
“Advanced fields in engineering”.

In Section 1 of this course you will cover these topics:
Introduction To Structural Dynamics

Free Vibration

Response To Harmonic And Periodic Excitation

Response To Arbitrary, Step And Pulse Excitation

Topic : Introduction To Structural Dynamics

Topic Objective:

At the end of this topic students will be able to:

 Understanding Simple Structure

 Understanding Single Degree Of Freedom System

 Understanding Force-Displacement Relation

 Understand the concept of Damping Force

 Understand how to Combine Static and Dynamic Responses

Definition/Overview:

Structural Dynamics: Structural dynamics is a subset of structural analysis which covers the

behavior of structures subjected to dynamic loading. Dynamic loads include people, wind,

waves, traffic, earthquakes, and blasts. Any structure can be subject to dynamic loading.

Dynamic analysis can be used to find dynamic displacements, time history, and modal analysis.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

1
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Key Points:

1. Single Degree Of Freedom System

The simplest vibratory system can be described by a single mass connected to a spring (and

possibly a dashpot). The mass is allowed to travel only along the spring elongation direction.

Such systems are called Single Degree-of-Freedom (SDOF) systems. This system may be

considered as an idealization of a one-story structure. Each structural member (beam, column,

wall, etc.) of the actual structure contributes to the inertial (mass), elastic (stiffness or flexibility),

and energy dissipation (damping) properties of the structure. In the idealized system, however,

each of these properties is concentrated in three separate, pure components: mass component,

stiffness component, and damping component.

2. Force-Displacement Relation

Consider with no dynamic excitation subjected to an externally applied static force fs along the

DOF u as shown. The internal force resisting the displacement u is equal and opposite to the

external force fs. It is desired to determine the relationship between the force fs and the relative

displacement u associated with deformations in the structure. This force-displacement relation

would be linear at small deformations but would become nonlinear at larger deformations; both

nonlinear and linear relations are considered.

3. Damping Force

The process by which free vibration steadily diminishes in amplitude is called damping. In

damping, the energy of the vibrating system is dissipated by various mechanisms, and often more
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than one mechanism may be present at the same time. In simple "clean" systems such as the

laboratory models, most of the energy dissipation presumably arises from the thermal effect of

repeated elastic straining of the material and from the internal friction when a solid is deformed.

In actual structures, however, many other mechanisms also contribute to the energy dissipation.

In a vibrating building these include friction at steel connections, opening and closing of micro

cracks in concrete, friction between the structure itself and nonstructural elements such as

partition walls. It seems impossible to identify or describe mathematically each of these energy

dissipating mechanisms in an actual building.

As a result, the damping in actual structures is usually represented in a highly idealized manner.

For many purposes the actual damping in a SDF structure can be idealized satisfactorily by a

linear viscous damper or dashpot. The damping coefficient is selected so that the vibrational

energy it dissipates is equivalent to the energy dissipated in all the damping mechanisms,

combined, present in the actual structure. This idealization is therefore called equivalent viscous

damping,

4. Combining Static and Dynamic Responses

In practical application we need to determine the total forces in a structure, including those

existing before dynamic excitation of the structure and those resulting from the dynamic

excitation. For a linear system the total forces can be determined by combining the results of two

separate analyses: (1) static analysis of the structure due to dead and live loads, temperature

changes, and so on; and (2) analysis of dynamic response due to the time-varying excitation.

This direct superposition of the results of two analyses is valid only for linear systems.

The analysis of nonlinear systems cannot, however, be separated into two parts. The dynamic

analysis of such a system must recognize the forces and deformations already existing in the

structure before the onset of dynamic excitation. This is necessary to establish the initial stiffness

property of the structure required to start the dynamic analysis.
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Topic : Free Vibration

Topic Objective:

At the end of this topic students will be able to:

 Understand the term vibration

 Understand types of vibration

 Understand analysis of vibration

 Understand vibration with and without damping

Definition/Overview:

Vibration: Vibration refers to mechanical oscillations about an equilibrium point . The

oscillations may be periodic such as the motion of a pendulum or random such as the movement

of a tire on a gravel road.

Free Vibration: A structure is said to be undergoing free vibration when it is disturbed from its

static equilibrium position and then allowed to vibrate without any external dynamic excitation.

In this chapter we study free vibration leading to the notions of the natural vibration frequency

and damping ratio for an SDP system.
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Key Points:

1. Vibrations

Vibration refers to mechanical oscillations about an equilibrium point. The oscillations may be

periodic such as the motion of a pendulum or random such as the movement of a tire on a gravel

road. Vibration is occasionally "desirable". For example the motion of a tuning fork, the reed in a

woodwind instrument or harmonica, or the cone of a loudspeaker is desirable vibration,

necessary for the correct functioning of the various devices.

More often, vibration is undesirable, wasting energy and creating unwanted sound -- noise. For

example, the vibrational motions of engines, electric motors, or any mechanical device in

operation are typically unwanted. Such vibrations can be caused by imbalances in the rotating

parts, uneven friction, the meshing of gear teeth, etc. Careful designs usually minimize unwanted

vibrations. The study of sound and vibration are closely related. Sounds, or pressure waves, are

generated by vibrating structures (e.g. vocal cords); these pressure waves can also induce the

vibration of structures (e.g. ear drum). Hence, when trying to reduce noise it is often a problem

in trying to reduce vibration.

1.1. Types of Vibration

1.1.1. Free Vibration

Free vibration occurs when a mechanical system is set off with an initial input and

then allowed to vibrate freely. Examples of this type of vibration are pulling a

child back on a swing and then letting go or hitting a tuning fork and letting it

ring. The mechanical system will then vibrate at one or more of its "natural

frequencies" and damp down to zero.

1.1.2. Forced Vibration

Forced vibration is when an alternating force or motion is applied to a mechanical

system. Examples of this type of vibration include a shaking washing machining

due to an imbalance, transportation vibration (caused by truck engine, springs,
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road, etc), or the vibration of a building during an earthquake. In forced vibration

the frequency of the vibration is the frequency of the force or motion applied,

with order of magnitude being dependent on the actual mechanical system.

1.2. Vibration Testing

Vibration testing is accomplished by introducing a forcing function into a structure,

usually with some type of shaker. Generally, one or more points on the structure are kept

at a specified vibration level. Two typical types of vibration tests performed are random-

and sine test. Sine tests are performed to survey the structural response of the device

under test (DUT). A random test is generally conducted to replicate a real world

environment.

1.3. Vibration Analysis

The fundamentals of vibration analysis can be understood by studying the simple mass-

spring-damper model. Indeed, even a complex structure such as an automobile body can

be modeled as a "summation" of simple mass-spring-damper models. The mass-spring-

damper model is an example of a simple harmonic oscillator. The mathematics used to

describe its behavior is identical to other simple harmonic oscillators such as the RLC

circuit.

1.3.1. Free Vibration without Damping

To start the investigation of the massspringdamper we will assume the damping is

negligible and that there is no external force applied to the mass (i.e. free

vibration).

The force applied to the mass by the spring is proportional to the amount the

spring is stretched "x" (we will assume the spring is already compressed due to

the weight of the mass). The proportionality constant, k, is the stiffness of the

spring and has units of force/distance (e.g. lbf/in or N/m). The negative sign

indicates that the force is always opposing the motion of the mass attached to it.
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The force generated by the mass is proportional to the acceleration of the mass as

given by Newtons second law of motion.

The sum of the forces on the mass then generates this ordinary differential

equation:

If we assume that we start the system to vibrate by stretching the spring by the

distance of A and letting go, the solution to the above equation that describes the

motion of mass is:

This solution says that it will oscillate with simple harmonic motion that has

an amplitude of A and a frequency of fn. The number fn is one of the most

important quantities in vibration analysis and is called the undamped natural

frequency. For the simple massspring system, fn is defined as:

Note: Angular frequency ω (ω = 2πf) with the units of radians per second is often

used in equations because it simplifies the equations, but is normally converted to

standard frequency (units of Hz or equivalently cycles per second) when stating

the frequency of a system.
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If you know the mass and stiffness of the system you can determine the frequency

at which the system will vibrate once it is set in motion by an initial disturbance

using the above stated formula. Every vibrating system has one or more natural

frequencies that it will vibrate at once it is disturbed. This simple relation can be

used to understand in general what will happen to a more complex system once

we add mass or stiffness. For example, the above formula explains why when a

car or truck is fully loaded the suspension will feel softer than unloaded because

the mass has increased and therefore reduced the natural frequency of the system.

1.3.2. Free Vibration with Damping

We now add a "viscous" damper to the model that outputs a force that is

proportional to the velocity of the mass. The damping is called viscous because it

models the effects of an object within a fluid. The proportionality constant c is

called the damping coefficient and has units of Force over velocity (lbf s/ in or N

s/m).

By summing the forces on the mass we get the following ordinary differential

equation:

The solution to this equation depends on the amount of damping. If the damping

is small enough the system will still vibrate, but eventually, over time, will stop

vibrating. This case is called underdamping this case is of most interest in

vibration analysis. If we increase the damping just to the point where the system

no longer oscillates we reach the point of critical damping (if the damping is
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increased past critical damping the system is called overdamped). The value that

the damping coefficient needs to reach for critical damping in the mass spring

damper model is:

To characterize the amount of damping in a system a ratio called the damping

ratio (also known as damping factor and % critical damping) is used. This

damping ratio is just a ratio of the actual damping over the amount of damping

required to reach critical damping. The formula for the damping ratio (ζ) of the

mass spring damper model is:

For example, metal structures (e.g. airplane fuselage, engine crankshaft) will have

damping factors less than 0.05 while automotive suspensions in the range of

0.20.3.

The solution to the underdamped system for the mass spring damper model is the

following:

The major points to note from the solution are the exponential term and the cosine

function. The exponential term defines how quickly the system damps down the

larger the damping ratio, the quicker it damps to zero. The cosine function is the

oscillating portion of the solution, but the frequency of the oscillations is different

from the undamped case.

The frequency in this case is called the "damped natural frequency", fd, and is

related to the undamped natural frequency by the following formula:
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The damped natural frequency is less than the undamped natural frequency, but

for many practical cases the damping ratio is relatively small and hence the

difference is negligible. Therefore the damped and undamped description are

often dropped when stating the natural frequency (e.g. with 0.1 damping ratio, the

damped natural frequency is only 1% less than the undamped).

The plots to the side present how 0.1 and 0.3 damping ratios effect how the

system will ring down over time. What is often done in practice is to

experimentally measure the free vibration after an impact (for example by a

hammer) and then determine the natural frequency of the system by measuring the

rate of oscillation as well as the damping ratio by measuring the rate of decay.

The natural frequency and damping ratio are not only important in free vibration,

but also characterize how a system will behave under forced vibration.

1.3.3. Forced Vibration with Damping

In this section we will see the behavior of the spring mass damper model when we

add a harmonic force in the form below. A force of this type could, for example,

be generated by a rotating imbalance.

If we again sum the forces on the mass we get the following ordinary differential

equation:

The steady state solution of this problem can be written as:

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

10
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



The result states that the mass will oscillate at the same frequency, f, of the

applied force, but with a phase shift ϕ.

The amplitude of the vibration X is defined by the following formula.

Where r is defined as the ratio of the harmonic force frequency over the

undamped natural frequency of the massspringdamper model.

The phase shift , φ, is defined by the following formula.

