thresholds after each run and enter them into Table 7. You should run this test 
protocol twice, each time after Protocol 1. 

4
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Analysis of Results 
Prepare a brief report summarizing your measurements. Be sure to specify the frequency of 
the tone used. Your report should be submitted in printed form, prepared by a formatting 
word processor such as EZ, Word, or LaTex. It should address the following. 

1. Compare the estimates of detection threshold values obtained using the first and second 
measurements with the third and fourth measurements for each of the two protocols. 
Which Protocol yielded the more consistent estimates of the masked threshold? 

2. Compare the estimates of detection threshold values obtained using Protocols 1 and 2. 

(a) Which Protocol produced the lowest and highest estimates of the masked thresh
old for the tone (considering the average of the four determinations for each 
protocol). 

(b) Is there evidence that the masked threshold changed between the first and second 
administrations of the pairs of tests? 

3. Measurements such as that employed in Protocol 1 are similar to those made rou
tinely in the audiological clinic. Based on your results and observations, are clinicians 
well advised to continue using such methods or should they be encouraged to use the 
techniques employed in Protocols 2? 

5
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A Item I Value 
Group 

Audiostation 
Tone Frequency (Hz) 
Noise Level (dB SPL) 

Table 2: Background Information. 

Run I Descending Threshold Ascending Threshold Threshold 11


I3I-II I


14 1 


Table 3: Results obtained using the Method of Limits. 

Run I Upward Downward Average I Presentations 
I _ 1 1_ | 


1 4 1 1 1
i3_I__II__ 
4t--~ 

Table 4: Results obtained using the Up-Down Adaptive Method. 
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Item Value 
Group 

Audiostation 
Tone Frequency (Hz) 
Noise Level (dB SPL) 

Table 5: Background Information. 

|| Run Descending Threshold Ascending Threshold [Threshold 

2_ ____ I_ ___II _ 

Table 6: Results obtained using the Method of Limits. 

11Run I Upward Downward IAverage Presentations | 

1 2 1 1 1 

_ _ _ __ __ II I 
Table 7: Results obtained using the Up-Down Adaptive Method. 

7
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Transformed Up-Down Methods in Psychoacoustics 

H. LEVITT 

Doctoral Programin Speech, The City University of New York GradualeCenter, 33 West 42 Street, New York, New York 10036 

During the past decade a number of variations in the simple up-down procedure have been used in psycho
acoustic testing. Abroad class of these methods is described with due emphasis on the related problems of 
parameter estimation and the efficient placing of observations. The advantages of up-down methods are 
many, including simplicity, high efficiency, robustness, small-sample reliability, and relative freedom from 
restrictive assumptions. Several applications of these procedures in psychoacoustics are described, including 
examples where conventional techniques are inapplicable. 

INTRODUCTION 

A. Adaptive Procedures in Psychophysics 

An adaptive procedure is one in which the stimulus 
level on any one trial is determined by the preceding 
stimuli and responses. This concept is not new. Many 
well-known psychophysical techniques are essentially 
adaptive procedures. The von B6kdsy technique and the 
method of limits are two obvious examples. Recent 
developments in automated testing, however, have 
brought about a reconsideration of these methods. In 
particular, the up-down procedure and variations of it 
have received much attention in recent years (see 
References). The purpose of this paper is to describe the 
principles underlying up-down testing and to review 
briefly the relative advantages and shortcomings of 
several well-known procedures. The conventional 
method of constants is also included by way of 
comparison. 

Up-down methods of testing form a subset of a 
broader class of testing procedures generally known as 
sequential experiments. A sequential experiment may be 
defined as one in which the course of the experiment is 
dependent on the experimental data. Thus far, two 
separate classes of sequential experiments have received 
considerable attention: those in which the number of 
observations is determined by the data and those in 
which the choice of stimulus levels is determined by the 
data. Although the former class of methods, first 
described by Wald (1947), has found some application 
in psychoacoustics (Hawley, Wong, and Meeker, 1953), 
it is the latter class of methods, and the up-down 
method in particular, that is finding widespread applica

tion in psychoacoustics. The current trend towards 
computer-assisted testing will undoubtedly lead to 
wider application of these techniques. 

B. The Psychometric Function 

Figure 1 shows a typical psychometric function. The 
stimulus level is plotted on the abscissa; the ordinate 
shows the proportion of "positive" responses. The 
definition of positive response depends on the type of 

PSYCHOMETRIC FUNCTIONI":z o 

W2 '5 - - C)
Z 

o/
G100.o6W , 5C 
z
W0 
cr v 
W X50 

STIMULUS 

d[FIX)l 

F(X) 

F(XIEXPECTED FREQUENCY 
OF POSITIVE RESPONSES 

X7S 

LEVEL X

UNDERLYING 
FREQUENCY 
DISTRIBUTION 

dX 
0• 

-- . 

U 

FIG. 1. Typical psychometric function. The upper curve shows 
the expected frequency of positive responses in a typical experi
ment. In some applications, the curve may be the cumulative form 
of the frequency distribution shown in the lower portion of the 
figure. 
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FIG. 2. The solid curves show the expected proportion of correct 
responses, assuming the stimulus level is directly proportional to d'. 
The parameter N is the number of alternatives. The dashed curve 
shows a psychometric function derived from the normal ogive in 
which an adjustment for chance responses has been made. 

experiment. It may be, for example, a "signal present" 
response in a signal-detection experiment, or the correct 
identification of a word in an intelligibility test. For 
the case of forced-choiced experiments, a positive 
response may be defined as identifying the correct 
observation interval. Typical psychometric functions 
for this type of experiment are shown in Fig. 2. The 
solid curves show the expected proportion of correct 
responses, assuming the stimulus level is directly pro
portional to d'. The dashed curve shows a psychometric 
function derived from the normal ogive in which an 
adjustment for chance responses has been allowed. Note 
that the proportion of positive responses at zero stimu
lus level (i.e., no controlled difference between observa
tion intervals) corresponds to random guessing and is 
determined by the number of possible alternatives. 

For the curve shown in Fig. 1, two parameters are 
generally of interest: (1) the location of the curve, 
usually defined by the stimulus level corresponding to 

0 , and (2) the spread of the50%0 positive responses, X5
curve, usually defined by the distance, DL, between two 
conveniently chosen points, such as X-X or 
X7 0-X 3 0. If the curve has a specific mathematical form, 
then interest may lie in determining the location and 
scale parameters defining the curve. For example, the 
psychometric function may be a cumulative normal, 
where the probability of a positive response at stimulus 
level X is 

F(XI) (2- ()'(2"2dX,-

and the parameters of interest, A and a, are the mean 
and standard deviation, respectively, of the underlying 
normal distribution (see Fig. 1). The interpretation in 
psychophysical terms of paand ao,or alternatively, Xso 
and DL, depends on the particular experiment. In an 
experimental comparison between a test and a reference 
stimulus, for example, X5 0 may be defined as the point of 
subjective equality and DL as the difference limen (Tor
gerson, 1958, p. 144). In other applications, X60 has 
sometimes been defined as the threshold and DL as the 
differential threshold. 

468 Volume 49 Number 2 (Port 2) 1971 

For the forced-choice experiment (Fig. 2) it is fre
quently of interest to determine only one pointon-the 
psychometric function, such as the X75 level. This value 
has also been used to define the difference limen. Many 
experiments, of course, require that more than one 
point on the curve be determined. 

C. Basic Assumptions 

Several basic assumptions are usually made when 
using up-down, or conventional testing procedures. 
These are 

(1) The expected proportion of positive responses is a 
monotonic function of stimulus level (at least over the 
region in which observations are made). 

(2) The psychometric function is stationary with time, 
i.e., there is no change in the shape or location of the 
function during the course of a test. 

(3) The psychometric function has a specific para
metric form, e.g., cumulative normal. 

