
“Latest developments in engineering”.

In Section 1 of this course you will cover these topics:
Introduction

Vectors And Tensors

Stress

Topic : Introduction

Topic Objective:

At the end of this topic students will be able to:

 Understand the continuum concept

 Understand mathematical modeling of a continuum

 Understand kinematics: deformation and motion

Definition/Overview:

Continuum Mechanics: Continuum mechanics is a branch of mechanics that deals with the

analysis of the kinematics and mechanical behavior of materials modeled as a continuum, e.g.,

solids and fluids (i.e., liquids and gases). A continuum concept assumes that the substance of the

body is distributed uniformly throughout, and completely fills the space it occupies.
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Key Points:

1. Continuum Mechanics

Continuum mechanics is a branch of mechanics that deals with the analysis of the kinematics and

mechanical behavior of materials modeled as a continuum, e.g., solids and fluids (i.e., liquids

and gases). A continuum concept assumes that the substance of the body is distributed

throughout and completely fills the space it occupies.

The continuum concept ignores the fact that matter is made of atoms, is not continuous, and that

it commonly has some sort of heterogeneous microstructure, allowing the approximation of

physical quantities, such as energy and momentum, at the infinitesimal limit. Differential

equations can thus be employed in solving problems in continuum mechanics. Some of these

differential equations are specific to the materials being investigated and are called constitutive

equations, while others capture fundamental physical laws, such as conservation of mass

(continuity equation), the conservation of momentum (equations of motion and equilibrium), and

energy (first law of thermodynamics).

Continuum mechanics deals with physical quantities of solids and fluids which are independent

of any particular coordinate system in which they are observed. These physical quantities are

then represented by tensors, which are mathematical objects that are independent of coordinate

system. These tensors can be expressed in coordinate systems for computational convenience. In

fluids, the Knudsen number is used to assess to what extent the approximation of continuity can

be made.

2. The Continuum Concept

Materials, such as solids, liquids and gases, are composed of molecules separated by empty

space. Additionally, in a macroscopic scale, materials have cracks and discontinuities. However,

certain physical phenomena can be modeled assuming materials as a continuum, i.e. the matter in

the body is continuously distributed filling all the region of space it occupies. A continuum is a
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body that can be continually sub-divided into infinitesimal small elements with properties being

those of the bulk material.

The concept of continuum is a macroscopic physical model, and its validity depends on the type

of problem and the scale of the physical phenomena under consideration. A material may be

assumed as a continuum when the distance between the real physical particles is very small

compared to the dimension of the problem. For example, such is the case when analyzing the

deformation behavior of soil deposits, i.e. settlement under a foundation, in soil mechanics. A

given volume of soil is generally formed by discrete solid particles (grains) of minerals which

are packed in a certain manner leaving voids between them, i.e. granular media. In this sense,

soils defeat the definition of a continuum. However, in order to simplify the deformation analysis

of the soil, the volume of soil can be assumed as a continuum knowing that the dimensions of

particular grain particles are very small compared with the scale of the problem, i.e. the size of

the foundation and the volume of the soil mass that is influenced by the foundation load (meters)

is greater than the particular soil particles (millimeters).

The validity of the continuum assumption needs to be verified with experimental testing and

measurements on the real material under consideration and under similar loading conditions.

3. Mathematical Modeling of a Continuum

In continuum mechanics, a material body is a set of infinitesimal volumetric elements ,

called particles or material points. A material body is expressed as a continuum by assuming that

at any configuration, or geometrical state of the body, there is a region in a three dimensional

euclidean space such that every point of that region is occupied by a material point , i.e there

is a one-to-one correspondence between material points and space points.
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The configuration , or geometrical state of the material body at a particular time is

characterized by the position vector of all particles at that time with respect to an

arbitrary frame of reference (Figure 1). Mathematically, this is expressed by the mapping

function , where is a continuous function, i.e. uniquely invertible and

differentiable as many times as necessary.

4. Kinematics: Deformation and Motion

A change in the configuration of a continuum body results in a displacement. The displacement

of a body has two components: a rigid-body displacement and a deformation. A rigid-body

displacement consist of a simultaneous translation and rotation of the body without changing its

shape or size. Deformation implies the change in shape and/or size of the body from an initial or

undeformed configuration to a current or deformed configuration (Figure 2).

The motion of a continuum body is a continuous time sequence of displacements. Thus, the

material body will occupy different configurations at different times so that a particle occupies a

series of points in space which describe a pathline.

There is continuity during deformation or motion of a continuum body in the sense that:

 The material points forming a closed curve at any instant will always form a closed curve

at any subsequent time.

 The material points forming a closed surface at any instant will always form a closed

surface at any subsequent time and the matter within the closed surface will always

remain within.

It is convenient to identify a reference configuration or initial condition which all subsequent

configurations are referenced from. The reference configuration need not to be one the body
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actually will ever occupy. Often, the configuration at is considered the reference

configuration , . The components of the position vector of a particle, taken with

respect to the reference configuration, are called the material or reference coordinates.

When analyzing the deformation or motion of solids, or the flow of fluids, it is necessary to

describe the sequence or evolution of configurations throughout time. One description for motion

is made in terms of the material or referential coordinates, called material description or

Lagrangian description.

Topic : Vectors And Tensors

Topic Objective:

At the end of this topic students will be able to:

 Understand what is vector and tensors

 Understand representation of vectors

 Understand components of vectors

 Understands usage of tensors

 Understand tensor importance and applications

 Understand approaches of tensors

Definition/Overview:

Vector: In elementary mathematics, physics, and engineering, a vector is a geometric object that

has both a magnitude (and length) and a direction.
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Tensor: A tensor is an object which extends the notion of scalar, vector, and matrix. The term

has slightly different meanings in mathematics and physics.

Key Points:

1. Vector

Many algebraic operations on real numbers have close analogues for vectors. Vectors can be

added, subtracted, multiplied by a number, and flipped around so that the direction is reversed.

These operations obey the familiar algebraic laws: commutativity, associativity, distributivity.

The sum of two vectors with the same initial point can be found geometrically using the

parallelogram law. Multiplication by a positive number, commonly called a scalar in this context,

amounts to changing the magnitude of vector, that is, stretching or compressing it while keeping

its direction; multiplication by -1 preserves the magnitude of the vector but reverses its direction.

Cartesian coordinates provide a systematic way of describing vectors and operations on them. A

vector becomes a tuple of real numbers, its scalar components. Addition of vectors and

multiplication of a vector by a scalar are simply done component by component, see coordinate

vector.

Vectors play an important role in physics: velocity and acceleration of a moving object and

forces acting on a body are all described by vectors. Many other physical quantities can be

usefully thought of as vectors. The mathematical representation of a physical vector depends on

the coordinate system used to describe it. Other vector-like objects that describe physical

quantities and transform in a similar way under changes of the coordinate system include

pseudovectors and tensors.

A vector is a geometric entity characterized by a magnitude (in mathematics a number, in

physics a number times a unit) and a direction, often represented graphically by an arrow. When
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it becomes necessary to distinguish it from vectors as defined elsewhere, this is sometimes

referred to as a geometric, or spatial, or space vector.

In advanced mathematics, this geometric object is considered to be a special kind of vector,

sometimes referred to as an Euclidean vector, and defined as an element of an Euclidean vector

space. Although both Euclidean and non-Euclidean vectors belong to a space, the expression

"spatial vector" (or "space vector") is sometimes used to indicate Euclidean vectors, as opposed

to non-Euclidean vectors. In this case, "spatial" refers to an ordinary meaning of the word space,

rather than to the more abstract meaning of the same word in advanced mathematics.

The terms bound or fixed describe vectors whose initial point (the tail of the arrow) is the origin

of a coordinate system. This is in contrast to free vectors, which are vectors whose initial point is

not necessarily the origin. The term vector also has generalizations to larger dimensions and to

more formal approaches with much wider applications. Such generalizations are found in other

articles. See the See also links and links within the text below.

1.1. Use in Physics and Engineering

Vectors are fundamental in the physical sciences. They can be used to represent any

quantity that has both a magnitude and direction, such as velocity, the magnitude of

which is speed. For example, the velocity 5 meters per second upward could be

represented by the vector (0,5) (in 2 dimensions with the positive y axis as 'up'). Another

quantity represented by a vector is force, since it has a magnitude and direction. Vectors

also describe many other physical quantities, such as displacement, acceleration,

momentum, and angular momentum. Other physical vectors, such as the electric and

magnetic field, are represented as a system of vectors at each point of a physical space;

that is, a vector field.
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1.2. Representation of a Vector

Vectors are usually denoted in lowercase boldface, as a or lowercase italic boldface, as a.

(Uppercase letters are typically used to represent matrices.) Other conventions include

or a, especially in handwriting. Alternately, some use a tilde (~) or a wavy underline

drawn beneath the symbol, which is a convention for indicating boldface type. If the

vector represents a directed distance or displacement from a point A to a point B (see

figure), it can also be denoted as or AB. The hat symbol (^) is typically used to

denote unit vectors (vectors with unit length), as in .

Vectors are usually shown in graphs or other diagrams as arrows (directed line segments),

as illustrated in the figure. Here the point A is called the origin, tail, base, or initial point;

point B is called the head, tip, endpoint, terminal point or final point. The length of the

arrow is proportional to the vector's magnitude, while the direction in which the arrow

points indicates the vector's direction.

On a two-dimensional diagram, sometimes a vector perpendicular to the plane of the

diagram is desired. These vectors are commonly shown as small circles. A circle with a

dot at its centre indicates a vector pointing out of the front of the diagram, towards the

viewer. A circle with a cross inscribed in it indicates a vector pointing into and behind the

diagram. These can be thought of as viewing the tip an arrow front on and viewing the

vanes of an arrow from the back. In order to calculate with vectors, the graphical

representation may be too cumbersome. Vectors in an n-dimensional Euclidean space can

be represented in a Cartesian coordinate system. The endpoint of a vector can be

identified with an ordered list of n real numbers (n-tuple). As an example in two

dimensions (see figure), the vector from the origin O = (0,0) to the point A = (2,3) is

simply written as

The notion that the tail of the vector coincides with the origin is implicit and easily

understood. Thus, the more explicit notation is usually not deemed necessary and

very rarely used.
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In three dimensional Euclidean space (or R3), vectors are identified with triples of

numbers corresponding to the Cartesian coordinates of the endpoint (a,b,c):

These numbers are often arranged into a column vector or row vector, particularly when

dealing with matrices, as follows:

Another way to express a vector in three dimensions is to introduce the three standard

basis vectors:

These have the intuitive interpretation as vectors of unit length pointing up the x, y, and z

axis of a Cartesian coordinate system, respectively, and they are sometimes referred to as

versors of those axes. In terms of these, any vector in R3 can be expressed in the form:

In introductory physics classes, these three special vectors are often instead denoted

(or ), but such notation clashes with the index notation and the

summation convention commonly used in higher level mathematics, physics, and

engineering.

The use of Cartesian versors such as as a basis in which to represent a vector is not

mandated. Vectors can also be expressed in terms of cylindrical unit vectors or

spherical unit vectors . The latter two choices are more convenient for solving

problems which possess cylindrical or spherical symmetry respectively.

1.3. Components of Vector

A component of a vector is the influence of that vector in a given direction. Components

are themselves vectors. A vector is often described by a fixed number of components that

sum up into this vector uniquely and totally. When used in this role, the choice of their

constituting directions is dependent upon the particular coordinate system being used,

such as Cartesian coordinates, spherical coordinates or polar coordinates. For example, an

axial component of a vector is a component whose direction is determined by a projection

onto one of the Cartesian coordinate axes, whereas radial and tangential components
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relate to the radius of rotation of an object as their direction of reference. The former is

parallel to the radius and the latter is orthogonal to it. Both remain orthogonal to the axis

of rotation at all times. (In two dimensions this requirement becomes redundant as the

axis degenerates to a point of rotation.) The choice of a coordinate system doesn't affect

properties of a vector or its behavior under transformations.