The plot of these functions, called "the frequency response of the system",

presents one of the most important features in forced vibration. In a lightly

damped system when the forcing frequency nears the natural frequency ( )

the amplitude of the vibration can get extremely high. This phenomenon is called

resonance (subsequently the natural frequency of a system is often referred to as

the resonant frequency). In rotor bearing systems any rotational speed that excites

a resonant frequency is referred to as a critical speed.

If resonance occurs in a mechanical system it can be very harmful-- leading to

eventual failure of the system. Consequently, one of the major reasons for

vibration analysis is to predict when this type of resonance may occur and then to

determine what steps to take to prevent it from occurring. As the amplitude plot

shows, adding damping can significantly reduce the magnitude of the vibration.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

11
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Also, the magnitude can be reduced if the natural frequency can be shifted away

from the forcing frequency by changing the stiffness or mass of the system. If the

system cannot be changed, perhaps the forcing frequency can be shifted (for

example, changing the speed of the machine generating the force).

The following are some other points in regards to the forced vibration shown in

the frequency response plots.

At a given frequency ratio, the amplitude of the vibration, X, is directly

proportional to the amplitude of the force F0 (e.g. If you double the force,

the vibration doubles)

With little or no damping, the vibration is in phase with the forcing

frequency when the frequency ratio r < 1 and 180 degrees out of phase

when the frequency ratio r >1

When r<<1 the amplitude is just the deflection of the spring under the

static force F0. This deflection is called the static deflection δst. Hence,

when r<<1 the effects of the damper and the mass are minimal.

When r>>1 the amplitude of the vibration is actually less than the static

deflection δst. In this region the force generated by the mass (F=ma) is

dominating because the acceleration seen by the mass increases with the

frequency. Since the deflection seen in the spring, X, is reduced in this

region, the force transmitted by the spring (F=kx) to the base is reduced.

Therefore the mass-spring-damper system is isolating the harmonic force

from the mounting basereferred to as vibration isolation. Interestingly,

more damping actually reduces the effects of vibration isolation when

r>>1 because the damping force (F=cv) is also transmitted to the base.
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Topic : Response To Harmonic And Periodic Excitation

Topic Objective:

At the end of this topic students will be able to:

 Understanding harmonic vibration

 Understand response of harmonic extraction

 Understand response of periodic extraction

Definition/Overview:

Harmonic Response: In acoustics and telecommunication, the harmonic of a wave is a

component frequency of the signal that is an integer multiple of the fundamental frequency. The

harmonics have the property that they are all periodic at the signal frequency. Also, due to the

properties of Fourier series, the sum of the signal and its harmonics is also periodic at that

frequency.

Key Points:

1. Forced Harmonic Vibration

Harmonic excitation is often encountered in engineering systems. It is commonly produced by

the unbalance in rotating machinery. Although pure harmonic excitation is less likely to occur

than periodic or other types of excitation, understanding the behavior of a system undergoing

harmonic excitation is essential in order to comprehend how the system will respond to more

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

13
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



general types of excitation. Harmonic excitation may be in the form of a force or displacement of

some point in the system.

We will first consider a single DOF system with viscous damping, excited by a harmonic force

, as shown in Fig. 1. Its differential equation of motion is found from the free-body

diagram.

(1)

The solution to this equation consists of two parts, the complementary function, which is the

solution of the homogeneous equation, and the particular integral. The complementary function

in this case, is a damped free vibration.

The particular solution to the preceding equation is a steady-state oscillation of the same

frequency w as that of the excitation. We can assume the particular solution to be of the form:

(2)

Where X is the amplitude of oscillation and f is the phase of the displacement with respect to the

exciting force.

The amplitude and phase in the previous equation are found by substituting Eqn. (2) into the

differential equation (1). Remembering that in harmonic motion the phases of the velocity and

acceleration are ahead of the displacement by 90 and 180, respectively, the terms of the

differential equation can also be displayed graphically, as in Fig. 2.

It is easily seen from this diagram that

(3)

And

(4)
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We now express Eqs (3) and (4) in non-dimensional term that enables a concise graphical

presentation of these results. Dividing the numerator and denominator of Eqs (3) and (4) by k, we

obtain:

(5)

And

(6)

These equations can be further expressed in terms of the following quantities:

The non-dimensional expressions for the amplitude and phase then become

(7)

and

(8)

These equations indicate that the non dimensional amplitude , and the phase f are

functions only of the frequency ratio , and the damping factor z and can be plotted as

shown in Fig 3.
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2. SDOF Systems under Harmonic Excitation

When a SDOF system is forced by f(t), the solution for the displacement x(t) consists of two

parts: the complimentary solution, and the particular solution. The complimentary solution for

the problem is given by the free vibration discussion. The particular solution depends on the

nature of the forcing function.

When the forcing function is harmonic (i.e. it consists of at most a sine and cosine at the same

frequency, a quantity that can be expressed by the complex exponential eiwt), the method of

Undetermined Coefficients can be used to find the particular solution. Non-harmonic forcing

functions are handled by other techniques.

Consider the SDOF system forced by the harmonic function f(t),

The particular solution for this problem is found to be,

The general solution is given by the sum of the complimentary and particular solutions

multiplied by two weighting constants c1 and c2,

The values of c1 and c2 are found by matching x(t = 0) to the initial conditions.

3. Un-damped SDOF Systems under Harmonic Excitation

For an un-damped system (cv = 0) the total displacement solution is,
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If the forcing frequency is close to the natural frequency, , the system will exhibit

resonance (very large displacements) due to the near-zeros in the denominators of x(t).

When the forcing frequency is equal to the natural frequency, we cannot use the x(t) given above

as it would give divide-by-zero. Instead, we must use L'Hspital's Rule to derive a solution free of

zeros in the denominators,

To simplify x(t), let's assume that the driving force consists only of the cosine function,

,

The displacement solution reduces to,

This solution contains one term multiplied by t. This term will cause the displacement amplitude

to increase linearly with time as the forcing function pumps energy into the system, as shown in

the following displacement plot,

The maximum displacement of an un-damped system forced at its resonant frequency will

increase unbounded according to the solution for x(t) above. However, real systems will inject

additional physics once displacements become large enough. These additional physics (nonlinear

plastic deformation, heat transfer, buckling, etc.) will serve to limit the maximum displacement

exhibited by the system, and allow one to escape the "sudden death" impression that such

systems will immediately fail.
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Topic : Response To Arbitrary, Step And Pulse Excitation

Topic Objective:

At the end of this topic students will be able to:

 Understand arbitrary

 Understand the response of arbitrary force

 Understand response to pulse excitation

Definition/Overview:

Arbitrary: Arbitrary is a term given to choices and actions which are considered to be done not

by means of any underlying principle or logic, but by whim or some decidedly illogical formula.

Key Points:

1. Response to Arbitrarily Time-Varying Forces

In this part a general procedure is developed to analyze the response of an SDF system subjected

to force p(t) varying arbitrarily with time. This result will enable analytical evaluation of

response to forces described by simple functions of time. In developing the general solution, pet)

is interpreted as a sequence of impulses of infinitesimal duration, and the response of the system

to pet) is the sum of the responses to individual impulses. These individual responses can

conveniently be written in terms of the response of the system to a unit impulse.
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1.1. Response to Arbitrary Force

A force p(t) varying arbitrarily with time can be represented as a sequence of

infinitesimally short impulses. The response of a linear dynamic system to one of these

impulses, the one at time r of magnitude per) dx , is this magnitude times the unit impulse

response function.

2. Response to Pulse Excitations

We next consider an important class of excitations that consist of essentially a single pulse, such

as shown in Fig. 4.6.1. Air pressures generated on a structure due to aboveground blasts or

explosions are essentially a single pulse and can usually be idealized by simple shapes such as

those shown in the left part of Fig. 4.6.2. The dynamics of structures subjected to such

excitations was the subject of much work during the 1950s and 1960s.

2.1. Solution Methods

The response of the system to such pulse excitations does not reach a steady-state

condition; the effects of the initial conditions must be considered; but as will be shown

later, damping can be ignored because it usually has little influence on the response. The

response of the system to such pulse excitations can be determined by one of several

analytical methods: (1) the classical method for solving differential equations, (2)

evaluating Duhamel's integral, and (3) expressing the pulse as the superposition of two or

more simpler functions for which response solutions are already available or easier to

determine.
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3. Viscous Damping

Viscous damping is caused by such energy losses as occur in liquid lubrication between moving

parts or in a fluid forced through a small opening by a piston, as in automobile shock absorbers.

The viscous-damping force is directly proportional to the relative velocity between the two ends

of the damping device. If the excitation is a single pulse, the effect of damping on the maximum

response is usually not important unless the system is highly damped. Damping was seen to have

an important influence on the maximum steady-state response of systems to harmonic excitation

at or near resonance.

In Section 2 of this course you will cover these topics:
Numerical Evaluation Of Dynamic Response

Earthquake System To Linear System

Earthquake System To Inelastic System

Generalized Single-Degree-Of-Freedom System

Topic : Numerical Evaluation Of Dynamic Response

Topic Objective:

At the end of this topic students will be able to:

 Understand Time-stepping method

 Understand the concept of Finite Difference

 Understand the Stability and Computational Error concept
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Definition/Overview:

Analytic Solution: Analytical solution of the equation of motion for a single-degree-of-freedom

system is usually not possible if the excitation-applied force pet) or ground acceleration

ug(t)varies arbitrarily with time or if the system is nonlinear. Such problems can be tackled by

numerical time-stepping methods for integration of differential equations. A vast body of

literature, including major chapters of several textbooks, exists about these methods for solving

various types of differential equations that arise in the broad subject area of applied mechanics.

The literature includes the mathematical development of these methods; their accuracy,

convergence, and stability properties; and computer implementation.

Key Points:

1. Time-stepping

The equations of motion integrated by the model involve four prognostic equations for flow,

and , temperature, , and salt/moisture, , and three diagnostic equations for vertical flow, ,

density/buoyancy, / , and pressure/geo-potential, . In addition, the surface pressure or

height may by describe by either a prognostic or diagnostic equation and if non-hydrostatics

terms are included then a diagnostic equation for non-hydrostatic pressure is also solved. The

combination of prognostic and diagnostic equations requires a model algorithm that can march

forward prognostic variables while satisfying constraints imposed by diagnostic equations.

Since the model comes in several flavors and formulation, it would be confusing to present the

model algorithm exactly as written into code along with all the switches and optional terms.

Instead, we present the algorithm for each of the basic formulations which are:

 The semi-implicit pressure method for hydrostatic equations with a rigid-lid, variables

co-located in time and with Adams-Bashforth time-stepping,

 As 1. but with an implicit linear free-surface,

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

21
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



 As 1. or 2. but with variables staggered in time,

 As 1. or 2. but with non-hydrostatic terms included,

 As 2. or 3. but with non-linear free-surface.

2. Finite Difference

A finite difference is a mathematical expression of the form f(x + b) − f(x + a). If a finite

difference is divided by b − a, one gets a difference quotient. The approximation of derivatives

by finite differences plays a central role in finite difference methods for the numerical solution of

differential equations, especially boundary value problems. In mathematical analysis, operators

involving finite differences are studied. A difference operator is an operator which maps a

function f to a function whose values are the corresponding finite differences.

2.1. Finite-Difference Methods

In mathematics, finite-difference methods are numerical methods for approximating the

solutions to differential equations using finite difference equations to approximate

derivatives.