(4) Responses obtained from the observer are 
independent of each other and of the preceding stimuli. 

Of the above four assumptions, (1) is the least 
restrictive and the only one that is essential in using the 
up-down procedure. Assumptions (2), (3), and (4), 
although not essential, often facilitate experimental 
design. Conventional procedures, such as the method of 
constants, usually require assumptions (2), (3), and (4). 

D. Some General Principles 

Two basic considerations govern the use of any 
experimental procedure: (1) the placing of observations 
and (2) estimation based on the resulting data. The 
most desirable situation is obviously good placing of 
observations followed by a good method of estimation. 
The least desirable situation is bad placing of observa
tions followed by a bad estimation procedure. In many 
practical cases it is sufficient to have good placing of 
observations followed by a simple but adequate method 
of estimation. This situation is far better than poor 
placing of observations followed by a highly sophisti
cated, highly efficient estimation procedure. A good' 
procedure is defined here as one that is highly efficient, 
robust, and relatively free of bias. 

Good placing of observations depends on the param
eters to be estimated. If one is interested in estimating 
X,, for example, 2 one should place observations as close 
to X, as possible. If one is interested only in estimating 
C,observations should be placed on either side of, but at 
some distance from, Xso. Figure 3 shows how the placing 
of observations affects the expected error variance of the 
maximum-likelihood estimates of p and a for a cumula
tive normal response curve. In this example, u= Xso; it 
is assumed that the observations are roughly symmetri
cally placed about the midpoint and that the total 
number of observations is not unduly small. The 
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ordinate shows the increase in the reciprocal of the error 
variance with each new observation. The abscissa shows 
the location of that observation relative to the midpoint 
of the curve. If interest centers only on estimating the 
slope constant 1/a with precision, assuming p (i.e., X50 ) 
is known, then observations should be placed at a 
distance of 1.57a on either side of g. If interest centers 
only on estimating p with precision, then data should be 
placed at p. A good compromise for estimating both 
i and a with relative precision is to place observations 
at a distance a on either side of p, i.e., at the X1 ,9and 
X84.l levels. In this case, the reciprocal of the error 
variance for both estimates is roughly 70%o of its 
maximum value. 

The value of an adaptive testing procedure should 
now be obvious. In order to get good placing of observa
tions, it is necessary to have some knowledge of the 
quantities to be estimated. As we gather information 
during the course of an experiment, so we may use this 
information to improve our placing of observations on 
future trials. 

L CONVENTIONAL PROCEDURES 

A. The Method of Constants 

In this experiment several stimulus levels are chosen 
beforehand by the experimenter, and groups of observa
tions are placed at each of these stimulus levels. The 
order of the observations is randomized. A conventional 
method of estimation is used in fitting the psychometric 
function to the resulting data, e.g., probit analysis 
(Finney, 1952) for the cumulative normal, or Berkson's 
logit (1951) method for the logistic function. Simpler 
but less efficient methods such as the Spearman-Karber 
(Natrella, 1963) method may also be used. 

The advantage of this procedure is that the data 
generally cover a wide range, and additional tests on the 
validity of the parametric assumnptions can be included. 
A typical rule of thumb is for the experimenter to place 
the observations so as to roughly cover the range Xlo to 
X90. Frequently, however, a preliminary experiment is 
necessary in order to get some idea of the required 
range. The stimuli are presented in random order so that 
the subject cannot anticipate the stimulus sequence. 
The shortcomings of this technique are several, how
ever. If one is interested in estimating only one point on 
the curve, then the method is inefficient in that a large 
proportion of the observations are placed at some 
distance from the region of interest. A second short
coming is that the data for each test are pooled and a 
curve fitted to the pooled data. This procedure does not 
allow for the possibility of gradual changes in parameter 
values during the course of a test. Finally, difficulties 
arise with small samples. Slope estimates, in particular, 
are highly variable and subject to substantial biasing 
effects with small samples (Wetherill, 1963; Levitt, 
1964). 

CONTRIBUTION TO RECIPROCAL OF VARIANCE 

1.0 
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Fro. 3. Contribution to reciprocal of error variance. The two 
curves show the expected increase, with each new observation, in 
the reciprocal of the errorvariance for the estimates of l/r and p, 
respectively. The predictions are for the large-sample maximum-
likelihood estimates asuming acumulative normal response curve. 
Ideally, the observations should be symmetrically placed about , 

B. Method of Limits 

According to this method, a stimulus having a high 
probability of a positive response is presented to the 
subject. If a positive response is obtained, then the 
stimulus for the next trial is reduced in level. If again a 
positive response is obtained, the stimulus level is 
again reduced by the same amount (the step size). This 
procedure is continued until a negative response is 
obtained. The average value of the last two stimulus 
levels is used as an estimate of Xso. Additional measure
ments are sometimes obtained with the procedure 
inverted, i.e., starting with a stimulus level well below 
Xs0 and then increasing level in fixed steps until a 
positive response is obtained. The method of limits, or 
variations of it, are used in audiology and in other 
applications where a rapid estimate of the X05 level is 
required. It has several disadvantages. The observations 
are badly placed; i.e., although interest centers on X5 , 
most of the observations are placed at some distance 
from X5o. Secondly, the estimates may be substantially 
biased where the bias is dependent on both the step size 
and the choice of the initial stimulus level (Anderson, 
McCarthy, and Tukey, 1946; Brown and Cane, 1959). 

IL UP-DOWN PROCEDURES 

A. The Simple Up-Down or Staircase Method 

A relatively efficient method of estimating the 50% 
level is the simple up-down or staircase method. It is 
similar to the method of limits in that the stimulus level 
is decreased after a positive response (or increased after 
a negative response), but unlike the method of limits 
the test is not terminated after the first reversal. A 
recommended procedure is to continue testing until at 
least six or eight reversals are obtained (Wetherill and 
Levitt, 1965). A typical data record is shown in Fig. 4. 
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Fco. 4. Typical data for simple up-down procedure. A typical 
set of data using a fixed step size is shown. The initial value is 
usually the best a pioi estimate of X. A run consists of a 
sequence of changes in stimulus level in one direction only. A 
highly efficient estimation procedure is to use the midpoint of 
every second run as an estimate of X. These estimates would be 
0, 1.5, and -0.5 for runs 2, 4, and 6, repectively. 

The increments by which the stimulus is either 
increased or decreased are referred to as steps. For the 
experiment shown in Fig. 4, a constant step size was used 
throughout. A series of steps in one direction only is 
defined as a run. Thus, in the example given, trials 1 to 3 
constitute the first run, 3 to 7 the second run, 7 to 9 the 
third run, and so on. The level used on the very first 
trial is the initialvalue. 

The simple up-down technique has the following 
advantages. Most of the observations are placed at or 
near Xso, which is good placing of observations for 
estimating the 50%0 level. Secondly, if there is a gradual 
drift during the test, the placing of observations will 
follow this drift. The technique, however, has the follow
ing disadvantages. The data are not well placed for 
estimating points other than XYo. Secondly, difficulties 
occur with very large or very small step sizes. With too 
large a step size, some of the data will be badly placed 
relative to Xso. If too small a step size is used, then many 
observations are wasted in converging on Xso. This 
may be a serious problem if a poor initial value is used. 
A third shortcoming is peculiar to psychophysical 
testing in that the subject, realizing that a sequential 
rule is being used, can anticipate the stimuli and adjust 
his responses accordingly. 

Thus far, only the placing of observations has been 
considered. The analysis of the data is a separate 
problem. There are several methods of analyzing data 
obtained using an up-down testing procedure. One 
method is to pool all the data obtained in the experiment 
and fit the psychometric function using conventional 
techniques (e.g., probit analysis). This procedure is 
based on essentially the same assumptions as the method 
of constants. An alternative method of analysis devel
oped specifically for up-down data and which is com
putationally simpler than probit analysis, although 
based on the same basic assumptions, is described by 
l)ixon and Mood (1948).These methods, however, are 
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for use with pooled data and, as such, require that there 
be no change in parameter values during an experiment. 

