
 “Control System Design”. 

 

 

 

  In Section 1 of this course you will cover these topics: 

      The Excitement Of Control Engineering  

      Introduction To The Principles Of Feedback  

      Modeling  

      Continuous-Time Signals And Systems  

      Analysis Of Siso Control Loops  

 

 

Topic : The Excitement Of Control Engineering 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Control Engineering 

 Understand the concept of  Control Engineering 

 Learn about the Control Systems 

 Learn about main control strategies 

  

  

Definition/Overview: 

Control Engineering: Control engineering is the engineering discipline that applies control 

theory to design systems with predictable behaviors. The engineering activities focus on the 

mathematical modeling of systems of a diverse nature.  
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Key Points: 

1.   Overview of Control Engineering 

Modern day control engineering (also called control systems engineering) is a relatively new 

field of study that gained a significant attention during twentieth century with the advancement 

in technology. It can be broadly defined as practical application of control theory. Control 

engineering has an essential role in a wide range of control systems from a simple household 

washing machine to a complex high performance F-16 fighter aircraft. It allows one to 

understand a physical system in terms of its inputs, outputs and various components with 

different behaviours using mathematical modelling, control it in a desired manner with the 

controllers designed using control systems design tools, and implement the controller on the 

physical system employing available technology. A system can be mechanical, electrical, fluid, 

chemical,financial and even biological, and the mathematical modelling, analysis and controller 

design shall be done using control theory in one or many of the time, frequency and complex-s 

domains depending on the nature of the control system design problem. 

  

Before it emerged as a unique discipline, control engineering was practiced as part of mechanical 

engineering and control theory was studied as a part of electrical engineering, since electrical 

circuits can often be easily described using control theory techniques. In the very first control 

relationships, a current output was represented with a voltage control input. However, not having 

proper technology to implement electrical control systems, designers left with the option of less 

efficient and slow responding mechanical systems. A very effective mechanical controller that is 

still widely used in some hydro plants is the governor. Later on, previous to modern power 

electronics, process control systems for industrial applications were devised by mechanical 

engineers using pneumatic and hydraulic control devices, many of which are still in use today. 

  

There are two major divisions in control theory, namely, classical and modern, which have direct 

implications over the control engineering applications. The scope of classical control theory is 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

2
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



limited to single-input and single-output (SISO) system design. The system analysis is carried 

out in time domain using differential equations, in complex-s domain with Laplace transform or 

in frequency domain by transforming from complex-s domain. All the systems are assumed to be 

second order, single variable, and the higher order system responses and multivariable effects are 

ignored. A controller designed using classical theory usually requires on-site tuning due to 

design approximations. Yet, due to the easiness in physical implemention of the controller 

designs over the controllers designed using modern control theory, these controllers are preferred 

in most of the industrial applications. Most popular controllers that come under classical control 

engineering are PID controller. In contrast, modern control theory is strictly carried out in 

complex-s domain or in frequency domain, and can deal with multi-input and multi-output 

(MIMO) systems. This overcomes the limitations in classical control theory to be used in 

sophisticate control systems design problems such as fighter aircraft control. In modern controls 

a system is represented in terms of a set of first order differential equations defined using state 

variables. Nonlinear, multivariable, adaptive and robust control theories come under this 

division. Being fairly new, modern control theory has many areas yet to be explored. Scholars 

like Rudolf E. Kalman and Aleksandr Lyapunov are well known among the people who have 

shaped modern control theory. 

  

Originally control engineering was all about continuous systems. Development of computer 

control tools, posed a requirement of discrete control system engineering because the 

communications between the computer-based digital controller and the physical system are 

governed by a computer clock. The equivalent to Laplace transform in the discrete domain is z-

transform. Today many of the control systems are computer controlled and they consist of both 

digital and analogue components. Therefore, at the design stage either digital components are 

mapped into the continuous domain and the design is carried out in the continuous domain, or 

analogue components are mapped in to discrete domain and design is carried out there. The first 

of these two methods is more commonly encountered in practice because many industrial 

systems have many continuous systems components, including mechanical, fluid, biological and 

analogue electrical components, with a few digital controllers. 
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At many universities, control engineering courses are taught in electrical and electronic 

engineering, mechanical engineering, and aerospace engineering departments; in others it is 

connected to computer science, as most control techniques today are implemented through 

computers, often as embedded systems (as in the automotive field). The field of control within 

chemical engineering is often known as process control. It deals primarily with the control of 

variables in a chemical process in a plant. It is taught as part of the undergraduate curriculum of 

any chemical engineering program, and employs many of the same principles in control 

engineering. Other engineering disciplines also overlap with control engineering, as it can be 

applied to any system for which a suitable model can be derived. Control engineering has 

diversified applications that include science, finance management, and even human behaviour. 

Students of control engineering may start with a linear control system course dealing with the 

time and complex-s domain, which requires a thorough background in elementary mathematics 

and Laplace transform (called classical control theory). In linear control, the student does 

frequency and time domain analysis. Digital control and nonlinear control courses require z 

transformation and algebra respectively, and could be said to complete a basic control education. 

From here onwards there are several sub branches. 

  

2.   Control systems 

Control engineering is the engineering discipline that focuses on the modelling of a diverse range 

of dynamic systems (e.g. mechanical systems) and the design of controllers that will cause these 

systems to behave in the desired manner. Although such controllers need not be electrical many 

are and hence control engineering is often viewed as a subfield of electrical engineering. 

However, the falling price of microprocessors is making the actual implementation of a control 

system essentially trivial. As a result, focus is shifting back to the mechanical engineering 

discipline, as intimate knowledge of the physical system being controlled is often desired. 

Electrical circuits, digital signal processors and microcontrollers can all be used to implement 

Control systems. Control engineering has a wide range of applications from the flight and 

propulsion systems of commercial airliners to the cruise control present in many modern 

automobiles. In most of the cases, control engineers utilize feedback when designing control 
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systems. This is often accomplished using a PID controller system. For example, in an 

automobile with cruise control the vehicle's speed is continuously monitored and fed back to the 

system which adjusts the motor's torque accordingly. Where there is regular feedback, control 

theory can be used to determine how the system responds to such feedback. In practically all 

such systems stability is important and control theory can help ensure stability is achieved. 

Although feedback is an important aspect of control engineering, control engineers may also 

work on the control of systems without feedback. This is known as open loop control. A classic 

example of open loop control is a washing machine that runs through a pre-determined cycle 

without the use of sensors. 

  

3.   Main Control Strategies 

Every control system must guarantee first the stability of the closed-loop behavior. For linear 

systems, this can be obtained by directly placing the poles. Non-linear control systems use 

specific theories (normally based on Aleksandr Lyapunov's Theory) to ensure stability without 

regard to the inner dynamics of the system. The possibility to fulfill different specifications 

varies from the model considered and the control strategy chosen. Here a summary list of the 

main control techniques is shown: 

 Adaptive control: Adaptive control uses on-line identification of the process parameters, 

or modification of controller gains, thereby obtaining strong robustness properties. 

Adaptive controls were applied for the first time in the aerospace industry in the 1950s, 

and have found particular success in that field. 

 Hierarchical control: A Hierarchical control system is a type of Control System in 

which a set of devices and governing software is arranged in a hierarchical tree. When the 

links in the tree are implemented by a computer network, then that hierarchical control 

system is also a form of Networked control system. 

 Intelligent control: Intelligent control use various AI computing approaches like neural 

networks, Bayesian probability, fuzzy logic, machine learning, evolutionary computation 

and genetic algorithms to control a dynamic system. 

 Optimal control: Optimal control is a particular control technique in which the control 

signal optimizes a certain "cost index": for example, in the case of a satellite, the jet 
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thrusts needed to bring it to desired trajectory that consume the least amount of fuel. Two 

optimal control design methods have been widely used in industrial applications, as it has 

been shown they can guarantee closed-loop stability. These are Model Predictive Control 

(MPC) and Linear-Quadratic-Gaussian control (LQG). The first can more explicitly take 

into account constraints on the signals in the system, which is an important feature in 

many industrial processes. However, the "optimal control" structure in MPC is only a 

means to achieve such a result, as it does not optimize a true performance index of the 

closed-loop control system. Together with PID controllers, MPC systems are the most 

widely used control technique in process control. 

 Robust control: Robust control deals explicitly with uncertainty in its approach to 

controller design. Controllers designed using robust control methods tend to be able to 

cope with small differences between the true system and the nominal model used for 

design. The early methods of Bode and others were fairly robust; the state-space methods 

invented in the 1960s and 1970's were sometimes found to lack robustness. A modern 

example of a robust control technique is H-infinity loop-shaping developed by Duncan 

McFarlane and Keith Glover of Cambridge University. Robust methods aim to achieve 

robust performance and/or stability in the presence of small modelling errors. 

 Stochastic control: Stochastic control deals with control design with uncertainty in the 

model. In typical stochastic control problems, it is assumed that there exist random noise 

and disturbances in the model and the controller, and the control design must take into 

account these random deviations. 

 Trim and Respond: Trim and Respond is a set point RESET sequence used to reduce 

energy use. For example, consider static pressure controls to an HVAC VAV ducted 

system. Static pressure setpoint can be reset within the range 0.7 in. W.C. to 1.5 in. W.C. 

WHILE the commands to all dampers are <90%, THEN lower the duct static pressure set 

point by 0.04" W.C. every 2 minutes. WHEN the commands to two or more dampers 

reach 100%, THEN increases the set point by 0.06" W.C. every two minutes. 
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Topic : Introduction To The Principles Of Feedback 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Feedback 

 Learn about Nyquist Plot 

 Learn about Full State Feedback 

 Learn about positive and negative Feedback  

  

  

Definition/Overview: 

Feedback is a process whereby some proportion of the output signal of a system is passed (fed 

back) to the input. This is often used to control the dynamic behavior of the system. Examples of 

feedback can be found in most complex systems, such as engineering, architecture, economics, 

thermodynamics, and biology. 

  

  

Key Points: 

 1.   Overview of Feedback 

Feedback is a mechanism, process or signal that is looped back to control a system within itself. 

Such a loop is called a feedback loop. A control system has input from an external signal source 

and output to an external load; this defines a natural sense (or direction) or path of propagation of 

signal; the feedforward sense or path describes the signal propagation from input to output; 

feedback describes signal propagation in the reverse sense. When a sample of the output of the 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

7
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



system is fed back, in the reverse sense, by a distinct feedback path into the interior of the 

system, to contribute to the input of one of its internal feedforward components, especially an 

active device or a substance that is consumed in an irreversible reaction, it is called the 

"feedback." 

  

The natural sense of feedforward is defined chemically by some irreversible reaction, or 

electronically by an active circuit element that has access to an auxiliary power supply, so as to 

be able to provide power gain to amplify the signal as it propagates from input to output. For 

example, an amplifier can use power from its controlled power reservoir, such as its battery, to 

provide power gain to amplify the signal; but the reverse is not possible: the signal cannot 

provide power to re-charge the battery of the amplifier. 

Feedforward, feedback and regulation are self related. The feedforward carries the signal from 

source to load. The negative feedback helps to maintain stability in a system in spite of external 

changes. It is related to homeostasis. Positive feedback amplifies possibilities of divergences 

(evolution, change of goals); it is the condition to change, evolution, growth; it gives the system 

the ability to access new points of equilibrium. 

  

For example, in an organism, most positive feedback provide for fast autoexcitation of elements 

of endocrine and nervous systems (in particular, in stress responses conditions) and play a key 

role in morphogenesis, growth, and development of organs, all processes which are in essence a 

rapid escape from the initial state. Homeostasis is especially visible in the nervous and endocrine 

systems when considered at organism level. Chemical potential energy for irreversible reactions 

or electrical potential energy for irreversible cell-membrane current powers the feedforward 

sense of the process. Feedback is distinctly different from reinforcement that occurs in learning, 

or in conditioned reflexes. Feedback combines immediately with the immediate input signal to 

drive the responsive power gain element, without changing the basic responsiveness of the 

system to future signals. Reinforcement changes the basic responsiveness of the system to future 

signals, without combining with the immediate input signal. Reinforcement is a permanent 

change in the responsiveness of the system to all future signals. Feedback is only transient, being 

limited by the duration of the immediate signal. 
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2.   Nyquist Plot 

A Nyquist plot is used in automatic control and signal processing for assessing the stability of a 

system with feedback. It is represented by a graph in polar coordinates in which the gain and 

phase of a frequency response are plotted. The plot of these phasor quantities shows the phase as 

the angle and the magnitude as the distance from the origin. This plot combines the two types of 

Bode plot magnitude and phase on a single graph, with frequency as a parameter along the curve. 

The Nyquist plot is named after Harry Nyquist, a former engineer at Bell Laboratories.  

  

The high frequency response is at the origin. The plot provides information on the poles and 

zeros of the transfer function (eg. from the angle at which the curve approaches the origin). 

Assessment of the stability of a closed-loop negative feedback system is done by applying the 

Nyquist stability criterion to the Nyquist plot of the open-loop system (i.e. the same system 

without its feedback loop). This method is easily applicable even for systems with delays which 

may appear difficult to analyze by means of other methods. Nyquist and related plots are classic 

methods of assessing stability, but have been supplemented or supplanted by computer-based 

mathematical tools in recent years. Such plots remain a convenient method for an engineer to get 

an intuitive feel for a circuit. 

  

3.   Full State Feedback  

Full state feedback (FSF), or pole placement, is a method employed in feedback control system 

theory to place the closed-loop poles of a plant in pre-determined locations in the s-plane. 

Placing poles is desirable because the location of the poles corresponds directly to the 

eigenvalues of the system, which control the characteristics of the response of the system. 

If the closed-loop input-output transfer function can be represented by a state space equation, 
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then the poles of the system are the roots of the characteristic equation given by 

 

Full state feedback is utilized by commanding the input vector . Consider an input proportional 

(in the matrix sense) to the state vector, 

. 

Substituting into the state space equations above, 

 

The roots of the FSF system are given by the characteristic equation,. Comparing the 

terms of this equation with those of the desired characteristic equation yields the values 

of the feedback matrix which force the closed-loop eigenvalues to the pole locations 

specified by the desired characteristic equation. 

  

4.   Other Types of Feedback 

 Positive feedback, which seeks to increase the event that caused it, as in a nuclear chain-

reaction, is also known as a self-reinforcing loop. An event influenced by positive 

feedback will increase or decrease its output/activation until it hits a limiting constraint. 

Such a constraint may be destructive, as in thermal runaway or a nuclear chain reaction. 

Self-reinforcing loops can be a smaller part of a larger balancing loop, especially in 

biological systems such as regulatory circuits. 

 Negative feedback, which seeks to reduce the feedback signal that caused it, is also 

known as a self-correcting or balancing loop. Such loops tend to be goal-seeking, as in a 
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thermostat which compares actual temperature with desired temperature and seeks to 

reduce the difference. Balancing loops are sometimes prone to hunting: an oscillation 

caused by an excessive or delayed feedback signal, resulting in over-correction. The 

terms negative and positive feedback can be used loosely or colloquially to describe or 

imply criticism and praise, respectively. This may lead to confusion with the more 

accurate terms positive and negative reinforcement, which both refer to something that 

increases the likelihood of a behavior. 

 

 

Topic : Modeling 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define State Model 

 Learn about the Physical Modelling and its Applications 

 Learn about using Physical Modelling and Optimization 

 Learn about the Parameter Estimation to fit the Model to Process Data 

  

  

Definition/Overview: 

State Model: The state model describes the states and events in a system using a diagram or 

table. There are many different types of state diagrams and tables. Causal Loop Diagrams are 

used for System Models. In a structured analysis and design method, state models show the 

modes in a system and usually connect to data flow diagrams using control bars and control 

flows. In an object-oriented approach a state model is typically used to describe the lifecycle of a 
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complex object. The Harel state model illustrated below has become popular in recent years due 

to its ability to express concurrency.  

  

Key Points: 

1.    Types of differential equations  

 An ordinary differential equation (ODE) is a differential equation in which the unknown 

function is a function of a single independent variable. 

 A partial differential equation (PDE) is a differential equation in which the unknown 

function is a function of multiple independent variables and their partial derivatives. 