3. Stability and Computational Error

3.1. Stability

Numerical procedures that lead to bounded solutions if the time step is shorter than some

stability limit are called conditionally stable procedures. Procedures that lead to bounded

solutions regardless of the time-step length are called unconditionally stable procedures.

The average acceleration method is unconditionally stable.
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3.2. Computational Error

Error is inherent in any numerical solution of the equation of motion. We not discuss

error analysis from a mathematical point of view. Rather, we examine two of the

important characteristics of numerical solutions to develop a feel for the nature of the

errors, and then mention a simple, useful way of managing error.

Topic : Earthquake System To Linear System

Topic Objective:

At the end of this topic students will be able to:

 Understand the concept of Earthquake Excitation

 Understand Equations of Motion

 Understand the D-V-A Spectrum

 Understand Elastic Design Spectrum

 Understand the Distinction between Design and Response Spectra

 Understand the Velocity and Acceleration Response Spectra

Definition/Overview:

Earthquake Excitation: For engineering purposes the time variation of ground acceleration is

the most useful way of defining the shaking of the ground during an earthquake.
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Key Points:

1. Earthquake Excitation

For engineering purposes the time variation of ground acceleration is the most useful way of

defining the shaking of the ground during an earthquake. The basic instrument to record three

components of ground shaking during earthquakes is the strong-motion accelerograph, which

does not record continuously but is triggered into motion by the first waves of the earthquake to

arrive. This is because, even in earthquake-prone regions. Such as California and Japan, there

may not be any strong ground motion from earthquakes to record for months, or even years, at a

time. Consequently, continual recordings of hundreds of such instruments would be a wasteful

exercise. After triggering, the recording continues for some minutes or until the ground shaking

falls again to imperceptible levels, Clearly, the instruments must be regularly maintained and

serviced so that they produce a record when shaking occurs.

2. Equations of Motion

In physics, equations of motion are equations that describe the behavior of a system (e.g., the

motion of a particle under an influence of a force) as a function of time. Sometimes the term

refers to the differential equations that the system satisfies (e.g., Newton's second law or

EulerLagrange equations), and sometimes to the solutions to those equations.

3. Combined D-V-A Spectrum

Each of the deformation, pseudo-velocity, and pseudo-acceleration response spectra for a given

ground motion contain the same information, no more and no less. The three spectra are simply

different ways of presenting the same information on structural response.

One of the reasons is that each spectrum directly provides a physically meaningful quantity. The

deformation spectrum provides the peak deformation of a system. The pseudo-velocity spectrum
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is related directly to the peak strain energy stored in the system during the earthquake. The

second reason lies in the fact that the shape of the spectrum can be approximated more readily

for design purposes with the aid of all three spectral quantities rather than anyone of them alone.

For this purpose a combined plot showing all three of the spectral quantities is especially useful.

4. Elastic Design Spectrum

In this section we introduce the concept of earthquake design spectrum for elastic systems and

present a procedure to construct it from estimated peak values for ground acceleration, ground

velocity, and ground displacement.

The design spectrum should satisfy certain requirements because it is intended for the design of

new structures, or the seismic safety evaluation of existing structures, to resist future

earthquakes. For this purpose the response spectrum for a ground motion recorded during a past

earthquake is inappropriate. The response spectrum for another ground motion recorded at the

same site during a different earthquake is also jagged, but the peaks and valleys are not

necessarily at the same periods. Similarly, it is not possible to predict the jagged response

spectrum in all its detail for a ground motion that may occur in the future. Thus the design

spectrum should consist of a set of smooth curves or a series of straight lines with one curve for

each level of damping.

The design spectrum should, in a general sense, be representative of ground motions recorded at

the site during past earthquakes. If none have been recorded at the site, the design spectrum

should be based on ground motions recorded at other sites under similar conditions. The factors

that one tries to match in the selection include the magnitude of the earthquake, the distance of

the site from the earthquake fault, the fault mechanism, the geology of the travel path of seismic

waves from the source to the site, and the local soil conditions at the site. While this approach is

feasible for some parts of the world, such as California and Japan, where numerous ground

motion records are available, in many other regions it is hampered by the lack of a sufficient

number of such records. In such situations compromises in the approach are necessary by

considering ground motion records that were recorded for conditions different from those at the
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site. Detailed discussion of these issues is beyond the scope of this book. The presentation here is

focused on the narrow question of how to develop the design spectrum that is representative of

an available ensemble (or set) of recorded ground motions.

5. Distinction between Design and Response Spectra

A design spectrum differs conceptually from a response spectrum in two important ways. First,

the jagged response spectrum is a plot of the peak response of all possible SDF systems and

hence is a description of a particular ground motion. The smooth design spectrum, however, is a

specification of the level of seismic design force, or deformation, as a function of natural

vibration period and damping ratio. This conceptual difference between the two spectra should

be recognized, although in some situations, their shapes may be similar. Such is the case when

the design spectrum is determined by statistical analysis of several comparable response spectra.

Second, for some sites a design spectrum is the envelope of two different elastic design spectra.

Consider a site in southern California that could be affected by two different types of

earthquakes: a Magnitude 6.5 earthquake originating on a nearby fault and a Magnitude 8.5

earthquake on the distant San Andreas Fault. The design spectrum for this site is defined as the

envelope of the design spectra for the two different types of earthquakes. Note that the short

period portion of the design spectrum is governed by the nearby earthquake, while the long-

period portion of the design spectrum is controlled by the distant earthquake.

6. Velocity and Acceleration Response Spectra

We now return to the relative velocity response spectrum and the acceleration response spectrum

that were introduced in Section 6.5. In one sense there is little motivation to study these "true"

spectra because they are not needed to determine the peak deformations and forces in a system;

for this purpose the pseudo-acceleration (or pseudo-velocity or deformation) response spectrum

is sufficient. A brief discussion of these "true" spectra is included, however, because the
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distinction between them and "pseudo" spectra has not always been made in the early

publications, and the two have sometimes been used interchangeably.

Topic : Earthquake System To Inelastic System

Topic Objective:

At the end of this topic students will be able to:

 Understand Structure Deforming

 Understand Yield Deformation and Yield Strength

Definition/Overview:

Deforming: In materials science, deformation is a change in the shape or size of an object due to

an applied force. This can be a result of tensile (pulling) forces, compressive (pushing) forces,

shear, bending or torsion (twisting). Deformation is often described in terms of strain.

Yield: The yield strength or yield point of a material is defined in engineering and materials

science as the stress at which a material begins to deform plastically. Prior to the yield point the

material will deform elastically and will return to its original shape when the applied stress is

removed.
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Key Points:

1. Response of Structure Deforming

The response of structures deforming into their inelastic range during intense ground shaking is

therefore of central importance in earthquake engineering. This chapter is concerned with this

important subject. After introducing the elasto-plastic system and the parameters describing the

system, the equation of motion is presented and the various parameters describing the system and

excitation are identified. Then the earthquake response of elastic and inelastic systems is

compared with the objective of understanding how yielding influences structural response. This

is followed by a procedure to determine the response spectrum for yield force associated with

specified values of the ductility factor, together with a discussion of how the spectrum can be

used to determine the design force and deformation for inelastic systems. The chapter closes with

a procedure to determine the design spectrum for inelastic systems from the elastic design

spectrum, followed by a discussion of the important distinction between design and response

spectra.

2. Response Spectrum for Yield Deformation and Yield Strength

For design purposes it is desired to determine the yield strength I, (or yield deformation uy) of

the system necessary to limit the ductility demand imposed by the ground motion to a specified

value. In their 1960 paper, A. S. Veletsos and N. M. Newmark developed a response spectrum

for elastoplastic systems which readily provides the desired information. We present next a

procedure to determine this spectrum, which is central to understanding the earthquake response

and design of yielding structures.
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2.1. Yield Strength for Specified Ductility

An interpolative procedure is necessary to obtain the yield strength of an elastoplastic

system for a specified ductility factor since the response of a system with arbitrarily

selected yield strength will seldom correspond to the desired ductility value.

3. Strengthening Mechanisms

There are several ways in which crystalline and amorphous materials can be engineered to

increase their yield strength. By altering dislocation density, impurity levels, grain size (in

crystalline materials), the yield strength of the material can be fine tuned. This occurs typically

by introducing defects such as impurities dislocations in the material. To move this defect

(plastically deforming or yielding the material), a larger stress must be applied. This thus causes

a higher yield stress in the material. While many material properties depend only on the

composition of the bulk material, yield strength is extremely sensitive to the materials processing

as well for this reason.

These mechanisms for crystalline materials include:

3.1. Work Hardening

Where machining the material will introduce dislocations, which increases their density

in the material. This increases the yield strength of the material, since now more stress

must be applied to move these dislocations through a crystal lattice. Dislocations can also

interact with each other, becoming entangled.

The governing formula for this mechanism is:

Where σy is the yield stress, G is the shear elastic modulus, b is the magnitude

of the Burgers vector, and ρ is the dislocation density.

3.2. Solid Solution Strengthening

By alloying the material, impurity atoms in low concentrations will occupy a lattice

position directly below a dislocation, such as directly below an extra half plane defect.
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This relieves a tensile strain directly below the dislocation by filling that empty lattice

space with the impurity atom. The relationship of this mechanism goes as:

Where τ is the shear stress, related to the yield stress, G and b are the same as

in the above example, C_s is the concentration of solute and ε is the strain

induced in the lattice due to adding the impurity.

3.3. Particle/Precipitate Strengthening

Where the presence of a secondary phase will increase yield strength by blocking the

motion of dislocations within the crystal. A line defect that, while moving through the

matrix, will be forced against a small particle or precipitate of the material. Dislocations

can move through this particle either by shearing the particle, or by a process known as

bowing or ringing, in which a new ring of dislocations is created around the particle.

The shearing formula goes as:

and the bowing/ringing formula:

In these formulas, rparticle is the particle radius, γparticle − matrix is the surface

tension between the matrix and the particle, linterparticle is the distance between

the particles.

3.4. Grain boundary strengthening

Where a buildup of dislocations at a grain boundary causes a repulsive force between

dislocations. As grain size decreases, the surface area to volume ratio of the grain

increases, allowing more buildup of dislocations at the grain edge. Since it requires a lot

of energy to move dislocations to another grain, these dislocations build up along the
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boundary, and increase the yield stress of the material. Also known as Hall-Petch

strengthening, this type of strengthening is governed by the formula:

where

σ0 is the stress required to move dislocations,

k is a material constant, and

d is the grain size.

Topic : Generalized Single-Degree-Of-Freedom System

Topic Objective:

At the end of this topic students will be able to:

 Understand Single-Degree-of-Freedom System

 Understand Independent Degrees of Freedom

Definition/Overview:

Degrees of Freedom: Degrees of freedom are a general term used in explaining dependence on

parameters, and implying the possibility of counting the number of those parameters. In

mathematical terms, the degrees of freedom are the dimensions of a phase space.
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Key Points:

1. Degrees of Freedom in Mechanics

In mechanics, for each particle belonging to a system, and for each independent direction in

which movement is possible, two degrees of freedom are defined, one describes the particle's

momentum in that direction, the other describing the particle's position along an axis defined by

that direction. Note that "degrees of freedom" has a different meaning in the context of

engineering and machines.

A more general definition, in statistical mechanics, a degree of freedom is a single scalar number

describing the classical micro-state of a system. The micro-state of a system is completely

described by the set of all values of all its degrees of freedom.

If the system studied can be described as a set of mechanical particles, then degrees of freedom

are defined in the same manner as above. Thus, a micro-state of the system is a point in the

system's phase space.