An extremely simple method of estimation having 
distinct advantages is that developed by Wetherill 
(1963), in which the peaks and valleys of all the runs 
are averaged to provide an estimate of Xsa. In order to 
reduce estimation bias, it is recommended that an even 
number of runs be used. This method of estimation is 
equivalent to taking the midpoint of evenr second run as 
an estimate of Xso. These are defined as mid-run 
estimates.3 Apart from their simplicity, empirical 
sampling studies have shown that the mid-run estimates 
are robust, relatively efficient, and low in estimation 
bias provided the response curve is reasonably sym
metric about the Xso level. The estimation bias with 
asymmetric response curves has not, as yet, been 
determined. It is apparent, however, that estimation 
bias will increase with increased asymmetry. 

The precision of the mid-run estimates for the svm
metric response curve was found to be excellent. For 
large experiments, the precision of the mid-run estimates 
was very close to the maximum-likelihood estimates,4 

and for small experiments (less than 30 trials) the 
technique was in fact more efficient than the maximum-
likelihood method (Wetherill, Chen, and Vasudeva, 
1966). The mid-run estimates have an additional 
advantage in that the sequence of contiguous estimates 
provides a direct indication of any significant drifts with 
time in the location of the response curve. The precision 
with which the mid-run estimates can track gradual 
drifts has not yet been determined. Preliminary studies 
indicate that it is a complicated function of the step 
size, the rate at which the point being estimated is 
changing in value, and the extent to which these changes 
are predictable. 

A difficulty with as estimates is that the estimates 
obtained from adjacent runs are correlated. This makes 
the estimation of within-test variability a little more 
complicated than would be the case if the midpoints of 
successive runs were uncorrelated. Simple methods of 
estimating within-test variability are currently being 
evaluated. 

Some of the difficulties encountered with the simple 
up-down procedure can be obviated by minor modifica
tions of the technique. In the event that little is known 
about either the spread or location of the psychometric 
function, then it is recommended that at the start of an 
experiment a large step size be used which is gradually 
decreased during the course of the experiment. Robbins 
and Monroe (1951) suggested that the step size on trial 
ntbe equal to c/n where c is a constant. It has since been 
shown (Chung, 1954) that, under fairly general condi
tions, this method of reducing step size leads to a maxi
mal, or near maximal, rate of convergence on the target 
stimulus level. The variance of the asymptotic distri
bution of stimulus values about the target value Xso is 
minimized if the constant c is equal to 0.5/b, where b is 
the slope of the response curve in the region of Xso 
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TABLE: I. Response groupings for transformed up-down strategies. Several simple response groupings are shown. Entry I corres!onds 
to the simple up-down procedure. Entry 2 corresponds to the method used by Zwislocki d al. (1968) and Heinemann (1961). Entries 2 
and 3,and 5 and 6, with random interleaving, were used by Levitt (1964). Entry 7 is typical of the BUDTIF procedure proposed by
Campbell (1963). Entry 8 was used by Levitt and Rabiner (1967). 

Response sequences
rP group

increase level 
nOWN group

decrease level 
Entry after: after: 

I - + 

2 + - or - + + 

3 - + or + 

4 ++_-or + + + 
+-or 

++ r+ + + + 
+--+or 

6 - - - - - + or 

+ 

Any group of 4 
7 responses with . . .+ .++ +I or more nega-

tive responses 

8+ + + 
8 - + - +- + 

+---- -- ++ 

(Wetherill, 1963). This result, however, is based on the 
assumption that the response curve is approximately 
linear in the region of the target value. In practice, this 
is not usually a serious restriction since, with the excep
tion of the first few trials, most observations are placed 
dose to the target value with a step size that is small 
compared to the curvature of the response curve. Dif
ficulties may occur if the response curve has a sharp 
discontinuity at or near the target value, but this is 
not a common situation in psychoacoustics. 

An important practical problem is deciding on the 
size of the first step. If many repeated measurements are 
being made, then an estimate of slope as obtained from 
previous experiments may be used to determine the 
initial step size. If this is not known, it is necessary to 
guess at the initial step size. The reduction in efficiency 
is not very great if too large an initial step size is used, 
but it can be disastrous if the initial step size is too 
small. For example, if the initial step size is twice the 
optimum value, the efficiency is reduced by 25%. If the 
initial step size is half the optimum value, the reduction 
in efficiency is close to 100%. Hence, when in doubt, aim 
at a larger initial step size. 

Although the method of reducing step size after every 
trial has distinct theoretical advantages, its practical 
implementation may require fairly complicated equip
ment. A simple approximation is to reduce the step size 
by a proportionate amount after one or more complete 

Response groupings
Probability of a Probability of 

sequence from DoWN positive response
group=P[DowN] 

P(X) 

[P(.Xl 

[1-P(X)]P(X)+P(X) 

[P(CY) 

[P(X) 

1-[I-P(XY)3 

Cp(XY) 

P 2PX
[P((X)3--2P( X)] 

at convergence 

P(X)=0.5 

P(X) -. 707 

P(X)=0.293 

P(X) =0.794 

P(.X)0.841 

P(X)-0.1o 

p~x)-oX "I 

P++ 
P(X)=0.5 

runs. A convenient practical procedure is to halve the 
step size after the first, third, seventh, fifteenth, etc., 
runs. After each halving of the step size, the next run is 
started at the average of the peaks and valleys for the 
preceding step size. Empirical sampling trials (Wetherill, 
1963) indicate that, if the spread and location of the 
response curve are known within reasonable limits 
(e.g., for a s)nmetric ogive, the standard deviation a 
is known within 0.5-2.0 of its true value and Xs is 
known within 12a), then a very good approximation to 
the Robbins and Monro efficiency is obtained by halving 
the step size only once, preferably after the third run. 

The recommendation that the step size be systemati
cally decreased during a test is based on the assumption 
that the response curve is fixed throughout the experi
ment. If this assumption is not valid (e.g., there may be 
a gradual drift in either the shape or location of the 
curve during a test), then a more sophisticated rule 
allowing for a possible increase as well as a decrease in 
step size may be necessary. One set of rules incorporating 
this possibility has been proposed by Taylor and Creel-
man (1967). The optimum strategy for increasing or 
decreasing step size depends on the type and the extent 
of the changes that are likely to occur during a test, and 
this is not always known. 

In order to prevent the subject from anticipating 
the stimuli used on each trial, the presentations for two 
or more strategies can be interleaved at random 
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FIG. 5. Typical data for transformed up-own procedure. The 
data are typical of the srategy corresponding to Entry 2 of Table 
I, which converges on the X7*,7level The rule for cdangmg stimulus 
level is analogous to that for the simple up-down procedure, except 
that one of a set of response sequences is required bore a change 
in stimulus level. Aswith the simple up-down procedure, a run is a 
sequence of changes in stimulus level in one directiononly. 

(Cornsweet, 1962; Smith, 1961); that is, two or more 
tests are performed simultaneously where observations 
for each of the tests are assigned at random. 

B. The Transformed Up-Down Procedure 

The simple up-down procedure is designed primarily 
to place observations in the region of Xso and hence is 
not well suited for estimating points other than Xso. A 
general method for estimating points on a psychometric 
function is the transformed up-down procedure. Ob
servations, or sequences of observations, are categorized 
into two mutually exclusive groups. These are termed 
the u group and the DOWN group, respectively. The 
method of grouping the observations depends on the 
point to be estimated. Table I shows some tpical 
groupings including several proposed in other contexts 
(Zwislocki e al., 1958; Heinemann, 1961; Campbell, 
1963). The rule for controlling the stimulus level is 
analogous to the simple up-down rule, except that the 
stimulus level is changed only after a sequence of 
observations belonging to either the up or the DOWN 
group is obtained. The stimulus level is not changed 
until such a sequence is obtained. For example, accord
ing to Entry 2 in Table I, the stimulus level would be 
increased after either a negative response or a positive 
response followed by a negative response on the next 
trial. The stimulus level is decreased after two con
secutive trials yielding positive responses. Note that, as 
the test progresses, one or other of these sequences must 
be obtained. 