2. Tensor

A tensor is an object which extends the notion of scalar, vector, and matrix. The term has slightly

different meanings in mathematics and physics. In the mathematical fields of multilinear algebra

and differential geometry, a tensor is a multilinear function. In physics and engineering, the same

term usually means what a mathematician would call a tensor field: an association of a different

(mathematical) tensor with each point of a geometric space, varying continuously with position.

2.1. Usages of 'Tensor'

2.1.1. Mathematical

In mathematics, a tensor is (in an informal sense) a generalized linear 'quantity' or

'geometrical entity' that can be expressed as a multi-dimensional array relative to

a choice of basis of the particular space on which it is defined. The intuition

underlying the tensor concept is inherently geometrical: as an object in and of

itself, a tensor is independent of any chosen frame of reference. However, in the

modern treatment, tensor theory is best regarded as a topic in multilinear algebra.

Engineering applications do not usually require the full, general theory, but

theoretical physics now does.

For example, the Euclidean inner product (dot product)a real-valued function of

two vectors that is linear in eachis a mathematical tensor. Similarly, on a smooth

curved surface such as a torus, the metric tensor (field) essentially defines a

different inner product of tangent vectors at each point of the surface. Just as a

linear transformation can be represented as a matrix of numbers with respect to

given vector bases, so a tensor can be written as an organized collection of

numbers. In physics, the numbers may be obtained as physical quantities that
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depend on a basis, and the collection is determined to be a tensor if the quantities

transform appropriately under change of basis.

2.1.2. Physical - Tensor Fields

Many mathematical structures informally called 'tensors' are actually tensor

fieldsa tensor valued function defined on a geometric or topological space. This

use of the term is analogous to vector fields such as electromagnetic fields, but

with the 'tensor' defined so that it is invariant under a change of coordinates.

Differential equations posed in terms of tensor quantities are basic to modern

mathematical physics, so that tensor fields are usually defined on differentiable

manifolds.

2.3. Importance and Applications

Tensors are important in physics and engineering. In the field of diffusion tensor

imaging, for instance, a tensor quantity that expresses the differential permeability of

organs to water in varying directions is used to produce scans of the brain; in this

technique tensors are in effect made visible. Perhaps the most important engineering

examples are the stress tensor and strain tensor, which are both 2nd rank tensors, and are

related, in a general linear elastic material by a fourth-rank elasticity tensor.

Specifically, a 2nd rank tensor quantifying stress in a 3-dimensional/solid object has

components which can be conveniently represented as a 3x3 array. The three Cartesian

faces of a cube-shaped infinitesimal volume segment of the solid are each subject to some

given force. The force's vector components are also three in number (being in three-

space). Thus, 3x3, or 9 components are required to describe the stress at this cube-shaped

infinitesimal segment (which may now be treated as a point). Within the bounds of this

solid is a whole mass of varying stress quantities, each requiring 9 quantities to describe.

Thus, the need for a 2nd order tensor is produced.
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While tensors can be represented by multi-dimensional arrays of components, the point

of having a tensor theory is to explain further implications of saying that a quantity is a

tensor, beyond specifying that it requires a number of indexed components. In particular,

tensors behave in specific ways under coordinate transformations. The abstract theory of

tensors is a branch of linear algebra, now called multi-linear algebra.

2.4. Approaches

There are two ways of approaching the definition of tensors:

o The usual physics way of defining tensors, in terms of objects whose

components transform according to certain rules, introducing the ideas of

covariant or contra-variant transformations.

o The usual mathematics way, which involves defining certain vector spaces and

not fixing any coordinate systems until bases are introduced when needed.

Contra-variant vectors, for instance, can also be described as one-forms, or as the

elements of the dual space to the covariant vectors.

Physicists and engineers are among the first to recognize that vectors and tensors have a

physical significance as entities, which goes beyond the (often arbitrary) coordinate

system in which their components are enumerated. Similarly, mathematicians find there

are some tensor relations which are more conveniently derived in a coordinate notation.

There are equivalent approaches to visualizing and working with tensors; that the content

is actually the same may only become apparent with some familiarity with the material.

2.4.1. The Classical Approach

The classical approach defines a tensor to a collection of multidimensional arrays,

such that one array is associated to each possible coordinate system of any fixed
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vector space. This notion generalizes scalars, vectors, matrices, linear functionals,

bilinear forms, etc. To represent a vector x as a tensor one can simply let the array

associated to any basis B be the vector of coordinates of x with respect to B.

However, to count as a tensor, the arrays need to obey a relation that precisely

corresponds to how vectors, matrices, linear functionals, etc transform when one

passes from one coordinate system to another.

2.4.2. The Modern Approach

The modern (component-free) approach views tensors initially as abstract objects,

expressing some definite type of multi-linear concept. Their well-known

properties can be derived from their definitions, as linear maps or more generally;

and the rules for manipulations of tensors arise as an extension of linear algebra to

multilinear algebra. This treatment has attempted to replace the component-based

treatment for advanced study, in the way that the more modern component-free

treatment of vectors replaces the traditional component-based treatment after the

component-based treatment has been used to provide an elementary motivation

for the concept of a vector. One could say that the slogan is 'tensors are elements

of some tensor space'. Nevertheless, a component-free approach has not become

fully popular, owing to the difficulties involved with giving a geometrical

interpretation to higher-rank tensors.
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Topic : Stress

Topic Objective:

At the end of this topic students will be able to:

 Understand the meaning of stress

 Understand stress as a tensor

 Understand principal stresses and stress invariants

 Understand the analysis of stress

 Understand alternative measures of stress

Definition/Overview:

Stress: Stress is a measure of the average amount of force exerted per unit area. It is a measure

of the intensity of the total internal forces acting within a body across imaginary internal

surfaces, as a reaction to external applied forces and body forces.

Key Points:

1. Stress

Stress is a measure of the average amount of force exerted per unit area. It is a measure of the

intensity of the total internal forces acting within a body across imaginary internal surfaces, as a

reaction to external applied forces and body forces. It was introduced into the theory of elasticity

by Cauchy around 1822. Stress is a concept that is based on the concept of continuum. In

general, stress is expressed as
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where

is the average stress, also called engineering or nominal stress, and

is the force acting over the area .

The SI unit for stress is the pascal (symbol Pa), which is a shorthand name for one newton

(Force) per square metre (Unit Area). The unit for stress is the same as that of pressure, which is

also a measure of Force per unit area. Engineering quantities are usually measured in

megapascals (MPa) or gigapascals (GPa). In Imperial units, stress is expressed in pounds-force

per square inch (psi) or kilopounds-force per square inch (ksi).

As with force, stress cannot be measured directly but is usually inferred from measurements of

strain and knowledge of elastic properties of the material. Devices capable of measuring stress

indirectly in this way are strain gauges and piezoresistors.

1.1. Stress as a Tensor

In its full form, linear stress is a rank-two tensor quantity, and may be represented as a

3x3 matrix. A tensor may be seen as a linear vector operator - it takes a given vector and

produces another vector as a result. In the case of the stress tensor , it takes the vector

normal to any area element and yields the force (or "traction") acting on that area

element. In matrix notation:

where are the components of the vector normal to a surface area element with a length

equal to the area of the surface element, and are the components of the force vector (or

traction vector) acting on that element. Using index notation, we can eliminate the

summation sign, since all sums will be the same over repeated indices. Thus:
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Just as it is the case with a vector (which is actually a rank-one tensor), the matrix

components of a tensor depend upon the particular coordinate system chosen. As with a

vector, there are certain invariants associated with the stress tensor, whose value does not

depend upon the coordinate system chosen (or the area element upon which the stress

tensor operates). For a vector, there is only one invariant - the length. For a tensor, there

are three - the eigenvalues of the stress tensor, which are called the principal stresses. It is

important to note that the only physically significant parameters of the stress tensor are its

invariants, since they are not dependent upon the choice of the coordinate system used to

describe the tensor.

If we choose a particular surface area element, we may divide the force vector by the area

(stress vector) and decompose it into two parts: a normal component acting normal to the

stressed surface, and a shear component, acting parallel to the stressed surface. An axial

stress is a normal stress produced when a force acts parallel to the major axis of a body,

e.g. column. If the forces pull the body producing an elongation, the axial stress is termed

tensile stress. If on the other hand the forces push the body reducing its length, the axial

stress is termed compressive stress. Bending stresses, e.g. produced on a bent beam, are a

combination of tensile and compressive stresses. Torsional stresses, e.g. produced on

twisted shafts, are shearing stresses.

In the above description, little distinction is drawn between the "stress" and the "stress

vector" since the body which is being stressed provides a particular coordinate system in

which to discuss the effects of the stress. The distinction between "normal" and "shear"

stresses is slightly different when considered independently of any coordinate system.

The stress tensor yields a stress vector for a surface area element at any orientation, and

this stress vector may be decomposed into normal and shear components. The normal

part of the stress vector averaged over all orientations of the surface element yields an

invariant value, and is known as the hydrostatic pressure. Mathematically it is equal to

the average value of the principal stresses (or, equivalently, the trace of the stress tensor

divided by three). The normal stress tensor is then the product of the hydrostatic pressure

and the unit tensor. Subtracting the normal stress tensor from the stress tensor gives what

may be called the shear tensor. These two quantities are true tensors with physical

significance, and their nature is independent of any coordinate system chosen to describe
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them. In fact, the extended Hooke's law is basically the statement that each of these two

tensors is proportional to its strain tensor counterpart, and the two constants of

proportionality (elastic moduli) are independent of each other. Note that In rheology, the

normal stress tensor is called extensional stress, and in acoustics is called longitudinal

stress.

Solids, liquids and gases have stress fields. Static fluids support normal stress but will

flow under shear stress. Moving viscous fluids can support shear stress (dynamic

pressure). Solids can support both shear and normal stress, with ductile materials failing

under shear and brittle materials failing under normal stress. All materials have

temperature dependent variations in stress related properties, and non-newtonian

materials have rate-dependent variations.

2. Principal Stresses and Stress Invariants

The components of the stress tensor depend on the orientation of the coordinate system at the

point under consideration. However, the stress tensor itself is a physical quantity and as such, it

is independent of the coordinate system chosen to represent it. There are certain invariants

associated with every tensor which are also independent of the coordinate system. For example, a

vector is a simple tensor of rank one. In three dimensions, it has three components. The value of

these components will depend on the coordinate system chosen to represent the vector, but the

length of the vector is a physical quantity (a scalar) and is independent of the coordinate system

chosen to represent the vector. Similarly, every second rank tensor (such as the stress and the

strain tensors) has three independent invariant quantities associated with it. One set of such

invariants are the principal stresses of the stress tensor, which are just the eigenvalues of the

stress tensor. Their direction vectors are the principal directions or eigenvectors. When the

coordinate system is chosen to coincide with the eigenvectors of the stress tensor, the stress

tensor is represented by a diagonal matrix:

where , , and , are the principal stresses. These principal stresses may be combined to

form three other commonly used invariants, , , and , which are the first, second and third
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stress invariants, respectively. The first and third invariant are the trace and determinant

respectively, of the stress tensor. Thus, we have

Because of its simplicity, working and thinking in the principal coordinate system is often very

useful when considering the state of the elastic medium at a particular point.

3. Analysis of Stress

All real objects occupy a three-dimensional space. However, depending on the loading condition

and viewpoint of the observer the same physical object can alternatively be assumed as one-

dimensional or two-dimensional, thus simplifying the mathematical modeling of the object.

3.1. Uniaxial stress

If two of the dimensions of the object are very large or very small compared to the others,

the object may be modeled as one-dimensional. In this case the stress tensor has only one

component and is indistinguishable from a scalar. One-dimensional objects include a

piece of wire loaded at the ends and viewed from the side, and a metal sheet loaded on

the face and viewed up close and through the cross section. When a structural element is

elongated or compressed, its cross-sectional area changes by an amount that depends on

the Poisson's ratio of the material. In engineering applications, structural members

experience small deformations and the reduction in cross-sectional area is very small and

can be neglected, i.e., the cross-sectional area is assumed constant during deformation.