It must be noted that for a system, a micro-state defined by using degrees of freedom is

intrinsically a classical state. This is because for a quantum micro-state, defining a precise value

of both the position and momentum of a particle violates the Heisenberg uncertainty principle.

The description of a system through a set of degrees of freedom is thus only valid in the classical

(or high temperature) limit of statistical mechanics.

In some cases, when the system is not appropriately described as a set of mechanical particles,

other types of degrees of freedom have to be defined. For example, in the 3D

ideal chain model, two angles are necessary to describe each monomer's orientation. The value of

each of these angles can each be a degree of freedom.

There are 6 degrees of freedom in total. Another way to justify this figure is to consider that the

movement of the molecule will be described by the movement of the two mechanical particles

representing its two atoms, and 6 degrees of freedom are attached to each particle, as above.

With this alternative breakdown, it appears that different sets of degrees of freedom can be

defined to describe the movement of the molecule. In fact a set of degrees of freedom for a

mechanical system is a set of independent axes in the phase space of the system, and that allows

the generation of the whole phase space. For a multidimensional space like phase space, there is

more than one possible set of axes.
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It is notable that not all degrees of freedom of the hydrogen molecule participate in the above

expression of its energy. For example, those degrees of freedom associated to the position of the

center of mass of the particle do not weigh in the energy.

In the table below the degrees which are disregarded are like this because of their low effect on

total energy, unless they are at very high temperatures or energies. The diatomic rotation is

disregarded due to rotation about the molecules axis. Monatomic rotation is disregarded for the

same reason as diatomic, but this effect continues into the other 2 directions.

Monatomic Linear molecules Non-Linear molecules

Position (x, y and z) 3 3 3

Rotation (x, y and z) 0 2 3

Vibration 0 3N - 5 3N - 6

Total 3 3N 3N

2. Independent Degrees of Freedom

The set of degrees of freedom of a system is independent if the energy associated

with the set can be written in the following form:

where Ei is a function of the sole variable Xi.

example: if X1 and X2 are two degrees of freedom, and E is the associated energy:

 If , then the two degrees of freedom are independent.

 If , then the two degrees of freedom are not independent.

The term involving the product of X1 and X2 is a coupling term, that describes an

interaction between the two degrees of freedom.
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2.1. Properties

If is a set of independent degrees of freedom then, at thermodynamic

equilibrium, are all statistically independent from each other.

For i from 1 to N, the value of the ith degree of freedom Xi is distributed according to the

Boltzmann distribution. Its probability density function is the following:

,

In this section, and throughout the article the brackets denote the mean of the quantity

they enclose.

The internal energy of the system is the sum of the average energies associated to each of

the degrees of freedom:

2.2. Demonstrations

We will assume that our system exchanges energy in the form of heat with the outside,

and that its number of particles remains fixed. This corresponds to studying the system in

the canonical ensemble. Note that in statistical mechanics, a result that is demonstrated

for a system in a particular ensemble remains true for this system at the thermodynamic

limit in any ensemble. In the canonical ensemble, at thermodynamic equilibrium, the

state of the system is distributed among all micro-states according to the Boltzmann

distribution. If T is the system's temperature and kB is Boltzmann's constant, then the

probability density function associated to each micro-state is the following:

,
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The denominator in the above expression plays an important role;

This expression immediately breaks down into a product of terms depending of a single

degree of freedom:

The existence of such a breakdown of the multidimensional probability density function

into a product of functions of one variable is enough by itself to demonstrate that

are statistically independent from each other.

Since each function pi is normalized, it follows immediately that pi is the probability

density function of the degree of freedom Xi, for i from 1 to N.

Finally, the internal energy of the system is its mean energy. The energy of a degree of

freedom Ei is a function of the sole variable Xi. Since are independent

from each other, the energies are also statistically

independent from each other. The total internal energy of the system can thus be written

as:

In Section 3 of this course you will cover these topics:
Equation Of Motion, Problem Statement And Solution Methods

Free Vibration

Dynamic Analysis And Response To Linear Systems

Earthquake Analysis Of Liner Systems
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Topic : Equation Of Motion, Problem Statement And Solution Methods

Topic Objective:

At the end of this topic students will be able to:

 Understand equation of Motion

 Understand problem statement

 Understand solution methods

Definition/Overview:

Equation of Motion: In physics, equations of motion are equations that describe the behavior of

a system (e.g., the motion of a particle under an influence of a force) as a function of time.

Sometimes the term refers to the differential equations that the system satisfies (e.g., Newton's

second law or EulerLagrange equations), and sometimes to the solutions to those equations.

Key Points:

1. Equation of Motion

In physics, equations of motion are equations that describe the behavior of a system (e.g., the

motion of a particle under an influence of a force) as a function of time. Sometimes the term

refers to the differential equations that the system satisfies (e.g., Newton's second law or

EulerLagrange equations), and sometimes to the solutions to those equations.
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The equations that apply to bodies moving linearly (that is, one dimension) with uniform

acceleration are presented below. They are often referred to as SUVAT or VUSAT equations, as

the 5 variables they involve are represented by those letters (s = displacement, u = initial

velocity, v = final velocity, a = acceleration, t = time)

1.1. Linear Equations of Motion under Uniform Acceleration

The body is considered at two instants in time: one "initial" point and one "current".

Often, problems in kinematics deal with more than two instants, and several applications

of the equations are required.

2. Classic Version

The above equations are often found in the following version:

...(1)

...(2)

...(3)

...(4)

...(5)

By substituting (1) into (2), we can get (3), (4) and (5)

where

s = the distance travelled from the initial state to the final state (displacement)(note that s

is sometimes replaced with R or x)

u = the initial velocity (speed in a given direction)
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v = the final velocity

a = the constant acceleration

t = the time taken to move from the initial state to the final state

2.1. Extension

More complex versions of these equations can include a quantity Δs for the variation on

displacement (s - s0), s0 for the initial position of the body, and v0 for u for consistency.

However a suitable choice of origin for the one-dimensional axis on which the body

moves makes these more complex versions unnecessary.

2.2. Rotational equations of motion

The analogues of the above equations can be written for rotation:

where:

α is the angular acceleration

ω is the angular velocity
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φ is the angular displacement

ω0 is the initial angular velocity

φ0 is the initial angular displacement

Δφ is the variation on angular displacement (φ - φ0).

3. Linear System

A linear system is a mathematical model of a system based on the use of a linear operator. Linear

systems typically exhibit features and properties that are much simpler than the general,

nonlinear case. As a mathematical abstraction or idealization, linear systems find important

applications in automatic control theory, signal processing, and telecommunications. For

example, the propagation medium for wireless communication systems can often be modeled by

linear systems.

A general deterministic system can be described by operator H that maps an input x(t) as a

function of t to an output y(t), a type of black box description. Linear systems satisfy the

properties of superposition and scaling. Given two valid inputs

as well as their respective outputs

then a linear system must satisfy
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for any scalar values and .

The behavior of the resulting system subjected to a complex input can be described as a sum of

responses to simpler inputs. In nonlinear systems, there is no such relation. This mathematical

property makes the solution of modelling equations simpler than many nonlinear systems. For

time-invariant systems this is the basis of the impulse response or the frequency response

methods (see LTI system theory), which describe a general input function x(t) in terms of unit

impulses or frequency components.

Typical differential equations of linear time-invariant systems are well adapted to analysis using

the Laplace transform in the continuous case, and the Z-transform in the discrete case (especially

in computer implementations).

Another perspective is that solutions to linear systems comprise a system of functions which act

like vectors in the geometric sense.

A common use of linear models is to describe a nonlinear system by linearization. This is usually

done for mathematical convenience.

Topic : Free Vibration

Topic Objective:

At the end of this topic students will be able to:

 Understand Vibration

 Understand Vibration mode
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Definition/Overview:

Vibration: Vibration refers to mechanical oscillations about an equilibrium point . The

oscillations may be periodic such as the motion of a pendulum or random such as the movement

of a tire on a gravel road.

Key Points:

1. Vibration

Vibration refers to mechanical oscillations about an equilibrium point . The oscillations may be

periodic such as the motion of a pendulum or random such as the movement of a tire on a gravel

road.

Vibration is occasionally "desirable". For example the motion of a tuning fork, the reed in a

woodwind instrument or harmonica, or the cone of a loudspeaker is desirable vibration,

necessary for the correct functioning of the various devices.

More often, vibration is undesirable, wasting energy and creating unwanted sound -- noise. For

example, the vibrational motions of engines, electric motors, or any mechanical device in

operation are typically unwanted. Such vibrations can be caused by imbalances in the rotating

parts, uneven friction, the meshing of gear teeth, etc. Careful designs usually minimize unwanted

vibrations.

The study of sound and vibration are closely related. Sound, or pressure waves, is generated by

vibrating structures (e.g. vocal cords); these pressure waves can also induce the vibration of

structures (e.g. ear drum). Hence, when trying to reduce noise it is often a problem in trying to

reduce vibration.
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1.1. Types of vibration

1.1.1. Free Vibration

Free vibration occurs when a mechanical system is set off with an initial input and

then allowed to vibrate freely. Examples of this type of vibration are pulling a

child back on a swing and then letting go or hitting a tuning fork and letting it

ring. The mechanical system will then vibrate at one or more of its "natural

frequencies" and damp down to zero.

1.1.2. Forced vibration

Forced vibration is when an alternating force or motion is applied to a mechanical

system. Examples of this type of vibration include a shaking washing machining

due to an imbalance, transportation vibration (caused by truck engine, springs,

road, etc), or the vibration of a building during an earthquake. In forced vibration

the frequency of the vibration is the frequency of the force or motion applied,

with order of magnitude being dependent on the actual mechanical system.

2. Free vibration without damping

To start the investigation of the mass-spring-damper we will assume the damping is negligible

and that there is no external force applied to the mass (i.e. free vibration).

The force applied to the mass by the spring is proportional to the amount the spring is stretched

"x" (we will assume the spring is already compressed due to the weight of the mass). The

proportionality constant, k, is the stiffness of the spring and has units of force/distance (e.g. lbf/in

or N/m)

The force generated by the mass is proportional to the acceleration of the mass as given by

Newtons second law of motion.

The sum of the forces on the mass then generates this ordinary differential equation:
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3. Simple Harmonic Motion of the Mass-Spring System

If we assume that we start the system to vibrate by stretching the spring by the distance of A and

letting go, the solution to the above equation that describes the motion of mass is:

This solution says that it will oscillate with simple harmonic motion that has amplitude of A and

a frequency of fn. The number fn is one of the most important quantities in vibration analysis and

is called the undamped natural frequency. For the simple mass-spring system, fn is defined as:

Note: Angular frequency ω (ω = 2πf) with the units of radians per second is often used in

equations because it simplifies the equations, but is normally converted to standard frequency

(units of Hz or equivalently cycles per second) when stating the frequency of a system.

If you know the mass and stiffness of the system you can determine the frequency at which the

system will vibrate once it is set in motion by an initial disturbance using the above stated

formula. Every vibrating system has one or more natural frequencies that it will vibrate at once it

is disturbed. This simple relation can be used to understand in general what will happen to a

more complex system once we add mass or stiffness. For example, the above formula explains

why when a car or truck is fully loaded the suspension will feel softer than unloaded because the

mass has increased and therefore reduced the natural frequency of the system.

4. What Causes the System to Vibrate Under no Force?

These formulas describe the resulting motion, but they do not explain why the system oscillates.