 A delay differential equation (DDE) is a differential equation in which the derivative of 

the unknown function at a certain time is given in terms of the values of the function at 

previous times. 

 A stochastic differential equation (SDE) is a differential equation in which one or more of 

the terms is a stochastic process, thus resulting in a solution which is itself a stochastic 

process. 

 A differential algebraic equation (DAE) is a differential equation comprising differential 

and algebraic terms, given in implicit form. 

  

2.   Physical Modelling and its Applications 

Physical modelling is a cost-effective and practical tool for design optimization and problem 

solving. Scaled model studies developed using the principles of dynamic similitude advance our 

understanding of the process and results are presented in a meaningful way to facilitate their use 

for design work. 

At Hatch, physical modelling is typically applied to contaminate transport and fluid mixing 

problems as commonly encountered in the metallurgical industry.  

Applications include:  
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 Contaminate capture by fume hoods  

 Building ventilation flows  

 Dispersion of windblown losses, stack plumes, and fugitive emissions  

 Mixing in reactors and duct systems 

  

3.   Using Physical Modelling and Optimization  

By using a dynamic physical model that is fitted to real process data, robust mathematical 

process models can be created. By doing this it is possible to develop process know how from 

many different sources, and also to include factors, that are not easy to measure on-line. 

Statistical models suffer from the fact that they are built on a specific equipment configuration. If 

this is changed they are no longer valid. The prediction power also is restricted to areas, where 

the process has been operated before. For good physical models the prediction power can be 

quite good also outside the normal operational area, if there is a fair understanding of the 

physical behavior in this region. This gives a significantly better robustness of a good physical 

model compared to pure statistical models, but the calculation speed can still be very fast 

compared to e.g. a CFD calculation of a complex structure. From the dynamic physical model a 

model reduction can be performed to get a MPC, a Model Predictive Control. e.g. by the ABCD 

method. Still, if the measured data is of poor quality, the model predictions will also be poor. 

Thus data reconciliation is needed in order to keep control of all measurements. Control loop 

diagnostics is another important factor to include. If a control loop is oscillating, a valve is 

sticking or there is a bad interaction between control loops, this has to be determined. Otherwise 

we will also get a poor  plant performance.  

  

It is also of interest to optimize at several levels. At the top level, we want to coordinate different 

parts of the plant. This means primarily to give set points to the main sections, what production 

rate or quality to run, and how to ramp between different qualities or production rates. At the 

next level, operation of each section needs to be optimized. This can be done using the same 

model, by putting constraints on this. By running different scenarios, the optimal way of 
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operation can be achieved, under given conditions. If some equipment is subject to new 

limitations, like a pump not giving full capacity or a screen that is partially clogged, this will be 

handled by the optimization procedure. 

  

Another aspect of this optimization is to determine the performance in the process and the 

equipment, to find out if something is drifting in the wrong direction. This can be that a valve is 

starting to clog or a pump is eroded, causing the flow rate to slowly go less and less. It can also 

be a sensor with mal functioning or a heat exchanger suffering of fouling. By bringing in 

information on the sensor and equipment performance, potential risks for future problems can be 

determined. The information is sent to a root cause analysis system, where different possible root 

causes are identified, by using e.g. a Bayesian network. The network is first developed from 

existing process know-how, and complemented continuously by feed back from how good the 

fault prediction has been. Maintenance staff or operators feed information on what was the real 

problem to the system after the problem has been resolved. This information is then used to 

update the Bayesian network automatically. 

  

6.   Parameter Estimation to fit the Model to Process Data  

Typically we tune the constants a -f in the expression in the previous paragraph. First, we need to 

have something to measure, and preferably something that is measured on-line, but frequent lab 

measurements may be sufficient. If we do not have the right measurements, we cannot update the 

model. Important variables to measure frequently are free alkali, dissolved lignin and total 

dissolved solids in white liquor and the extraction lines. Sulphide is also interesting to follow. In 

the future it will also be interesting to add wood properties measured e.g. by NIR spectra, to 

determine lignins ( fast/slow), hemi-cellulose, cellulose and water content of the incoming wood 

at the conveyor. By having these measurements, we can tune the model for a specific wood mix . 

What we do is principally to use the prediction model to determine the dissolution of lignin and 

consumption of the chemicals, and then adjust the parameters until the model predicted values 

and the measured values are as close as possible. This is done for the cooking liquors. 
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7.   State Diagram 

A state diagram is a type of diagram used in computer science and related fields to describe the 

behavior of systems. State diagrams require that the system described is composed of a finite 

number of states; sometimes, this is indeed the case, while at other times this is a reasonable 

abstraction. There are many forms of state diagrams, which differ slightly and have different 

semantics. State diagrams are used to describe the behavior of a system. State diagrams can 

describe the possible states of an object as events occur. Each diagram usually represents objects 

of a single class and track the different states of its objects through the system. State diagram can 

be used to graphically represent finite state machines. This was introduced by Taylor Booth in 

his 1967 book "Sequential Machines and Automata Theory". Another possible representation is 

the State transition table. 

  

8.   Directed Graph 

A classic form of a state diagram for a finite state machine is a directed graph with the following 

elements : 

 States Q: a finite set of vertices normally represented by circles and labelled with unique 

designator symbols or words written inside them; 

 Input symbols Σ: a finite collection of input symbols or designators; 

 Output symbols Z: a finite collection of output symbols or designators; 

The output function ω represents the mapping of input symbols into output symbols, denoted 

mathematically as ω : Σ Q→ Z. 

 Edges δ: represent the "transitions" between two states as caused by the input (identified 

by their symbols drawn on the "edges"). An 'edge' is usually drawn as an arrow directed 

from the present-state toward the next-state. This mapping describes the state transitions 
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that is to occur on input of a particular symbol. This is written mathematically as δ : Σ Q 

→ Z 

 Start state q0: (not shown in the examples below). The start state q0 ∈ Q is usually 

represented by an arrow with no origin pointing to the state. In older texts, the start state 

is not shown and must be inferred from the text. 

 Accepting state(s) F: If used, for example for accepting automata, F ∈ Q is the accepting 

state. It is usually drawn as a double circle. Sometimes the accept state(s) function as 

"Final" (halt, trapped) states. 

  

For a deterministic finite state machine (DFA), nondeterministic finite state machine (NFA), 

generalized nondeterministic finite state machine (GNFA), or Moore machine, the input is 

denoted on each edge. For a Mealy machine, input and output are signified on each edge, 

separated with a slash "/": "1/0" denotes the state change upon encountering the symbol "1" 

causing the symbol "0" to be output. For a Moore machine the state's output is usually written 

inside the state's circle, also separated from the state's designator with a slash "/". There are also 

variants that combine these two notations. For example, if a state has a number of outputs (e.g. 

"a= motor counter-clockwise=1, b= caution light inactive=0") the diagram should reflect this : 

e.g. "q5/1,0" designates state q5 with outputs a=1, b=0. This designator will be written inside the 

state's circle. 

 

 

Topic : Continuous-Time Signals And Systems 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Explain the Transfer Function 

 Learn about the Laplace Transform    

 Learn about the s-Domain equivalent circuits and impedances 
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 Learn about the identification of Univariate Transfer Function  

  

  

Definition/Overview: 

Continuous-time Signal: A continuous signal or a continuous-time signal is a varying 

quantity (a signal) that is expressed as a function of a real-valued domain, usually time. The 

function of time need not be continuous. The signal is defined over a domain, which may or may 

not be finite, and there is a functional mapping from the domain to the value of the signal. The 

continuity of the time variable, in connection with the law of density of real numbers, means that 

the signal value can be found at any arbitrary point in time. A typical example of an infinite 

duration signal is: 

 

A finite duration counterpart of the above signal could be: 

 

and f(t) = 0 otherwise. 

  

The value of a finite (or infinite) duration signal may or may not be finite. For example, 

 

and f(t) = 0 otherwise, is a finite duration signal but it takes an infinite value for . 

  

In many disciplines, the convention is that a continuous signal must always have a finite value, 

which makes more sense in the case of physical signals. For some purposes, infinite singularities 

are acceptable as long as the signal is integrable over any finite interval (for example, the t 
− 1

 

signal is not integrable, but t 
− 2

 is). Any analogue signal is continuous by nature. Discrete 
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signals, used in digital signal processing, can be obtained by sampling and quantization of 

continuous signals. Continuous signal may also be defined over an independent variable other 

than time. Another very common independent variable is space and is particularly useful in 

image processing, where two space dimensions are used. 

  

Transfer Function: A transfer function (also known as the network function) is a 

mathematical representation, in terms of spatial or temporal frequency, of the relation between 

the input and output of a (linear time-invariant) system. With optical imaging devices, for 

example, it is the Fourier transform of the point spread function (hence a function of spatial 

frequency) i.e. the intensity distribution caused by a point object in the field of view.  

  

  

Key Points: 

1.   Explanation of Transfer Function 

The transfer function is commonly used in the analysis of single-input single-output electronic 

filters, for instance. It is mainly used in signal processing, communication theory, and control 

theory. The term is often used exclusively to refer to linear, time-invariant systems (LTI), as 

covered in this article. Most real systems have non-linear input/output characteristics, but many 

systems, when operated within nominal parameters (not "over-driven") have behavior that is 

close enough to linear that LTI system theory is an acceptable representation of the input/output 

behavior. In its simplest form for continuous-time input signal x(t) and output y(t), the transfer 

function is the linear mapping of the Laplace transform of the input, X(s), to the output Y(s): 

 

or 
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where H(s) is the transfer function of the LTI system. 

In discrete-time systems, the function is similarly written as  and is often 

referred to as the pulse-transfer function. 

  

1.1.   Direct derivation from differential equations 

Consider an inhomogeneous linear differential equation with constant coefficients 

 

where u and r are suitably smooth functions of t, and L is the operator defined on the 

relevant function space, that transforms u into r. That kind of equations can be used to 

constrain the output function u in terms of the forcing function r. The transfer function, 

written as an operator F[r] = u, is the right inverse of L, since L[F[r]] = r. 

Solutions of the homogeneous equation L[u] = 0 can be found by trying u = e
λt

. That 

substitution yields the characteristic polynomial 

 

The inhomogeneous case can be easily solved if the input function r is also of the form 

r(t) = e
st
. In that case, by substituting u = H(s)e

st
 one finds that L[H(s)e

st
] = e

st
 if and only 

if 
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Taking that as the definition of the transfer function requires to carefully disambiguate 

between complex vs. real values, which is traditionally influenced by the interpretation of 

abs(H(s)) as the gain and -atan(H(s)) as the phase lag. 

  

2.   Laplace Transform    

In mathematics, the Laplace transform is one of the best known and most widely used integral 

transforms. It is commonly used to produce an easily solvable algebraic equation from an 

ordinary differential equation. It has many important applications in mathematics, physics, 

optics, electrical engineering, control engineering, signal processing, and probability theory. 

In mathematics, it is used for solving differential and integral equations. In physics, it is used for 

analysis of linear time-invariant systems such as electrical circuits, harmonic oscillators, optical 

devices, and mechanical systems. In this analysis, the Laplace transform is often interpreted as a 

transformation from the time-domain, in which inputs and outputs are functions of time, to the 

frequency-domain, where the same inputs and outputs are functions of complex angular 

frequency, or radians per unit time. Given a simple mathematical or functional description of an 

input or output to a system, the Laplace transform provides an alternative functional description 

that often simplifies the process of analyzing the behavior of the system, or in synthesizing a new 

system based on a set of specifications. Denoted , it is a linear operator on a 

function f(t) (original) with a real argument t (t ≥ 0) that transforms it to a function F(s) (image) 

with a complex argument s. This transformation is essentially bijective for the majority of 

practical uses; the respective pairs of f(t) and F(s) are matched in tables. The Laplace transform 

has the useful property that many relationships and operations over the originals f(t) correspond 

to simpler relationships and operations over the images F(s). 

  

3.   s-Domain equivalent circuits and impedances 

The Laplace transform is often used in circuit analysis, and simple conversions to the s-Domain 

of circuit elements can be made. Circuit elements can be transformed into impedances, very 

similar to phasor impedances. 
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Note that the resistor is exactly the same in the time domain and the s-Domain. The sources are 

put in if there are initial conditions on the circuit elements. 

  

4.   Identification of Univariate Transfer Function  

A relationship between two variables under investigation may be linear or nonlinear. Sometimes 

it is possible to transform a nonlinear relationship into a linear one by use of power 

transformations. We may identify nonlinearities by using half-slopes. First we partition the 

observations of a scatter plot into three equal parts (each part consisting of approximately the 

same amount of observations). Then we compute the medians of each partition yielding a set of 

three pairs of coordinates: 

 

The half-slopes are computed by 

 

whereas the half-slope ratio is 

 

If this ratio is equal to 1, no transformation is required. On the other hand, if: 

 

  

The dependence between the input variable (c.q. the exogenous variable), and the output variable 

(c.q. the endogenous variable) must not be restricted to linear models. Let us therefore have a 

closer look at the so-called impulse response function (IRF). A simple example of an IRF is: 

 

In order to have the transfer function allow only finite incremental changes in the output series 

(if the input series undergoes a finite change), the model must be checked for stability. 
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is called the steady gain of the model. Note that this gain converges in stable models. 

On using the more general (and parsimonious) formulation of the pure (c.q. without noise) 

transfer function model. 

 

 

This result can be used to obtain 

 

Obviously a transfer function model depends on the parameters r, s, and b (c.q. TF(r,s,b)). 

Hence, on using (V.II.1-8), for any TF(r,s,b) model the theoretical impulse-response function can 

be obtained. A likewise procedure can be used to obtain the step impulse functions for any 

TF(r,s,b) model. If one is concerned with identifying a transfer function relationship between the 

input and output variable, and if the input variable is not a white-noise series, a pre-whitening 

step should precede the computation of a cross correlation function (CCF). In order to see this, 

consider the identification of the impulse response function without pre-whitening (c.q. when the 

input series is not white noise). If W(t), X(t), and N(t) are stationary series then the impulse 

response function: 

 

 

On assuming that the input variable, and N(t) are uncorrelated; and on taking expectations, the 

covariance function is obtained: 

 

from which it can be seen that a relationship exists between the impulse-response function and 

the covariance function. If however the input X(t) is not white noise, the cross covariance 

function (and hence also the CCF) is distorted due to autocorrelation, since (V.II.1-10) becomes: 

 

where it is implicitly assumed that X(t) is uncorrelated with N(t); W(t), and X(t) are stationary 

(though autocorrelated) time series with zero mean; and k = 0, 1, 2, ... 

In order to compute the pre-whitened cross correlation function (PCCF), we first filter the 

stationary input variable X(t) through its uni-variate stochastic (ARIMA) model 
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such that the white noise series (t) is obtained. Second, the stationary output series Y(t) is 

transformed through the same filter. 

   

from which it can be deduced that 

 

  

 

where in practice the estimated standard errors and correlation coefficients are used. Thus, the 

PCCF can be used for transfer function identification purposes and the residual ACF and PACF 

(of the transfer function model) can be used for checking purposes, and provides a mean to adapt 

inadequately identified models. 

 

 

 

Topic : Analysis Of Siso Control Loops 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Stability Theory  

 Learn about Numerical Stability 

 Learn about Forward, backward, and mixed stability 

 Learn about Stability of Fixed Points 

 Define Root-Locus Technique 

 Learn about the uses of Root Locus Technique 

 Learn about the z-plane vs s-plane 

 Learn about the Nyquist stability criterion 

 Learn about phase margin 
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Definition/Overview: 

SISO: SISO is an acronym for single-input and single-output system. In control engineering 

usually refers to a simple control system with one input and one output. In radio it is the use of 

only one antenna both in the transmitter and receiver. SISO systems are typically less complex 

than Multiple-Input Multiple-Output (MIMO) systems. Usually, it is also easier to make an order 

of magnitude or trending predictions "on the fly" or "back of the envelope". MIMO systems have 

too many interactions for most of us to trace through them quickly, thoroughly, and effectively in 

our heads. Frequency domain techniques for analysis and controller design dominate SISO 

control system theory. Bode, Nyquist, Nichols, and root locus are the usual tools for SISO 

system analysis. Controllers can be designed through the polynomial design, root locus design 

methods to name just 2 of the more popular. Often SISO controllers will be PI, PID, or Lead-

Lag. 