Some typical data for this strategy are shown in 
Fig. 5. In this illustrative example, the changes in 
stimulus level resemble those for the simple up-down 
strategy shown in Fig. 4. That is, if in Fig. 5 the - and 
+ - response sequences belonging to the u group are 
replaced by a single - response and the + + sequence 
belonging to the DOWN group is replaced by a single + 
response, then the resulting set of transformedresponses 
is identical to that of the simple up-down strategy 
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shown in Fig. 4. In the case of the transformed up-down 
strategy, however, the average number of trials per run 
is increased. Runs 2, 3, and 4, for example, consist of 
trials 5-12, 11-16, and 15-20, respectively. The mid
points of these runs are 0, 1, and 1.5 units, respectively. 

The transformed up-down strategy tends to converge 
on that stimulus level at which the probability of a 
DOWN response sequence equals the probability of an 
us responses equence (i.e., the probability of either equals 
0.5). It is a relatively simple matter to compute the 
probability of obtaining either an iJP or a DOWN se
quence. For example, referring again to Entry 2 of 
Table I, the probability of obtaining an up sequence 
(i.e., either +- or -) is P(X)[1-P(X)]+[l- P(X)], 
where P(X) is the probability of a positive response at 
stimulus level X. The probability of getting a DowN 
response sequence (i.e., ++) is simply [P(X)J2. The 
strategy therefore converges on that value of X at which 
[P(X)]'=0.5,i.e., P(X.)=0.707. 

The curve relating the probability of a Dnow response 
sequence to stimulus level is the transformed response 
cure. Figure 6 shows the transformed response curve for 
Entry 2 of Table . Note that, for the simple up-down 
procedure, the transformed response curve is numeri
cally identical to the subject's psychometric function. 
The performance of a transformed up-down (or 
UDTR)5 procedure in terms of the transformed response 
curve is analogous to that of the simple up-down pro
cedure in terms of the subject's psychometric function. 
For example, the transformed up-down strategy con
verges on the 50/o point of the transformed response 
curve, which for the example shown in Fig. 6, corre
sponds to the 70.7% point of the subject's psychometric 
function. Essentially the same methods of estimation 
may be used with the transformed up-down procedure 
as with the simple up-down procedure. In particular, 
the simple yet relatively efficient mid-run estimates may 
be used. In this case, the midpoint of a run is an estimate 
of the 50% point of the transformed response curve. 
As with the simple up-down procedure, efficiency of 
estimation may be increased by systematically de
creasing step size during the test. The analogy between 
the simple and transformed up-down procedures is 
particularly valuable in that transformed up-down 
procedures may be evaluated in terms of the extensive 
results, including empirical sampling trials, already 
obtained for the simple up-down procedure. 

A useful feature of the transformations listed in 
Table I is that for many typical psychometric functions 
the transformed response curves are approximately 
normal in the region of the 50%0/0 point. This approxi
mation was made use of by Heinemann (1961), who 
applied the simple computational procedure of Dixon 
and Mood (1948) based on the normal distribution to 
estimate the 50o point of the transformed response 
curve. 

Entries 2-6 in Table I are based on the method of 
inverse binomial sampling (Haldane, 1945) and are 
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relatively efficient and easy to instrument (Levitt and 
Bock, 1967). Manual control of the stimulus level is also 
possible, and special control charts have been developed 
to facilitate the procedure (Levitt and Treisman, 1969). 
Entry 7 of the table is typical of the BUDTIF testing 
procedure proposed by Campbell (1963). It is also easy 
to instrument, but converges on the target value at a 
slightly less rapid rate, since more trials are required on 
the average before changing level. More complicated 
strategies than those shown in Table I may of course be 
used, including a wide range of possible transformations 
based on Wald's (1947) probability-ratio rule. 

Wald's method of sequential testing is designed 
specifically for minimizing the expected number of trials 
required for determining, with specified error probabili
ties, whether or not a given hypothesis is true. For the 
case of binary data, the technique can be used to 
determine if the probability of a positive response lies 
within prescribed bounds. 6 The probability-ratio rule 
may be applied to up-down testing (Taylor and Creel-
man, 1967) by increasing the stimulus level whenever 
the rule indicates that the probability of a positive 
response lies below the lower bound, and decreasing 
stimulus level whenever the rule indicates that the 
probability of a positive response lies above the upper 
bound. Given an intelligent choice of the a and / error 
probabilities and of the prescribed bounds within which 
the measured probability should lie, an up-down pro
cedure of this type will converge rapidly on the target 
value and concentrate observations within the pre
scribed region. Simplifying assumptions, such as setting 
a=, p-pt =p2-p, may be used, leading to simple 
practical procedures for deriving the uP or DOWN response 
sequences. The special advantages of this procedure 
depend on the intended application and the choice made 
for a, fi, Pi, and p2. In general, the technique provides 
the experimenter with greater power and flexibility in 
controlling the placing of observations. The relevant 
response sequences, however, may be more complicated 
than those shown in Table I. 

The transformed response curve may be computed for 
the probability-ratio rule as for any other grouping of 
response sequences. The simple mid-run estimates are 
also applicable to this technique, provided the step size 
is fixed over one or more runs. The PEST procedure as 
specified by Taylor and Creelman (1967) is an amalgam 
of the probability-ratio rule and some special rules for 
changing step size, including the possibility of an in
crease in step size. As such, it is difficult to evaluate 
in terms of known results for the simple up-down 
procedure. 

A technique which has important implications for 
up-down testing is that of interleaving trials from two 
or more sequential strategies being run concurrently. 
One important practical application is that when two 
points symmetrically placed about X are to be 
estimated. Trials for the two strategies may be inter
leaved at random. The particular strategies to be used 
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6. Transformed response curves. The upper half of theFroIG. 
figure shows the psychometric function. The lower half of the 
figure shows the transformed response curves for Entries I and 2 
of Table I. The curve for the simple up-down method is not 
transformed in any way and is numencally identical to the psycho
metric function. 

depend, of course, on the requirements of the experi
ment. If the pyschometric function is approximately 
normal and both the location and scale parameters 
(/1 and a-) are to be estimated with reasonable precision, 
then strategies for estimating X15.gand X84 .1 (Entries 5 
and 6 of Table I) may be used. These two strategies 
concentrate observations at two symmetrical points at 
a distance of a on either side of tz. According to Fig. 3, 
observations placed in this region provide a practical 
compromise for estimating both ys and a with relatively 
high precision. Although the curves of Fig. 3 are for 
large sample maximum-likelihood estimates, these 
predictions are not very different for other estimation 
methods of comparable precision. If a slightly less 
precise estimate of a can be tolerated, then a very 
practical combination of strategies would be Entries 2 
and 3 of Table I for estimating the X70.7 and X2.X 
stimulus levels, respectively. In this case, data would be 
concentrated at roughly 0.54a on either side of 1i. Com
pared to other transformed up-down methods, the 
strategies for estimating X2 ,., and X7o0. require relatively 
few trials per run and are more sensitive to tracking 
gradual drifts in parameter values during a test. 

The process of interleaving at random ensures that 
the subject cannot anticipate the rule used by the experi-

The Journal of the Acoustical Society of America 473 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

279
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



H. LEVITT 

TABLE II. Estimates of a obtained from pairs of transformed 
up-down strategies. The data are estimates of the spread (a) of a 
cumulative normal lateralization curve (Levitt, 1964). Left-right
judgments were obtained for a binaural sound image, where the 
controlled variable was interaural time delay varied in steps of 
5.8 psec. The replication error (i.e., the ithin-cell error variance)
is shown at the bottom of the table. The relative precision of the 
two estimates is comparable to that predicted by Fig. 3 for data 
placed near -4-0.54a and rzi, respectively. 