The reason for the oscillation is due to the conservation of energy. In the above example we have

extended the spring by a value of A and therefore have stored potential energy ( ) in the
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spring. Once we let go of the spring, the spring tries to return to its un-stretched state and in the

process accelerates the mass. At the point where the spring has reached its un-stretched state it

no longer has energy stored, but the mass has reached its maximum speed and hence all the

energy has been transformed into kinetic energy ( ). The mass then begins to decelerate

because it is now compressing the spring and in the process transferring the kinetic energy back

to its potential. This transferring back and forth of the kinetic energy in the mass and the

potential energy in the spring causes the mass to oscillate.

In our simple model the mass will continue to oscillate forever at the same magnitude, but in a

real system there is always something called damping that dissipates the energy and therefore

the system eventually bringing it to rest.

5. Free Vibration with Damping

We now add a "viscous" damper to the model that outputs a force that is proportional to the

velocity of the mass. The damping is called viscous because it models the effects of an object

within a fluid. The proportionality constant c is called the damping coefficient and has units of

Force over velocity (lbf s/ in or N s/m).

By summing the forces on the mass we get the following ordinary differential equation:

The solution to this equation depends on the amount of damping. If the damping is small enough

the system will still vibrate, but eventually, over time, will stop vibrating. This case is called

under-damping--this case is of most interest in vibration analysis. If we increase the damping just

to the point where the system no longer oscillates we reach the point of critical damping (if the

damping is increased past critical damping the system is called over-damped). The value that the

damping coefficient needs to reach for critical damping in the mass spring damper model is:
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To characterize the amount of damping in a system a ratio called the damping ratio (also known

as damping factor and % critical damping) is used. This damping ratio is just a ratio of the actual

damping over the amount of damping required to reach critical damping. The formula for the

damping ratio (ζ) of the mass spring damper model is:

For example, metal structures (e.g. airplane fuselage, engine crankshaft) will have damping

factors less than 0.05 while automotive suspensions in the range of 0.2-0.3.

The solution to the under-damped system for the mass spring damper model is the following:

The value of X, the initial magnitude, and φ, the phase shift, are determined by the amount the

spring is stretched. The formulas for these values can be found in the references.

The major points to note from the solution are the exponential term and the cosine function. The

exponential term defines how quickly the system damps down the larger the damping ratio, the

quicker it damps to zero. The cosine function is the oscillating portion of the solution, but the

frequency of the oscillations is different from the un-damped case.

The frequency in this case is called the "damped natural frequency", fd, and is related to the un-

damped natural frequency by the following formula:

The damped natural frequency is less than the un-damped natural frequency, but for many

practical cases the damping ratio is relatively small and hence the difference is negligible.

Therefore the damped and un-damped description are often dropped when stating the natural

frequency (e.g. with 0.1 damping ratio, the damped natural frequency is only 1% less than the

un-damped).

The plots to the side present how 0.1 and 0.3 damping ratios effect how the system will ring

down over time. What is often done in practice is to experimentally measure the free vibration
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after an impact (for example by a hammer) and then determine the natural frequency of the

system by measuring the rate of oscillation as well as the damping ratio by measuring the rate of

decay. The natural frequency and damping ratio are not only important in free vibration, but also

characterize how a system will behave under forced vibration.

Chapter Name/Title:

Damping in Structures

Topic Objective:

At the end of this topic students will be able to:

 Understand Damping

 Understand modeling to elasticity

 Understand Transitions to inelasticity

Definition/Overview:

Damping: Damping is any effect, either deliberately engendered or inherent to a system that

tends to reduce the amplitude of oscillations of an oscillatory system.
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Key Points:

1. Damping

In physics and engineering, damping may be mathematically modelled as a force synchronous

with the velocity of the object but opposite in direction to it. If such force is also proportional to

the velocity, as for a simple mechanical viscous damper (dashpot), the force F may be related to

the velocity v by

where c is the viscous damping coefficient, given in units of Newton-seconds per meter.

This relationship is perfectly analogous to electrical resistance. See Ohm's law.

This force is an (raw) approximation to the friction caused by drag.

In playing stringed instruments such as guitar or violin, damping is the quieting or abrupt

silencing of the strings after they have been sounded, by pressing with the edge of the palm, or

other parts of the hand such as the fingers on one or more strings near the bridge of the

instrument. The strings themselves can be modelled as a continuum of infinitesimally small

mass-spring-damper systems where the damping constant is much smaller than the resonance

frequency, creating damped oscillations (see below).

2. Thermo-elastic Damping

In any vibrating structure, the strain field causes a change in the internal energy such that

compressed region becomes hotter and extended region becomes cooler. The mechanism

responsible for thermo-elastic damping is the resulting lack of thermal equilibrium between

various parts of the vibrating structure. Energy is dissipated when irreversible heat flow driven

by the temperature gradient occurs.
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The earliest study of thermo-elastic damping can be found in Zeners classical work, in 1937, in

which he studied thermo-elastic damping in beams undergoing flexural vibrations. Flexural

vibrations cause alternating tensile and compressive strains to build up on opposite sides of the

neutral axis leading to a thermal imbalance. Irreversible heat flow which is driven by the

temperature gradient causes vibrational energy to be dissipated.

2.1. Modeling Elasticity

The elastic regime is characterized by a linear relationship between stress and strain,

denoted linear elasticity. Good examples are a rubber band and a bouncing ball. This idea

was first stated by Robert Hooke in 1675 as a Latin anagram "ceiiinosssttuv", whose

solution he published in 1678 as "Ut tensio, sic vis" which means "As the extension, so

the force."

This linear relationship is called Hooke's law. The classic model of linear elasticity is the

perfect spring. Although the general proportionality constant between stress and strain in

three dimensions is a 4th order tensor, when considering simple situations of higher

symmetry such as a rod in one dimensional loading, the relationship may often be

reduced to applications of Hooke's law.

Because most materials are elastic only under relatively small deformations, several

assumptions are used to linearize the theory. Most importantly, higher order terms are

generally discarded based on the small deformation assumption. In certain special cases,

such as when considering a rubbery material, these assumptions may not be permissible.

However, in general, elasticity refers to the linearized theory of the continuum stresses

and strains.
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2.2. Transitions to Inelasticity

Above a certain stress known as the elastic limit or the yield strength of an elastic

material, the relationship between stress and strain becomes nonlinear. Beyond this limit,

the solid may deform irreversibly, exhibiting plasticity. A stress-strain curve is one tool

for visualizing this transition.

Furthermore, not only solids exhibit elasticity. Some non-Newtonian fluids, such as

visco-elastic fluids, will also exhibit elasticity in certain conditions. In response to a

small, rapidly applied and removed strain, these fluids may deform and then return to

their original shape. Under larger strains, or strains applied for longer periods of time,

these fluids may start to flow, exhibiting viscosity.

Topic : Dynamic Analysis And Response To Linear Systems

Topic Objective:

At the end of this topic students will be able to:

 Understand linear dynamic system

 Understand linear dynamic analysis

Definition/Overview:

Linear Dynamic Analysis: Static procedures are appropriate when higher mode effects are not

significant. This is generally true for short, regular buildings
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Non-linear Static Analysis: In general, linear procedures are applicable when the structure is

expected to remain nearly elastic for the level of ground motion or when the design results in

nearly uniform distribution of nonlinear response throughout the structure.

Key Points:

1. Linear Dynamic Analysis

Static procedures are appropriate when higher mode effects are not significant. This is generally

true for short, regular buildings. Therefore, for tall buildings, buildings with torsional

irregularities, or non-orthogonal systems, a dynamic procedure is required. In the linear dynamic

procedure, the building is modelled as a multi-degree-of-freedom (MDOF) system with a linear

elastic stiffness matrix and an equivalent viscous damping matrix.

The seismic input is modelled using either modal spectral analysis or time history analysis but in

both cases, the corresponding internal forces and displacements are determined using linear

elastic analysis. The advantage of these linear dynamic procedures with respect to linear static

procedures is that higher modes can be considered. However, they are based on linear elastic

response and hence the applicability decreases with increasing nonlinear behavior, which is

approximated by global force reduction factors.

In linear dynamic analysis, the response of the structure to ground motion is calculated in the

time domain, and all phase information is therefore maintained. Only linear properties are

assumed. The analytical method can use modal decomposition as a means of reducing the

degrees of freedom in the analysis.
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2. Non-linear Static Analysis

In general, linear procedures are applicable when the structure is expected to remain nearly

elastic for the level of ground motion or when the design results in nearly uniform distribution of

nonlinear response throughout the structure. As the performance objective of the structure

implies greater inelastic demands, the uncertainty with linear procedures increases to a point that

requires a high level of conservatism in demand assumptions and acceptability criteria to avoid

unintended performance. Therefore, procedures incorporating inelastic analysis can reduce the

uncertainty and conservatism.

This approach is also known as "pushover" analysis. A pattern of forces is applied to a structural

model that includes non-linear properties (such as steel yield), and the total force is plotted

against a reference displacement to define a capacity curve. This can then be combined with a

demand curve (typically in the form of an acceleration-displacement response spectrum

(ADRS)). This essentially reduces the problem to a single degree of freedom system.

Nonlinear static procedures use equivalent SDOF structural models and represent seismic ground

motion with response spectra. Story drifts and component actions are related subsequently to the

global demand parameter by the pushover or capacity curves that are the basis of the non-linear

static procedures.

3. Non-linear Dynamic Analysis

Nonlinear dynamic analysis utilizes the combination of ground motion records with a detailed

structural model, therefore is capable of producing results with relatively low uncertainty. In

nonlinear dynamic analyses, the detailed structural model subjected to a ground-motion record

produces estimates of component deformations for each degree of freedom in the model and the

modal responses are combined using schemes such as the square-root-sum-of-squares.

In non-linear dynamic analysis, the non-linear properties of the structure are considered as part

of a time domain analysis. This approach is the most rigorous, and is required by some building
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codes for buildings of unusual configuration or of special importance. However, the calculated

response can be very sensitive to the characteristics of the individual ground motion used as

seismic input; therefore, several analyses are required using different ground motion records.

4. Equivalent Static Analysis

This approach defines a series of forces acting on a building to represent the effect of earthquake

ground motion, typically defined by a seismic design response spectrum. It assumes that the

building responds in its fundamental mode. For this to be true, the building must be low-rise and

must not twist significantly when the ground moves. The response is read from a design response

spectrum, given the natural frequency of the building (either calculated or defined by the

building code). The applicability of this method is extended in many building codes by applying

factors to account for higher buildings with some higher modes, and for low levels of twisting.

To account for effects due to "yielding" of the structure, many codes apply modification factors

that reduce the design forces (e.g. force reduction factors).

5. Response Spectrum Analysis

This approach permits the multiple modes of response of a building to be taken into account (in

the frequency domain). This is required in many building codes for all except for very simple or

very complex structures. The response of a structure can be defined as a combination of many

special shapes (modes) that in a vibrating string correspond to the "harmonics". Computer

analysis can be used to determine these modes for a structure. For each mode, a response is read

from the design spectrum, based on the modal frequency and the modal mass, and they are then

combined to provide an estimate of the total response of the structure. Combination methods

include the following:

 Absolute - peak values are added together

 Square root of the sum of the squares (SRSS)
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 complete quadratic combination (CQC) - a method that is an improvement on SRSS for

closely spaced modes

It should be noted that the result of a response spectrum analysis using the response spectrum

from a ground motion is typically different from that which would be calculated directly from a

linear dynamic analysis using that ground motion directly, since phase information is lost in the

process of generating the response spectrum.