  

Stability Theory: In mathematics, stability theory deals with the stability of solutions (or sets 

of solutions) for differential equations and dynamical systems. 

  

Root-Locus Technique: In control theory, the root locus is the locus of the poles and zeros of a 

transfer function as the system gain K is varied on some interval. The root locus is a useful tool 

for analyzing single input single output (SISO) linear dynamic systems. A system is stable if all 

of its poles are in the left-hand side of the s-plane (for continuous systems) or inside the unit 

circle of the z-plane (for discrete systems). 
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Key Points: 

1.   Numerical Stability 

The relevant phenomenon is instability. Researchers are astonished when their calculations are 

swamped by errors even though they can prove they are doing perfect math. Typically their 

computations would work, in the limit, if there were no round-off or truncation errors, but 

depending on the specific computational method small errors can be magnified instead of 

damped leading to enormous errors and the phenomenon called "instability". Sometimes a single 

calculation can be achieved in several ways, all of which are algebraically equivalent in terms of 

ideal real or complex numbers, but in practice when performed on digital computers yield 

different results. Some calculations might damp out approximation errors that occur; others 

might magnify such errors. Calculations that can be proven not to magnify approximation errors 

are called numerically stable. One of the common tasks of numerical analysis is to try to select 

algorithms which are robust that is to say, have good numerical stability among other desirable 

properties. 

  

2.   Forward, backward, and mixed stability 

There are different ways to formalize the concept of stability. The following definitions of 

forward, backward, and mixed stability are often used in numerical linear algebra. 

 

Consider the problem to be solved by the numerical algorithm as a function f mapping the data x 

to the solution y. The result of the algorithm, say y*, will usually deviate from the "true" solution 

y. The main causes of error are round-off error, truncation error and data error. The forward 

error of the algorithm is the difference between the result and the solution; in this case, Δy = y* 

− y. The backward error is the smallest Δx such that f(x + Δx) = y*; in other words, the backward 

error tells us what problem the algorithm actually solved. The forward and backward error are 

related by the condition number: the forward error is at most as big in magnitude as the condition 

number multiplied by the magnitude of the backward error. 

In many cases, it is more natural to consider the relative error:  
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instead of the absolute error Δx. 

The algorithm is said to be backward stable if the backward error is small for all inputs x. Of 

course, "small" is a relative term and its definition will depend on the context. Often, we want 

the error to be of the same order as, or perhaps only a few orders of magnitude bigger than, the 

unit round-off. 

 

  

The usual definition of numerical stability uses a more general concept, called mixed stability, 

which combines the forward error and the backward error. An algorithm is stable in this sense if 

it solves a nearby problem approximately, i.e., if there exists a Δx such that both Δx is small and 

f(x + Δx) − y* is small. Hence, a backward stable algorithm is always stable. 

An algorithm is forward stable if its forward error divided by the condition number of the 

problem is small. This means that an algorithm is forward stable if it has a forward error of 

magnitude similar to some backward stable algorithm. 

  

3.   Stability of Fixed Points 

  

3.1.   Linear autonomous systems 

The stability of fixed points of linear autonomous differential equations can be analyzed 

using the eigenvalues of the corresponding linear transformation. 

Given a linear vector field: 

 

in R
n
 then the null vector is 

o        asymptotically ω-stable if and only if for all eigenvalues λ of A: Re( λ) 

< 0 
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o        asymptotically α-stable if and only if for all eigenvalues λ of A: Re( λ) 

> 0 

o        unstable if there exists one eigenvalue λ of A with Re( λ) > 0 

  

The eigenvalues of a linear transformation are the roots of the characteristic polynomial 

of the corresponding matrix. A polynomial over 'R in one variable is called a Hurwitz 

polynomial if the real part of all roots are negative. The Routh-Hurwitz stability criterion 

is a necessary and sufficient condition for a polynomial to be a Hurwitz polynomial and 

thus can be used to decide if the null vector for a given linear autonomous differential 

equation is asymptotically ω-stable. 

  

3.2.   Non-linear autonomous systems 

The stability of fixed points of nonlinear autonomous differential equations can be 

analyzed by linearisation of the system if the associated vector field is sufficiently 

smooth. 

Given a C
1
-vector field: 

 

in R
n
 with fixed point p and let J(F) denote the Jacobian matrix of F at point p, then p is 

o    asymptotically ω-stable if and only if for all eigenvalues λ of J(F) : Re( λ) < 0 

o    asymptotically α-stable if and only if for all eigenvalues λ of J(F) : Re( λ) > 0 
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3.3.   Lyapunov function for general dynamical systems 

In physical systems, it is often possible to use energy conservation laws to analyze the 

stability of fixed points. A Lyapunov function is a generalization of this concept; the 

existence of such a function can be used to prove the stability of a fixed point. 

  

4.   Uses of Root Locus Technique 

In addition to determining the stability of the system, the root locus can be used to identify the 

damping ratio and natural frequency of a system. Where lines of constant damping ratio can be 

drawn radially from the origin and lines of constant natural frequency can be drawn as arcs 

whose center points coincide with the origin. By selecting a point along the root locus that 

coincides with a desired damping ratio and natural frequency a gain can be calculated and 

implemented in the controller. 

  

5.   z-plane vs s-plane 

Root locus can also be computed in the z-plane, the discrete counterpart of the s-plane. An 

equation (z = e
sT

) maps continuous s-plane poles (not zeros) into the z-domain, where T is the 

sample period. The stable, left half s-plane maps as the unit circle into the z-plane, with the s-

plane origin equating to z=1 (because e
0
 = 1). A diagonal line of constant damping in the s-plane 

maps around a spiral from (1,0) in the z plane as it curves in toward the origin. Note also that the 

Nyquist aliasing criteria is expressed graphically in the z-plane by the -x axis, where (wn * T = 

pi). The line of constant damping just described spirals in indefinitely but in sampled data 

systems, frequency content is aliased down to lower frequencies by integral multiples of the 

Nyquist frequency. That is, the sampled response appears as a lower frequency and better 

damped as well since the root in the z-plane maps equally well to the first loop of a different, 

better damped spiral curve of constant damping. Many other interesting and relevant mapping 

properties can be described, not least that z-plane controllers, having the property that they may 

be directly implemented from the z-plane transfer function (zero/pole ratio of polynomials), can 
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be imagined graphically on a z-plane plot of the open loop transfer function, and immediately 

analyzed utilizing root locus. Since root locus is a graphical angle technique, root locus rules 

work the same in z and s planes. The idea of a root locus can be applied to many systems where a 

single parameter K is varied. For example, it is useful to sweep any system parameter for which 

the exact value is uncertain, in order to determine its behavior. 

  

6.   Nyquist stability criterion 

The Nyquist stability criterion, named after Harry Nyquist, provides a simple test for stability of 

a closed-loop control system by examining the open-loop system's Nyquist plot. Stability of the 

closed-loop control system may be determined directly by computing the poles of the closed-

loop transfer function. In contrast, the Nyquist stability criterion allows stability to be determined 

without computing the closed-loop poles. 

  

The Nyquist Contour mapped through the open-loop transfer function F(s) yields Nyquist plot 

for F(s). By the Argument Principle, the number of clock-wise encirclements of the origin must 

be the number of zeros of F(s) in the right-half complex plane minus the poles of F(s) in the 

right-half complex plane. If we look at the contour's encirclements of -1 instead of the origin, we 

find the difference between the number of poles and zeros in the right-half complex plane of 1 + 

F(s). Recalling that the zeros of 1 + F(s) are the poles of the close-loop system, and noting that 

the poles of 1 + F(s) are same as the poles of F(s), we now state. Given a Nyquist contour Γs, let 

P be the number of poles of F(s) encircled by Γs, and Z be the number of zeros of F(s) encircled 

by Γs -- therefore the number of poles of \mathcal{T}(s) enclosed by Γs. The resultant contour in 

the F(s)-plane, ΓF(s) shall encircle (clock-wise) the point (-1 + j0) N times such that N = Z − P. 

For stability of a system, we must have Z = 0 , i.e. the number of closed-loop poles in the right 

half of the s-plane must be zero. Hence, the number of anticlockwise encirclements about − 1 + 

j0 must be equal to P, the number of open-loop poles in the right half plane. 

  

7.   Phase Margin 

In electronic amplifiers, phase margin is the difference, measured in degrees, between the phase 

of the amplifier's output signal and -360. In feedback amplifiers, the phase margin is measured at 
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the frequency at which the open loop voltage gain of the amplifier and the closed loop voltage 

gain of the amplifier are equal. 

Phase margin and its important companion concept, gain margin, are measures of stability in 

closed loop dynamic [control] systems. Phase margin indicates relative stability, the tendency to 

oscillate during its damped response to an input change such as a step function. Gain margin 

indicates absolute stability and the degree to which the system will oscillate without limit given 

any disturbance. The output signals of all amplifiers exhibit a time delay when compared to their 

input signals. For the most part, the delay is caused by internal resistances, current limits and 

capacitances within the amplifier. This delay causes a phase difference between the amplifier's 

input and output signals. If there are enough stages in the amplifier, at some frequency, the 

output signal will lag behind the input signal by one wavelength. In this situation, the amplifier's 

output signal will be in phase with its input signal though lagging behind it by 360, i.e., the 

output will have a phase angle of 360. This lag is of great consequence in amplifiers that use 

feedback. The reason: the amplifier will oscillate if the feedback output signal is in phase with 

the input signal at the frequency at which its open loop voltage gain equals its closed loop 

voltage gain and the open loop voltage gain is one or greater. The oscillation will occur because 

the feedback output signal will then reinforce the input signal at that frequency. In conventional 

operational amplifiers, the critical output phase angle is 180 because the output is feedback to the 

input through an inverting input which adds an additional 180. 

  

In practice, feedback amplifiers must be designed with phase margins substantially in excess of 

0, even though amplifiers with phase margins of, say, 1 are theoretically stable. The reason is 

that many practical factors can reduce the phase margin below the theoretical minimum. A prime 

example is when the amplifier's output is connected to a capacitive load. Therefore, operational 

amplifiers are usually compensated to achieve a minimum phase margin of 45 or so. This means 

that at the frequency at which the open and closed loop gains meet, the phase angle is -135. The 

calculation is: -135 - (-180) = 45. Often amplifiers are designed to achieve a typical phase 

margin of 60 degrees. If the typical phase margin is around 60 degrees then the minimum phase 

margin will typically be greater than 45 degrees. A phase margin of 60 degrees is also a magic 

number because it allows for the fastest settling time when attempting to follow a voltage step 

input (a Butterworth design). An amplifier with lower phase margin will ring
[nb 1]

 for longer and 
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an amplifier with more phase margin will take a longer time to rise to the voltage step's final 

level. A related measure is gain margin. While phase margin comes from the phase where the 

loop gain equals one, the gain margin is based upon the gain where the phase equals -180 

degrees. 

 

 

  In Section 2 of this course you will cover these topics: 

      Classical Pid Control  

      Synthesis Of Siso Controllers  

      Fundamental Limitations In Siso Control  

      Frequency-Domain Design Limitations  

      Architectural Issues In Siso Control  

 

 

Topic : Classical Pid Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define PID Control 

 Learn about the Control Loop Basics  

 Learn about the PID Controller Theory 

 Learn about the Cascade control 

 Learn about the Physical implementation of PID control 
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Definition/Overview: 

PID Control: A proportionalintegralderivative controller (PID controller) is a generic 

control loop feedback mechanism (controller) widely used in industrial control systems. A PID 

controller attempts to correct the error between a measured process variable and a desired set 

point by calculating and then outputting a corrective action that can adjust the process 

accordingly. 

  

  

Key Points: 

1.   Control Loop Basics  

A familiar example of a control loop is the action taken to keep one's shower water at the ideal 

temperature, which typically involves the mixing of two process streams, cold and hot water. 

The person feels the water to estimate its temperature. Based on this measurement they perform a 

control action: use the cold-water tap to adjust the process. The person would repeat this input-

output control loop, adjusting the hot water flow until the process temperature stabilized at the 

desired value. Feeling the water temperature is taking a measurement of the process value or 

process variable (PV). The desired temperature is called the set point (SP). The output from the 

controller and input to process (the tap position) is called the manipulated variable (MV). The 

difference between the measurement and the set point is the error (e), too hot or too cold and by 

how much. 

  

As a controller, one decides roughly how much to change the tap position (MV) after one 

determines the temperature (PV), and therefore the error. This first estimate is the equivalent of 

the proportional action of a PID controller. The integral action of a PID controller can be thought 

of as gradually adjusting the temperature when it is almost right. Derivative action can be 

thought of as noticing the water temperature is getting hotter or colder, and how fast, anticipating 

further change and tempering adjustments for a soft landing at the desired temperature (SP). 
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Making a change that is too large when the error is small is equivalent to a high-gain controller 

and will lead to overshoot. If the controller were to repeatedly make changes that were too large 

and repeatedly overshoot the target, this control loop would be termed unstable and the output 

would oscillate around the set point in either a constant, growing, or decaying sinusoid. A human 

would not do this because we are adaptive controllers, learning from the process history, but PID 

controllers do not have the ability to learn and must be set up correctly. Selecting the correct 

gains for effective control is known as tuning the controller. 

  

If a controller starts from a stable state at zero error (PV = SP), then further changes by the 

controller will be in response to changes in other measured or unmeasured inputs to the process 

that impact on the process, and hence on the PV. Variables that impact on the process other than 

the MV are known as disturbances. Generally controllers are used to reject disturbances and/or 

implement set point changes. Changes in feed water temperature constitute a disturbance to the 

shower process. In theory, a controller can be used to control any process which has a 

measurable output (PV), a known ideal value for that output (SP) and an input to the process 

(MV) that will affect the relevant PV. Controllers are used in the industry to regulate 

temperature, pressure, flow rate, chemical composition, speed and practically every other 

variable for which a measurement exists. Automobile cruise control is an example of a process 

which utilizes automated control. Due to their long history, simplicity, well grounded theory and 

simple setup and maintenance requirements, PID controllers are the controllers of choice for 

many of these applications.  

  

2.   PID Controller Theory 

The PID control scheme is named after its three correcting terms, whose sum constitutes the 

manipulated variable (MV). Hence: 

 

where Pout, Iout, and Dout are the contributions to the output from the PID controller from each of 

the three terms, as defined below. 
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2.1.   Proportional term 

The proportional term (sometimes called gain) makes a change to the output that is 

proportional to the current error value. The proportional response can be adjusted by 

multiplying the error by a constant Kp, called the proportional gain. The proportional term 

is given by: 

 

Where 

o    Pout: Proportional term of output 

o    Kp: Proportional gain, a tuning parameter 

o    e: Error = SP − PV 

o    t: Time or instantaneous time (the present) 

  

A high proportional gain results in a large change in the output for a given change in the 

error. If the proportional gain is too high, the system can become unstable. In contrast, a 

small gain results in a small output response to a large input error, and a less responsive 

(or sensitive) controller. If the proportional gain is too low, the control action may be too 

small when responding to system disturbances. In the absence of disturbances, pure 

proportional control will not settle at its target value, but will retain a steady-state error 

that is a function of the proportional gain and the process gain. Despite the steady-state 

offset, both tuning theory and industrial practice indicate that it is the proportional term 

that should contribute the bulk of the output change. 
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2.2.   Integral term 

The contribution from the integral term (sometimes called reset) is proportional to both 

the magnitude of the error and the duration of the error. Summing the instantaneous error 

over time (integrating the error) gives the accumulated offset that should have been 

corrected previously. The accumulated error is then multiplied by the integral gain and 

added to the controller output. The magnitude of the contribution of the integral term to 

the overall control action is determined by the integral gain, Ki. The integral term is given 

by: 

 

Where 

o    Iout: Integral term of output 

o    Ki: Integral gain, a tuning parameter 

o    e: Error = SP − PV 

o    t: Time or instantaneous time (the present) 

o    τ: A dummy integration variable 

  

The integral term (when added to the proportional term) accelerates the movement of the 

process towards set point and eliminates the residual steady-state error that occurs with a 

proportional only controller. However, since the integral term is responding to 

accumulated errors from the past, it can cause the present value to overshoot the set point 

value (cross over the set point and then create a deviation in the other direction). 
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2.3.   Derivative term 

The rate of change of the process error is calculated by determining the slope of the error 

over time (i.e., its first derivative with respect to time) and multiplying this rate of change 

by the derivative gain Kd. The magnitude of the contribution of the derivative term 

(sometimes called rate) to the overall control action is termed the derivative gain, Kd. 