For this case, the stress is called engineering stress or nominal stress. In some other cases,

e.g., elastomers and plastic materials, the change in cross-sectional area is significant, and

the stress must be calculated assuming the current cross-sectional area instead of the

initial cross-sectional area. This is termed true stress and is expressed as

,
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is the nominal (engineering) strain, and

is nominal (engineering) stress.

The relationship between true strain and engineering strain is given by

.

In uniaxial tension, true stress is then greater than nominal stress. The converse holds in

compression.

3.2. Plane Stress

A state of plane stress exist when one of the principal stresses is zero, stresses with

respect to the thin surface are zero. This usually occurs in structural elements where one

dimension is very small compared to the other two, i.e. the element is flat or thin, and the

stresses are negligible with respect to the smaller dimension as they are not able to

develop within the material and are small compared to the in-plane stresses. Therefore,

the face of the element is not acted by loads and the structural element can be analyzed as

two-dimensional, e.g. thin-walled structures such as plates subject to in-plane loading or

thin cylinders subject to pressure loading. The stress tensor can then be approximated by:

in which the non-zero term arises from the Poisson's effect. This strain term can be

temporarily removed from the stress analysis to leave only the in-plane terms, effectively

reducing the analysis to two dimensions.

3.3. Plane Strain

If one dimension is very large compared to the others, the principal strain in the direction

of the longest dimension is constrained and can be assumed as zero, yielding a plane

strain condition. In this case, though all principal stresses are non-zero, the principal

stress in the direction of the longest dimension can be disregarded for calculations. Thus,
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allowing a two dimensional analysis of stresses, e.g. a dam analyzed at a cross section

loaded by the reservoir.

4. Alternative Measures of Stress

The Cauchy stress is not the only measure of stress that is used in practice. Other measures of

stress include the first and second Piola-Kirchhoff stress tensors, the Biot stress tensor, and the

Kirchhoff stress tensor.

4.1. Piola-Kirchhoff stress Tensor

In the case of finite deformations, the Piola-Kirchhoff stress tensors are used to express

the stress relative to the reference configuration. This is in contrast to the Cauchy stress

tensor which expresses the stress relative to the present configuration. For infinitesimal

deformations or rotations, the Cauchy and Piola-Kirchoff tensors are identical. These

tensors take their names from Gabrio Piola and Gustav Kirchhoff.

4.2. 1st Piola-Kirchhoff Stress Tensor

Whereas the Cauchy stress tensor, , relates forces in the present configuration to areas

in the present configuration, the 1st Piola-Kirchhoff stress tensor, relates forces in the

present configuration with areas in the reference ("material") configuration. is given

by

where is the Jacobian, and is the inverse of the deformation gradient.

Because it relates different coordinate systems, the 1st Piola-Kirchhoff stress is a two-

point tensor. In general, it is not symmetric. The 1st Piola-Kirchhoff stress is the 3D

generalization of the 1D concept of engineering stress.

If the material rotates without a change in stress state (rigid rotation), the components of

the 1st Piola-Kirchhoff stress tensor will vary with material orientation.

The 1st Piola-Kirchhoff stress is energy conjugate to the deformation gradient.
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4.3. 2nd Piola-Kirchhoff Stress Tensor

Whereas the 1st Piola-Kirchhoff stress relates forces in the current configuration to areas

in the reference configuration, the 2nd Piola-Kirchhoff stress tensor relates forces in

the reference configuration to areas in the reference configuration. The force in the

reference configuration is obtained via a mapping that preserves the relative relationship

between the force direction and the area normal in the current configuration.

This tensor is symmetric.

If the material rotates without a change in stress state (rigid rotation), the components of

the 2nd Piola-Kirchhoff stress tensor will remain constant, irrespective of material

orientation. The 2nd Piola-Kirchhoff stress tensor is energy conjugate to the Green-

Lagrange finite strain tensor.

In Section 2 of this course you will cover these topics:
Principal Stresses And Principal Axes

Analysis Of Deformation

Velocity Fields And Compatibility Conditions
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Topic : Principal Stresses And Principal Axes

Topic Objective:

At the end of this topic students will be able to:

Definition/Overview:

Principle Axis: In the mathematical fields of geometry and linear algebra, a principal axis is a

certain line in a Euclidean space associated to an ellipsoid or hyperboloid, generalizing the major

and minor axes of an ellipse.

Key Points:

1. Principle Stresses

The components of the stress tensor depend on the orientation of the coordinate system at the

point under consideration. However, the stress tensor itself is a physical quantity and as such, it

is independent of the coordinate system chosen to represent it. There are certain invariants

associated with every tensor which are also independent of the coordinate system. For example, a

vector is a simple tensor of rank one. In three dimensions, it has three components. The value of

these components will depend on the coordinate system chosen to represent the vector, but the

length of the vector is a physical quantity (a scalar) and is independent of the coordinate system

chosen to represent the vector. Similarly, every second rank tensor (such as the stress and the

strain tensors) has three independent invariant quantities associated with it. One set of such
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invariants are the principal stresses of the stress tensor, which are just the eigenvalues of the

stress tensor. Their direction vectors are the principal directions or eigenvectors.

1.1. Principal Stresses in Two and Three Dimensions

The principal stresses are the components of the stress tensor when the basis is changed

in such a way that the shear stress components become zero. To find the principal stresses

in two dimensions, we have to find the angle at which . This angle is given by

Plugging into the transformation equations for stress we get,

Where are the shear tractions usually zero in a body?

The principal stresses in three dimensions are a bit more tedious to calculate. They are

given by,

2. Principle Axis

In the mathematical fields of geometry and linear algebra, a principal axis is a certain line in a

Euclidean space associated to an ellipsoid or hyperboloid, generalizing the major and minor axes

of an ellipse. The principal axis theorem states that the principal axes are perpendicular, and

gives a constructive procedure for finding them. Mathematically, the principal axis theorem is a

generalization of the method of completing the square from elementary algebra. In linear algebra

and functional analysis, the principal axis theorem is a geometrical counterpart of the spectral

theorem. It has applications to the statistics of principal components analysis and the singular

value decomposition. In physics, the theorem is fundamental to the study of angular momentum.
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2.1. Motivation

The equations in the Cartesian plane R2:

define, respectively, an ellipse and a hyperbola. In each case, the x and the y axes are the

principal axes. This is easily seen, given that there are no cross-terms involving products

xy in either expression. However, the situation is more complicated with equations like

5x2 + 8xy + 5y2 = 1.

Here some method is required to determine whether this is an ellipse or a hyperbola. The

basic observation is that if, by completing the square, this can be reduced to a sum of two

squares then the equation is that of an ellipse, whereas if it reduces to a difference of two

squares then it is the equation of a hyperbola:

Thus the problem is how to absorb the coefficient of the cross-term 8xy into the functions

u and v. Formally, this problem is similar to a problem of matrix diagonalization where

one tries to find a suitable coordinate system in which the matrix of a linear

transformation is diagonal. One first finds a matrix to which the technique of

diagonalization can be applied.

The trick is to write the equation in the following form:

where the cross-term has been split into two equal parts. The matrix A in the above

decomposition is a symmetric matrix. In particular, by the spectral theorem, it has real

eigenvalues and is diagonalizable by an orthogonal matrix (orthogonally diagonalizable).
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To orthogonally diagonalize A, one must first find its eigenvalues, and then find an

orthonormal eigenbasis. Calculation reveals that the eigenvalues of A are

Dividing these by their respective lengths yields an orthonormal eigenbasis:

Now the matrix S = [u1 u2] is an orthogonal matrix, since it has orthonormal columns, and

A is diagonalized by:

This applies to the present problem of "diagonalizing" the equation through the

observation that

Thus the equation is that of an ellipse, since it is the sum of two squares.

It is tempting to simplify this expression by pulling out factors of 2, however it is

important not to do this. The quantities

have a geometrical meaning. They determine an orthonormal coordinate system on R2. In

other words, they are obtained from the original coordinates by the application of a

rotation (and possibly a reflection). As a consequence, one may use the c1, c2 coordinates

to make statements about length and angles (particularly length), which would otherwise

be more difficult in a different choice of coordinates (by rescaling them, for instance).

For example, the maximum distance from the origin on the ellipse c1
2 + 9c2

2 = 1 occurs

when c2=0, so at the points c1=1. Similarly, the minimum distance is where c2=1/3.
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It is possible now to read off the major and minor axes of this ellipse. These are precisely

the individual eigenspaces of the matrix A, since these are where c2 = 0 or c1=0.

Symbolically, the principal axes are

Collecting all of this information:

o The equation is for an ellipse, since both eigenvalues are positive. (Otherwise, if

one were positive and the other negative, it would be a hyperbola.)

o The principal axes are the lines spanned by the eigenvectors.

o The minimum and maximum distances to the origin can be read off the equation

in diagonal form.

Using this information, it is possible to attain a clear geometrical picture of the ellipse: to

graph it, for instance.

2.2. Formal Statement

The principal axis theorem applies to quadratic forms in Rn; that is polynomials Q(x)

which are homogeneous of degree 2. Any quadratic form can be put in the form

where A is a symmetric matrix.

The first part of the theorem is contained in the following statements guaranteed by the

spectral theorem:

o The eigenvalues of A are real.

o A is diagonalizable, and the eigenspaces of A are mutually orthogonal.
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In particular, A is orthogonally diagonalizable, since one may take a basis of each

eigenspace and apply the Gram-Schmidt process separately within the eigenspace to

obtain an orthonormal eigenbasis.

For the second part, suppose that the eigenvalues of A are λ1, ..., λn (possibly repeated

according to their algebraic multiplicities) and the corresponding orthonormal eigenbasis

is u1,...,un. Then

where the ci are the coordinates with respect to the given eigenbasis. Furthermore,

o The i-th principal axis is the line determined by the n-1 equations cj = 0,

j ≠ i. This axis is the span of the vector ui.

Topic : Analysis Of Deformation

Topic Objective:

At the end of this topic students will be able to:

 Understand deformation and its meaning in mechanics

 Understand the meaning of strain and its measures in mechanics

 Understand the meaning of displacement in mechanics
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Definition/Overview:

Deformation: In materials science, deformation is a change in the shape or size of an object due

to an applied force. This can be a result of tensile (pulling) forces, compressive (pushing) forces,

shear, bending or torsion (twisting). Deformation is often described in terms of strain.

Strain: Strain is the geometrical measure of deformation representing the relative displacement

between particles in the material body, i.e. a measure of how much a given displacement differs

locally from a rigid-body displacement.

Key Points:

1. Deformation

Deformation is the change in shape and/or size of a continuum body after it undergoes a

displacement between an initial or undeformed configuration , at time , and a

current or deformed configuration , at the current time .

In general, the displacement of a continuum body has two components: a rigid-body

displacement component and a deformation component. If after a displacement of the continuum

there is a relative displacement between particles, a deformation has occurred. On the other hand,

if after displacement of the continuum the relative displacement between particles in the current

configuration is zero i.e. the distance between particles remains unchanged, then there is no

deformation and a rigid-body displacement is said to have occurred. Strain is the geometrical

measure of deformation representing the relative displacement between particles in the material

body, i.e. a measure of how much a given displacement differs locally from a rigid-body

displacement.
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Deformations results from stresses within the continuum induced by external forces or due to

changes in its temperature. The relation between stresses and induced strains is expressed by

constitutive equations, e.g. Hooke's law for linear elastic materials. Deformations which are

recovered after the external forces have been removed, are called elastic deformations. In this

case, the continuum completely recovers its original configuration. On the other hand,

irreversible deformations, which remain even after external forces have been removed, are called

plastic deformations. Such deformations occur in material bodies after stresses have surpassed a

certain threshold value known as the elastic limit or yield stress, and are the result of slip, or

dislocation mechanisms at the atomic level. Deformation is measured in units of length.