Estimates of a (sec)
Subject (X7 0.?-X. 3)/1.09 (X.,-Xls.)/2 

1 12.2 13.7 
2 20.0 15.0 
3 21.7 17.1 
4 8.2 14.2 
5 7.3 7.4 

Mean 13.9 13.5 
Within-cell error variance 39.5 22.0 

Average No. of trials 
Error variance/100 trials 

60 
23.7 

76 
16.7 

menter. By choosing two points symmetrically placed 
about Xs0, the average number of positive responses 
tends to equal the average number of negative responses. 
If there is reason to believe that the psychometric 
function is not symmetric about the X50 point, a third 
strategy for estimating X60 may be run concurrently 
to check for symmetry. 

m. APPLICATIONS 

One of the most useful applications of up-down pro
cedures is the tracking of gradual drifts in parameter 
values. Zwislocki et al. (1958) used the frced-choice 
tracking method (equivalent to Entry 2 of Table I) to 
track variations in auditory detection. In another 
application (Levitt, 1964), precision of lateralization 
was measured despite gradual changes in the subject's 
reference plane. In this study the parameter of interest, 
the spread of the lateralization curve, remained rela
tively constant, but the effect of gradual changes in the 
location of the lateralization curve had to be compen
sated for. 

During the lateralization study, a comparison was 
made between measurements of spread (i.e., a) ob
tained by estimating (Xs 4.1- Xs.)/2 and by estimating 
(X7 0.7-X 29 .3)/1.09. Both of these estimates have an 
expected value of a for the cumulative normal response 
curve. The results for five subjects are shown in Table 
II. The stimulus consisted of a continuous recording of 
male speech presented binaurally via headphones. The 
apparent lateral position of the sound image was con
trolled by an interaural delay which could be varied in 
steps of 5.8 psec. The listener was restricted to a simple 
binary response: whether the binaural sound image 
appeared to come from the left-hand or right-hand side 
of the head. Each cell in Table II is the average of six 
tests. Fewer runs per test were obtained for the X8 4.1 
and X15.9 estimates so as to compensate in part for the 
greater number of trials per run required with these 
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estimates. On average, 60 trials per test were obtained 
for the (X70.7-X9. 3)/1.09 estimates and 76 trials per 
test for the (Xs4.1 -X1 i.9)/2 estimates. No significant 
differences were observed between the estimates of a 
obtained from the two techniques. As predicted by the 
curves of Fig. 3, the precision of the a estimates was 
greater when placing observations in the region of 
X8. 1 and X15.9 than when placing observations in the 
region of X70.7 and X9.J. The error variances were 
compared on the basis of the expected variance for 100 
trials. This was done so as to account for the differences 
in average number of trials per test 

In the lateralization study there was every reason 
to expect the psychometric function to be symmetric 
about the midpoint; i.e., a delay to the left ear has a 
similar but opposite effect as a delay to the right ear. 
Not all pyschometric functions, however, exhibit the 
same degree of symmetry. In a recent study on the 
detection of a 250-Hz tone in noise using a YES-NO 
technique (Levitt and Bock, 1967), the slope of the 
response curve in the region of 29.3% detection was 
almost one-third less than that in the region of 70.7% 
detection. A concomitant result was that the precision 
of estimation for the X70.7 point was correspondingly 
greater than that for the X2 9.3 point. An analogous 
effect occurs with the Bk6sy audiometer in that the 
variability of valleys (minima in stimulus level) is 
greater than the variability of peaks (maxima in 
stimulus level). 

A less obvious application of transformed up-down 
procedures is to extend the range over which the trans
formed response curve is approximately symmetric. In 
an experiment on intelligibility testing (Levitt and 
Rabiner, 1967), it was found that the intelligibility 
function flattened off sharply at 80o intelligibility. A 
simple transformation was used (Entry 8, Table I) 
which raised the flattening effect on the transformed-
response curve to above the 90/o level. As a result, a 
substantially greater portion of the data fell within the 
symmetric region of the intelligibility function, leading 
to fewer wasted observations and greater efficiency in 
estimating X5o. Note that, in this case, unlike other 
transformed up-down procedures, the strategy con
verged on the 50/o level. 

A key assumption in a large number of testing pro
cedures is that each response is independent of pre
ceding stimuli and responses. This is not always a safe 
assumption, and it would be convenient to test this 
assumption during the course of an experiment. A 
convenient method of doing this is to run two or more 
identical up-down strategies concurrently and to inter
leave the trials for each strategy according to a rule such 
that, should a sequential dependency exist, there 
would be a significant difference between the estimates 
obtained from each strategy (Levitt, 1968). For 
example, a check on first-order response dependencies is 
obtained if two strategies are interleaved such that the 
trials for one strategy always follow a positive response, 
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and trials for the second strategy always follow a nega
tive response. If there is no response dependency, then 
the two strategies should yield estimates that do not 
differ by an amount significantly greater than the com
bined sampling error of the two estimates. Note that 
the rule for interleaving strategies is independent of the 
rules used for changing stimulus level within each 
strategy. The above rule for interleaving was designed 
to detect first-order response dependencies. Similar rules 
may be developed for detecting higher-order dependen
cies, including dependencies that are a function of 
the preceding stimulus levels as well as preceding 
responses. 

An important advantage of the method of inter
leaving by rule is that the effect of a response depen
dency is obtained directly in terms of the quantity being 
measured. Usually, data on sequential dependencies are 
specified in terms of transitional probabilities, and it is 
not always easy to gauge the possible effect on the mea
surements of wrongly assuming independent responses. 
In many psychoacoustic investigations, the assumption 
of independent responses is no more than a simplifying 
approximation, and it is important to know if the 
accuracy of the measurements is affected more than 
negligibly by a breakdown in this assumption. 

A useful conceptual aid for evaluating the per
formance of up-down strategies when sequential 
dependencies are known to exist is the transitional 
response curve. Figure 7 shows the transitional response 
curves for a first-order response dependency. The 
upper curve shows probability of a positive response as 
a function of stimulus level given that the previous 
response was positive. The lower curve shows the prob
ability of a positive response, given that the previous 
response was negative. The two curves of Fig. 7 are 
based on data obtained for one subject in an experiment 
on sequential response dependencies in the YES-NO de
tection of a 250-Hz tone (Levitt, 1968). Note that the 
two curves diverge at low detection levels. The differ
ence between the two curves at the 50%70 level is roughly 
1 dB. This is the expected difference between the 
estimates for two simple up-down strategies interleaved 
according to the rule described earlier. The transformed 
response curves for data having a known response 
dependency may be derived from the transitional re
sponse curves in a manner analogous to that shown in 
Fig. 6. A separate transformed response curve would be 
derived for each transitional response curve. 

IV. DISCUSSION 

Adaptive testing procedures offer many advantages 
over conventional procedures, including higher effi
ciency, greater flexibility, and less reliance on restrictive 
assumptions. Although higher efficiency (and hence 
greater precision for a fixed number of observations) is 
often thought of as the major advantage of adaptive 
procedures, the latter advantages may well be of 
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Fc. 7.Transitional response curves. The upper curve shows the 
expected frequency of positive responses, given that the preceding 
response was positive. The lower curve shows the expected fre
quency of positive responses, given that the preceding response was 
negative. The curves are based on data obtained in an experiment 
on sequential response dependencies (Levitt, 1968). 

greater practical importance. In many cases, increased 
efficiency represents an improvement in degree, whereas 
freedom from restrictive assumptions represents an 
improvement in kind. Thus, for example, it is possible 
to use the up-down procedure to track gradual drifts in 
parameter values or to compensate for an unpredictable 
trend in one parameter while estimating a second 
parameter. Both of these problems are beyond the scope 
of the conventional method of constants, which requires 
the assumption of a fixed response curve. In addition, 
up-down methods do not require any parametric 
assumptions regarding the form of the response curve. 
The only major restriction is that the probability of a 
positive response increase monotonically with stimulus 
level. A very large number of experiments in psycho
acoustics satisfy this requirement. Also, the restriction 
of monoticity need only hold over the range in which 
data are to be placed. 