The derivative term is given by: 

 

Where 

o    Dout: Derivative term of output 

o    Kd: Derivative gain, a tuning parameter 

o    e: Error = SP − PV 

o    t: Time or instantaneous time (the present) 

  

The derivative term slows the rate of change of the controller output and this effect is 

most noticeable close to the controller set point. Hence, derivative control is used to 

reduce the magnitude of the overshoot produced by the integral component and improve 

the combined controller-process stability. However, differentiation of a signal amplifies 

noise and thus this term in the controller is highly sensitive to noise in the error term, and 

can cause a process to become unstable if the noise and the derivative gain are 

sufficiently large. 

  

3.   Cascade control 

One distinctive advantage of PID controllers is that two PID controllers can be used together to 

yield better dynamic performance. This is called cascaded PID control. In cascade control there 
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are two PIDs arranged with one PID controlling the set point of another. A PID controller acts as 

outer loop controller, which controls the primary physical parameter, such as fluid level or 

velocity. The other controller acts as the inner loop controller, which reads the output of outer 

loop controller as set point, usually controlling a more rapid changing parameter, flow rate or 

acceleration. It can be mathematically proven that the working frequency of the controller is 

increased and the time constant of the object is reduced by using cascaded PID controller. 

  

4.   Physical implementation of PID control 

In the early history of automatic process control the PID controller was implemented as a 

mechanical device. These mechanical controllers used a lever, spring and a mass and were often 

energized by compressed air. These pneumatic controllers were once the industry standard. 

Electronic analog controllers can be made from a solid-state or tube amplifier, a capacitor and a 

resistance. Electronic analog PID control loops were often found within more complex electronic 

systems, for example, the head positioning of a disk drive, the power conditioning of a power 

supply, or even the movement-detection circuit of a modern seismometer. Nowadays, electronic 

controllers have largely been replaced by digital controllers implemented with micro-controllers 

or FPGAs. Most modern PID controllers in the industry are implemented in programmable logic 

controllers (PLCs) or as a panel-mounted digital controller. Software implementations have the 

advantages that they are relatively cheap and are flexible with respect to the implementation of 

the PID algorithm. 

 

 

 

Topic : Synthesis Of Siso Controllers 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about Smith Predictor 
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 Learn about Loop Tuning in SISO Controllers 

  

  

Definition/Overview: 

Smith Predictor: The Smith predictor is a type of predictive controller for systems with pure 

time delay. The idea can be illustrated as follows. 

Suppose the plant consists of G(z) followed by a pure time delay z 
− k

. As a first step, suppose we 

only consider G(z) (the plant without a delay) and design a controller C(z) with a closed loop 

transfer function that we consider satisfactory. 

Next, our objective is to design a controller for the plant G(z)z 
− k

 so that the closed loop transfer 

function equals H(z)z 
− k

. 

Solving, we obtain. The controller is implemented as shown in the following figure, where G(z) 

has been changed to  indicate that it is a model used by the controller. 

  

  

Key Points: 

1.   Loop tuning in SISO Controllers 

If the PID controller parameters (the gains of the proportional, integral and derivative terms) are 

chosen incorrectly, the controlled process input can be unstable, i.e. its output diverges, with or 

without oscillation, and is limited only by saturation or mechanical breakage. Tuning a control 

loop is the adjustment of its control parameters (gain/proportional band, integral gain/reset, 

derivative gain/rate) to the optimum values for the desired control response. The optimum 

behavior on a process change or setpoint change varies depending on the application. Some 

processes must not allow an overshoot of the process variable beyond the setpoint if, for 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

38
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



example, this would be unsafe. Other processes must minimize the energy expended in reaching 

a new setpoint. Generally, stability of response (the reverse of instability) is required and the 

process must not oscillate for any combination of process conditions and setpoints. Some 

processes have a degree of non-linearity and so parameters that work well at full-load conditions 

don't work when the process is starting up from no-load. This section describes some traditional 

manual methods for loop tuning. There are several methods for tuning a PID loop. The most 

effective methods generally involve the development of some form of process model, then 

choosing P, I, and D based on the dynamic model parameters. Manual tuning methods can be 

relatively inefficient. The choice of method will depend largely on whether or not the loop can 

be taken "offline" for tuning, and the response time of the system. If the system can be taken 

offline, the best tuning method often involves subjecting the system to a step change in input, 

measuring the output as a function of time, and using this response to determine the control 

parameters. 

  

Choosing a Tuning Method 

Method Advantages Disadvantages 

Manual 

Tuning 

No math required. Online method. Requires experienced 

personnel. 

ZieglerNichols Proven Method. Online method. Process upset, some trial-and-

error, very aggressive tuning. 

Software 

Tools 

Consistent tuning. Online or offline method. 

May include valve and sensor analysis. Allow 

simulation before downloading. 

Some cost and training 

involved. 

Cohen-Coon Good process models. Some math. Offline method. 

Only good for first-order 

processes. 

[Table 1: Loop Tuning Methods] 
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1.1.   Manual tuning 

If the system must remain online, one tuning method is to first set Ki and Kd values to 

zero. Increase the Kp until the output of the loop oscillates, then the Kp should be left set 

to be approximately half of that value for a "quarter amplitude decay" type response. 

Then increase Ki until any offset is correct in sufficient time for the process. However, 

too much Ki will cause instability. Finally, increase Kd, if required, until the loop is 

acceptably quick to reach its reference after a load disturbance. However, too much Kd 

will cause excessive response and overshoot. A fast PID loop tuning usually overshoots 

slightly to reach the setpoint more quickly; however, some systems cannot accept 

overshoot, in which case an "over-damped" closed-loop system is required, which will 

require a Kp setting significantly less than half that of the Kp setting causing oscillation. 

Effects of increasing parameters 

Parameter Rise time Overshoot Settling 

time 

Error at 

equilibrium 

Kp Decrease Increase Small 

change 

Decrease 

Ki Decrease Increase Increase Eliminate 

Kd Indefinite (small decrease 

or increase) 

Decrease Decrease None 

[Table 1: Manual Tuning Parameters] 

  

1.2.   ZieglerNichols method 

Another tuning method is formally known as the ZieglerNichols method, introduced by 

John G. Ziegler and Nathaniel B. Nichols. As in the method above, the Ki and Kd gains 

are first set to zero. The P gain is increased until it reaches the critical gain, Kc, at which 

the output of the loop starts to oscillate. Kc and the oscillation period Pc are used to set 

the gains as shown: 
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ZieglerNichols method 

Control Type Kp Ki Kd   

P 0.50Kc - -   

PI 0.45Kc 1.2Kp / Pc -   

PID 0.60Kc 2Kp / Pc KpPc / 8   

[Table 1: ZieglerNichols method] 

  

  

  

  

Topic : Fundamental Limitations In Siso Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Sensor 

 Learn about the Classifications of Measurement Errors  

 Learn about the Limitations of PID Control 

  

  

Definition/Overview: 

Sensor: A sensor is a device that measures a physical quantity and converts it into a signal 

which can be read by an observer or by an instrument. For example, a mercury thermometer 
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converts the measured temperature into expansion and contraction of a liquid which can be read 

on a calibrated glass tube. A thermocouple converts temperature to an output voltage which can 

be read by a voltmeter. For accuracy, all sensors need to be calibrated against known standards. 

Sensors are used in everyday objects such as touch-sensitive elevator buttons and lamps which 

dim or brighten by touching the base. There are also innumerable applications for sensors of 

which most people are never aware. Applications include cars, machines, aerospace, medicine, 

manufacturing and robotics. A sensor's sensitivity indicates how much the sensor's output 

changes when the measured quantity changes. For instance, if the mercury in a thermometer 

moves 1 cm when the temperature changes by 1 C, the sensitivity is 1 cm/C. Sensors that 

measure very small changes must have very high sensitivities. 

Technological progress allows more and more sensors to be manufactured on a microscopic 

scale as microsensors using MEMS technology. In most cases, a microsensor reaches a 

significantly higher speed and sensitivity compared with macroscopic approaches. In biometrics, 

electrical capacitance sensors from leading manufacturers, such as AuthenTec, scan the minute 

radio frequency (RF) pattern beneath the live skin of a finger pad. The pattern creates a unique 

algorithm to identify the user. Many popular laptops and keyboards have the RF strip sensors. 

  

  

Key Points: 

1.   Classifications of Measurement Errors  

A good sensor obeys the following rules: 

 The sensor should be sensitive to the measured property 

 The sensor should be insensitive to any other property 

 The sensor should not influence the measured property 
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Ideal sensors are designed to be linear. The output signal of such a sensor is linearly proportional 

to the value of the measured property. The sensitivity is then defined as the ratio between output 

signal and measured property. For example, if a sensor measures temperature and has a voltage 

output, the sensitivity is a constant with the unit [V/K]; this sensor is linear because the ratio is 

constant at all points of measurement. If the sensor is not ideal, several types of deviations can be 

observed: 

 The sensitivity may in practice differ from the value specified. This is called a sensitivity 

error, but the sensor is still linear. 

 Since the range of the output signal is always limited, the output signal will eventually 

reach a minimum or maximum when the measured property exceeds the limits. The full 

scale range defines the maximum and minimum values of the measured property. 

 If the output signal is not zero when the measured property is zero, the sensor has an 

offset or bias. This is defined as the output of the sensor at zero input. 

 If the sensitivity is not constant over the range of the sensor, this is called nonlinearity. 

Usually this is defined by the amount the output differs from ideal behavior over the full 

range of the sensor, often noted as a percentage of the full range. 

 If the deviation is caused by a rapid change of the measured property over time, there is a 

dynamic error. Often, this behaviour is described with a bode plot showing sensitivity 

error and phase shift as function of the frequency of a periodic input signal. 

 If the output signal slowly changes independent of the measured property, this is defined 

as drift. 

 Long term drift usually indicates a slow degradation of sensor properties over a long 

period of time. 

 Noise is a random deviation of the signal that varies in time. 

 Hysteresis is an error caused by when the measured property reverses direction, but there 

is some finite lag in time for the sensor to respond, creating a different offset error in one 

direction than in the other. 

 If the sensor has a digital output, the output is essentially an approximation of the 

measured property. The approximation error is also called digitization error. 
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 If the signal is monitored digitally, limitation of the sampling frequency also can cause a 

dynamic error. 

 The sensor may to some extent be sensitive to properties other than the property being 

measured. For example, most sensors are influenced by the temperature of their 

environment. 

All these deviations can be classified as systematic errors or random errors. Systematic errors 

can sometimes be compensated for by means of some kind of calibration strategy. Noise is a 

random error that can be reduced by signal processing, such as filtering, usually at the expense of 

the dynamic behaviour of the sensor. 

  

2.   Limitations of PID Control 

While PID controllers are applicable to many control problems, they can perform poorly in some 

applications. PID controllers, when used alone, can give poor performance when the PID loop 

gains must be reduced so that the control system does not overshoot, oscillate or hunt about the 

control setpoint value. The control system performance can be improved by combining the 

feedback (or closed-loop) control of a PID controller with feed-forward (or open-loop) control. 

Knowledge about the system (such as the desired acceleration and inertia) can be fed forward 

and combined with the PID output to improve the overall system performance. The feed-forward 

value alone can often provide the major portion of the controller output. The PID controller can 

then be used primarily to respond to whatever difference or error remains between the setpoint 

(SP) and the actual value of the process variable (PV). Since the feed-forward output is not 

affected by the process feedback, it can never cause the control system to oscillate, thus 

improving the system response and stability. 

For example, in most motion control systems, in order to accelerate a mechanical load under 

control, more force or torque is required from the prime mover, motor, or actuator.  

  

If a velocity loop PID controller is being used to control the speed of the load and command the 

force or torque being applied by the prime mover, then it is beneficial to take the instantaneous 

acceleration desired for the load, scale that value appropriately and add it to the output of the PID 

velocity loop controller. This means that whenever the load is being accelerated or decelerated, a 
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proportional amount of force is commanded from the prime mover regardless of the feedback 

value. The PID loop in this situation uses the feedback information to effect any increase or 

decrease of the combined output in order to reduce the remaining difference between the process 

setpoint and the feedback value. Working together, the combined open-loop feed-forward 

controller and closed-loop PID controller can provide a more responsive, stable and reliable 

control system. 

Another problem faced with PID controllers is that they are linear. Thus, performance of PID 

controllers in non-linear systems (such as HVAC systems) is variable. Often PID controllers are 

enhanced through methods such as PID gain scheduling or fuzzy logic. Further practical 

application issues can arise from instrumentation connected to the controller. A high enough 

sampling rate, measurement precision, and measurement accuracy are required to achieve 

adequate control performance. A problem with the Derivative term is that small amounts of 

measurement or process noise can cause large amounts of change in the output. It is often helpful 

to filter the measurements with a low-pass filter in order to remove higher-frequency noise 

components. However, low-pass filtering and derivative control can cancel each other out, so 

reducing noise by instrumentation means is a much better choice. Alternatively, the differential 

band can be turned off in many systems with little loss of control. This is equivalent to using the 

PID controller as a PI controller. 

 

Topic : Frequency-Domain Design Limitations 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define and explain Bode Plot 

 Learn about the Frequency Response 

 Learn about the Gain Margin and Phase Margin 
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Definition/Overview: 

Bode Plot: A Bode magnitude plot is a graph of log magnitude versus frequency, plotted with a 

log-frequency axis, to show the transfer function or frequency response of a linear, time-

invariant system. The Bode plot is named after Hendrik Wade Bode. It is usually a combination 

of a Bode magnitude plot and Bode phase plot  

  

  

Key Points: 

1.   Overview of Frequency Response 

The frequency response is typically characterized by the magnitude of the system's response, 

measured in dB, and the phase, measured in radians, versus frequency. The frequency response 

of a system can be measured by applying a test signal, for example: 

 applying an impulse to the system and measuring its response  

 sweeping a constant-amplitude pure tone through the bandwidth of interest and 

measuring the output level and phase shift relative to the input 

 applying a signal with a wide frequency spectrum (for example digitally-generated 

maximum length sequence noise, or analog filtered white noise equivalent, like pink 

noise), and calculating the impulse response by deconvolution of this input signal and the 

output signal of the system. 

  

These typical response measurements can be plotted in two ways: by plotting the magnitude and 

phase measurements to obtain a Bode plot or by plotting the imaginary part of the frequency 

response against the real part of the frequency response to obtain a Nyquist plot. Once a 

frequency response has been measured (e.g., as an impulse response), providing the system is 

linear and time-invariant, its characteristic can be approximated with arbitrary accuracy by a 

digital filter. Similarly, if a system is demonstrated to have a poor frequency response, a digital 
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or analog filter can be applied to the signals prior to their reproduction to compensate for these 

deficiencies. Frequency response measurements can be used directly to quantify system 

performance and design control systems. However, frequency response analysis is not suggested 

if the system has slow dynamics. Frequency response curves are often used to indicate the 

accuracy of amplifiers and speakers for reproducing audio. As an example, a high fidelity 

amplifier may be said to have a frequency response of 20 Hz - 20,000 Hz 1 dB. This means that 

the system amplifies all frequencies within that range within the limits quoted. 'Good frequency 

response' therefore does not guarantee a specific fidelity, but only indicates that a piece of 

equipment meets the basic frequency response requirements. "By measuring gain and phase over 

a range of frequencies, the full frequency response of the system can be plotted." 