2. Strain

Strain is the geometrical measure of deformation representing the relative displacement between

particles in the material body, i.e. a measure of how much a given displacement differs locally

from a rigid-body displacement (Jaboc Lubliner). Strain defines the amount of stretch or

compression along a material line elements or fibers, i.e. normal strain, and the amount of

distortion associated with the sliding of plane layers over each other, i.e. shear strain, within a

deforming body (David Rees). Strain is a dimensionless quantity, which can be expressed as a

decimal fraction, a percentage or in parts-per notation.

The state of strain at a material point of a continuum body is defined as the totality of all the

changes in length of material lines or fibers, i.e. normal strain, which pass through that point and

also the totality of all the changes in the angle between pairs of lines initially perpendicular to

each other, i.e. shear strain, radiating from this point. However, it is sufficient to know the

normal and shear components of strain on a set of three mutually perpendicular directions. If

there is an increase in length of the material line, the normal strain is called tensile strain;

otherwise, if there is reduction or compression in the length of the material line, it is called

compressive strain.

2.1. Strain Measures

Depending on the amount of strain, i.e. local deformation, the analysis of deformation is

subdivided into three deformation theories:
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o Finite strain theory, also called large strain theory, large deformation theory,

deals with deformations in which both rotations and strains are arbitrarily large. In

this case, the undeformed and deformed configurations of the continuum are

significantly different and a clear distinction has to be made between them. This is

commonly the case with elastomers, plastically-deforming materials and other

fluids and biological soft tissue.

o Infinitesimal strain theory, also called small strain theory, small deformation

theory, small displacement theory, or small displacement-gradient theory where

strains and rotations are both small. In this case, the undeformed and deformed

configurations of the body can be assumed identical. The infinitesimal strain

theory is used in the analysis of deformations of materials exhibiting elastic

behavior, such as materials found in mechanical and civil engineering

applications, e.g. concrete and steel.

o Large-displacement or large-rotation theory, which assumes small strains but

large rotations and displacements.

In each of this theories the strain is then defined differently. The engineering strain is the

most common definition applied to materials used in mechanical and structural

engineering, which are subjected to very small deformations. On the other hand, for some

materials, e.g. elastomers and polymers, subjected to large deformations, the engineering

definition of strain is not applicable, e.g. typical engineering strains greater than 1% , thus

other more complex definitions of strain are required, such as stretch, logarithmic strain,

Green strain, and Almansi strain.

The Cauchy strain or engineering strain is expressed as the ratio of total deformation to

the initial dimension of the material body in which the forces are being applied. The

engineering normal strain or engineering extensional strain of a material line element or

fiber axially loaded is expressed as the change in length per unit of the original

length of the line element or fibers. The normal strain is positive if the material fibers

are stretched or negative if they are compressed. Thus, we have
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where is the final length of the fiber.

The engineering shear strain is defined as the change in the angle between two material

line elements initially perpendicular to each other in the undeformed or initial

configuration.

The stretch ratio or extension ratio is a measure of the extensional or normal strain of a

differential line element, which can be defined at either the undeformed configuration or

the deformed configuration. It is defined as the ratio between the final length and the

initial length of the material line.

The extension ratio is related to the engineering strain by

This equation implies that the normal strain is zero, i.e. no deformation, when the stretch

is equal to unity.

The stretch ratio is used in the analysis of materials that exhibit large deformations, such

as elastometers, which can sustain stretch ratios of 3 or 4 before they fail. On the other

hand, traditional engineering materials, such as concrete or steel, fail at much lower

stretch ratios, perhaps of the order of 1.001. The logarithmic strain , also called natural

strain, true strain or Hencky strain. Considering a incremental strain (Ludwik)

where is the engineering strain. The logarithmic strain provides the correct measure of the final

strain when deformation takes place in a series of increments, taking into account the influence

of the strain path (David Rees).

The Green strain is defined as
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The Green strain is addressed in more detail in the article on finite strain theory.

The Euler-Almansi strain is defined as

The Euler-Almansi strain is addressed in more detail in the finite strain theory.

3. Description of Deformation

It is convenient to identify a reference configuration or initial geometric state of the continuum

body which all subsequent configurations are referenced from. The reference configuration need

not to be one the body actually will ever occupy. Often, the configuration at is considered

the reference configuration, . The configuration at the current time t is the current

configuration.

For deformation analysis, the reference configuration is identified as undeformed configuration,

and the current configuration as deformed configuration. Additionally, time is not considered

when analyzing deformation, thus the sequence of configurations between the undeformed and

deformed configurations are of no interest.

The components of the position vector of a particle in the reference configuration, taken

with respect to the reference coordinate system, are called the material or reference coordinates.

On the other hand, the components of the position vector of a particle in the deformed

configuration, taken with respect to the spatial coordinate system of reference, are called the

spatial coordinates

There are two methods for analysing the deformation of a continuum. One description is made in

terms of the material or referential coordinates, called material description or Lagrangian

description. A second description is of deformation is made in terms of the spatial coordinates it

is called the spatial description or Eulerian description.

There is continuity during deformation of a continuum body in the sense that:
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 The material points forming a closed curve at any instant will always form a closed curve

at any subsequent time.

 The material points forming a closed surface at any instant will always form a closed

surface at any subsequent time and the matter within the closed surface will always

remain within.

4. Displacement

A change in the configuration of a continuum body results in a displacement. The displacement

of a body has two components: a rigid-body displacement and a deformation. A rigid-body

displacement consist of a simultaneous translation and rotation of the body without changing its

shape or size. Deformation implies the change in shape and/or size of the body from an initial or

undeformed configuration to a current or deformed configuration (Figure 1).

If after a displacement of the continuum there is a relative displacement between particles, a

deformation has occurred. On the other hand, if after displacement of the continuum the relative

displacement between particles in the current configuration is zero i.e. the distance between

particles remains unchanged, then there is no deformation and a rigid-body displacement is said

to have occurred.

The vector joining the positions of a particle in the undeformed configuration and deformed

configuration is called the displacement vector , in the Lagrangian description,

or , in the Eulerian description.

A displacement field is a vector field of all displacement vectors for all particles in the body,

which relates the deformed configuration with the undeformed configuration. It is convenient to

do the analysis of deformation or motion of a continuum body in terms of the displacement field,

In general, the displacement field is expressed in terms of the material coordinates as
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or in terms of the spatial coordinates as

where are the direction cosines between the material and spatial coordinate systems with unit

vectors and , respectively. Thus

and the relationship between and is then given by

Knowing that

then

It is common to superimpose the coordinate systems for the undeformed and deformed

configurations, which results in , and the direction cosines become Kronecker deltas, i.e.

Thus, we have

or in terms of the spatial coordinates as
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4.1. Displacement Gradient Tensor

The partial differentiation of the displacement vector with respect to the material

coordinates yields the material displacement gradient tensor . Thus we have,

where is the deformation gradient tensor.

Similarly, the partial differentiation of the displacement vector with respect to the spatial

coordinates yields the spatial displacement gradient tensor . Thus we have,

Topic : Velocity Fields And Compatibility Conditions

Topic Objective:

At the end of this topic students will be able to:

 Understand the term velocity

 Understand the meaning of velocity field

 Understand the Compatibility Conditions in Continuum Mechanics
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Definition/Overview:

Velocity: The velocity is the material time derivative of the motion (i.e., the time derivative with

held constant). This type of derivative is also called the total derivative.

Key Points:

1. Velocity Field

The differential rotation of spiral disks possesses a peculiar characteristic: the rotation velocity

is a constant except in the innermost regions. This behavior persists at the largest radii

sampled by the best rotation curves which means that the edge of the mass distribution in spiral

galaxies has not yet been reached. The rotation curves of spiral galaxies are said to be flat. For

intermediate redshift galaxies, the rise of the rotation curve in the innermost regions cannot be

resolved. Therefore, the simplest velocity field reproducing a flat rotation curve in this case is

one in which is constant everywhere, is zero, and the direction of rotation is

specified by the sign of the projected velocity V sin .

2. Principal Strain

The normal strains (ex' and ey') and the shear strain (ex'y') vary smoothly with respect to the

rotation angle q, in accordance with the transformation equations given above. There exist a

couple of particular angles where the strains take on special values.

First, there exists an angle qp where the shear strain ex'y' vanishes. That angle is given by,

This angle defines the principal directions. The associated principal strains are given by,
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3. Plane State of Strain

Some common engineering problems such as a dam subjected to water loading, a tunnel under

external pressure, a pipe under internal pressure, and a cylindrical roller bearing compressed by

force in a diametral plane, have significant strain only in a plane; that is, the strain in one

direction is much less than the strain in the two other orthogonal directions. If small enough, the

smallest strain can be ignored and the part is said to experience plane strain.

4. Compatibility Conditions

In the strain-displacement relationships, there are six strain measures but only three independent

displacements. That is, there are 6 unknowns for only 3 independent variables. As a result there

exist 3 constraint, or compatibility, equations.

These compatibility conditions for infinitesimal strain refered to rectangular Cartesian

coordinates are,

In two dimensional problems (e.g. plane strain), all z terms are set to zero. The compatibility

equations reduce to,

Note that some references use engineering shear strain  when referencing compatibility

equations.

In Section 3 of this course you will cover these topics:
Constitutive Equations

Isotropy

Mechanical Properties Of Real Fluids And Solids
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Topic : Constitutive Equations

Topic Objective:

At the end of this topic students will be able to:

 Understand the concept of Constitutive equation

 Understand the term Newtonian Fluid

Definition/Overview:

Constitutive Equation: In structural analysis, constitutive relations connect applied stresses or

forces to strains or deformations. The constitutive relation for linear materials is linear, and is

commonly known as Hooke's law. More generally, in physics, a constitutive equation is a

relation between two physical quantities (often described by tensors) that is specific to a material

or substance, and does not follow directly from physical law. It is combined with other equations

that do represent physical laws to solve physical problems, like the flow of a fluid in a pipe, or

the response of a crystal to an electric field.

Newtonian Fluid: A Newtonian fluid (named for Isaac Newton) is a fluid whose stress versus

rate of strain curve is linear and passes through the origin. The constant of proportionality is

known as the viscosity.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

38
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Key Points:

1. Overview

Continuum mechanics has left out the material itself, instead focusing on balance of forces the

produced stress definitions and stress equilibrium equations, and kinematics, which produced

definitions of reference and deformed configurations, displacement, deformation gradient tensor,

and small and finite strain tensors. Although in some cases it may be possible to solve the stress

equilibrium equations, for the majority of circumstances these equations are indeterminate. Even

if we introduce displacements, strains, and strain-displacement relationships, we still have more

unknowns than equations, which mean the equations are indeterminate.

2. Newtonian Fluid

A simple equation to describe Newtonian fluid behaviour is

where

τ is the shear stress exerted by the fluid ("drag") [Pa]

μ is the fluid viscosity - a constant of proportionality [Pas]

is the velocity gradient perpendicular to the direction of shear [s−1]

In common terms, this means the fluid continues to flow, regardless of the forces acting on it.

For example, water is Newtonian, because it continues to exemplify fluid properties no matter

how fast it is stirred or mixed. Contrast this with a non-Newtonian fluid, in which stirring can

leave a "hole" behind (that gradually fills up over time - this behaviour is seen in materials such

as pudding, starch in water (oobleck), or, to a less rigorous extent, sand), or cause the fluid to
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become thinner, the drop in viscosity causing it to flow more (this is seen in non-drip paints,

which brush on easily but become more viscous when on walls).

For a Newtonian fluid, the viscosity, by definition, depends only on temperature and pressure

(and also the chemical composition of the fluid if the fluid is not a pure substance), not on the

forces acting upon it.