Although up-down procedures are relatively free of 
restrictive assumptions, it is nevertheless to the experi-
menter's advantage to make use of additional assump
tions if they are known to be reliable. The choice of 
initial-value step-size rules for controlling step size and 
methods of interleaving depend on the experimenter's 
prior knowledge, however rough, of the quantities to 
be measured. If reasonable assumptions can be made 
regarding the form of the response curve, the extent of 
possible drifts in parameter values and the existence 
(or absence) of any significant response dependencies, 
then an extremely efficient up-down strategy can be 
designed. If one or more of these assumptions turns out 
to be false, however, then the penalty is a loss in effi
ciency rather than an invalid result. 

It is important to recognize the distinction between 
the problem of placing observations and the subsequent 
estimation problem. Although the same statistical 
methods can be used for both purposes (e.g., in estimat
ing X, each observation could be placed at the best 
current estimate of Xl), there is a substantial difference 
in emphasis between the two operations. Whereas some 
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latitude may be allowed in precision of placing, as 
shown by the fairly flat curves of Fig. 3, whatever 
mistakes are made during this operation are irreparable. 
No amount of statistical manipulation can overcome 
the effects of bad placing of observations. It is also 
possible that the final estimates may be obtained by 
using additional information which was not available 
for the placing of observations. Similarly, ancillary 
information may be used to assist in the placing of 
observations, but which is not used in the subsequent 
data analysis. A practical example of the latter situation 
is as follows. On each trial, the subject is required to 
give both a binary judgment and a confidence rating. 
The binary judgments are used to decide on the direc
tion of change in the stimulus level, as in any standard 
up-down procedure, and the confidence ratings are 
used to decide on the step size; e.g., a large step size is 
used after a high confidence rating. The psychometric 
function, however, is fitted to the binary data only by 
means of conventional techniques (e.g., maximum 
likelihood). It is not permissible to use the simple mid-
run estimates in this context, since steps of variable size 
are used. The role of the confidence ratings is to improve 
the placing of observations. The information obtained 
from the ratings appears potentially most useful during 
the early part of an experiment, where little is known 
a priori about the location or scale of the psychometric 
function. The experimenter can, at any stage, revert to a 
standard up-down procedure using binary data only. 

Throughout this paper, the emphasis has been on 
simple, practical procedures that do not require com
plicated equipment. If, however, sophisticated instru
mentation is available, then more complex adaptive 
strategies can be used to advantage. Hall (1968), for 
example, has developed an on-line procedure using a 
digital computer such that each observation is placed 
at the maximum-likelihood estimate of the target value 
derived from the data already at hand. In another 
application, Smith (1966) has derived a strategy in 
which the information gained on each trial is maximized. 
Predictions of precision based on the curves of Fig. 3 
indicate that a well-designed up-down procedure (such 
as a good approximation to the Robbins-Monro pro
cedure) will place observations sufficiently close to the 
target value so as to obtain a precision of estimation 
within about 30% of that obtainable, if all data were 
to be placed at the target value. Since no procedure can 
consistently place observations exactly at the target 
value, the potential gain in efficiency in going from a 
well-designed up-down procedure to the more sophisti

cated procedures is not very great. However, for more 
complicated experiments in which several variables are 
under the control of the experimenter, the cumulative 
gain in efficiency may be quite large. The major 
advantages of computer-assisted testing would seem 
to lie not so much in improving efficiency in fairly 
standardized experiments, but rather in developing new 
methods of experimentation. 

In conclusion, it should be noted that there is no 
generally optimum testing procedure. Each technique 
has its own merits and shortcomings. Techniques that 
are theoretically very highly efficient are usually more 
complex and tend to place greater reliance on the under
lying assumptions. Special problems also occur with 
small samples. Many of the theorems showing maximum 
efficiency or maximum rates of convergence are only 
asymptotically true, and testing procedures based on 
these results may be inferior in experiments of limited 
size. In psychoacoustics in particular, where experi
ments are of limited duration and the reliability of 
underlying assumptions are often suspect, it is valuable 
to have a flexible set of testing procedures that are not 
heavily dependent on underlying assumptions and are 
readily adapted to match the requirements of a given 
experiment. Transformed up-down methods provide 
an extensive family of such procedures. Furthermore, 
these techniques are simple, robust, and highly efficient. 

IIt is,of course, possible to speak of optimum procedures where 
some desirable property of the estimate (e.g, efficiency) is maxi
mized. However, since over-all quality involves several different 
properties, it is more realistic to speak of "good" rather than 
"optimum" procedures.

'2Xp is the stimulus level at which p% positive responses are 
obtained. 

I Wetherill (1966, p. 171) defines the X estimate as the mid-
value of the last step used in a run. The mid-run estimate, as 
defined here, is the average of two consecutive w estimates. 

4 It is a fairly common practice to use the maximum-likelihood 
procedure as a standard for the comparison of different methods 
of estimation. Although it can be shown that, under fairly general
conditions, the maximum-likelihood estimates are asymptotically 
efficient (Kendall and Stuart, 1967), this result is not necessarily 
true for small samples. For the particular case of fitting binary 
response curves with relatively small samples, the minimum chi-
squared estimates may be preferable to maximum likelihood in 
terms of efficiency and estimation bias (Berkson, 1955). 

' UDTR stands for up-down transformed response (Wetherill
and Levitt, 1965). 

6For example, if pi and Pt are the upper and lower bounds,
respectively, and pis the expected proportion of positive responses,
then the probability-ratio rule will minimize the number of trials 
required on average, to determine if P>pl or P<p2 with error 
probability of wrongly decreasing level when p <p,, and error 
probability p of wrongly increasing level when p>pl. 
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6.551j/HST.714j Acoustics of Speech and Hearing: Exam 2 

 
 

Massachusetts Institute of Technology 
Department of Electrical Engineering and Computer Science, and 

The Harvard-MIT Division of Health Science and Technology 
 

6.551J/HST.714J: Acoustics of Speech and Hearing 
 
 
Take Home Quiz 2 
Issued 1 PM on Wednesday 8-Dec-2004 
Due back 1 PM Thursday 16-Dec-2004 
 
 
Please enclose your completed exam in a sealed envelope with your and my 
name on it.   
 
Also, please put your name on every page you hand in. 
 
 
 
Each student is expected to work independently.  Texts and libraries may be 
consulted but the course notes and homework solutions should be sufficient. Look 
over the exam by 1 PM Thursday 9-Dec-2004.  You will only be able to ask 
questions about the exam during class on that day. 
 
 
 
 
Student Name: ________________________________________________ 
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6.551j/HST.714j Acoustics of Speech and Hearing: Exam 2 

Problem 1. (20 points) 
 
For the purposes of this problem, a system is linear if given any three inputs, A, B, and C, that 
produce outputs X, Y, and Z respectively,  
 

1). For any real positive constantα, the input αA produces an output αX; i.e. 
output
input

= constant ; 

2). The input B + C produces the output Y + Z. 
 
In this problem you are to consider whether the normal auditory system is linear as determined 
from perceptual experiments by giving examples of cases for which the system behaves linearly 
and examples for which the system does not. 
 
Let the inputs correspond to stimuli, e.g., tone bursts of a given amplitude, frequency, and 
duration, or noise bursts of a given amplitude, spectral composition, and duration.  Let the 
outputs correspond to just noticeably different tone bursts or noise bursts, or just detectable 
values of tonal amplitude in the presence of a tone masker or a noise masker, etc. 
 