  

2.   Gain Margin and Phase Margin 

Bode plots are used to assess the stability of negative feedback amplifiers by finding the gain and 

phase margins of an amplifier. The notion of gain and phase margin is based upon the gain 

expression for a negative feedback amplifier given by 

 

where AFB is the gain of the amplifier with feedback (the closed-loop gain), β is the feedback 

factor and AOL is the gain without feedback (the open-loop gain). The gain AOL is a complex 

function of frequency, with both magnitude and phase. Examination of this relation shows the 

possibility of infinite gain (interpreted as instability) if the product βAOL = −1. (That is, the 

magnitude of βAOL is unity and its phase is −180, the so-called Barkhausen criterion). Bode 

plots are used to determine just how close an amplifier comes to satisfying this condition. Key to 

this determination are two frequencies. The first, labeled here as f180, is the frequency where the 

open-loop gain flips sign. The second, labeled here f0dB, is the frequency where the magnitude of 

the product | β AOL | = 1 (in dB, magnitude 1 is 0 dB). That is, frequency f180 is determined by the 

condition: 
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where vertical bars denote the magnitude of a complex number (for example, | a + j b | = [ a
2
 + 

b
2
]
1/2

 ), and frequency f0dB is determined by the condition: 

 

One measure of proximity to instability is the gain margin. The Bode phase plot locates the 

frequency where the phase of βAOL reaches −180, denoted here as frequency f180. Using this 

frequency, the Bode magnitude plot finds the magnitude of βAOL. If |βAOL|180 = 1, the amplifier is 

unstable, as mentioned. If |βAOL|180 < 1, instability does not occur, and the separation in dB of the 

magnitude of |βAOL|180 from |βAOL| = 1 is called the gain margin. Because a magnitude of one is 

0 dB, the gain margin is simply one of the equivalent forms: 20 log10( |βAOL|180) = 20 log10( 

|AOL|180) − 20 log10( 1 / β ). 

  

Another equivalent measure of proximity to instability is the phase margin. The Bode 

magnitude plot locates the frequency where the magnitude of |βAOL| reaches unity, denoted here 

as frequency f0dB. Using this frequency, the Bode phase plot finds the phase of βAOL. If the phase 

of βAOL( f0dB) > −180, the instability condition cannot be met at any frequency (because its 

magnitude is going to be < 1 when f = f180), and the distance of the phase at f0dB in degrees above 

−180 is called the phase margin. If a simple yes or no on the stability issue is all that is needed, 

the amplifier is stable if f0dB < f180. This criterion is sufficient to predict stability only for 

amplifiers satisfying some restrictions on their pole and zero positions (minimum phase 

systems). Although these restrictions usually are met, if they are not another method must be 

used, such as the Nyquist plot. 

  

3.   Explanation of Bode Plot 

The magnitude axis of the Bode plot is usually expressed as decibels, that is, 20 times the 

common logarithm of the amplitude gain. With the magnitude gain being logarithmic, Bode plots 
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make multiplication of magnitudes a simple matter of adding distances on the graph (in 

decibels), since 

 

A Bode phase plot is a graph of phase versus frequency, also plotted on a log-frequency axis, 

usually used in conjunction with the magnitude plot, to evaluate how much a frequency will be 

phase-shifted. For example a signal described by: Asin(ωt) may be attenuated but also phase-

shifted. If the system attenuates it by a factor x and phase shifts it by −Φ the signal out of the 

system will be (A/x) sin(ωt − Φ). The phase shift Φ is generally a function of frequency. Phase 

can also be added directly from the graphical values, a fact that is mathematically clear when 

phase is seen as the imaginary part of the complex logarithm of a complex gain. In Figure 1(a), 

the Bode plots are shown for the one-pole highpass filter function: 

 

where f is the frequency in Hz, and f1 is the pole position in Hz, f1 = 100 Hz in the figure. Using 

the rules for complex numbers, the magnitude of this function is 

 

while the phase is: 

 

Care must be taken that the inverse tangent is set up to return degrees, not radians. On the Bode 

magnitude plot, decibels are used, and the plotted magnitude is: 
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In Figure 1(b), the Bode plots are shown for the one-pole lowpass filter function: 

 

The magnitude and phase Bode plots can seldom be changed independently of each other 

changing the amplitude response of the system will most likely change the phase characteristics 

and vice versa. For minimum-phase systems the phase and amplitude characteristics can be 

obtained from each other with the use of the Hilbert transform. If the transfer function is a 

rational function with real poles and zeros, then the Bode plot can be approximated with straight 

lines. These asymptotic approximations are called straight line Bode plots or uncorrected 

Bode plots and are useful because they can be drawn by hand following a few simple rules. 

Simple plots can even be predicted without drawing them. The approximation can be taken 

further by correcting the value at each cutoff frequency. The plot is then called a corrected 

Bode plot. 

 

 

Topic : Architectural Issues In Siso Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Feedforward 

 Learn about the Process Control 

 Learn about the Open-loop Controller  
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Definition/Overview: 

Feedforward: Feed-forward is a term describing an element or pathway within a control system 

which passes a controlling signal from a source in the control system's external environment, 

often a command signal from an external operator, to a load elsewhere in its external 

environment. A control system which has only feed-forward behavior responds to its control 

signal in a pre-defined way without responding to how the load reacts; it is in contrast with a 

system that also has feedback, which adjusts the output to take account of how it affects the load, 

and how the load itself may vary unpredictably; the load is considered to belong to the external 

environment of the system.  

  

  

Key Points: 

1.   Open-loop Controller  

An open-loop controller, also called a non-feedback controller, is a type of controller which 

computes its input into a system using only the current state and its model of the system. 

A characteristic of the open-loop controller is that it does not use feedback to determine if its 

input has achieved the desired goal. This means that the system does not observe the output of 

the processes that it is controlling. Consequently, a true open-loop system can not engage in 

machine learning and also cannot correct any errors that it could make. It also may not 

compensate for disturbances in the system. For example, an irrigation sprinkler system, 

programmed to turn on at set times could be an example of an open-loop system if it does not 

measure soil moisture as a form of feedback. Even if rain is pouring down on the lawn, the 

sprinkler system would activate on schedule, wasting water. 

Open-loop control is useful for well-defined systems where the relationship between input and 

the resultant state can be modeled by a mathematical formula. For example determining the 

voltage to be fed to an electric motor that drives a constant load, in order to achieve a desired 

speed would be a good application of open-loop control. If the load were not predictable, on the 
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other hand, the motor's speed might vary as a function of the load as well as of the voltage, and 

an open-loop controller would therefore not be sufficient to ensure repeatable control of the 

velocity. 

  

An example of this is a conveyor system that is required to travel at a constant speed. For a 

constant voltage, the conveyor will move at a different speed depending on the load on the motor 

(represented here by the weight of objects on the conveyor). In order for the conveyor to run at a 

constant speed, the voltage of the motor must be adjusted depending on the load. In this case, a 

closed-loop control system would be necessary. An open-loop controller is often used in simple 

processes because of its simplicity and low-cost, especially in systems where feedback is not 

critical. A typical example would be a conventional washing machine, for which the length of 

machine wash time is entirely dependent on the judgment and estimation of the human operator. 

Generally, to obtain a more accurate or more adaptive control, it is necessary to feed the output 

of the system back to the inputs of the controller. This type of system is called a closed-loop 

system. 

  

2.   Process Control 

Process control is a statistics and engineering discipline that deals with architectures, 

mechanisms, and algorithms for controlling the output of a specific process. For example, 

heating up the temperature in a room is a process that has the specific, desired outcome to reach 

and maintain a defined temperature (e.g. 20C), kept constant over time. Here, the temperature is 

the controlled variable. At the same time, it is the input variable since it is measured by a 

thermometer and used to decide whether to heat or not to heat. The desired temperature (20C) is 

the setpoint. The state of the heater (e.g. the setting of the valve allowing hot water to flow 

through it) is called the manipulated variable since it is subject to control actions. A commonly 

used control device called a programmable logic controller, or a PLC, is used to read a set of 

digital and analog inputs, apply a set of logic statements, and generate a set of analog and digital 

outputs. Using the example in the previous paragraph, the room temperature would be an input to 

the PLC. The logical statements would compare the setpoint to the input temperature and 

determine whether more or less heating was necessary to keep the temperature constant. A PLC 

output would then either open or close the hot water valve, an incremental amount, depending on 
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whether more or less hot water was needed. Larger more complex systems can be controlled by a 

Distributed Control System (DCS) or SCADA system. In practice, process control systems can 

be characterized as one or more of the following forms: 

 Discrete Found in many manufacturing, motion and packaging applications. Robotic 

assembly, such as that found in automotive production, can be characterized as discrete 

process control. Most discrete manufacturing involves the production of discrete pieces 

of product, such as metal stamping. 

 Batch Some applications require that specific quantities of raw materials be combined in 

specific ways for particular durations to produce an intermediate or end result. One 

example is the production of adhesives and glues, which normally require the mixing of 

raw materials in a heated vessel for a period of time to form a quantity of end product. 

Other important examples are the production of food, beverages and medicine. Batch 

processes are generally used to produce a relatively low to intermediate quantity of 

product per year (a few pounds to millions of pounds). 

Continuous Often, a physical system is represented though variables that are smooth and 

uninterrupted in time. The control of the water temperature in a heating jacket, for example, is an 

example of continuous process control. Some important continuous processes are the production 

of fuels, chemicals and plastics. Continuous processes, in manufacturing, are used to produce 

very large quantities of product per year(millions to billions of poundsIn Section 3 of this course 

you will cover these topics: 

 

 

In Section 3 of this course you will cover these topics: 

      Dealing With Constraints  

      Models For Sampled-Data Systems  

      Digital Control  

      Hybrid Control  

      Siso Controller Parameterizations  
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Topic : Dealing With Constraints 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define and explain the Model Predictive Control 

 Learn about the Nonlinear MPC 

 Learn about System Identification 

  

  

Definition/Overview: 

Model Predictive Control: Model Predictive Control, or MPC, is an advanced method of 

process control that has been in use in the process industries such as chemical plants and oil 

refineries since the 1980s. Model predictive controllers rely on dynamic models of the process, 

most often linear empirical models obtained by system identification.  

  

  

Key Points: 

1.   Overview of MPC 

The applied models are determined to depict the behaviour of complex dynamical systems. The 

models shall compensate for the impact of non-linearities of variables and the chasm caused by 

non coherent process devolution. Hence the models are used to predict the behavior of dependent 

variables (i.e. outputs) of the modeled dynamical system with respect to changes in the process 

independent variables (I.E. inputs). In chemical processes, independent variables are most often 
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set points of regulatory controllers that govern valve movement (E.G. valve positioners with or 

without flow, temperature or pressure controller cascades), while dependent variables are most 

often constraints in the process (E.G. product purity, equipment safe operating limits). The 

model predictive controller uses the models and current plant measurements to calculate future 

moves in the independent variables that will result in operation that honors all independent and 

dependent variable constraints. The MPC then sends this set of independent variable moves to 

the corresponding regulatory controller set points to be implemented in the process. 

  

Despite the fact that most real processes are approximately linear within only a limited operating 

window, linear MPC approaches are used in the majority of applications with the feedback 

mechanism of the MPC compensating for prediction errors due to structural mismatch between 

the model and the process. In model predictive controllers that consist only of linear models, the 

superposition principle of linear algebra enables the effect of changes in multiple independent 

variables to be added together to predict the response of the dependent variables. This simplifies 

the control problem to a series of direct matrix algebra calculations that are fast and robust.  

  

When linear models are not sufficiently accurate because of process nonlinearities, the process 

can be controlled with nonlinear MPC. Nonlinear MPC utilizes a nonlinear model directly in the 

control application. The nonlinear model may be in the form of an empirical data fit (E.G. 

artificial neural networks) or a high-fidelity model based on fundamentals such as mass, species, 

and energy balances. The nonlinear model may be linearized to derive a Kalman filter or specify 

a model for linear MPC. The time derivatives may be set to zero (steady state) for applications of 

real-time optimization or data reconciliation. Alternatively, the nonlinear model may be used 

directly in nonlinear model predictive control and nonlinear estimation (E.G. moving horizon 

estimation). A reliable nonlinear model is a core component of simulation, estimation, and 

control applications. 
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1.1.   Theory behind MPC 

MPC is based on iterative, finite horizon optimization of a plant model. At time t the 

current plant state is sampled and a cost minimizing control strategy is computed (via a 

numerical minimization algorithm) for a relatively short time horizon in the future: [t,t + 

T]. Specifically, an online or on-the-fly calculation is used to explore state trajectories 

that emanate from the current state and find (via the solution of Euler-Lagrange 

equations) a cost-minimizing control strategy until time t + T. Only the first step of the 

control strategy is implemented, then the plant state is sampled again and the calculations 

are repeated starting from the now current state, yielding a new control and new predicted 

state path. The prediction horizon keeps being shifted forward and for this reason MPC is 

also called receding horizon control. Although this approach is not optimal, in practice 

it has given very good results. Much academic research has been done to find fast 

methods of solution of Euler-Lagrange type equations, to understand the global stability 

properties of MPC's local optimization, and in general to improve the MPC method. To 

some extent the theoreticians have been trying to catch up with the control engineers 

when it comes to MPC. 

  

1.2.   Principles of MPC 

Model Predictive Control (MPC) is a multi-variable control algorithm that uses: 

o    an internal dynamic model of the process 

o    a history of past control moves and 

o    an optimization cost function J over the receding prediction horizon,  

o    to calculate the optimum control moves. 

  

The optimization cost function is given by: 
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without violating constraints (low/high limits) 

With: 

xi = i -th control variable (e.g. measured temperature) 

ri = i -th reference variable (e.g. required temperature) 

ui = i -th manipulated variable (e.g. control valve) 

= weighting coefficient reflecting the relative importance of xi 

= weighting coefficient penalizing relative big changes in ui 

etc. 

  

2.   Nonlinear MPC 

Nonlinear Model Predictive Control, or NMPC, is a variant of model predictive control (MPC) 

that is characterized by the use of nonlinear system models in the prediction. As in linear MPC, 

NMPC requires the iterative solution of optimal control problems on a finite prediction horizon. 

While these problems are convex in linear MPC, in nonlinear MPC they are not convex 

anymore. This poses challenges for both, NMPC stability theory and numerical solution. The 

numerical solution of the NMPC optimal control problems is typically based on direct optimal 

control methods using Newton-type optimization schemes, in one of the variants: direct single 

shooting, direct multiple shooting methods, or direct collocation. NMPC algorithms typically 

exploit the fact that consecutive optimal control problems are similar to each other. This allows 

to initialize the Newton-type solution procedure efficiently by a suitably shifted guess from the 

previously computed optimal solution, saving considerable amounts of computation time. The 

similarity of subsequent problems is even further exploited by path following algorithms (or 

"real-time iterations") that never attempt to iterate any optimization problem to convergence, but 

instead only take one iteration towards the solution of the most current NMPC problem, before 
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proceeding to the next one, which is suitably initialized. While NMPC applications have in the 

past been mostly used in the process and chemical industries with comparatively slow sampling 

rates, NMPC is more and more being applied to applications with high-sampling rates, e.g., in 

the automotive industry. 

  

3.   System Identification 

System identification is a general term to describe mathematical tools and algorithms that build 

dynamical models from measured data. A dynamical mathematical model in this context is a 

mathematical description of the dynamic behavior of a system or process in either the time or 

frequency domain. Examples include: 

 physical processes such as the movement of a falling body under the influence of gravity; 

 economic processes such as stock markets that react to external influences. 

One could build a so-called white-box model based on first principles, eg. a model for a physical 

process from the Newton equations, but in many cases such models will be overly complex and 

possibly even impossible to obtain in reasonable time due to the complex nature of many 

systems and processes. A much more common approach is therefore to start from measurements 

of the behavior of the system and the external influences (inputs to the system) and try to 

determine a mathematical relation between them without going into the details of what is 

actually happening inside the system. This approach is called system identification. Two types of 

models are common in the field of system identification: 

 grey-box model: although the peculiarities of what is going on inside the system are not 

entirely known, a certain model based on both insight into the system and experimental 

data is constructed. This model does however still have a number of unknown free 

parameters which can be estimated using system identification.  As an example,  uses the 

Monod saturation model for microbial growth. The model contains a simple hyperbolic 

relationship between substrate concentration and growth rate, but this can be justified by 

molecules binding to a substrate without going into detail on the types of molecules or 

types of binding. Grey box modeling is also known as semi-physical modeling.  
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 Black-box model: No prior model is available. Most system identification algorithms are 

of this type. 