If the fluid is incompressible and viscosity is constant across the fluid, the equation governing

the shear stress, in the Cartesian coordinate system, is

with comoving stress tensor (also written as )

where, by the convention of tensor notation,

τij is the shear stress on the ith face of a fluid element in the jth direction

ui is the velocity in the ith direction

xj is the jth direction coordinate

If a fluid does not obey this relation, it is termed a non-Newtonian fluid, of which there are

several types, including polymer solutions, molten polymers, many solid suspensions and most

highly viscous fluids.

Topic : Isotropy

Topic Objective:

At the end of this topic students will be able to:

 Understand the concept of material isotropy
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 Understand isotropic tensors

Definition/Overview:

Isotropy: Isotropy is uniformity in all directions, In the study of mechanical properties of

materials, "isotropic" means having identical values of a property in all crystallographic

directions.

Isotropic Tensor: An isotropic tensor in Eudlidean space is a tensor whose components in any

rectangular Cartesian system are unaltered by orthogonal transformations of coordinates.

Key Points:

1. Concept of Material Isotropy

Materials whose mechanical properties do not depend on directions are said to be isotropic. For

example, if we make a tension lest on a metal and find that the result does not depend on the

direction the tension specimen was cut from the ingot and that the lateral contraction in the same

in every direction perpendicular to the direction of pulling, we may soaped that the metal is

isotropic.
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2. Isotropic Tensors

A tensor which has the same components in all rotated coordinate systems. All rank-0 tensors

(scalars) are isotropic, but no rank-1 tensors (vectors) are. The unique rank-2 isotropic tensor is

the Kronecker delta, and the unique rank-3 isotropic tensor is the permutation symbol.

A tensor is called isotropic if its components retain the same values how ever the axes are

rotated. We have already obtained three examples, namely dik, e ikm and eiksemps.

There are no isotropic tensors of the first order, since, if ui were such a tensor, let us give the

axes a small rotation expressed by the anti-symmetrical tensor cik. Then, in the new system,

and this can only be equal to u if

for all admissible values of the cij. Thus,

However, c11 = c22 = c33 = 0, while c12, c23, c31 are independent and equal to and opposite to the

components obtained by interchanging suffixes, whence (3) can be satisfied only if

and therefore there is no isotropic tensor of the first order other than zero.

If uik is an isotropic tensor of the second order,

to the first order, for all values of i and k, whence

If i and k are unequal, take i = 1, k = 2. Since c11 = c22 = 0, we have

and therefore

By symmetry, uik is therefore 0 if i k, while u11 = u22 = u33.

If both i and k are 1, we have
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which is satisfied, since every term vanishes, whence the only isotropic tensor of order 2 is a

scalar multiple of dik.

If uikm is a third order isotropic tensor

and therefore, for all values of i, k, m,

Take i = k = 1.

Now, set m = 2, so that cm2 = 0. Then

By the last equation and by symmetry, uikm = 0, if two of i, k, m are equal and the third is not

equal. Then, by the first equation, uikm is also zero if all of the i, k, m are equal; the second

equation shows that

If we set in (3) m = 1, every term vanishes, so that (3) holds.

Now, in Equation (2), if i, k, m are all different, ujkm is zero unless j = i, and then cij = 0, whence

(2) holds. It follows that the only isotropic tensors of order 3 are scalar multiples of eikm.

If uikmp is an isotropic tensor of order 4, we have, similarly,

There are only three possible values for i, k, m, p, whence at least two of them must be equal.

We may consider separately the cases where (a) two are equal and the other two unequal, (b)

three are equal, (c) two are equal and the other two are equal, (d) all four are equal.

(a) Take i = k = 1, m = 2, p = 3. Then,

Hence, by the anti-symmetrical property of cik,

Other instances of (a) can be obtained by interchanging suffixes which are not already equal and

by turning cyclically the axes so as to bring 3 into the position of 1, 1 into that of 2 and 2 into

that of 3. Thus, (4) yields
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And also

(b) Take i = k = m = 1, p = 2.

The last term shows that

whence, by interchange of suffixes, all components of (b) are zero. Also, from the coefficient of

c13,

However, in (3), the last term vanishes and we infer that

and therefore

whence, by (10),

Thus, all the components of (a) are also zero.

The coefficient of c12 in (8) yields

so that the components of (d) are expressible in terms of the three types of (c).

No further information is obtained by transforming components of (c) and (d). Thus, if i = k = 1,

m = p = 2, replacing i or k by j will yield a zero component unless j is equal to 1; then, the factor

cij or ckj is zero and the relation holds automatically. Similar considerations apply, if all of the i,

k, m, p are equal.

We may denote the components of (5) by l, those of (6) by m + n and those of (7) by m - n.

Then, (14) yields

Hence, there appear to be three independent isotropic tensors of order 4, obtained by setting in

turn each of l, m, n equal to 1 and the others equal to zero.
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In the l tensor, uikmp = 1 if i= k and m = p, and in all other cases it is zero. It is therefore

equivalent to dikdmp which is obviously a tensor of order 4, being the product of two tensors of

order 2.

In the m tensor, uikmp = 1 if i = m, k = p, or if i = p. k = m and i k. If also i = k, the component is

2. Other components are zero. This can be written

and is obviously a tensor of order 4.

In the n -tensor, uikmp = 1, if i = m, k = p, and uikmp = -1, if i = p, k = m; in all other cases it is

zero. If also i = k, uikmp is zero. Hence, in this case

This can also be written

since, if i = 1, k = 3, eijk = 0 unless j = 2 and then then eijk = 1. But then emjp = 1 if m = 1, p = 3

and emjp = - 1 if m = 3, p=1 and otherwise = 0. Thus,

with corresponding values for the other components. Evidently, (17) and (18) represent a tensor

of order 4.

The general isotropic tensor of order 4 is therefore

where l,m , n are scalars.
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Topic : Mechanical Properties Of Real Fluids And Solids

Topic Objective:

At the end of this topic students will be able to:

 Understand the term fluids

 Understand the term viscosity

 Understand the plasticity of metals

 Understand linear viscoelastic bodies

 Understand viscoplastic materials

Definition/Overview:

Fluid: A fluid is defined as a substance that continually deforms (flows) under an applied shear

stress. All liquids and all gases are fluids. Fluids are a subset of the phases of matter and include

liquids, gases, plasmas and, to some extent, plastic solids. The term "fluid" is often used as being

synonymous with "liquid".

Viscosity: Viscosity is a measure of the resistance of a fluid which is being deformed by either

shear stress or extensional stress. In general terms it is the resistance of a liquid to flow, or its

"thickness". Viscosity describes a fluid's internal resistance to flow and may be thought of as a

measure of fluid friction.
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Plasticity: Plasticity generally means ability to permanently change or deform. In physics and

engineering, plasticity is the propensity of a material to undergo permanent deformation under

load.

Key Points:

1. Fluids

A fluid is defined as a substance that continually deforms (flows) under an applied shear stress.

All liquids and all gases are fluids. Fluids are a subset of the phases of matter and include liquids,

gases, plasmas and, to some extent, plastic solids. The term "fluid" is often used as being

synonymous with "liquid". This can be erroneous and sometimes clearly inappropriatesuch as

when referring to a liquid which does not or should not involve the gaseous state. For example,

"brake fluid" is hydraulic oil which will not perform its required function if gas is present. The

medical profession relies on the term "fluids" in dietary references ("take plenty of fluids")

where the presence of gases is irrelevant or even possibly dangerous.

Liquids form a free surface (that is, a surface not created by the container) while gases do not.

The distinction between solids and fluid is not entirely obvious. The distinction is made by

evaluating the viscosity of the substance. Silly Putty can be considered to behave like a solid or a

fluid, depending on the time period over which it is observed. However Silly Putty is correctly

termed a viscoelastic fluid.

Fluids display such properties as:

 Not resisting deformation, or resisting it only lightly (viscosity), and

 The ability to flow (also described as the ability to take on the shape of the container).

These properties are typically a function of their inability to support a shear stress in static

equilibrium.
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Solids can be subjected to shear stresses, and to normal stresses - both compressive and tensile.

In contrast, ideal fluids can only be subjected to normal, compressive stress which is called

pressure. Real fluids display viscosity and so are capable of being subjected to low levels of

shear stress.

In a solid, shear stress is a function of strain, but in a fluid, shear stress is a function of rate of

strain. A consequence of this behavior is Pascal's law which describes the role of pressure in

characterizing a fluid's state.

2. Viscosity

Viscosity is a measure of the resistance of a fluid which is being deformed by either shear stress

or extensional stress. In general terms it is the resistance of a liquid to flow, or its "thickness".

Viscosity describes a fluid's internal resistance to flow and may be thought of as a measure of

fluid friction. Thus, water is "thin", having a lower viscosity, while vegetable oil is "thick"

having a higher viscosity. All real fluids (except superfluids) have some resistance to stress, but a

fluid which has no resistance to shear stress is known as an ideal fluid or inviscid fluid. For

example, a high viscosity magma will create a tall volcano, because it cannot spread fast enough;

low viscosity lava will create a shield volcano, which is large and wide. The study of viscosity is

known as rheology.

2.1. Viscosity Coefficients

When looking at a value for viscosity, the number that one most often sees is the

coefficient of viscosity. There are several different viscosity coefficients depending on

the nature of applied stress and nature of the fluid. They are introduced in the main books

on hydrodynamics and rheology.

o Dynamic viscosity (or absolute viscosity) determines the dynamics of an

incompressible Newtonian fluid;

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

48
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



o Kinematic viscosity is the dynamic viscosity divided by the density for a

Newtonian fluid;

o Volume viscosity (or bulk viscosity) determines the dynamics of a

compressible Newtonian fluid;

o Shear viscosity is the viscosity coefficient when the applied stress is a

shear stress (valid for non-Newtonian fluids);

o Extensional viscosity is the viscosity coefficient when the applied stress

is an extensional stress (valid for non-Newtonian fluids).

3. Plasticity

In physics and materials science, plasticity describes the deformation of a material undergoing

non-reversible changes of shape in response to applied forces. For example, a solid piece of

metal or plastic being bent or pounded into a new shape displays plasticity as permanent changes

occur within the material itself. By contrast, a permanent crease in a sheet of paper or a re-

shaping of wet clay is due to a rearrangement of separate fibers or particles. In engineering, the

transition from elastic behavior to plastic behavior is called yield.

4. Viscoelasticity

Viscoelasticity is the property of materials that exhibit both viscous and elastic characteristics

when undergoing deformation. Viscous materials, like honey, resist shear flow and strain linearly

with time when a stress is applied. Elastic materials strain instantaneously when stretched and

just as quickly return to their original state once the stress is removed. Viscoelastic materials

have elements of both of these properties and, as such, exhibit time dependent strain. Whereas

elasticity is usually the result of bond stretching along crystallographic planes in an ordered
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solid, viscoelasticity is the result of the diffusion of atoms or molecules inside of an amorphous

material.

4.1. Constitutive Models of Linear Viscoelasticity

Viscoelastic materials, such as amorphous polymers, semicrystalline polymers, and

biopolymers, can be modeled in order to determine their stress or strain interactions as

well as their temporal dependencies. These models, which include the Maxwell model,

the Kelvin-Voigt model, and the Standard Linear Solid Model, are used to predict a

material's response under different loading conditions. Viscoelastic behavior is comprised

of elastic and viscous components modeled as linear combinations of springs and

dashpots, respectively. Each model differs in the arrangement of these elements, and all

of these viscoelastic models can be equivalently modeled as electrical circuits. In an

equivalent electrical circuit, stress is represented by voltage, and the derivative of strain

(velocity) by current. The elastic modulus of a spring is analogous to a circuit's

capacitance (it stores energy) and the viscosity of a dashpot to a circuit's resistance (it

dissipates energy).

The elastic components, as previously mentioned, can be modeled as springs of elastic

constant E, given the formula:

where σ is the stress, E is the elastic modulus of the material, and ε is the strain that

occurs under the given stress, similar to Hooke's Law.