In cases where structures are either too irregular, too tall or of significance to a community in

disaster response, the response spectrum approach is no longer appropriate, and more complex

analysis is often required, such as non-linear static or dynamic analysis.

6. Vibration Absorber or Tuned Mass Damper

The vibration absorber is a mechanical device used to decrease or eliminate unwanted vibration.

The description tuned mass damper is often used in modern installation; this modern name has

the advantage of showing its relationship to other types of dampers. Its greatest application is to

synchronous machinery, operating at nearly constant frequency, for the vibration absorber is

tuned to one particular frequency and is only effective over a narrow band of frequencies.

However, absorbers are also used in situations where the excitation is not nearly harmonic. The

dumbbell-shaped devices that hang from highest voltage transmission lines are vibration

absorbers used to mitigate the fatiguing effects of wind-induced vibration. Vibration absorbers

have also been used to reduce the wind induced vibration of tall buildings when the motions have

reached annoying levels for the occupants. An example of this is the 59-story Citicorp Center in

midtown Manhattan; completed in 1977, this building has a 820-kip block of concrete installed

on the 59th floor in a movable platform connected to the building by large hydraulic arms. When

the building sways more than 1 foot a second, the computer directs the arms to move the block in

the other direction. This action reduces such oscillation by 40%, considerably easing the

discomfort of the building's occupants during high winds.
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Topic : Earthquake Analysis Of Liner Systems

Topic Objective:

At the end of this topic students will be able to:

 Understand Linear System

 Understand Modal Analysis

Definition/Overview:

Linear system: A linear system is a mathematical model of a system based on the use of a linear

operator.

Key Points:

1. Linear System

A linear system is a mathematical model of a system based on the use of a linear operator. Linear

systems typically exhibit features and properties that are much simpler than the general,

nonlinear case. As a mathematical abstraction or idealization, linear systems find important

applications in automatic control theory, signal processing, and telecommunications. For

example, the propagation medium for wireless communication systems can often be modeled by

linear systems.
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A general deterministic system can be described by operator H that maps an input x(t) as a

function of t to an output y(t), a type of black box description. Linear systems satisfy the

properties of superposition and scaling: given two valid inputs

as well as their respective outputs

then a linear system must satisfy

for any scalar values and .

The behavior of the resulting system subjected to a complex input can be described as a sum of

responses to simpler inputs. In nonlinear systems, there is no such relation. This mathematical

property makes the solution of modelling equations simpler than many nonlinear systems. For

time-invariant systems this is the basis of the impulse response or the frequency response

methods which describe a general input function x(t) in terms of unit impulses or frequency

components.

Typical differential equations of linear time-invariant systems are well adapted to analysis using

the Laplace transform in the continuous case, and the Z-transform in the discrete case (especially

in computer implementations).

Another perspective is that solutions to linear systems comprise a system of functions which act

like vectors in the geometric sense.
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A common use of linear models is to describe a nonlinear system by linearization. This is usually

done for mathematical convenience.

2. Modal Analysis

Modal analysis is the study of the dynamic properties of structures under vibrational excitation.

Modal Analysis, or more accurately Experimental Modal Analysis, is the field of measuring and

analysing the dynamic response of structures and or fluids when excited by an input. Examples

would include measuring the vibration of a car's body when it is attached to an electromagnetic

shaker, or the noise pattern in a room when excited by a loudspeaker. Modern day modal testing

systems are composed of transducers (typically accelerometers and load cells), an Analog to

Digital converter frontend (to digitize analog instrumentation signals) and a host PC to view the

data and analyze it. Classically this was done with a SIMO approach, Single Input, Multiple

Output, that is, one excitation point, and then the response is measured at many other points.

However in recent years MIMO has become more practical. Typical excitation signals can be

classed as impulse, broadband, swept sine, chirp, and possibly others. Each has its own

advantages and disadvantages. The analysis of the signals typically relies on Fourier analysis.

The resulting transfer function will show one or more resonances, whose characteristic mass,

frequency and damping can be estimated from the measurements. The animated display of the

resonance is very useful to NVH engineers. The results can also be used to correlate with Finite

Element Analysis normal mode solution.

In Section 4 of this course you will cover these topics:
Reduction Of Degree Of Freedom

Numerical Evaluation Of The Dynamic Response

Systems With Distributed Mass And Elasticity

Introduction To The Finite Element Methods
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Topic : Reduction Of Degree Of Freedom

Topic Objective:

At the end of this topic students will be able to:

 Understand Basic Kinematics of Constrained Rigid Bodies

 Understand Rayleigh-Ritz method

Definition/Overview:

Degrees of freedom: In mechanics, degrees of freedom (DOF) are the set of independent

displacements and/or rotations that specify completely the displaced or deformed position and

orientation of the body or system. This is a fundamental concept relating to systems of moving

bodies in mechanical engineering, aeronautical engineering, robotics, structural engineering, etc.

Key Points:

1. Degrees of freedom

In mechanics, degrees of freedom (DOF) are the set of independent displacements and/or

rotations that specify completely the displaced or deformed position and orientation of the body

or system. This is a fundamental concept relating to systems of moving bodies in mechanical

engineering, aeronautical engineering, robotics, structural engineering, etc.
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In chemical engineering, degrees of freedom are used to determine if a material balance is

possible for a given process. It takes into account the number of reactions, temperature, pressure,

heat transfer, percent yield, moles entering/exiting, and various other pieces of additional

information.

A particle that moves in three dimensional spaces has three translational displacement

components as DOFs, while a rigid body would have at most six DOFs including three rotations.

Translation is the ability to move without rotating, while rotation is angular motion about some

axis.

2. Degrees of Freedom of a Rigid Body

2.1. Degrees of Freedom of a Rigid Body in a Plane

The degree of freedom (DOF) of a rigid body is defined as the number of independent

movements it has. Figure 4-1 shows a rigid body in a plane. To determine the DOF of

this body we must consider how many distinct ways the bar can be moved. In a two

dimensional plane such as this computer screen, there are 3 DOF. The bar can be

translated along the x axis, translated along the y axis, and rotated about its centroid.

2.2. Degrees of Freedom of a Rigid Body in Space

An unrestrained rigid body in space has six degrees of freedom: three translating motions

along the x, y and z axes and three rotary motions around the x, y and z axes respectively.

3. Kinematic Constraints

Two or more rigid bodies in space are collectively called a rigid body system. We can hinder the

motion of these independent rigid bodies with kinematic constraints. Kinematic constraints are

constraints between rigid bodies that result in the decrease of the degrees of freedom of rigid

body system. The term kinematic pairs actually refer to kinematic constraints between rigid
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bodies. The kinematic pairs are divided into lower pairs and higher pairs, depending on how the

two bodies are in contact.

4. Rayleigh-Ritz Method

In applied mathematics and mechanical engineering, the Rayleigh-Ritz method is a widely

used, classical method for the calculation of the natural vibration frequency of a structure in the

second or higher order. It is a direct variational method in which the minimum of a functional

defined on a normed linear space is approximated by a linear combination of elements from that

space. This method will yield solutions when an analytical form for the true solution may be

intractable.

The method is also widely used in Quantum Chemistry.

Typically in mechanical engineering it is used for finding the approximate real resonant

frequencies of multi degree of freedom systems, such as spring mass systems or flywheels on a

shaft with varying cross section. It is an extension of Rayleigh's method. It can also be used for

finding buckling loads for columns, as well as more esoteric uses.

The following discussion uses the simplest case, where the system has two lumped springs and

two lumped masses, and only two mode shapes are assumed. Hence M=[m1,m2] and K=[k1,k2].

A mode shape is assumed for the system, with two terms, one of which is weighted by a factor B,

eg Y= [1,1] +B*[1,-1]. Simple harmonic motion theory says that the velocity at the time when

deflection is zero is the angular frequency w times the deflection (y) at time of maximum

deflection. In this example the kinetic energy (KE) for each mass is etc,

and the potential energy (PE) for each spring is etc. For continuous systems the

expressions are more complex.

We also know, since no damping is assumed, that KE when y=0 equals the PE when v=0 for the

whole system. As there is no damping all locations reach v=0 simultaneously.

so, since KE=PE
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Note that the overall amplitude of the mode shape cancels out from each side, always. That is,

the actual size of the assumed deflection does not matter, just the mode shape.

A bit of mathematical skullduggery then reveals a solution for w, in terms of B. Then

differentiate w with respect to B, and find the minimum, i.e. when dw / dB = 0. This gives the

value of B for which w is lowest. This is an upper bound solution for w if w is hoped to be the

predicted fundamental frequency of the system because the mode shape is assumed, but we have

found the lowest value of that upper bound, given our assumptions, because B is used to find the

optimal 'mix' of the two assumed mode shape functions.

There are many tricks with this method, the most important is to try and choose realistic assumed

mode shapes. In the case of beam deflection problems it is wise to use a quartic (?check) , as the

naturally deformed shape of a uniform beam is a quartic. The springs and masses do not have to

be discrete, they can be continuous (or a mixture), and this method can be easily used in a

spreadsheet to find the natural frequencies of quite complex distributed systems, if you can

describe the distributed KE and PE terms easily, or else break the continuous elements up into

discrete parts.

This method could be used iteratively, adding additional mode shapes to the previous best

solution, or you can build up a long expression with many Bs and many mode shapes, and then

differentiate them partially.

Topic : Numerical Evaluation Of The Dynamic Response

Topic Objective:

At the end of this topic students will be able to:

 Understand Numerical Evaluation

 Understand time-stepping methods
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Definition/Overview:

Numerical Evaluation:

Key Points:

1. Numerical Evaluation

In two decades of intense algorithmic development, Mathematica has established a new level of

numerical computation. Particularly notable are its many original highly efficient algorithms, its

methodology for automatic algorithm selection and its system wide support for automatic error

tracking and arbitrary-precision arithmetic.

2. Time-Stepping

The equations of motion integrated by the model involve four prognostic equations for flow, $ u$

and $ v$, temperature, $ \theta $, and salt/moisture, $ S$, and three diagnostic equations for

vertical flow, $ w$, density/buoyancy, $ \rho $/$ b$, and pressure/geo-potential, $ \phi _{hyd}$.

In addition, the surface pressure or height may by described by either a prognostic or diagnostic

equation and if non-hydrostatics terms are included then a diagnostic equation for non-

hydrostatic pressure is also solved. The combination of prognostic and diagnostic equations

requires a model algorithm that can march forward prognostic variables while satisfying

constraints imposed by diagnostic equations.

Since the model comes in several flavors and formulation, it would be confusing to present the

model algorithm exactly as written into code along with all the switches and optional terms.
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Topic : Systems With Distributed Mass And Elasticity

Topic Objective:

At the end of this topic students will be able to:

 Understand distributed mass

 Understand elasticity

Definition/Overview:

Mass: Mass is a fundamental concept in physics, roughly corresponding to the intuitive idea of

how much matter there is in an object. Mass is a central concept of classical mechanics and

related subjects, and there are several definitions of mass within the framework of relativistic

kinematics.