 

 

Topic : Models For Sampled-Data Systems 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about the Sampling and Sampling Theory 

 Learn about the sampling process 

 Learn about the Practical considerations 

 Learn about the Quantization 

 Learn about the Quantization and Data Compression 

 Learn about the Components of Discrete-event simulation  

 Learn about the Analysis Methods 

  

  

Definition/Overview: 

Sampled-data system: A sampled-data system is a control system where a continuous-time 

plant (control theory) is controlled with a digital device. Under periodic sampling, the sampled-

data system is time-varying but also periodic, and thus it may be modeled by a simplified 

discrete-time system obtained by discretizing the plant. However, this discrete model does not 

capture the intersample behavior of the real system, which may be critical in a number of 

applications. The analysis of sampled-data systems incorporating full-time information leads to 
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new challenging control problems with a rich mathematical structure. Many of these problems 

have been solved only very recently. 

  

  

Key Points: 

1.   Sampling and Sampling Theory 

In signal processing, sampling is the reduction of a continuous signal to a discrete signal. A 

common example is the conversion of a sound wave (a continuous-time signal) to a sequence of 

samples (a discrete-time signal). A sample refers to a value or set of values at a point in time 

and/or space. A sampler is a subsystem or operation that extracts samples from a continuous 

signal. A theoretical ideal sampler produces samples equivalent to the instantaneous value of the 

continuous signal at the desired points. For convenience, we will discuss signals which vary with 

time. However, the same results can be applied to signals varying in space or in any other 

dimension. Let x(t) be a continuous signal which is to be sampled, and that sampling is 

performed by measuring the value of the continuous signal every T seconds, which is called the 

sampling interval. Thus, the sampled signal x[n] given by: 

  

x[n] = x(nT), with n = 0, 1, 2, 3, ... 

  

The sampling frequency or sampling rate fs is defined as the number of samples obtained in one 

second, or fs = 1/T.  The sampling rate is measured in hertz or in samples per second.  

We can now ask: under what circumstances is it possible to reconstruct the original signal 

completely and exactly (perfect reconstruction)? A partial answer is provided by the 

NyquistShannon sampling theorem, which provides a sufficient (but not always necessary) 
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condition under which perfect reconstruction is possible. The sampling theorem guarantees that 

band limited signals (i.e., signals which have a maximum frequency) can be reconstructed 

perfectly from their sampled version, if the sampling rate is more than twice the maximum 

frequency. Reconstruction in this case can be achieved using the WhittakerShannon interpolation 

formula. The frequency equal to one-half of the sampling rate is therefore a bound on the highest 

frequency that can be unambiguously represented by the sampled signal.  

  

This frequency (half the sampling rate) is called the Nyquist frequency of the sampling system. 

Frequencies above the Nyquist frequency fN can be observed in the sampled signal, but their 

frequency is ambiguous. That is, a frequency component with frequency f cannot be 

distinguished from other components with frequencies NfN + f and NfN f for nonzero integers 

N. This ambiguity is called aliasing. To handle this problem as gracefully as possible, most 

analog signals are filtered with an anti-aliasing filter (usually a low-pass filter with cutoff near 

the Nyquist frequency) before conversion to the sampled discrete representation. 

  

2.   The sampling process 

The theorem describes two processes in signal processing: a sampling process, in which a 

continuous-time signal is converted to a discrete time signal, and a reconstruction process, in 

which the original continuous signal is recovered from the discrete time signal. The continuous 

signal varies over time (or space in a digitized image, or another independent variable in some 

other application) and the sampling process is performed by measuring the continuous signal's 

value every T units of time (or space), which is called the sampling interval. In practice, for 

signals that are a function of time, the sampling interval is typically quite small, on the order of 

milliseconds, microseconds, or less. This results in a sequence of numbers, called samples, to 

represent the original signal. Each sample value is associated with the instant in time when it was 

measured. The reciprocal of the sampling interval (1/T) is the sampling frequency denoted fs, 

which is measured in samples per unit of time. If T is expressed in seconds, then fs is expressed 

in Hz. 
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Reconstruction of the original signal is an interpolation process that mathematically defines a 

continuous-time signal x(t) from the discrete samples x[n] and at times in between the sample 

instants nT. 

 The procedure: Each sample value is multiplied by the sinc function scaled so that the 

zero-crossings of the sinc function occur at the sampling instants and that the sinc 

function's central point is shifted to the time of that sample, nT. All of these shifted and 

scaled functions are then added together to recover the original signal. The scaled and 

time-shifted sinc functions are continuous making the sum of these also continuous, so 

the result of this operation is a continuous signal. This procedure is represented by the 

WhittakerShannon interpolation formula. 

 The condition: The signal obtained from this reconstruction process can have no 

frequencies higher than one-half the sampling frequency. According to the theorem, the 

reconstructed signal will match the original signal provided that the original signal 

contains no frequencies at or above this limit. This condition is called the Nyquist 

criterion, or sometimes the Raabe condition. 

If the original signal contains a frequency component equal to one-half the sampling rate, the 

condition is not satisfied. The resulting reconstructed signal may have a component at that 

frequency, but the amplitude and phase of that component generally will not match the original 

component. 

This reconstruction or interpolation using sinc functions is not the only interpolation scheme. 

Indeed, it is impossible in practice because it requires summing an infinite number of terms. 

However, it is the interpolation method that in theory exactly reconstructs any given band-

limited x(t) with any band-limit B < 1/2T); any other method that does so is formally equivalent 

to it. 
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3.   Practical considerations 

A few consequences can be drawn from the theorem: 

 If the highest frequency B in the original signal is known, the theorem gives the lower 

bound on the sampling frequency for which perfect reconstruction can be assured. This 

lower bound to the sampling frequency, 2B, is called the Nyquist rate. 

 If instead the sampling frequency is known, the theorem gives us an upper bound for 

frequency components, B<fs/2, of the signal to allow for perfect reconstruction. This 

upper bound is the Nyquist frequency, denoted fN. 

 Both of these cases imply that the signal to be sampled must be band-limited; that is, any 

component of this signal which has a frequency above a certain bound should be zero, or 

at least sufficiently close to zero to allow us to neglect its influence on the resulting 

reconstruction. In the first case, the condition of band-limitation of the sampled signal 

can be accomplished by assuming a model of the signal which can be analysed in terms 

of the frequency components it contains; for example, sounds that are made by a 

speaking human normally contain very small frequency components at or above 10 kHz 

and it is then sufficient to sample such an audio signal with a sampling frequency of at 

least 20 kHz. For the second case, we have to assure that the sampled signal is band-

limited such that frequency components at or above half of the sampling frequency can 

be neglected. This is usually accomplished by means of a suitable low-pass filter; for 

example, if it is desired to sample speech waveforms at 8 kHz, the signals should first be 

low-pass filtered to below 4 kHz. 

 In practice, neither of the two statements of the sampling theorem described above can be 

completely satisfied, and neither can the reconstruction formula be precisely 

implemented. The reconstruction process that involves scaled and delayed sinc functions 

can be described as ideal. It cannot be realized in practice since it implies that each 

sample contributes to the reconstructed signal at almost all time points, requiring 

summing an infinite number of terms. Instead, some type of approximation of the sinc 

functions, finite in length, has to be used. The error that corresponds to the sinc-function 
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approximation is referred to as interpolation error. Practical digital-to-analog converters 

produce neither scaled and delayed sinc functions nor ideal impulses (that if ideally low-

pass filtered would yield the original signal), but a sequence of scaled and delayed 

rectangular pulses. This practical piecewise-constant output can be modeled as a zero-

order hold filter driven by the sequence of scaled and delayed dirac impulses referred to 

in the mathematical basis section below. A shaping filter is sometimes used after the 

DAC with zero-order hold to make a better overall approximation. 

 Furthermore, in practice, a signal can never be perfectly band-limited, since ideal "brick-

wall" filters cannot be realized. All practical filters can only attenuate frequencies outside 

a certain range, not remove them entirely. In addition to this, a "time-limited" signal can 

never be band-limited. This means that even if an ideal reconstruction could be made, the 

reconstructed signal would not be exactly the original signal. The error that corresponds 

to the failure of band-limitation is referred to as aliasing. 

 The sampling theorem does not say what happens when the conditions and procedures 

are not exactly met, but its proof suggests an analytical framework in which the non-

ideality can be studied. A designer of a system that deals with sampling and 

reconstruction processes needs a thorough understanding of the signal to be sampled, in 

particular its frequency content, the sampling frequency, how the signal is reconstructed 

in terms of interpolation, and the requirement for the total reconstruction error, including 

aliasing and interpolation error. These properties and parameters may need to be carefully 

tuned in order to obtain a useful system. 

  

4.   Quantization 

In digital signal processing, quantification is the process of approximating a continuous range of 

values (or a very large set of possible discrete values) by a relatively small set of discrete 

symbols or integer values. More specifically, a signal can be multi-dimensional and quantization 

need not be applied to all dimensions. Discrete signals (a common mathematical model) need not 

be quantized, which can be a point of confusion.  
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A common use of quantization is in the conversion of a discrete signal (a sampled continuous 

signal) into a digital signal by quantizing. Both of these steps (sampling and quantizing) are 

performed in analog-to-digital converters with the quantization level specified in bits. A specific 

example would be a compact disc (CD) audio which is sampled at 44,100 Hz and quantized with 

16 bits (2 bytes) which can be one of 65,536 (i.e. 216) possible values per sample. In electronics, 

adaptive quantization is a quantization process that varies the step size based on the changes of 

the input signal, as a means of efficient compression. Two approaches commonly used are 

forward adaptive quantization and backward adaptive quantization. 

  

5.   Quantization and Data Compression 

Quantization plays a major part in lossy data compression. In many cases, quantization can be 

viewed as the fundamental element that distinguishes lossy data compression from lossless data 

compression, and the use of quantization is nearly always motivated by the need to reduce the 

amount of data needed to represent a signal. In some compression schemes, like MP3 or Vorbis, 

compression is also achieved by selectively discarding some data, an action that can be analyzed 

as a quantization process (e.g., a vector quantization process) or can be considered a different 

kind of lossy process. 

  

One example of a lossy compression scheme that uses quantization is JPEG image compression. 

During JPEG encoding, the data representing an image (typically 8-bits for each of three color 

components per pixel) is processed using a discrete cosine transform and is then quantized and 

entropy coded. By reducing the precision of the transformed values using quantization, the 

number of bits needed to represent the image can be reduced substantially. For example, images 

can often be represented with acceptable quality using JPEG at less than 3 bits per pixel (as 

opposed to the typical 24 bits per pixel needed prior to JPEG compression). Even the original 

representation using 24 bits per pixel requires quantization for its PCM sampling structure. 
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In modern compression technology, the entropy of the output of a quantizer matters more than 

the number of possible values of its output (the number of values being 2M in the above 

example). In order to determine how many bits are necessary to effect a given precision, 

algorithms are used. Suppose, for example, that it is necessary to record six significant digits, 

that is to say, millionths. The number of values that can be expressed by N bits is equal to two to 

the Nth power. To express six decimal digits, the required number of bits is determined by 

rounding (6 / log 2)where log refers to the base ten, or common, logarithmup to the nearest 

integer. Since the logarithm of 2, base ten, is approximately 0.30102, the required number of bits 

is then given by (6 / 0.30102), or 19.932, rounded up to the nearest integer, viz., 20 bits. 

  

This type of quantizationwhere a set of binary digits, e.g., an arithmetic register in a CPU, are 

used to represent a quantityis called Vernier quantization. It is also possible, although rather less 

efficient, to rely upon equally spaced quantization levels. This is only practical when a small 

range of values is expected to be captured: for example, a set of eight possible values requires 

eight equally spaced quantization levelswhich is not unreasonable, although obviously less 

efficient than a mere trio of binary digits (bits)but a set of, say, sixty-four possible values, 

requiring sixty-four equally spaced quantization levels, can be expressed using only six bits, 

which is obviously far more efficient. 

  

6.   Components of Discrete-event simulation  

In addition to the representation of system state variables and the logic of what happens when 

system events occur, discrete-event simulations include the following: 
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6.1.   Clock 

The simulation must keep track of the current simulation time, in whatever measurement 

units are suitable for the system being modeled. In discrete-event simulations, as opposed 

to real-time simulations, time hops because events are instantaneous the clock skips to the 

next event start time as the simulation proceeds. 

  

6.2.   Events List 

The simulation maintains at least one list of simulation events. This is sometimes called 

the pending event set because it lists events that are pending as a result of previously 

simulated event but have yet to be simulated themselves. An event is described by the 

time at which it occurs and a type, indicating the code that will be used to simulate that 

event. It is common for the event code to be parameterised, in which case, the event 

description also contains parameters to the event code. 

When events are instantaneous, activities that extend over time are modeled as sequences 

of events. Some simulation frameworks allow the time of an event to be specified as an 

interval, giving the start time and the end time of each event. Single-threaded simulation 

engines based on instantaneous events have just one current event. In contrast, multi-

threaded simulation engines and simulation engines supporting an interval-based event 

model may have multiple current events. In both cases, there are significant problems 

with synchronization between current events. 

  

The pending event set is typically organized as a priority queue, sorted by event time. 

That is, regardless of the order in which events are added to the event set, they are 

removed in strictly chronological order. Several general-purpose priority queue 

algorithms have proven effective for discrete-event simulation, most notably, the splay 

tree. More recent alternatives include skip lists and calendar queues.
 
Typically, events are 

scheduled dynamically as the simulation proceeds. For example, in the bank example 

noted above, the event CUSTOMER-ARRIVAL at time t would, if the 
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CUSTOMER_QUEUE was empty and TELLER was idle, include the creation of the 

subsequent event CUSTOMER-DEPARTURE to occur at time t+s, where s is a number 

generated from the SERVICE-TIME distribution. 

  

6.3.   Random-Number Generators 

The simulation needs to generate random variables of various kinds, depending on the 

system model. This is accomplished by one or more Pseudorandom number generators. 

The use of pseudorandom numbers as opposed to true random numbers is a benefit 

should a simulation need a rerun with exactly the same behaviour. 

One of the problems with the random number distributions used in discrete-event 

simulation is that the steady-state distributions of event times may not be known in 

advance. As a result, the initial set of events placed into the pending event set will not 

have arrival times representative of the steady-state distribution. This problem is typically 

solved by bootstrapping the simulation model. Only a limited effort is made to assign 

realistic times to the initial set of pending events. These events, however, schedule 

additional events, and with time, the distribution of event times approaches its steady 

state. This is called bootstrapping the simulation model. In gathering statistics from the 

running model, it is important to either disregard events that occur before the steady state 

is reached or to run the simulation for long enough that the bootstrapping behavior is 

overwhelmed by steady-state behavior. (This use of the term bootstrapping can be 

contrasted with its use in both statistics and computing.) 

  

6.4.   Statistics 

The simulation typically keeps track of the system's statistics, which quantify the aspects 

of interest. In the bank example, it is of interest to track the mean service times. 
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6.5.   Ending Condition 

Because events are bootstrapped, theoretically a discrete-event simulation could run 

forever. So the simulation designer must decide when the simulation will end. Typical 

choices are at time t or after processing n number of events or, more generally, when 

statistical measure X reaches the value x. 

  

7.   Analysis Methods 

  

7.1.   Simulation for Discrete Event Systems 

The simulation algorithm of DEVS models considers two issues: time synchronization 

and message propagation. Time synchronization of DEVS is to control all models to have 

the identical current time. However, for an efficient execution, the algorithm makes the 

current time jump to the most urgent time when an event is scheduled to execute its 

internal state transition as well as its output generation. Message propagation is to 

transmit a triggering message which can be either an input or output event along the 

associated couplings which are defined in a coupled DEVS model. For more detailed 

information, the reader can refer to [Zeigler84] [Zeigler87] [ZKP00][Nutaro10]. 