The viscous components can be modeled as dashpots such that the stress-strain rate

relationship can be given as,

where σ is the stress, η is the viscosity of the material, and dε/dt is the time derivative of

strain.
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The relationship between stress and strain can be simplified for specific stress rates. For

high stress states/short time periods, the time derivative components of the stress-strain

relationship dominate. A dashpots resists changes in length, and in a high stress state it

can be approximated as a rigid rod. Since a rigid rod cannot be stretched past its original

length, no strain is added to the system

Conversely, for low stress states/longer time periods, the time derivative components are

negligible and the dashpot can be effectively removed from the system - an "open"

circuit. As a result, only the spring connected in parallel to the dashpot will contribute to

the total strain in the system.

4.2. Measuring Viscoelasticity

Though there are many instruments that test the mechanical and viscoelastic response of

materials, broadband viscoelastic spectroscopy (BVS) and resonant ultrasound

specstroscopy (RUS) are more commonly used to test viscoelastic behavior because they

can be used above and below ambient temperatures and are more specific to testing

viscoelasticity. These two instruments employ a damping mechanism at various

frequencies and time ranges with no appeal to time-temperature superposition.

In Section 4 of this course you will cover these topics:
Derivation Of Field Equations

Field Equations And Boundary Conditions In Fluid Mechanics

Topic : Derivation Of Field Equations

Topic Objective:

At the end of this topic students will be able to:

 Understand the field equations
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 Understand the Gausss Theorem

 Understand Continuity equation

 Understand the balance of energy

Definition/Overview:

Field Equation: A field equation is an equation in a physical theory that describes how a

fundamental force (or a combination of such forces) interacts with matter. The four fundamental

forces are the gravitational force, the electromagnetic force, the strong force and the weak force.

Energy Balance: In physics, energy balance is a systematic presentation of energy flows and

transformations in a system. Theoretical basis for an energy balance is the first law of

thermodynamics according to which energy cannot be created or destroyed, only modified in

form. Energy sources or wave of energy are therefore inputs and outputs of the system under

observation.

Key Points:

1. Field Equation

A field equation is an equation in a physical theory that describes how a fundamental force (or a

combination of such forces) interacts with matter. The four fundamental forces are the

gravitational force, the electromagnetic force, the strong force and the weak force.
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Before the theory of quantum mechanics was fully developed, there were two known field

theories, namely gravitation and electromagnetism (these two are sometimes referred to as

classical field theories, as they were formulated before the advent of quantum mechanics, and

hence do not take into account quantum phenomena). Modern field equations tend to be tensor

equations.

2. Gausss Theorem

In physics, Gauss's law, also known as Gauss's flux theorem, is a law relating the distribution of

electric charge to the resulting electric field. It is one of the four Maxwell's equations, which

form the basis of classical electrodynamics, and is also closely related to Coulomb's law.

Gauss's law has two forms, an integral form and a differential form. They are related by the

divergence theorem, also called "Gauss's theorem". Each of these forms can also be expressed

two ways: In terms of a relation between the electric field E and the total electric charge, or in

terms of the electric displacement field D and the free electric charge.

Gauss's law has a close mathematical similarity with a number of laws in other areas of physics.

See, for example, Gauss's law for magnetism and Gauss's law for gravity. In fact, any "inverse-

square law" can be formulated in a way similar to Gauss's law: For example, Gauss's law itself is

essentially equivalent to the inverse-square Coulomb's law, and Gauss's law for gravity is

essentially equivalent to the inverse-square Newton's law of gravity. See the article Divergence

theorem for more detail.

Gauss's law can be used to demonstrate that there is no electric field inside a Faraday cage with

no electric charges. Gauss's law is something of an electrical analogue of Ampre's law, which

deals with magnetism. Both equations were later integrated into Maxwell's equations.
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3. Continuity Equation

A continuity equation is a differential equation that describes the conservative transport of some

kind of quantity. Since mass, energy, momentum, and other natural quantities are conserved, a

vast variety of physics may be described with continuity equations.

All the examples of continuity equations below express the same idea. Continuity equations are

the (stronger) local form of conservation laws. Any continuity equation has a "differential form"

(in terms of the divergence operator) and an "integral form" (in terms of a flux integral). In this

article, only the "differential form" versions will be given; see the article divergence theorem for

how to express any of these laws in "integral form".

The general form for a continuity equation is

Where is some quantity, is a function describing the flux of , and s describes the generation

(or removal) rate of . This equation may be derived by considering the fluxes into an

infinitesimal box. This general equation may be used to derive any continuity equation, ranging

from as simple as the volume continuity equation to as complicated as the NavierStokes

equations. This equation also generalizes the advection equation.

In fluid dynamics, the continuity equation is a mathematical statement that, in any steady state

process, the rate at which mass enters a system is equal to the rate at which mass leaves the

system. [1] In fluid dynamics, the continuity equation is analogous to Kirchhoff's Current Law in

electric circuits.

The differential form of the continuity equation is:

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

54
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Where ρ is fluid density, t is time, and u is fluid velocity. If density (ρ) is a constant, as in the

case of incompressible flow, the mass continuity equation simplifies to a volume continuity

equation:

Which means that the divergence of velocity field is zero everywhere. Physically, this is

equivalent to saying that the local volume dilation rate is zero.

Further, the Navier-Stokes equations form a vector continuity equation describing the

conservation of linear momentum.

Topic : Field Equations And Boundary Conditions In Fluid Mechanics

Topic Objective:

At the end of this topic students will be able to:

 Understand Navier stroke equations

 Understand surface tension

 Understand the concept of Reynolds number

 Understand the concept of Boundary layer

Definition/Overview:

Navier Strokes Equations: The Navier-Stokes equations are the set of equations that describe

the motion of fluid substances such as liquids and gases.
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Surface Tension: Surface tension is a property of the surface of a liquid that causes it to behave

as an elastic sheet. It allows insects, such as the water strider to walk on water. It allows small

objects, even metal ones such as needles, razor blades, or foil fragments, to float on the surface

of water, and it is the cause of capillary action.

Boundary Layer: In physics and fluid mechanics, a boundary layer is that layer of fluid in the

immediate vicinity of a bounding surface. In the Earth's atmosphere, the planetary boundary

layer is the air layer near the ground affected by diurnal heat, moisture or momentum transfer to

or from the surface.

Key Points:

1. Navier-Stokes Equations

The Navier-Stokes equations (named after Claude-Louis Navier and George Gabriel Stokes) are

the set of equations that describe the motion of fluid substances such as liquids and gases. These

equations state that changes in momentum (acceleration) of fluid particles depend only on the

external pressure and internal viscous forces (similar to friction) acting on the fluid. Thus, the

Navier-Stokes equations describe the balance of forces acting at any given region of the fluid.

The Navier-Stokes equations are differential equations which describe the motion of a fluid.

Such equations establish relations among the rates of change the variables of interest. For

example, the Navier-Stokes equations for an ideal fluid with zero viscosity states that

acceleration (the rate of change of velocity) is proportional to the derivative of internal pressure.

This means that solutions of the Navier-Stokes equations for a given physical problem must be

sought with the help of calculus. In practical terms only the simplest cases can be solved exactly
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in this way. These cases generally involve non-turbulent, steady flow (flow does not change with

time) in which the Reynolds number is small.

For more complex situations, such as global weather systems like El Nio or lift in a wing,

solutions of the Navier-Stokes equations can currently only be found with the help of computers.

This is a field of sciences by its own called computational fluid dynamics.

1.1. General form of the equation

The general form of the Navier-Stokes equations for the conservation of momentum is:

where

is the fluid density,

is the substantive derivative (also called the material derivative),

is the velocity vector,

is the body force vector, and

is a tensor that represents the surface forces applied on a fluid particle (the comoving

stress tensor).

Unless the fluid is made up of spinning degrees of freedom like vortices, is a symmetric

tensor. In general, (in three dimensions) has the form:

where

are normal stresses, and

are tangential stresses (shear stresses).
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The above is actually a set of three equations, one per dimension. By themselves, these

aren't sufficient to produce a solution. However, adding conservation of mass and

appropriate boundary conditions to the system of equations produces a solvable set of

equations.

1.2. Compressible Flow of Newtonian Fluids

There are some exceptional phenomena that are closely linked with fluid compressibility.

One of the obvious examples is sound. Description of such phenomena requires more

general presentation of the NavierStokes equation that takes into account fluid

compressibility. If viscosity is assumed a constant, one additional term appears, as shown

here:

where μv is second viscosity coefficient. It is related to volume viscosity or bulk

viscosity. This additional term disappears for incompressible fluid, when the divergence

of the flow equals 0.

2. Surface Tension

Surface tension is a property of the surface of a liquid that causes it to behave as an elastic sheet.

It allows insects, such as the water strider to walk on water. It allows small objects, even metal

ones such as needles, razor blades, or foil fragments, to float on the surface of water, and it is the

cause of capillary action. An everyday observation of surface tension is the formation of water

droplets on various surfaces or raindrops.

The physical and chemical behavior of liquids cannot be understood without taking surface

tension into account. It governs the shape that small masses of liquid can assume and the degree

of contact a liquid can make with another substance.
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Applying Newtonian physics to the forces that arise due to surface tension accurately predicts

many liquid behaviors that are so commonplace that most people take them for granted.

Applying thermodynamics to those same forces further predicts other more subtle liquid

behaviors. Surface tension has the dimension of force per unit length, or of energy per unit area.

The two are equivalent but when referring to energy per unit of area people use the term surface

energy which is a more general term in the sense that it applies also to solids and not just liquids.

2.1. Cause

Surface tension is caused by the attraction between the liquid's molecules by various

intermolecular forces. In the bulk of the liquid, each molecule is pulled equally in all

directions by neighbouring liquid molecules, resulting in a net force of zero. At the

surface of the liquid, the molecules are pulled inwards by other molecules deeper inside

the liquid and are not attracted as intensely by the molecules in the neighbouring medium

(be it vacuum, air or another liquid). Therefore, all of the molecules at the surface are

subject to an inward force of molecular attraction which is balanced only by the liquid's

resistance to compression, meaning there is no net inward force. However, there is a

driving force to diminish the surface area, and in this respect a liquid surface resembles a

stretched elastic membrane. Thus the liquid squeezes itself together until it has the locally

lowest surface area possible.

Another way to view it is that a molecule in contact with a neighbour is in a lower state

of energy than if it wasn't in contact with a neighbour. The interior molecules all have as

many neighbours as they can possibly have. But the boundary molecules have fewer

neighbours than interior molecules and are therefore in a higher state of energy. For the

liquid to minimize its energy state, it must minimize its number of boundary molecules

and must therefore minimize its surface area.

As a result of surface area minimization, a surface will assume the smoothest shape it can

(mathematical proof that "smooth" shapes minimize surface area relies on use of the

EulerLagrange equation). Since any curvature in the surface shape results in greater area,
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a higher energy will also result. Consequently the surface will push back against any

curvature in much the same way as a ball pushed uphill will push back to minimize its

gravitational potential energy.

3. Reynolds Number

In fluid mechanics and heat transfer, the Reynolds number Re is a dimensionless number that

gives a measure of the ratio of inertial forces ( ) to viscous forces (μ / L) and, consequently, it

quantifies the relative importance of these two types of forces for given flow conditions.

Reynolds numbers frequently arise when performing dimensional analysis of fluid dynamics and

heat transfer problems, and as such can be used to determine dynamic similitude between

different experimental cases. They are also used to characterise different flow regimes, such as

laminar or turbulent flow: laminar flow occurs at low Reynolds numbers, where viscous forces

are dominant, and is characterized by smooth, constant fluid motion, while turbulent flow occurs

at high Reynolds numbers and is dominated by inertial forces, which tend to produce random

eddies, vortices and other flow fluctuations.