For example, let A be a 1000 Hz tone of 500 ms duration and intensity I, and let X be a 1000 Hz 
tone of 500 ms duration and an intensity (I+∆I) that is just noticeably different from A.  
According to rule 1 above: if the system were linear, multiplying the intensity of the input by a 
constant e.g. A’=αI should result in a just noticeably different intensity X’=α(I+∆I).  If you look 
at the results of Viemiester (1988) shown in Figure 9 of the notes on auditory sensitivity 
I + ∆I( ) I  at the jnd can be considered constant (i.e. the response is linear by rule 1) for the 

range of inputs of 10 ≤ I ≤  40 dB SL, but not so outside this range. 
 

• Specify two different stimulus configurations for which the auditory system is clearly 
perceptually not linear. 

 
• Specify two different stimulus configurations for which the auditory system is (at least 

approximately) perceptually linear. 
 
Provide a few sentences to explain and justify each of your answers. Your explanations should 
specify the stimuli A, B, C, X, Y or Z precisely and the range of stimulus values over which 
linearity holds or does not hold.  You should cite the sources of data that support your reasoning. 
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6.551j/HST.714j Acoustics of Speech and Hearing: Exam 2 

Problem 2. (20 points) 
Are the following statements True or False: EXPLAIN YOUR REASONING!  

1. The speed of sound in a fluid medium increases as the density of the fluid increases. 

2. The characteristic impedance of a fluid medium is the square root of the product of the 
density and the Bulk Modulus of the medium. 

3. People who have lost their tympanic membranes and ossicles have no hearing. 

4. There are four ossicles in the human middle ear. 

5. The ossicular lever ratio of the human makes the biggest contribution to middle-ear 
impedance transformation. 

6. The pinna plays no role in sound localization in the median plane. 

7. The rms intensity of the sum of two tones of identical frequency depends on the magnitudes 
and phases of the individual tones. 

8. The rms intensity of the sum of two tones of different frequencies depends on the relative 
phases of the two tones. 

9. The tonotopic arrangement of frequencies in the mammalian cochlea leads to the coding of 
high frequencies in the apex of the cochlea. 

10. The frequency difference limen of the normal human listener is 10 Hz for frequencies 
between 0.1 and 10 kHz. 
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Figure 1 shows basilarmembrane mechanical transfer functions measured at two different
co chlear lo cations in a squirrel monkey (Rho de 1972). According to Rho de, the two mea
surement locations are separated by approximately 1.5 mm along the basilar membrane.

1. Determine the cochlear positionfrequency map assuming that the map is approximately
exponential and that the squirrel monkey has a maximum frequency of 50 kHz.

2. Determine the CF group delay of the mechanical transfer function at the 7kHz place.

The group delay is defined as −dθ/dω, where θ is the transfer function phase (in radians)
and ω = 2πf .

3. Use local scaling symmetry to estimate the wavelength of the traveling wave evoked by

a 7 kHz pure tone at the 7kHz place.

4. Use scaling to estimate values of the CF group delay and wavelength at the 14kHz
place. Explain your reasoning.
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Adapted from  Figure1: BM/stapes mechanical transfer functions in squirrel monkey (Rhode 1972).
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6.551j/HST.714j Acoustics of Speech and Hearing: Exam 2 

Problem 4. (20 points) 
 

 
(a) A cylindrical hard wall tube of length l = 15 cm and cross-sectional area 4 cm2  is closed 

at one end and open at the other, as shown in Figure 1.1.  What are the first three natural 
frequencies F1, F2, and F3 of this tube?  Assume that the sound pressure at the open end 
is zero.   

 
(b) The configuration in Figure 1.1 is now modified by increasing slightly the cross-sectional 

area of a portion of the tube.  The length of this portion is 3 cm, and the center of this 
perturbed section is distance l b from the closed end, as shown in Figure 1.2.  Find the 
value of l b such that the lowest natural frequency F1 of the tube is increased relative to 
its value in (a) and the second natural frequency F2 remains unchanged. 

 

 
 

(c) Return to the tube in Figure 1.1.  This tube is now modified by adding a cylindrical plug 
at the right end, with a small hole, as shown in Figure 1.3.  The length of the plug is 1 cm 
and the cross-sectional area of the hole is 0.1 cm2.  What the lowest natural frequency of 
this configuration?  Make appropriate approximations. 
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6.551j/HST.714j Acoustics of Speech and Hearing: Exam 2 

Problem 5 (20 points) 
 
The spectrogram of a sentence produced by a female speaker is shown in Figure 2.1 on the 
following page 
 

(a) Somewhere in the sentence there is a one-syllable word containing an initial stop 
consonant, a front vowel, and a final nasal consonant.  Identify the beginning and end of 
the region where this word occurs.  You may either place legible marks on the figure or 
note the relevant time periods. 

 
(b) Identify four regions in the sentence where a stop consonant is produced.  For two of 

these consonants, state whether the place of articulation is labial, alveolar, or velar.  You 
may either place legible marks on the figure or note the relevant time periods. 

 
(c) The waveform of the sound over a 100-millisecond interval in the sentence is shown in 

Figure 2.2.  Locate this region in the spectrogram.  You may either place legible marks 
on the figure or note the relevant time periods. 
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Massachusetts Institute of Technology
Department of Electrical Engineering and Computer Science, and

The Harvard-MIT Division of Health Science and Technology
6.551J/HST.714J: Acoustics of Speech and Hearing

Take Home Quiz 1

Issued 2:30 PM on Thursday 21-Oct-2004
Due back 1 PM Thursday 28-Oct-2004

Each student is expected to work independently.  Texts and libraries may be consulted but
the course notes and homework solutions should be sufficient.  Look over the exam by 1 PM
Tuesday 26-Oct.  You will only be able to ask questions about the exam during class on that
day.

Student Name: ________________________________________________

9page 1          of    

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

294
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Problem 1:
Figures 1.1a & b show two
steady state sinusoidal
responses.

Figure 1.1a

€ 

a(t) = A sin 2π 1
T
t −α( )

 

 
 

 

 
 

Figure 1.1b

€ 

b( t ) = B sin 2 π  1
T
t − β( )

 

 
 

 

 
 

A

-A

0

TIME (ms)

α α+0.5Τ α+Τ

B

-B

0

TIME (ms)

β β+0.5Τ β+Τ

a) Assume a(t) defines the sound pressure and b(t) defines the particle velocity of a
forward propagating plane wave in an air-filled space at standard temperature and
pressure.

i. If T = 1 ms, what is the frequency of the wave?
ii. What is the wavelength?
iii. If A = 1 pascal, what is B (include units)?
iv. If A = 1 pascal, what is the sound pressure in dB SPL?
v. If A = 1 pascal, what is the average sound intensity in watts/m2?
vi. If A = 1 pascal, what is the average sound intensity in dB SPL?
vii. How are α and β related? (Hint: if the phase of a(t) – phase of b(t) =π/2;

then β = α +T/4.)
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b). Assume that Figures 1.1a and 1.1b describe two sound pressure p(t,a)= a(t) and
p(t,b)= b(t) at different distances rA & rB from a simple source where: A = 1
pascal, T = 1 msec and rA = 3 meter.

i. If B = 10 pascals, what is rB?

ii. How much time would it take a front at position b to propagate to a?
iii. If β= 0 ms, what is α?
iv. What is the specific acoustic impedance of the spherical wave front at rB?

v. What is the specific acoustic impedance of the spherical wave front at rA?

c). Assume that Figures 1.1a and 1.1b
describe the sound pressure
p(t)= a(t) and particle velocity
v(t)=b(t) at a location inside a long
air-filled cylindrical duct, where the
radius r of the duct is less than 0.1
λ.  The sound source is to the left,