  

7.2.   Simulation for Continuous State Systems 

By introducing quantization, DEVS can simulate behaviors of continuous-state systems 

which are described by networks of differential algebraic equations. This research has 

been initiated by Zeigler in 90's and many properties have been clarified by Prof. Kofman 

in 2000's and Dr. Nutaro. In 2006, Prof. Cellier who is the author of Continuous System 

Modeling, and Prof. Kofman wrote a text book, Continuous System Simulation in which 

Chapters 11 and 12 cover how DEVS simulates continuous state systems. 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

69
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



7.3.   Verification for Discrete Event Systems 

As an alternative analysis method against the sampling-based simulation method, an 

exhaustive generating approach, generally called ``verification`` has been applied for 

analysis of DEVS models. Based-on a finite-vertex reachability graph which is 

behaviorally isomorphic to the original DEVS models:  

o    Dead-lock and live-lock freeness as qualitative properties are decidable with 

Schedule-Preserving DEVS (SP-DEVS) and Finite & Deterministic DEVS 

(FD-DEVS)  

o    Min/max processing time bounds as a quantitative property are decidable with 

SP-DEVS. 

 

 

Topic : Digital Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Digital Control 

 Learn about the Digital Controller Implementation 

  

  

Definition/Overview: 

Digital Control: Digital control is a branch of control theory that uses digital computers to act 

as system controllers. Depending on the requirements, a digital control system can take the form 
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of a micro-controller to an ASIC to a standard desktop computer. Since a digital computer is a 

discrete system the Laplace transform is replaced with the Z-transform. Also since a digital 

computer has finite precision extra care is needed to ensure the error in coefficients, A/D 

conversion, D/A conversion, etc. are not producing undesired or unplanned effects. The 

application of digital control can readily be understood in the use of feedback. Since the creation 

of the first digital computer in the early 1940s the price of digital computers has dropped 

considerably, which has made them key pieces to control systems for several reasons: 

 Cheap: under $5 for many microcontrollers 

 Flexibility: easy to configure and reconfigure through software 

 Static operation: digital computers are much less prone to environmental conditions than 

capacitors, inductors, etc. 

 Scaling: programs can scale to the limits of the memory or storage space without extra 

cost 

 Adaptive: parameters of the program can change with time 

  

  

Key Points: 

1.   Digital Controller Implementation 

A digital controller is usually cascaded with the plant in a feedback system. The rest of the 

system can either be digital or analog. Typically, a digital controller requires: 

 A/D conversion to convert analog inputs to machine readable (digital) format 

 D/A conversion to convert digital outputs to a form that can be input to a plant (analog) 

 A program that relates the outputs to the inputs 
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1.1.   Output Program 

o    Outputs from the digital controller are functions of current and past input 

samples, as well as past output samples - this can be implemented by storing 

relevant values of input and output in registers. The output can then be formed 

by a weighted sum of these stored values. 

  

The programs can take numerous forms and perform many functions 

o    A digital filter for low-pass filtering (analog filters are preferred because 

digital filters introduce more delay) 

o    A state space model of a system to act as a state observer 

o    A telemetry system 

  

1.2.   Stability 

Note that although a controller may be stable when implemented as an analog controller, 

it could be unstable when implemented as a digital controller, due to a large sampling 

interval. Thus the sample rate characterises the transient response and stability of the 

compensated system, and must update the values at the controller input often enough so 

as to not cause instability. Stability of digital control systems can be checked using a 

specific bilinear transform to the Laplace domain, allowing the use of the Routh-Hurwitz 

stability criterion. Jury criterion is the appropriate tool to stability analysis for discrete 

time systems. This bilinear transform is application specific, and can not be used to 

compare system attributes such as transient responses in s and z domains. 
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1.3.   Design of digital controller in s-domain: 

The digital controller can also be designed in the s-domain (continuous). The Tustin 

transformation can transform the continuous compensator to the respective digital 

compensator. The digital compensator will achieve an output which approaches the 

output of its respective analog controller as the sampling interval is decreased. 

 

  

  

2.   Adaptive Control and its Applications 

Adaptive control involves modifying the control law used by a controller to cope with the fact 

that the parameters of the system being controlled are slowly time-varying or uncertain. For 

example, as an aircraft flies, its mass will slowly decrease as a result of fuel consumption; we 

need a control law that adapts itself to such changing conditions. Adaptive control is different 

from robust control in the sense that it does not need a priori information about the bounds on 

these uncertain or time-varying parameters; robust control guarantees that if the changes are 

within given bounds the control law need not be changed, while adaptive control is precisely 

concerned with control law changes. 

When designing adaptive control systems, special consideration is necessary of convergence and 

robustness issues. 

Typical applications of adaptive control are (in general): 

 Self-tuning of subsequently fixed linear controllers during the implementation phase for 

one operating point; 

 Self-tuning of subsequently fixed robust controllers during the implementation phase for 

a whole range of operating points; 

 Self-tuning of fixed controllers on request if the process behaviour changes due to ageing, 

drift, wear etc; 

 Adaptive control of linear controllers for nonlinear or time-varying processes; 
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 Adaptive control or self-tuning control of nonlinear controllers for nonlinear processes; 

 Adaptive control or self-tuning control of multivariable controllers for multivariable 

processes (MIMO systems); 

Usually these methods adapt the controllers to both the process statics and dynamics. In special 

cases the adaptation can be limited to the static behavior alone, leading to adaptive control based 

on characteristic curves for the steady-states or to extremum value control, optimizing the steady 

state. Hence, there are several ways to apply adaptive control algorithms. 

 

 

Topic : Hybrid Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about Poisson summation formula 

 Learn about Generalization 

 Learn about Application 

  

  

Definition/Overview: 

Poisson summation formula: The Poisson summation formula is an equation relating the 

coefficients of the Fourier series of the periodic extension of a function in terms of the values of 

the function's continuous Fourier transform. The Poisson summation formula was discovered by 

Simon Denis Poisson and is sometimes called Poisson resummation. The Poisson summation 

formula may be stated as:  
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There is a second version of the Poisson summation formula that is equivalent for nice enough 

functions, and which relies on the notion of a periodic extension. 

The Periodic extension of a function is a new function formed by shifting the original function 

by multiples of some period, T, and adding all the copies together. The periodic extension of a 

function (t) can be written: 

 

For the special case t=0  Eq.1 reduces to the version of the Poisson summation formula given 

above. The first version holds under the less restrictive conditions that 0 is a point of continuity 

of φT(t). This may fail to be the case even when both f and are continuous and the sums 

converge absolutely 

  

  

Key Points: 

1.   Derivation 

The function φT(t) is periodic, with period T. It can therefore be expanded into a Fourier 

series,whose coefficients are given by: 

 

 

  

2.   Application 

The Poisson Summation formula may be used to give a proof of the Shannon Sampling theorem. 

It also provides a connection between Fourier analysis on the circle and the real line. 
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Computationally, the Poisson summation formula is useful since a slowly converging summation 

in real space is guaranteed to be converted into a quickly converging equivalent summation in 

Fourier space. (A broad function in real space becomes a narrow function in Fourier space and 

vice versa.) This is the essential idea behind Ewald summation. 

  

3.   Convergence Conditions 

Some conditions restricting must naturally be applied to have convergence. A useful way to get 

around stating those precisely is to use the language of distributions. Let δ(t) be the Dirac delta 

function. Then if we write 

 

summed over all integers n, we have that Δ is a distribution (a so-called Dirac comb), because 

applied to any test function we get a bi-infinite sum that has very small 'tails'. Then one may 

interpret the summation formula as saying that is its own Fourier transform. Again this 

depends on precise normalization in the transform, but it conveys good information about the 

variance of the formula. For example, for constant a ≠ 0 it would follow that is the 

Fourier transform of  Therefore we can always find a spacing λZ of the integers, such 

that placing a delta-function at each of those points is its own transform, and each normalization 

will have a corresponding valid formula. It also suggests a method of proof that is intuitive: put 

instead a Gaussian centered at each integer, calculate using the known Fourier transform of a 

Gaussian, and then let the width of all the Gaussians become small. 

  

4.   Generalization  

There is a version in n dimensions, that is easy to formulate. Given a lattice Λ in R
n
, there is a 

dual lattice Λ′ (defined by vector space or Pontryagin duality, as one wishes). Then the statement 
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is that the sum of delta-functions at each point of Λ, and at each point of Λ′, are again Fourier 

transforms as distributions, subject to correct normalization. This is applied in the theory of theta 

functions, and is a possible method in geometry of numbers. In fact in more recent work on 

counting lattice points in regions it is routinely used − summing the indicator function of a 

region D over lattice points is exactly the question, so that the LHS of the summation formula is 

what is sought and the RHS something that can be attacked by mathematical analysis. Further 

generalisation to locally compact abelian groups is required in number theory. In non-

commutative harmonic analysis, the idea is taken even further in the Selberg trace formula, but 

takes on a much deeper character. 

 

 

Topic : Siso Controller Parameterizations 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Parameterization Discretization 

 Learn about Discretization of Linear Space Systems 

 Learn about Non-uniqueness 

 Learn about Dimensionality 

 Learn about Parameterization invariance 

  

  

Definition/Overview: 

Parameterization: Parameterization is the process of defining or deciding the parameters - 

usually of some model - that are salient to the question being asked of that model. 
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Discretization: Mathematics, discretization concerns the process of transferring continuous 

models and equations into discrete counterparts. This process is usually carried out as a first step 

toward making them suitable for numerical evaluation and implementation on digital computers. 

In order to be processed on a digital computer another process named quantization is essential. 

 Euler discretization 

 Zero-order hold 

Discretization is also related to discrete mathematics, and is an important component of granular 

computing. In this context, discretization may also refer to modification of variable of category 

granularity, as when multiple discrete variables are aggregated or multiple discrete categories 

fused. 

  

  

Key Points: 

1.   Non-uniqueness 

Parameterizations are not generally unique. The ordinary 3-volume can be parameterized (or 

'coordinatized') equally efficiently with Cartesian coordinates - generally denoted (x,y,z) - or 

with cylindrical polar coordinates - generally denoted (ρ,φ,z), or with spherical (r,φ,θ) or other 

coordinate systems. Similarly, the color space of human trichromatic color vision can be 

parameterized in terms of the three colors red, green and blue, RGB, or equally well with Cyan, 

Magenta and Yellow, CMYK. 

  

 

 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

78
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



2.   Dimensionality 

Generally, the minimum number of parameters required to describe a model or geometric object 

is equal to its dimension, and the scope of the parameters - within their allowed ranges - is called 

the parameter space. Though a good set of parameters permits identification of every point in the 

parameter space, it may be that, for a given parameterization, different parameter values can 

refer to the same 'physical' point. Such mappings are surjective but not injective. An example is 

the pair of cylindrical polar coordinates (ρ,φ,z) and (ρ,φ + 2π,z). 

  

3.   Parameterization invariance 

As indicated above, there is arbitrariness in the choice of parameters of a given model, geometric 

object, etc. Often, one wishes to determine intrinsic properties of an object that do not depend on 

this arbitrariness, which are therefore independent of any particular choice of parameters. This is 

particularly the case in physics, wherein parameterization invariance (or 're-parameterization 

invariance') is a guiding principle in the search for physically acceptable theories (particularly in 

General relativity). For example, whilst the location of a fixed point on some (curved) line may 

be given by different numbers depending on how the line is parameterized, nonetheless the 

length of the line between two such fixed points will be independent of the choice of 

parameterization, even though it might have been computed using algebra specific to one or 

other particular coordinate system. Parameterization invariance implies that either the 

dimensionality or the volume of the parameter space is larger than that which is necessary to 

describe the physics in question. 

  

4.   Discretization of Linear Space Systems 

Discretization is also concerned with the transformation of continuous differential equations into 

discrete difference equations, suitable for numerical computing. The following continuous state 
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space model 

where v and w are continuous zero-mean white noise sources with covariances 

can be discretized, assuming zero-order hold for the input u and continuous integration for the 

noise v, to 

 

 

4.1.   Discretization of process noise 

Numerical evaluation of is a bit trickier due to the matrix exponential integral. It can, 

however, be computed by first constructing a matrix, and computing the exponential of it: 

 

 

The discretized process noise is then evaluated by multiplying the transpose of the lower-

right partition of G with the upper-right partition of G: 

 

  

4.2.   Derivation 

Starting with the continuous model 

 

we know that the matrix exponential is 
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and by premultiplying the model we get 

 

which we recognize as 

 

and by integrating.. 

 

 

which is an analytical solution to the continuous model. 

Now we want to discretise the above expression. We assume that u is constant during 

each timestep. 

We recognize the bracketed expression as, and the second term can be simplified by 

substituting v = kT + T − τ. We also assume that is constant during the integral, which 

in turn yields 

 

which is an exact solution to the discretization problem. 

4.3.   Approximations 

Exact discretization may sometimes be intractable due to the heavy matrix exponential 

and integral operations involved. It is much easier to calculate an approximate discrete 

model, based on that for small timesteps. The approximate solution then becomes: 
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which can further be approximated if is small; yielding

 

Other possible approximations are and . 

Each of them have different stability properties. The last one is known as the bilinear 

transform, or Tustin transform, and preserves the (in)stability of the continuous-time 

system. 

 

 

In Section 4 of this course you will cover these topics: 

      Control Design Based On Optimization  

      Synthesis Via State Space Methods  

      Introduction To Nonlinear Control  

      Analysis Of Mimo Control Loops  

      Exploiting Siso Techniques In Mimo Control  

 

Topic : Control Design Based On Optimization 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Robust control 

 Learn about H-infinity Loop Sharing  

 Learn about H-infinity methods in control theory 

 Learn about Problem formulation 
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Definition/Overview: 

Robust control: Robust control is a branch of control theory that explicitly deals with 

uncertainty in its approach to controller design. Controllers designed using robust control 

methods tend to be able to cope with small differences between the true system and the nominal 

model used for design. The early methods of Bode and others were fairly robust; the state-space 

methods invented in the 1960's and 1970's were sometimes found to lack robustness. A modern 

example of a robust control technique is H-infinity loop-shaping developed by Duncan 

McFarlane and Keith Glover of Cambridge University. Robust methods aim to achieve robust 

performance and/or stability in the presence of small modelling errors.  

  

  

Key Points: 

1.   H-infinity Loop Sharing  

H-infinity loop-shaping is a design methodology in modern control theory. It combines the 

traditional intuition of classical control methods with H-infinity optimization techniques to 

achieve controllers whose stability and performance properties hold good in spite of small 

differences between the nominal plant assumed in design and the true plant encountered in 

practice. Essentially, the control system designer describes the desired responsiveness and noise-

suppression properties by weighting the plant transfer function in the frequency domain; the 

resulting 'loop-shape' is then 'robustified' through optimization. Robustification usually has little 

effect at high and low frequencies, but the response around unity-gain crossover is adjusted to 

maximise the system's stability margins. H-infinity loop-shaping can be applied to multiple-input 

multiple-output (MIMO) systems. H-infinity loop-shaping can be carried out using 

commercially-available software. H-infinity loop-shaping has been successfully deployed in 

industry. In 1995, R. Hyde, K. Glover and G. T. Shanks published a paper describing the 
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successful application of the technique to a VSTOL aircraft. In 2008, D. J. Auger, S. Crawshaw 

and S. L. Hall published another paper describing a successful application to a steerable marine 

radar tracker, noting that the technique had the following benefits: 

 Easy to apply - commercial software handles the hard maths. 

 Easy to implement - standard transfer functions and state-space methods can be used. 

 Plug and play - no need for re-tuning on an installation-by-installation basis. 

  

2.   H-infinity methods in control theory 

H∞ (i.e. "H-infinity") methods are used in control theory to synthesize controllers achieving 

robust performance or stabilization. To use H∞ methods, a control designer expresses the control 

problem as a mathematical optimization problem and then finds the controller that solves this. 

H∞ techniques have the advantage over classical control techniques in that they are readily 

applicable to problems involving multivariable systems with cross-coupling between channels; 

disadvantages of H∞ techniques include the level of mathematical understanding needed to apply 

them successfully and the need for a reasonably good model of the system to be controlled. 

Problem formulation is important, since any controller synthesised will only be 'optimal' in the 

formulated sense: optimizing the wrong thing often makes things worse rather than better. Also, 

non-linear constraints such as saturation are generally not well-handled. 