3.1. Definition

Reynolds number is defined as:

where:

is the mean fluid velocity in (SI units: m/s)

L is the characteristic length (m)

μ is the dynamic viscosity of the fluid (Pas or Ns/m)
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ν is the kinematic viscosity (defined as ν = μ / ρ) (m/s)

ρ is the density of the fluid (kg/m)

For any shape, the parameter that is used as the characteristic length L is not given

explicitly by physics, but rather is chosen by convention (and usually subscripted after

the 'Re'). For flow in a pipe for instance, the characteristic length is usually taken as the

pipe diameter (so ReD), but is occasionally taken as being the radius (so Rer). So, it is

important that for comparison of flows or Reynolds numbers, that it is the same type of

characteristic length being employed.

3.2. Transition Reynolds Number

In boundary layer flow over a flat plate, experiments can confirm that, after a certain

length of flow, a laminar boundary layer will become unstable and become turbulent.

This instability occurs across different scales and with different fluids, usually when

, where x is the distance from the leading edge of the flat plate, and the

flow velocity is the 'free stream' velocity of the fluid outside the boundary layer.

For flow in a pipe of diameter D, experimental observations show that for 'fully

developed' flow, laminar flow occurs when ReD < 2000 and turbulent flow occurs when

ReD > 4000. In the interval between 2000 and 4000, laminar and turbulent flows are

possible ('transition' flows), depending on other factors, such as pipe roughness and flow

uniformity). This result is generalised to non-circular channels using the hydraulic

diameter, allowing a transition Reynolds number to be calculated for other shapes of

channel.

3.3. Reynolds Number in Viscous Fluids

Where the viscosity is naturally high, such as polymer solutions and polymer melts, flow

is normally laminar. The Reynolds number is very small and Stokes Law can be used to

measure the viscosity of the fluid. Spheres are allowed to fall through the fluid and they

reach the terminal velocity quickly, from which the viscosity can be determined.
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The laminar flow of polymer solutions is exploited by animals such as fish and dolphins,

who exude viscous solutions from their skin to aid flow over their bodies while

swimming. It has been used in yacht racing by owners who want to gain a speed

advantage by pumping a polymer solution such as low molecular weight polyoxyethylene

in water, over the wetted surface of the hull. It is however, a problem for mixing of

polymers, because turbulence is needed to distribute fine filler (for example) through the

material. Inventions such as the "cavity transfer mixer" have been developed to produce

multiple folds into a moving melt so as to improve mixing efficiency. The device can be

fitted onto extruders to aid mixing.

4. Boundary Layer

In physics and fluid mechanics, a boundary layer is that layer of fluid in the immediate vicinity

of a bounding surface. In the Earth's atmosphere, the planetary boundary layer is the air layer

near the ground affected by diurnal heat, moisture or momentum transfer to or from the surface.

On an aircraft wing the boundary layer is the part of the flow close to the wing. The boundary

layer effect occurs at the field region in which all changes occur in the flow pattern. The

boundary layer distorts surrounding nonviscous flow. It is a phenomenon of viscous forces. This

effect is related to the Reynolds number.

Laminar boundary layers come in various forms and can be loosely classified according to their

structure and the circumstances under which they are created. The thin shear layer which

develops on an oscillating body is an example of a Stokes boundary layer, whilst the Blasius

boundary layer refers to the well-known similarity solution for the steady boundary layer

attached to a flat plate held in an oncoming unidirectional flow. When a fluid rotates, viscous

forces may be balanced by the Coriolis effect, rather than convective inertia, leading to the

formation of an Ekman layer. Thermal boundary layers also exist in heat transfer. Multiple types

of boundary layers can coexist near a surface simultaneously.

4.1. Boundary layer equations

The deduction of the boundary layer equations was perhaps one of the most important

advances in fluid dynamics. Using an order of magnitude analysis, the well-known

governing NavierStokes equations of viscous fluid flow can be greatly simplified within
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the boundary layer. Notably, the characteristic of the partial differential equations (PDE)

becomes parabolic, rather than the elliptical form of the full NavierStokes equations. This

greatly simplifies the solution of the equations. By making the boundary layer

approximation, the flow is divided into an inviscid portion (which is easy to solve by a

number of methods) and the boundary layer, which is governed by an easier to solve

PDE. The NavierStokes equations for a two-dimensional steady incompressible flow in

Cartesian coordinates are given by

where u and v are the velocity components, ρ is the density, p is the pressure, and ν is the

kinematic viscosity of the fluid at a point.

The approximation states that, for a sufficiently high Reynolds number the flow over a

surface can be divided into an outer region of inviscid flow unaffected by viscosity (the

majority of the flow), and a region close to the surface where viscosity is important (the

boundary layer). Let u and v be streamwise and transverse (wall normal) velocities

respectively inside the boundary layer. Using scale analysis, it can be shown that the

above equations of motion reduce within the boundary layer to become

The asymptotic analysis also shows that v, the wall normal velocity, is small compared

with u the streamwise velocity, and that variations in properties in the streamwise

direction are generally much lower than those in the wall normal direction.

Since the static pressure p is independent of y, then pressure at the edge of the boundary

layer is the pressure throughout the boundary layer at a given streamwise position. The

external pressure may be obtained through an application of Bernoulli's equation. Let u0

be the fluid velocity outside the boundary layer, where u and u0 are both parallel. This

gives upon substituting for p the following result
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with the boundary condition

For a flow in which the static pressure

p also does not change in the direction

of the flow then

so u0 remains constant.

Therefore, the equation of motion simplifies to become

These approximations are used in a variety of practical flow problems of scientific and

engineering interest. The above analysis is for any instantaneous laminar or turbulent

boundary layer, but is used mainly in laminar flow studies since the mean flow is also the

instantaneous flow because there are no velocity fluctuations present.

4.2. Turbulent Boundary Layers

The treatment of turbulent boundary layers is far more difficult due to the time-dependent

variation of the flow properties. One of the most widely used techniques in which

turbulent flows are tackled is to apply Reynolds decomposition. Here the instantaneous

flow properties are decomposed into a mean and fluctuating component. Applying this

technique to the boundary layer equations gives the full turbulent boundary layer

equations not often given in literature:

Using the same order-of-magnitude analysis as for the instantaneous equations, these

turbulent boundary layer equations generally reduce to become in their classical form:

The additional term in the turbulent boundary layer equations is known as the Reynolds

shear stress and is unknown a priori. The solution of the turbulent boundary layer equations

therefore necessitates the use of a turbulence model, which aims to express the Reynolds shear

stress in terms of known flow variables or derivatives. The lack of accuracy and generality of
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such models is the single major obstacle which inhibits the successful prediction of turbulent

flow properties in modern fluid dynamics.

In Section 5 of this course you will cover these topics:
Some Simple Problems In Elasticity

Stress, Strain, And Active Remodeling Of Structures

Topic : Some Simple Problems In Elasticity

Topic Objective:

At the end of this topic students will be able to:

 Understand the concept of elasticity

 Understand plane and elastic waves

 Understand the concept of torsion

 Understand structure of beam

 Understand the concept of biomechanics

Definition/Overview:

Elasticity: A material is said to be elastic if it deforms under stress (e.g., external forces), but

then returns to its original shape when the stress is removed. The amount of deformation is called

the strain.
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Torsion: In solid mechanics, torsion is the twisting of an object due to an applied torque. In

circular sections, the resultant shearing stress is perpendicular to the radius.

Beam: A beam is a structural element that is capable of withstanding load primarily by resisting

bending. The bending force induced into the material of the beam as a result of the external

loads, own weight and external reactions to these loads is called a bending moment.

Key Points:

1. Elasticity

The elastic regime is characterized by a linear relationship between stress and strain, denoted

linear elasticity. Good examples are a rubber band and a bouncing ball. This linear relationship is

called Hooke's law. The classic model of linear elasticity is the perfect spring. Although the

general proportionality constant between stress and strain in three dimensions is a 4th order

tensor, when considering simple situations of higher symmetry such as a rod in one dimensional

loading, the relationship may often be reduced to applications of Hooke's law. Because most

materials are elastic only under relatively small deformations, several assumptions are used to

linearize the theory. Most importantly, higher order terms are generally discarded based on the

small deformation assumption. In certain special cases, such as when considering a rubbery

material, these assumptions may not be permissible. However, in general, elasticity refers to the

linearized theory of the continuum stresses and strains.
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1.1. Transitions to Inelasticity

Above a certain stress known as the elastic limit or the yield strength of an elastic

material, the relationship between stress and strain becomes nonlinear. Beyond this limit,

the solid may deform irreversibly, exhibiting plasticity. A stress-strain curve is one tool

for visualizing this transition. Furthermore, not only solids exhibit elasticity. Some non-

Newtonian fluids, such as viscoelastic fluids, will also exhibit elasticity in certain

conditions. In response to a small, rapidly applied and removed strain, these fluids may

deform and then return to their original shape. Under larger strains, or strains applied for

longer periods of time, these fluids may start to flow, exhibiting viscosity.

2. Elastodynamics - The Wave Equation

Elastodynamics is the study of linear elasticity which include variation in time. The most

common case considered in elastodynamics is the wave equation. This section will discuss only

the isotropic homogeneous case.

If the material is homogeneous (i.e. the elasticity tensor is constant throughout the material), the

three basic equations can be combined to form the elastodynamic equation:

From the elastodynamic equation one gets the wave equation

where

is the acoustic differential operator, and δkl is Kronecker delta.

In isotropic media, the elasticity tensor has the form
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where K is the bulk modulus (or incompressibility), and μ is the shear modulus (or rigidity), two

elastic moduli. If the material is homogeneous (i.e. the elasticity tensor is constant throughout the

material), the acoustic operator becomes:

and the acoustic algebraic operator becomes

are the eigenvalues of with eigenvectors parallel and orthogonal to the propagation

direction , respectively. In the seismological literature, the corresponding plane waves are

called P-waves and S-waves (see Seismic wave).

2.1. Plane Waves

A plane wave has the form

with of unit length. It is a solution of the wave equation with zero forcing, if and only

if ω2 and constitute an eigenvalue/eigenvector pair of the acoustic algebraic operator

This propagation condition may be written as

where denotes propagation direction and is phase velocity.

2.2. Elastic Wave

An elastic wave is a type of mechanical wave that propagates in elastic or viscoelastic

materials. The elasticity of the material provides the restoring force of the wave. When
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they occur in the Earth as the result of an earthquake or other disturbance, elastic waves

are usually called seismic waves.

Solids are often assumed to exhibit linear elasticity. That is, Hooke's law is assumed to be

valid. The restoring force is directly proportional to the displacement (or strain), but is

oppositely directed.

3. Torsion

In solid mechanics, torsion is the twisting of an object due to an applied torque. In circular

sections, the resultant shearing stress is perpendicular to the radius.

For solid or hollow shafts of uniform circular cross-section and constant wall thickness, the

torsion relations are:

where:

R is the outer radius of the shaft.

τ is the maximum shear stress at the outer surface.

Φ is the angle of twist in radians.

T is the torque (Nm or ftlbf).

l is the length of the object the torque is being applied to or over.

G is the shear modulus or more commonly the modulus of rigidity and is usually given in

gigapascals (GPa), lbf/in2 (psi), or lbf/ft2.

J is the torsion constant for the section . It is identical to the polar moment of inertia for a round

shaft or concentric tube only. For other shapes J must be determined by other means. For solid

shafts the membrane analogy is useful, and for thin walled tubes of arbitrary shape the shear flow
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approximation is fairly good, if the section is not re-entrant. For thick walled tubes of arbitrary

shape there is no simple solution, and FEA may be the best method.

the product GJ is called the torsional rigidity.

The shear stress at a point within a shaft is:

where:

r is the distance from the center of rotation

Note that the highest shear stress is at the point where the radius is maximum, the surface of the

shaft. High stresses at the surface may be compounded by stress concentrations such as rough

spots. Thus, shafts for use in high torsion are polished to a fine surface finish to reduce the

maximum stress in the shaft and increase its service life.

The angle of twist can be found by using:

3.1. Polar Moment of Inertia

The polar moment of inertia for a solid shaft is:

where r is the radius of the object.

The polar moment of inertia for a pipe is:
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where the o and i subscripts stand for the outer and inner radius of the pipe.