Elasticity: A material is said to be elastic if it deforms under stress (e.g., external forces), but

then returns to its original shape when the stress is removed. The amount of deformation is called

the strain.
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Key Points:

1. Mass

Mass is a fundamental concept in physics, roughly corresponding to the intuitive idea of how

much matter there is in an object. Mass is a central concept of classical mechanics and related

subjects, and there are several definitions of mass within the framework of relativistic kinematics

(see mass in special relativity and mass in General Relativity). In the theory of relativity, the

quantity invariant mass, which in concept is close to the classical idea of mass, does not vary

between single observers in different reference frames.

In everyday usage, mass is more commonly referred to as weight, but in physics and engineering,

weight means the strength of the gravitational pull on the object; that is, how heavy it is,

measured in units of Newton In everyday situations, the weight of an object is proportional to its

mass, which usually makes it unproblematic to use the same word for both concepts. However,

the distinction between mass and weight becomes important for measurements with a precision

better than a few percent (due to slight differences in the strength of the Earth's gravitational field

at different places), and for places far from the surface of the Earth, such as in space or on other

planets.

2. Inertial mass

Inertial mass is the mass of an object measured by its resistance to acceleration.

To understand what the inertial mass of a body is, one begins with classical mechanics and

Newton's Laws of Motion. Later on, we will see how our classical definition of mass must be

altered if we take into consideration the theory of special relativity, which is more accurate than

classical mechanics. However, the implications of special relativity will not change the meaning

of "mass" in any essential way.

According to Newton's second law, we say that a body has a mass m if, at any instant of time, it

obeys the equation of motion
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where f is the force acting on the body and v is its velocity. For the moment, we will put aside

the question of what "force acting on the body" actually means.

Now, suppose that the mass of the body in question is a constant. This assumption, known as the

conservation of mass, rests on the ideas that (i) mass is a measure of the amount of matter

contained in a body, and (ii) matter can never be created or destroyed, only split up or

recombined. These are very reasonable assumptions for everyday objects, though, as we will see,

mass can indeed be created or destroyed when we take special relativity into account. Another

point to note is that, even in classical mechanics, it is sometimes useful to treat the mass of an

object as changing with time. For example, the mass of a rocket decreases as the rocket fires.

However, this is an approximation, based on ignoring pieces of matter which enter or leave the

system. In the case of the rocket, these pieces correspond to the ejected propellant; if we were to

measure the total mass of the rocket and its propellant, we would find that it is conserved.

When the mass of a body is constant, Newton's second law becomes

where a denotes the acceleration of the body.

This equation illustrates how mass relates to the inertia of a body. Consider two objects with

different masses. If we apply an identical force to each, the object with a bigger mass will

experience a smaller acceleration, and the object with a smaller mass will experience a bigger

acceleration. We might say that the larger mass exerts a greater "resistance" to changing its state

of motion in response to the force.

However, this notion of applying "identical" forces to different objects brings us back to the fact

that we have not really defined what a force is. We can sidestep this difficulty with the help of

Newton's third law, which states that if one object exerts a force on a second object, it will

experience an equal and opposite force. To be precise, suppose we have two objects A and B,

with constant inertial masses mA and mB. We isolate the two objects from all other physical

influences, so that the only forces present are the force exerted on A by B, which we denote fAB,
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and the force exerted on B by A, which we denote fBA. As we have seen, Newton's second law

states that

and

where aA and aB are the accelerations of A and B respectively. Suppose that these accelerations

are non-zero, so that the forces between the two objects are non-zero. This occurs, for example,

if the two objects are in the process of colliding with one another. Newton's third law then states

that

Substituting this into the previous equations, we obtain

Note that our requirement that aA be non-zero ensures that the fraction is well-defined.

This is, in principle, how we would measure the inertial mass of an object. We choose a

"reference" object and define its mass mB as (say) 1 kilogram. Then we can measure the mass of

any other object in the universe by colliding it with the reference object and measuring the

accelerations.

3. Gravitational Mass

Gravitational mass is the mass of an object measured using the effect of a gravitational field on

the object.

The concept of gravitational mass rests on Newton's law of gravitation. Let us suppose we have

two objects A and B, separated by a distance |rAB|. The law of gravitation states that if A and B

have gravitational masses MA and MB respectively, then each object exerts a gravitational force

on the other, of magnitude
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where G is the universal gravitational constant. The above statement may be reformulated in the

following way: if g is the acceleration of a reference mass at a given location in a gravitational

field, then the gravitational force on an object with gravitational mass M is

This is the basis by which masses are determined by weighing. In simple bathroom scales, for

example, the force f is proportional to the displacement of the spring beneath the weighing pan

(see Hooke's law), and the scales are calibrated to take g into account, allowing the mass M to be

read off. Note that a balance (see the subheading within Weighing scale) as used in the

laboratory or the health club measures gravitational mass; only the spring scale measures weight.

Topic : Introduction To The Finite Element Methods

Topic Objective:

At the end of this topic students will be able to:

 Understand Finite Element Methods

Definition/Overview:

Finite Element Method: Finite element methods (FEM) (sometimes referred to as finite element

analysis) are numerical techniques used for finding approximate solutions of partial differential

equations (PDE) as well as of integral equations. The solution approach is based either on
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reducing the differential equations to a set of linear equations (steady state problems) or into an

approximating system of ordinary differential equations (time-dependent problems).

Key Points:

1. Finite Element Method

The finite element method (FEM) (sometimes referred to as finite element analysis) is a

numerical technique for finding approximate solutions of partial differential equations (PDE) as

well as of integral equations. The solution approach is based either on eliminating the differential

equation completely (steady state problems), or rendering the PDE into an approximating system

of ordinary differential equations, which are then solved using standard techniques such as

Euler's method, Runge-Kutta, etc.

In solving partial differential equations, the primary challenge is to create an equation that

approximates the equation to be studied, but is numerically stable, meaning that errors in the

input data and intermediate calculations do not accumulate and cause the resulting output to be

meaningless. There are many ways of doing this, all with advantages and disadvantages. The

Finite Element Method is a good choice for solving partial differential equations over complex

domains (like cars and oil pipelines), when the domain changes (as during a solid state reaction

with a moving boundary), when the desired precision varies over the entire domain, or when the

solution lacks smoothness. For instance, in a frontal crash simulation it is possible to increase

prediction accuracy in "important" areas like the front of the car and reduce it in its rear (thus

reducing cost of the simulation); Another example would be the simulation of the weather

pattern on Earth, where it is more important to have accurate predictions over land than over the

wide-open sea.
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2. Applications

A variety of specializations under the umbrella of the mechanical engineering discipline (such as

aeronautical, biomechanical, and automotive industries) commonly use integrated FEM in design

and development of their products. Several modern FEM packages include specific components

such as thermal, electromagnetic, fluid, and structural working environments. In a structural

simulation, FEM helps tremendously in producing stiffness and strength visualizations and also

in minimizing weight, materials, and costs. FEM allows detailed visualization of where

structures bend or twist, and indicates the distribution of stresses and displacements. FEM

software provides a wide range of simulation options for controlling the complexity of both

modeling and analysis of a system. Similarly, the desired level of accuracy required and

associated computational time requirements can be managed simultaneously to address most

engineering applications. FEM allows entire designs to be constructed, refined, and optimized

before the design is manufactured. This powerful design tool has significantly improved both the

standard of engineering designs and the methodology of the design process in many industrial

applications.[The introduction of FEM has substantially decreased the time to take products from

concept to the production line. It is primarily through improved initial prototype designs using

FEM that testing and development have been accelerated. In summary, benefits of FEM include

increased accuracy, enhanced design and better insight into critical design parameters, virtual

prototyping, fewer hardware prototypes, a faster and less expensive design cycle, increased

productivity, and increased revenue.

3. General Form of the Finite Element Method

In general, the finite element method is characterized by the following process.

 One chooses a grid for Ω. In the preceding treatment, the grid consisted of triangles, but

one can also use squares or curvilinear polygons.

 Then, one chooses basis functions. In our discussion, we used piecewise linear basis

functions, but it is also common to use piecewise polynomial basis functions.
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A separate consideration is the smoothness of the basis functions. For second order elliptic

boundary value problems, piecewise polynomial basis function that are merely continuous

suffice (i.e., the derivatives are discontinuous.) For higher order partial differential equations,

one must use smoother basis functions. For instance, for a fourth order problem such as uxxxx +

uyyyy = f, one may use piecewise quadratic basis functions that are C1.

Another consideration is the relation of the finite dimensional space V to its infinite dimensional

counterpart, in the examples above . A conforming element method is one in which the space

V is a subspace of the element space for the continuous problem. The example above is such a

method. If this condition is not satisfied, we obtain a nonconforming element method, an

example of which is the space of piecewise linear functions over the mesh which are continuous

at each edge midpoint. Since these functions are in general discontinuous along the edges, this

finite dimensional space is not a subspace of the original .

Typically, one has an algorithm for taking a given mesh and subdividing it. If the main method

for increasing precision is to subdivide the mesh, one has an h-method (h is customarily the

diameter of the largest element in the mesh.) In this manner, if one shows that the error with a

grid h is bounded above by Chp, for some and p > 0, then one has an order p method.

Under certain hypotheses (for instance, if the domain is convex), a piecewise polynomial of

order d method will have an error of order p = d + 1.

If instead of making h smaller, one increase the degree of the polynomials used in the basis

function, one has a p-method. If one combines these two refinement types, one obtains an hp-

method (hp-FEM]). In the hp-FEM, the polynomial degrees can vary from element to element.

High order methods with large uniform p are called spectral finite element methods (SFEM).

These are not to be confused with spectral methods.

For vector partial differential equations, the basis functions may take values in .

4. Rayleigh-Ritz Method

In applied mathematics and mechanical engineering, the Rayleigh-Ritz method is a widely

used, classical method for the calculation of the natural vibration frequency of a structure in the

second or higher order. It is a direct variational method in which the minimum of a functional
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defined on a normed linear space is approximated by a linear combination of elements from that

space. This method will yield solutions when an analytical form for the true solution may be

intractable.

The method is also widely used in Quantum Chemistry.

Typically in mechanical engineering it is used for finding the approximate real resonant

frequencies of multi degree of freedom systems, such as spring mass systems or flywheels on a

shaft with varying cross section. It is an extension of Rayleigh's method. It can also be used for

finding buckling loads for columns, as well as more esoteric uses.

The following discussion uses the simplest case, where the system has two lumped springs and

two lumped masses, and only two mode shapes are assumed. Hence M=[m1,m2] and K=[k1,k2].

A mode shape is assumed for the system, with two terms, one of which is weighted by a factor B,

eg Y= [1,1] +B*[1,-1]. Simple harmonic motion theory says that the velocity at the time when

deflection is zero is the angular frequency w times the deflection (y) at time of maximum

deflection. In this example the kinetic energy (KE) for each mass is etc,

and the potential energy (PE) for each spring is etc . For continuous systems the

expressions are more complex.

We also know, since no damping is assumed, that KE when y=0 equals the PE when v=0 for the

whole system. As there is no damping all locations reach v=0 simultaneously.

so, since KE=PE

Note that the overall amplitude of the mode shape cancels out from each side, always. That is,

the actual size of the assumed deflection does not matter, just the mode shape.