Figure 1.2

?
p(t)

v(t)

d = ?

xThe Sound
Source

while to the right: d, the distance between the measurement point and the termination, and
the status of the termination of the tube varies.  The system is in the steady state.

i. Assume d is infinite.
a. Describe the spatial variation in P(x) and V(x) in terms of complex

exponentials that vary in x.
b. If A=1 pascal, what is B?
c. What is the relative phase angle between P(x) and V(x), i.e. compare α and

β.
d. What lumped acoustic element best describes tube

ii. Assume the tube is terminated by a rigid wall and that d < 0.1 λ.
a. Given A=1 pascal, describe B in terms of A, d, r (the radius of the duct) and f

(the frequency of the stimulus tone).
b. What is the relative phase angle between P(x) and V(x), i.e. compare α and

β.
iii. Assume the tube is open at the termination and that d < 0.1 λ.

c. Given B=1 mm/s, describe A in terms of B, d, r (the radius of the duct) and f
(the frequency of the stimulus tone).

d. What is the relative phase angle between P(x) and V(x), i.e. compare α and
β.
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d). Assume that Figures 1.1a and 1.1b describe the sound pressure p(t,a)= a(t) and p(t,b)=
b(t) at locations inside the long air-filled cylindrical duct of Figure 1.2, where position b is to
the left position a.  Also, T = 1 msec.
i. Assume d is infinite, and the separation of positions a and b is 10 cm.

a. If A=1 pascal, what is B?
b. What is the relative phase of a(t) and b(t)?

ii. Assume d =0, the tube is terminated by a rigid cap perpendicular to the long axis of
the tube, and the separation of positions a and b is 10 cm (i.e., position b is 10 cm to
the left of the rigid cap).

c. If A=1 pascal, what is B?
d. What is the relative phase of a(t) and b(t)?

e). Given two simple sources, source a and
source b, whose arrangement in space is
defined in Figure 1.3.  Assume that Figures
1.1a and 1.1b describe the sound pressures
produced at point p in space by source a
(pA(t)= a(t)) and source b (pB(t)= b(t)),
where the two sources have identical
strengths and are in phase with each other.
i. Assume d =λ/2 and θ = 0 degrees:

i. If A=1 pascal, what is B?
ii. What is the relative phase of

a(t) and b(t)?

iii. If 

€ 

c(t) = C sin 2π 1
T
t − χ( )

 

 
 

 

 
 

describes the sum of the two
pressures.  What is C and χ?

Figure 1.3

d
a

b

p

θ

r >100d

ii. Assume d =λ/2 and θ = 90 degrees:
i. If A=1 pascal, what is B?
ii. What is the relative phase of a(t) and b(t)?

iii. If 

€ 

c(t) = C sin 2π 1
T
t − χ( )

 

 
 

 

 
  describes the sum of the two pressures at point

p, what are C and χ?
iii. Use your answers to parts i. and ii. above as a basis of a short discussion of the

directional output of the two sources when d =λ/2.
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iv. BONUS POINTS: Use your understanding of acoustic reciprocity to suggest how you
might use two non-directional microphones to make estimates of the location of a
source in space.

¸√2

P

p

r ob lem 2.

A .

1) St imulus X consists of the sum of two sinusoids s1(t) and s2(t).

x (t) = s1(t) + s2(t)

s1(t) = S1 cos (2 f 1t)

s2(t) = ¸√2 S2 cos (2 f 2t):

Given the choice of the following percepts:

(a) silence,

(b) a single tone (specify its frequency),

(c) a complex tone consist ing of harmonics of a fundamental frequency,

(d) more than one tone (not harmonically related),

(e) a tone with loudness fluctuations,

describe what will be heard by a listener with normal hearing for each of the st imuli
in Table 1. Provide a brief explanat ion for each answer.

part S1 f 1 S2 f 2

dB SPL Hz. dB SPL Hz.

a 20 100 20 400

b 80 400 40 500
c 30 200 80 400
d 40 400 80 410

e 50 400 70 410
f 70 400 50 410

Table 1: St imulus parameters for  Problem 2A.

p
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B .

A trained listener with normal hearing is presented with tonal st imuli monaurally over head-
phones and is asked to make a series of two-alternat ive forced choice judgments about them.

The subject hears two st imuli A and B and is asked to determine if the two are the same
or diff�erent . The makeup of A and B varies between measurements, but the subject always
has to respond with either "same" or "different".

Each row of the following table describes st imulus A and st imulus B for the different
measurement condit ions. Each st imulus is 1 second in durat ion. For each measurement
condit ion predict whether the subject 's response was "same" or "different"  and explain your
reasoning.

Condit ion St imulus A Stimulus B
1. 1000 Hz @ 15 dB SPL 1005 Hz @ 15 dB SPL
2. 1000 Hz @ 90 dB SPL 1005 Hz @ 90 dB SPL
3. 5000 Hz @ 90 dB SPL 5005 Hz @ 90 dB SPL
4. 1000 Hz @ 90 dB SPL 1000 Hz @ 90 dB SPL plus

500 Hz @ 50 dB SPL

Table 2: St imulus parameters for Problem 2B.
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P roblem 3.

Depending on the characterist ics of the sound source and listening condit ions, a sound may
be:

1) easy to localize to a unique angular (azimuth, elevat ion) posit ion in space,

2) appear to arise from two (or more) dist inct angular (azimuth, elevat ion) posit ions,

3) externalized but hard to localize,

4) not be externalized,

5) not be audible.

A blindfolded listener is seated with his/ her (immobile) head at the origin of an anechoic
space. A 100 ms sound st imulus is presented from a simple source located in front of the
listener at a radius r from the center of the head. The listener has no a priori knowledge of
the locat ion of the source.

a) The source (at r = 1.0 m, q = p/6 and f= 0) produces a 500 Hz sinewave with a pressure
of 20 dB SPL at the origin (in the absence of the head).

b) The sound in (a) is moved to r = 1000 m.

c) As in (a) but the source produces a 5000 Hz sinewave.

d) As in (a), but 0 and = 6. The source produces a flat spectrum noise (of bandwidth
of 20 to 20,000 Hz) with an rms pressure of 50 dB SPL at the origin in the absence of the
head.

e) As in (d), but the source produces an 8000 Hz sinewave.

f) As in (e), but the entrance to the left ear canal of the listener is blocked with clay.

g) As in (f), but the source produces a 200 Hz sinewave.

      For each of the 7 conditions below (a through g) select one of the five (1-5) statements above
to describe the localizability of each condition.  Also, if its definable, specify the location in terms
of q and f to which the listener localizes the sound.  Finally provide a few sentences to justify
your answers.

q  = f p/

9page 7          of    

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

300
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN

John Rosowski
Quizz 1 Due 28-Oct-2004



P roblem 4.

AR pus

Figure 4: An acoust ic circuit consist ing of a volume velocity source, an acoust ic resistance,
and an unknown element N (acoust ic mass or acoust ic compliance).

The acoust ic circuit of Fig. 4 consists of a volume velocity source, an acoust ic resistance,
and an unknown element N (acoust ic mass or acoust ic compliance). It is known that the
acoust ic resistance R A = 100 acoust ic ohms. When the volume velocity source is

uS (t) = √2US cos (     f t)

where US is independent of f , the pressure across the unknown element is

pS (t) = √2P cos (2π   f t +q )

where the dependence of P on f is given in Figure 5.

1. When uS (t) = US est , u (t) = P est . Determine the system funct ion H (s) = P/ US

assuming that

(a) Element N is an acoust ic compliance.

(b) Element N is an acoust ic mass.

2. Determine the value of US , including units.

3. Determine whether the unknown element is an acoust ic mass or an acoust ic compliance.

4. Determine the value of the unknown element , including units.

5. Plot a graph of the dependence of on f on the axes provided in Fig. 5.q

N
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F igure 5: G raphs for P roblem 4.
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