For a thin cylinder

J = 2π R3 t

where R is the average of the outer and inner radius and t is the wall thickness.

3.2. Failure Mode

The shear stress in the shaft may be resolved into principal stresses via Mohr's circle. If

the shaft is loaded only in torsion then one of the principal stresses will be in tension and

the other in compression. These stresses are oriented at a 45 degree helical angle around

the shaft. If the shaft is made of brittle material then the shaft will fail by a crack

initiating at the surface and propagating through to the core of the shaft fracturing in a 45

degree angle helical shape. This is often demonstrated by twisting a piece of blackboard

chalk between one's fingers.

4. Beam Structure

A beam is a structural element that is capable of withstanding load primarily by resisting

bending. The bending force induced into the material of the beam as a result of the external

loads, own weight and external reactions to these loads is called a bending moment. Beams

generally carry vertical gravitational forces but can also be used to carry horizontal loads (i.e.,

loads due to an earthquake or wind). The loads carried by a beam are transferred to columns,

walls, or girders, which then transfer the force to adjacent structural compression members. In

Light frame construction the joists rest on the beam.

Beams are characterized by their profile (the shape of their cross-section), their length, and their

material. In contemporary construction, beams are typically made of steel, reinforced concrete,

or wood. One of the most common types of steel beam is the I-beam or wide-flange beam (also

known as a "universal beam" or, for stouter sections, a "universal column"). This is commonly
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used in steel-frame buildings and bridges. Other common beam profiles are the C-channel, the

hollow structural section beam, the pipe, and the angle.

4.1. Structural Characteristics

Internally, beams experience compressive, tensile and shear stresses as a result of the

loads applied to them. Typically, under gravity loads, the original length of the beam is

slightly reduced to enclose a smaller radius arc at the top of the beam, resulting in

compression, while the same original beam length at the bottom of the beam is slightly

stretched to enclose a larger radius arc, and so is under tension. The same original length

of the middle of the beam, generally halfway between the top and bottom, is the same as

the radial arc of bending, and so it is under neither compression nor tension, and defines

the neutral axis (dotted line in the beam figure). Above the supports, the beam is exposed

to shear stress. There are some reinforced concrete beams that are entirely in

compression. These beams are known as prestressed concrete beams, and are fabricated

to produce a compression more than the expected tension under loading conditions. High

strength steel tendons are stretched while the beam is cast over them. Then, when the

concrete has begun to cure, the tendons are released and the beam is immediately under

eccentric axial loads. This eccentric loading creates an internal moment, and, in turn,

increases the moment carrying capacity of the beam. They are commonly used on

highway bridges.

The primary tool for structural analysis of beams is the Euler-Bernoulli beam equation.

Other mathematical methods for determining the deflection of beams include "method of

virtual work" and the "slope deflection method". Engineers are interested in determining

deflections because the beam may be in direct contact with a brittle material such as

glass. Beam deflections are also minimized for aesthetic reasons. A visibly sagging beam,

though structurally safe, is unsightly and to be avoided. A stiffer beam (high modulus of

elasticity and high second moment of area) produces less deflection. Mathematical

methods for determining the beam forces (internal forces of the beam and the forces that
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are imposed on the beam support) include the "moment distribution method", the force or

flexibility method and the matrix stiffness method.

5. Biomechanics

Biomechanics is the application of mechanical principles on living organisms. This includes

research and analysis of the mechanics of living organisms and the application of engineering

principles to and from biological systems a.k.a bioengineering. This research and analysis can be

carried forth on multiple levels, from the molecular, wherein biomaterials such as collagen and

elastin are considered, all the way up to the tissue and organ level. Some simple applications of

Newtonian mechanics can supply correct approximations on each level, but precise details

demand the use of continuum mechanics.

Giovanni Alfonso Borelli wrote the first book on biomechanics, De Motu Animalium, or On the

Movement of Animals. He not only saw animals' bodies as mechanical systems, but pursued

questions such as the physiological difference between imagining performing an action and

actually doing it. Some simple examples of biomechanics research include the investigation of

the forces that act on limbs, the aerodynamics of bird and insect flight, the hydrodynamics of

swimming in fish, and locomotion in general across all forms of life, from individual cells to

whole organisms. The biomechanics of human beings is a core part of kinesiology.

The application of biomechanical principles to plants and plant organs has developed into the

sister field of Plant biomechanics. The many strands of plant biomechanics are described in a

text book on the subject by Karl Niklas Plant Biomechanics: An Engineering Approach to Plant

Form and Function.

Applied mechanics, most notably thermodynamics and continuum mechanics, and mechanical

engineering disciplines such as fluid mechanics and solid mechanics, play prominent roles in the

study of biomechanics. By applying the laws and concepts of physics, biomechanical

mechanisms and structures can be simulated and studied.
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It has been shown that applied loads and deformations can affect the properties of living tissue.

There is much research in the field of growth and remodeling as a response to applied loads. For

example, the effects of elevated blood pressure on the mechanics of the arterial wall, the

behavior of cardiomyocytes within a heart with a cardiac infarct, and bone growth in response to

exercise, and the acclimative growth of plants in response to wind movement, have been widely

regarded as instances in which living tissue is remodelled as a direct consequence of applied

loads.

Relevant mathematical tools include linear algebra, differential equations, vector and tensor

calculus, numerics and computational techniques such as the finite element method.

5.1. Continuum Mechanics

It is often appropriate to model living tissues as continuous media. For example, at the

tissue level, the arterial wall can be modeled as a continuum. This assumption breaks

down when the length scales of interest approach the order of the micro structural details

of the material. The basic postulates of continuum mechanics are conservation of linear

and angular momentum, conservation of mass, conservation of energy, and the entropy

inequality. Solids are usually modeled using "reference" or "Lagrangian" coordinates,

whereas fluids are often modeled using "spatial" or "Eulerian" coordinates. Using these

postulates and some assumptions regarding the particular problem at hand, a set of

equilibrium equations can be established. The kinematics and constitutive relations are

also needed to model a continuum

Second and fourth order tensors are crucial in representing many quantities in

electromechanical. In practice, however, the full tensor form of a fourth-order

constitutive matrix is rarely used. Instead, simplifications such as isotropy, transverse

isotropy, and incompressibility reduce the number of independent components.

Commonly-used second-order tensors include the Cauchy stress tensor, the second Piola-

Kirchhoff stress tensor, the deformation gradient tensor, and the Green strain tensor. A
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reader of the mechanic's literature would be well-advised to note precisely the definitions

of the various tensors which are being used in a particular work.

5.2. Circulation

Under most circumstances, blood flow can be modeled by the Navier-Stokes equations.

Whole blood can often be assumed to be an incompressible Newtonian fluid. However,

this assumption fails when considering flows within arterioles. At this scale, the effects of

individual red blood cells becomes significant, and whole blood can no longer be

modeled as a continuum. When the diameter of the blood vessel is slightly larger than the

diameter of the red blood cell the FahraeusLindquist effect occurs and there is a decrease

in wall shear stress. However, as the diameter of the blood vessel decreases further, the

red blood cells have to squeeze through the vessel and often can only pass in single file.

In this case, the inverse FahraeusLindquist effect occurs and the wall shear stress

increases.

Topic : Stress, Strain, And Active Remodeling Of Structures

Topic Objective:

At the end of this topic students will be able to:

 Understand the term zero stress state

 Understand how to discover a zero stress state
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Definition/Overview:

Stress: Stress is a measure of the average amount of force exerted per unit area. It is a measure

of the intensity of the total internal forces acting within a body across imaginary internal

surfaces, as a reaction to external applied forces and body forces.

Strain: Strain is the geometrical measure of deformation representing the relative displacement

between particles in the material body, i.e. a measure of how much a given displacement differs

locally from a rigid-body displacement.

Key Points:

1. Stress

Stress is a measure of the average amount of force exerted per unit area. It is a measure of the

intensity of the total internal forces acting within a body across imaginary internal surfaces, as a

reaction to external applied forces and body forces. It was introduced into the theory of elasticity

by Cauchy around 1822. Stress is a concept that is based on the concept of continuum. In

general, stress is expressed as

where

is the average stress, also called engineering or nominal stress, and

is the force acting over the area .
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The SI unit for stress is the pascal (symbol Pa), which is a shorthand name for one newton

(Force) per square metre (Unit Area). The unit for stress is the same as that of pressure, which is

also a measure of Force per unit area. Engineering quantities are usually measured in

megapascals (MPa) or gigapascals (GPa). In Imperial units, stress is expressed in pounds-force

per square inch (psi) or kilopounds-force per square inch (ksi).

As with force, stress cannot be measured directly but is usually inferred from measurements of

strain and knowledge of elastic properties of the material. Devices capable of measuring stress

indirectly in this way are strain gauges and piezoresistors.

2. Stress as a Tensor

In its full form, linear stress is a rank-two tensor quantity, and may be represented as a 3x3

matrix. A tensor may be seen as a linear vector operator - it takes a given vector and produces

another vector as a result. In the case of the stress tensor , it takes the vector normal to any

area element and yields the force (or "traction") acting on that area element. In matrix notation:

where are the components of the vector normal to a surface area element with a length equal

to the area of the surface element, and are the components of the force vector (or traction

vector) acting on that element. Using index notation, we can eliminate the summation sign, since

all sums will be the same over repeated indices. Thus:

Just as it is the case with a vector (which is actually a rank-one tensor), the matrix components of

a tensor depend upon the particular coordinate system chosen. As with a vector, there are certain

invariants associated with the stress tensor, whose value does not depend upon the coordinate

system chosen (or the area element upon which the stress tensor operates). For a vector, there is

only one invariant - the length. For a tensor, there are three - the eigenvalues of the stress tensor,
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which are called the principal stresses. It is important to note that the only physically significant

parameters of the stress tensor are its invariants, since they are not dependent upon the choice of

the coordinate system used to describe the tensor.

If we choose a particular surface area element, we may divide the force vector by the area (stress

vector) and decompose it into two parts: a normal component acting normal to the stressed

surface, and a shear component, acting parallel to the stressed surface. An axial stress is a normal

stress produced when a force acts parallel to the major axis of a body, e.g. column. If the forces

pull the body producing an elongation, the axial stress is termed tensile stress. If on the other

hand the forces push the body reducing its length, the axial stress is termed compressive stress.

Bending stresses, e.g. produced on a bent beam, are a combination of tensile and compressive

stresses. Torsional stresses, e.g. produced on twisted shafts, are shearing stresses.

In the above description, little distinction is drawn between the "stress" and the "stress vector"

since the body which is being stressed provides a particular coordinate system in which to

discuss the effects of the stress. The distinction between "normal" and "shear" stresses is slightly

different when considered independently of any coordinate system. The stress tensor yields a

stress vector for a surface area element at any orientation, and this stress vector may be

decomposed into normal and shear components. The normal part of the stress vector averaged

over all orientations of the surface element yields an invariant value, and is known as the

hydrostatic pressure. Mathematically it is equal to the average value of the principal stresses (or,

equivalently, the trace of the stress tensor divided by three). The normal stress tensor is then the

product of the hydrostatic pressure and the unit tensor. Subtracting the normal stress tensor from

the stress tensor gives what may be called the shear tensor. These two quantities are true tensors

with physical significance, and their nature is independent of any coordinate system chosen to

describe them. In fact, the extended Hooke's law is basically the statement that each of these two

tensors is proportional to its strain tensor counterpart, and the two constants of proportionality

(elastic moduli) are independent of each other. Note that In rheology, the normal stress tensor is

called extensional stress, and in acoustics is called longitudinal stress.

Solids, liquids and gases have stress fields. Static fluids support normal stress but will flow under

shear stress. Moving viscous fluids can support shear stress (dynamic pressure). Solids can

support both shear and normal stress, with ductile materials failing under shear and brittle
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materials failing under normal stress. All materials have temperature dependent variations in

stress related properties, and non-newtonian materials have rate-dependent variations.
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