A bit of mathematical skullduggery then reveals a solution for w, in terms of B. Then

differentiate w with respect to B, and find the minimum, i.e. when dw / dB = 0. This gives the

value of B for which w is lowest. This is an upper bound solution for w if w is hoped to be the

predicted fundamental frequency of the system because the mode shape is assumed, but we have

found the lowest value of that upper bound, given our assumptions, because B is used to find the

optimal 'mix' of the two assumed mode shape functions.
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There are many tricks with this method, the most important is to try and choose realistic assumed

mode shapes. In the case of beam deflection problems it is wise to use a quartic (?check) , as the

naturally deformed shape of a uniform beam is a quartic. The springs and masses do not have to

be discrete, they can be continuous (or a mixture), and this method can be easily used in a

spreadsheet to find the natural frequencies of quite complex distributed systems, if you can

describe the distributed KE and PE terms easily, or else break the continuous elements up into

discrete parts.

This method could be used iteratively; adding additional mode shapes to the previous best

solution, or you can build up a long expression with many Bs and many mode shapes, and then

differentiate them partially.

In Section 5 of this course you will cover these topics:
Earthquake Response To Inelastic Buildings

Earthquake Dynamics To Base Isolated Buildings

Structural Dynamics In Building Codes

Topic : Earthquake Response To Inelastic Buildings

Topic Objective:

At the end of this topic students will be able to:

 Understand Ductility and Ductility Demand
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Definition/Overview:

Ductility: Ductility is a mechanical property used to describe the extent to which materials can

be deformed plastically without fracture.

Key Points:

1. Ductility

In material science, specifically refers to a materials ability deform under tensile stress; this is

often characterized by the materials ability to be stretched into a wire. Malleability, a similar

concept, refers to a materials ability to deform under compressive stress; this is often

characterized by the materials ability to form thin sheet by hammering or rolling. Commonly,

ductility is used to refer to both concepts as they are very similar.

2. Scientific Field

2.1. Geology

In Earth science the brittle-ductile transition zone is a zone, at an approximate depth of 15 km in

continental crust, at which rock becomes less likely to fracture and more likely to deform

ductilely. In glacial ice this zone is at approximately 30 meters depth. It is not impossible for

material above a brittle-ductile transition zone to deform ductilely, or for material below to

deform brittly. The zone exists because as depth increases confining pressure increases, and

brittle strength increases with confining pressure whilst ductile strength decreases with

increasing temperature. The transition zone occurs at the point where brittle strength exceeds

ductile strength.
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2.2. Materials Science

Ductility is especially important in metalworking, as materials that crack or break under stress

cannot be manipulated using metal forming process, such as hammering, rolling, and drawing.

Malleable materials can be formed using stamping or pressing, whereas brittle metals and

plastics must be molded.

High degrees of ductility occur due to metallic bonds, which are found predominantly in metals

and leads to the common perception that metals are ductile in general. In metallic bonds valence

shell electrons are delocalized and shared between many atoms. The delocalized electrons allow

metal atoms to slide past one another without being subjected to strong repulsive forces that

would cause other materials to shatter.

Ductility can be quantified by the fracture strain \varepsilon_f, which is the engineering strain at

which a test specimen fractures during a uniaxial tensile test. Another commonly used measure is

the reduction of area at fracture q.

Gold is the most malleable metal, followed by tin, aluminium, copper, and silver. The ductility of

steel varies depending on the alloying constituents. Increasing levels of carbon decreases

ductility. Many plastics and amorphous solids, such as Play-Doh, are also malleable.

2.3. Ductile-Brittle Transition Temperature

The ductile-brittle transition temperature (DBTT), nil ductility temperature (NDT), or nil

ductility transition temperature of a material represents the point at which the fracture energy

passes below a pre-determined point (for steels typically 40 J[2] for a standard Charpy impact

test). DBTT is important since, once a material is cooled below the DBTT, it has a much greater

tendency to shatter on impact instead of bending or deforming. For example, zamak 3 exhibits

good ductility at room temperature but shatters at sub zero temperatures when impacted. DBTT

is a very important consideration in materials selection when the material in question is subject

to mechanical stresses. See the section on glass transition temperature for a related discussion.
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In some materials this transition is sharper than others. For example, the transition is generally

sharper in materials with a body-centered cubic (BCC) lattice than those with a face-centered

cubic (FCC) lattice. DBTT can also be influenced by external factors such as neutron radiation,

which leads to an increase in internal lattice defects and a corresponding decrease in ductility and

increase in DBTT.

The most accurate method of measuring the BDT or DBT temperature or a material is by fracture

testing. Typically four point bend testing at a range of temperatures is performed on pre-cracked

bars of polished material. For experiments conducted at higher temperatures dislocation activity

increases. At a certain temperature dislocations shield the crack tip to such an extent the applied

deformation rate is not sufficient for the stress intensity at the crack-tip to reach the critical value

for fracture (KiC). The temperature at which this occurs is the ductile-brittle transition

temperature. If experiments are performed at a higher strain rate more dislocation shielding is

required to prevent brittle fracture and the transition temperature is raised.

Topic : Earthquake Dynamics To Base Isolated Buildings

Topic Objective:

At the end of this topic students will be able to:

 Understand Base isolation

Definition/Overview:

Base isolation: Base Isolation is believed to be the most powerful tool of the earthquake

engineering pertaining to the passive structural vibration control technologies. It is meant to

enable a building or non-building structure to survive a potentially devastating seismic impact

through a proper initial design or subsequent modifications. In some cases, application of Base
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Isolation can raise both a structure's seismic performance and its seismic sustainability

considerably.

Key Points:

1. Base Isolation

Base Isolation, also known as Seismic or Base Isolation System, is a collection of structural

elements which should substantially decouple a superstructure from its substructure resting on a

shaking ground thus protecting a building or non-building structure's integrity.

Base Isolation is the most powerful tool of the earthquake engineering pertaining to the passive

structural vibration control technologies. It is meant to enable a building or non-building

structure to survive a potentially devastating seismic impact through a proper initial design or

subsequent modifications. In some cases, application of Base Isolation can raise both a

structure's seismic performance and its seismic sustainability considerably.

2. Isolation Unit

Base Isolation System consists of Isolation Units with or without Isolation Components, where:

 Isolation Units are the basic elements of Base Isolation System which are intended to

provide the mentioned decoupling effect to a building or non-building structure.

 Isolation Components are the connections between Isolation Units and their parts having

no decoupling effect of their own.

By their response to an earthquake impact, all Isolation Units may be divided into two basic

categories: Shear Units and Sliding Units. The first evidence of architects using the principle of
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Base Isolation for earthquake protection was discovered in Pasargadae, a city in ancient Persia,

now Iran: it goes back to VI century BC.

This technology can be used both for new structural design and seismic retrofit. In process of

seismic retrofit, some of the most prominent U.S. monuments like, e.g., Pasadena City Hall, San

Francisco City Hall, Salt Lake City and County Building or LA City Hall were mounted on Base

Isolation Systems. It required creating rigidity diaphragms and moats around the buildings, as

well as making provisions against overturning and P-delta effect.

Base Isolation as a basic component of earthquake engineering structures can be also used for a

valuable reinforcement of Dispensable Structural System for Blast Debris Protection

Analytical research software called Earthquake Performance Evaluation Tool (EPET), which is

publicly accessible online, enables concurrent virtual experiments on the building models with

and without Base Isolation.

Topic : Structural Dynamics In Building Codes

Topic Objective:

At the end of this topic students will be able to:

 Understand building codes

 Understand types of building codes
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Definition/Overview:

Building Code: A building code, or building control, is a set of rules that specify the minimum

acceptable level of safety for constructed objects such as buildings and non-building structures.

The main purpose of the building codes is to protect public health, safety and general welfare as

they relate to the construction and occupancy of buildings and structures. The building code

becomes law of a particular jurisdiction when formally enacted by the appropriate authority.

Key Points:

1. Building Codes

A building code, or building control, is a set of rules that specify the minimum acceptable level

of safety for constructed objects such as buildings and non-building structures. The main purpose

of the building codes is to protect public health, safety and general welfare as they relate to the

construction and occupancy of buildings and structures. The building code becomes law of a

particular jurisdiction when formally enacted by the appropriate authority.

Building codes are generally intended to be applied by architects and engineers although this is

not the case in the UK where Building Control Surveyors act as verifiers both in the public and

private sector (Approved Inspectors), but are also used for various purposes by safety inspectors,

environmental scientists, real estate developers, contractors and subcontractors, manufacturers of

building products and materials, insurance companies, facility managers, tenants, and others.

There are often additional codes or sections of the same building code that have more specific

requirements that apply to dwellings and special construction objects such as canopies, signs,

pedestrian walkways, parking lots, and radio and television antennas.
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2. Types of Building Codes

The practice of developing, approving, and enforcing building codes varies considerably among

nations. In some countries building codes are developed by the government agencies or quasi-

governmental standards organizations and then enforced across the country by the central

government. Such codes are known as the national building codes (in a sense they enjoy a

mandatory nation-wide application).

In other countries, where the power of regulating construction and fire safety is vested in local

authorities, a system of model building codes is used. Model building codes have no legal status

unless adopted or adapted by an authority having jurisdiction. The developers of model codes

urge public authorities to reference model codes in their laws, ordinances, regulations, and

administrative orders. When referenced in any of these legal instruments, a particular model code

becomes law. This practice is known as adoption by reference. When an adopting authority

decides to delete, add, or revise any portions of the model code adopted, it is usually required by

the model code developer to follow a formal adoption procedure in which those modifications

can be documented for legal purposes.

There are instances when some local jurisdictions choose to develop their own building codes.

For example, at some point in time all major cities in the United States had their own building

codes as part of their municipal codes. Since having its own building code can be very expensive

for a municipality, many have decided to adopt model codes instead. Only the cities of New

York and Chicago continue to use the building codes they developed on their own; yet these

codes also include multiple references to model codes, such as the National Electrical Code.

Additionally, New York City is currently working to modify and apply the International Building

Code for the city in a massive Model Code Program.

Similarly, in India, each municipality and urban development authority has its own building

code, which is mandatory for all construction within their jurisdiction. All these local building

codes are variants of a National Building Code, which serves as model code proving guidelines

for regulating building construction activity.
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Building codes do not carry copyrights. They are public law. The supreme court ruled in 2005 in

a case named Veeck vs the Southern Building Code that the codes may be posted freely.

3. Scope

Building codes generally include:

 Included in zoning by-laws;

 Traffic convenience: limitations on traffic flow are usually either in zoning or other

municipal by-laws;

 Building Use: the safe use of a building is generally in the Fire code; or

 Required upgrades for existing building: unless the building is being renovated, the

building code usually does not apply.

Building codes include:

 Specifications on components;

 Allowable installation methodologies;

 Minimum and maximum room and exit sizes and location;

 Qualification of individuals or corporations doing the work.

Any high structure can be an obstacle for aircraft, and must therefore often be marked.

These requirements are usually a combination of prescriptive requirements that spell out exactly

how something is to be done, and performance requirements which just outline what the required

level of performance is and leave it up to the designer how this is achieved. Historically they are

very reactive in that when a problem occurs the building codes change to ensure that the problem

never happens again. In recent years there has been a move amongst most of the building codes

to move to more performance requirements and less prescriptive requirements.
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Traditionally building codes were generally long complex interrelated sets of rules. They

generally included reference to hundreds of other codes, standards and guidelines that specify the

details of the component or system design, specify testing requirements for components, or

outline good engineering practice. These detailed codes required a great deal of specialization to

interpret, and also greatly constrained change and innovation in building design. In recent years

several countries, beginning with Australia, have moved to much shorter objective based

buildings codes. Rather than prescribing specific details, objective codes lists a series of

objectives all buildings must meet while leaving open how these objectives will be met. When

applying for a building permit the designers must demonstrate how they meet each objective.
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