The term H∞ comes from the name of the mathematical space over which the optimization takes 

place: H∞ is the space of matrix-valued functions that are analytic and bounded in the open right-

half of the complex plane defined by Re(s) > 0; the H∞ norm is the maximum singular value of 

the function over that space. (This can be interpreted as a maximum gain in any direction and at 

any frequency; for SISO systems, this is effectively the maximum magnitude of the frequency 

response.) H∞ techniques can be used to minimize the closed loop impact of a perturbation: 

depending on the problem formulation, the impact will either be measured in terms of 

stabilization or performance. Simultaneously optimizing robust performance and robust 

stabilization is difficult. One method that comes close to achieving this is H∞ loop-shaping, 

which allows the control designer to apply classical loop-shaping concepts to the multivariable 
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frequency response to get good robust performance, and then optimizes the response near the 

system bandwidth to achieve good robust stabilization. 

Commercial software is available to support H∞ controller synthesis. 

3.   Problem formulation 

First, the process has to be represented according to the following standard configuration: 

 

Plant P has two inputs, the exogenous input w, that includes reference signal and disturbances, 

and the manipulated variables u. There are two outputs, the error signals z that we want to 

minimize, and the measured variables v, that we use to control the system. v is used in K to 

calculate the manipulated variable u. Remark that all these are generally vectors, whereas P and 

K are matrices. In formulae, the system is: 

 

 

It is therefore possible to express the dependency of z on w as: 

 

Called the lower linear fractional transformation, is defined (the subscript comes from 

lower): 

 

Therefore, the objective of control design is to find a controller such that is 

minimised according to the norm. The same definition applies to control design. The 

infinity norm of the transfer function matrix is defined as: 

 

where is the maximum singular value of the matrix. 
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Chapter Name/Title:   

Linear State Space Models 

  

  

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about the Basic Concepts of FSM 

 Learn about the Classification of FSM 

 Learn about the Finite State Machine of FSM  

  

  

Definition/Overview: 

State Space Representation: In control engineering, a state space representation is a 

mathematical model of a physical system as a set of input, output and state variables related by 

first-order differential equations. To abstract from the number of inputs, outputs and states, the 

variables are expressed as vectors and the differential and algebraic equations are written in 

matrix form (the last one can be done when the dynamical system is linear and time invariant). 

The state space representation (also known as the "time-domain approach") provides a 
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convenient and compact way to model and analyze systems with multiple inputs and outputs. 

With p inputs and q outputs, we would otherwise have to write down Laplace transforms 

to encode all the information about a system. Unlike the frequency domain approach, the use of 

the state space representation is not limited to systems with linear components and zero initial 

conditions. "State space" refers to the space whose axes are the state variables. The state of the 

system can be represented as a vector within that space.  

  

  

Key Points: 

1.   Finite State Machine  

A finite state machine (FSM) or finite state automaton (plural: automata) or simply a state 

machine, is a model of behavior composed of a finite number of states, transitions between those 

states, and actions. A finite state machine is an abstract model of a machine with a primitive 

internal memory. 

  

2.  Basic Concepts  

A current state is determined by past states of the system. As such, it can be said to record 

information about the past, i.e. it reflects the input changes from the system start to the present 

moment. A transition indicates a state change and is described by a condition that would need to 

be fulfilled to enable the transition. An action is a description of an activity that is to be 

performed at a given moment. There are several action types: 

 Entry action: This is performed when entering the state 

 Exit action: This is performed when exiting the state 

 Input action: This is performed depending on present state and input conditions 

 Transition action: This is performed when performing a certain transition 
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A FSM can be represented using a state diagram (or state transition diagram) as in figure 1 

above. Besides this, several state transition table types are used. The most common 

representation is shown below: the combination of current state (B) and condition (Y) shows the 

next state (C). The complete actions information can be added only using footnotes. An FSM 

definition including the full actions information is possible using state tables. An FSM definition 

including the full actions information is possible using state tables. 

  

State transition table 

Current State → 

Condition 

State A State B State C 

Condition X ... ... ... 

Condition Y ... State C ... 

Condition Z ... ... ... 

[Table 1: State transition table] 

  

In addition to their use in modeling reactive systems presented here, finite state automata are 

significant in many different areas, including electrical engineering, linguistics, computer 

science, philosophy, biology, mathematics, and logic. A complete survey of their applications is 

outside the scope of this article. Finite state machines are a class of automata studied in automata 

theory and the theory of computation. In computer science, finite state machines are widely used 

in modeling of application behavior, design of hardware digital systems, software engineering, 

compilers, network protocols, and the study of computation and languages. 
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3.  Classification 

There are two different groups: Acceptors/Recognizers and Transducers. 

  

11.1.  Acceptors and recognizers 

   

Acceptors and recognizers (also sequence detectors) produce a binary output, saying 

either yes or no to answer whether the input is accepted by the machine or not. All states 

of the FSM are said to be either accepting or not accepting. At the time when all input is 

processed, if the current state is an accepting state, the input is accepted; otherwise it is 

rejected. As a rule the input are symbols (characters); actions are not used. The example 

in figure 2 shows a finite state machine which accepts the word "nice". In this FSM the 

only accepting state is number 7. The machine can also be described as defining a 

language, which would contain every word accepted by the machine but none of the 

rejected ones; we say then that the language is accepted by the machine. By definition, 

the languages accepted by FSMs are the regular languages - that is, a language is regular 

if there is some FSM that accepts it. 

  

3.1.1.   Start state 

The start state is usually shown drawn with an arrow "pointing at it from 

nowhere". 
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3.1.2.   Accept stat 

  

An accept state (sometimes referred to as an accepting state) is a state at which 

the machine has successfully performed its procedure. It is usually represented by 

a double circle. An example of an accepting state appears on the right in this 

diagram of a deterministic finite automaton (DFA) which determines if the binary 

input contains an even number of 0s. S1 (which is also the start state) indicates the 

state at which an even number of 0s has been input and is therefore defined as an 

accepting state. This machine will give a correct end state if the binary number 

contains an even number of zeros including a string with no zeros. Examples of 

strings accepted by this DFA are epsilon (the empty string), 1, 11, 11..., 00, 010, 

1010, 10110 and so on. 

  

3.1.3.   Transducers 

Transducers generate output based on a given input and/or a state using actions. 

They are used for control applications and in the field of computational 

linguistics. Here two types are distinguished: 

  

3.1.3.1.   Moore machine 

The FSM uses only entry actions, i.e. output depends only on the state. 

The advantage of the Moore model is a simplification of the behaviour. 

Consider an elevator door. The state machine recognizes two commands: 

"command_open" and "command_close" which trigger state changes. The 

entry action (E:) in state "Opening" starts a motor opening the door, the 

entry action in state "Closing" starts a motor in the other direction closing 

the door. States "Opened" and "Closed" don't perform any actions. They 
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signal to the outside world (e.g. to other state machines) the situation: 

"door is open" or "door is closed". 

 

3.1.3.2.   Mealy machine 

The FSM uses only input actions, i.e. output depends on input and state. 

The use of a Mealy FSM leads often to a reduction of the number of states. 

The example in figure 4 shows a Mealy FSM implementing the same 

behaviour as in the Moore example (the behaviour depends on the 

implemented FSM execution model and will work e.g. for virtual FSM but 

not for event driven FSM). There are two input actions (I:): "start motor to 

close the door if command_close arrives" and "start motor in the other 

direction to open the door if command_open arrives". The "opening" and 

"closing" intermediate states are not shown. In practice mixed models are 

often used. A further distinction is between deterministic (DFA) and non-

deterministic (NDFA, GNFA) automata. In deterministic automata, for 

each state there is exactly one transition for each possible input. In non-

deterministic automata, there can be none, one, or more than one transition 

from a given state for a given possible input. This distinction is relevant in 

practice, but not in theory, as there exists an algorithm which can 

transform any NDFA into an equivalent DFA, although this 

transformation typically significantly increases the complexity of the 

automaton. The FSM with only one state is called a combinatorial FSM 

and uses only input actions. This concept is useful in cases where a 

number of FSM are required to work together, and where it is convenient 

to consider a purely combinatorial part as a form of FSM to suit the design 

tools 
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Topic : Synthesis Via State Space Methods 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define State Space Representation 

 Learn about State variables 

 Learn about Linear systems 

 Learn about Transfer function 

 Learn about Feedback 

  

  

Definition/Overview: 

State Space Representation: In control engineering, a state space representation is a 

mathematical model of a physical system as a set of input, output and state variables related by 

first-order differential equations. To abstract from the number of inputs, outputs and states, the 

variables are expressed as vectors and the differential and algebraic equations are written in 

matrix form (the last one can be done when the dynamical system is linear and time invariant). 

The state space representation (also known as the "time-domain approach") provides a 

convenient and compact way to model and analyze systems with multiple inputs and outputs. 

With p inputs and q outputs, we would otherwise have to write down Laplace transforms 

to encode all the information about a system. Unlike the frequency domain approach, the use of 

the state space representation is not limited to systems with linear components and zero initial 

conditions. "State space" refers to the space whose axes are the state variables. The state of the 

system can be represented as a vector within that space.  
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Key Points: 

1.   State variables 

  

The internal state variables are the smallest possible subset of system variables that can represent 

the entire state of the system at any given time. State variables must be linearly independent; a 

state variable cannot be a linear combination of other state variables. The minimum number of 

state variables required to represent a given system, n, is usually equal to the order of the 

system's defining differential equation. If the system is represented in transfer function form, the 

minimum number of state variables is equal to the order of the transfer function's denominator 

after it has been reduced to a proper fraction. It is important to understand that converting a state 

space realization to a transfer function form may lose some internal information about the 

system, and may provide a description of a system which is stable, when the state-space 

realization is unstable at certain points. In electric circuits, the number of state variables is often, 

though not always, the same as the number of energy storage elements in the circuit such as 

capacitors and inductors. 

  

2.   Linear systems 

The most general state space representation of a linear system with p inputs, q outputs and n state 

variables is written in the following form:. 

 

is called the "state vector",is called the "output vector", is called the "input (or control) 

vector", is the "state matrix", is the "input matrix", is the "output 
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matrix", and is the "feedthrough (or feedforward) matrix". For simplicity, is 

often chosen to be the zero matrix, i.e. the system is chosen not to have direct feed through. 

Notice that in this general formulation all matrices are supposed to be time-variant, i.e. some or 

all their elements can depend on time. The time variable t can be a "continuous" one (i.e.

) or a discrete one (i.e. ): in the latter case the time variable is usually 

indicated as k. Depending on the assumptions taken, the state-space model representation can 

assume the following forms: 

System type State-space model 

Continuous time-invariant  

 

Continuous time-variant  

 

Discrete time-invariant  

 

Discrete time-variant  

 

Laplace domain of 

continuous time-invariant 

 

 

Z-domain of 

discrete time-invariant 

 

 

[Table 1: state space model table] 

Stability and natural response characteristics of a system can be studied from the eigenvalues of 

the matrix A. The stability of a time-invariant state-space model can easily be determined by 

looking at the system's transfer function in factored form. It will then look something like this: 
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The denominator of the transfer function is equal to the characteristic polynomial found by 

taking the determinant of sI − A, 

. 

The roots of this polynomial (the eigenvalues) yield the poles in the system's transfer function. 

These poles can be used to analyze whether the system is asymptotically stable or marginally 

stable. An alternative approach to determining stability, which does not involve calculating 

eigenvalues, is to analyze the system's Lyapunov stability. The zeros found in the numerator of 

can similarly be used to determine whether the system is minimum phase. The system 

may still be inputoutput stable even though it is not internally stable. This may be the case if 

unstable poles are canceled out by zeros. 

  

2.1.   Controllability 

Thus state controllability condition implies that it is possible - by admissible inputs - to 

steer the states from any initial value to any final value within some time window. A 

continuous time-invariant state-space model is controllable if and only if 

 

2.2.   Observability 

Observability is a measure for how well internal states of a system can be inferred by 

knowledge of its external outputs. The observability and controllability of a system are 

mathematical duals. A continuous time-invariant state-space model is observable if and 

only if 
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(Rank is the number of linearly independent rows in a matrix.) 

  

3.   Transfer function 

The "transfer function" of a continuous time-invariant state-space model can be derived in the 

following way: First, taking the laplace transform of 

 

yields 

 

Next, we simplify for , giving 

 

 

this is substituted for in the output equation 

, giving 
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Since the transfer function is defined as the ratio of the output to the input of a system, 

we take 

 

and substitute the previous expression for with respect to , giving 

 

Clearly must have q by p dimensionality, and thus has a total of qp elements. So for 

every input there are q transfer functions with one for each output. This is why the state-space 

representation can easily be the preferred choice for multiple-input, multiple-output (MIMO) 

systems. 

  

3.1.   Canonical realizations 

Any given transfer function which is strictly proper can easily be transferred into state-

space by the following approach (this example is for a 4-dimensional, single-input, 

single-output system)): Given a transfer function, expand it to reveal all coefficients in 

both the numerator and denominator. This should result in the following form: 

. 

The coefficients can now be inserted directly into the state-space model by the following 

approach: 

 

. 
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This state-space realization is called controllable canonical form because the resulting 

model is guaranteed to be controllable. The transfer function coefficients can also be used 

to construct another type of canonical form 

 

. 

This state-space realization is called observable canonical form because the resulting 

model is guaranteed to be observable. 

  

3.2.   Proper transfer functions 

Transfer functions which are only proper (and not strictly proper) can also be realised 

quite easily. The trick here is to separate the transfer function into two parts: a strictly 

proper part and a constant. 

 

The strictly proper transfer function can then be transformed into a canonical state space 

realization using techniques shown above. The state space realization of the constant is 

trivially . Together we then get a state space realization with 

matrices A,B and C determined by the strictly proper part, and matrix D determined by 

the constant. Here is an example to clear things up a bit: 

 

which yields the following controllable realization 
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Notice how the output also depends directly on the input. This is due to the 

constant in the transfer function. 

  

4.   Feedback 

 

[ 

A common method for feedback is to multiply the output by a matrix K and setting this as the 

input to the system: . Since the values of K are unrestricted the values can 

easily be negated for negative feedback. The presence of a negative sign (the common notation) 

is merely a notational one and its absence has no impact on the end results. 

 

 

becomes  

 

-loop system is controllable or that the unstable eigenvalues of A can be made stable through 

appropriate choice of K. 

One fairly common simplification to this system is removing D and setting C to identity, which 

reduces the equations to 
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This reduces the necessary eigendecomposition to just A + BK. 

 

 

Topic : Introduction To Nonlinear Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define and explain Non-linear control 

 Learn about the Properties of Non-linear control 

 Non-linear Feedback Analysis The Lure Problem  

  

  

Definition/Overview: 

Non-linear control: Processes in industries like robotics and the aerospace industry typically 

have strong nonlinear dynamics. In control theory, it is sometimes possible to linear such classes 

of systems and apply linear techniques: but in many cases it can be necessary to devise from 

scratch theories permitting control of nonlinear systems. These, e.g., feedback linearization, 

Backstepping, sliding mode control, trajectory linearization control normally take advantage of 

results based on Lyapunov's theory. Differential geometry has been widely used as a tool for 

generalizing well-known linear control concepts to the nonlinear case, as well as showing the 

subtleties that make it a more challenging problem.  

  

 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

100
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Key Points: 

1.   Overview of Non-linear Control  

Nonlinear control is the area of control engineering specifically involved with systems that are 

nonlinear, time-variant, or both. Many well-established analysis and design techniques exist for 

LTI systems (e.g., root-locus, Bode plot, Nyquist criterion, state-feedback, pole placement); 

however, one or both of the controller and the system under control in a general control system 

may not be an LTI system, and so these methods cannot necessarily be applied directly. 

Nonlinear control theory studies how to apply existing linear methods to these more general 

control systems. Additionally, it provides novel control methods that cannot be analyzed using 

LTI system theory. Even when LTI system theory can be used for the analysis and design of a 

controller, a nonlinear controller can have attractive characteristics (E.G., simpler 

implementation, increased speed, or decreased control energy); however, nonlinear control 

theory usually requires more rigorous mathematical analysis to justify its conclusions. 

  

2.   Properties  

Some properties of nonlinear dynamic systems are 

 They do not follow the principle of superposition (linearity and homogeneity). 

 They may have multiple isolated equilibrium points. 

 They may exhibit properties such as limit-cycle, bifurcation, chaos. 

 Finite escape time: Solutions of nonlinear systems may not exist for all times. 

  

3.   Non-linear Feedback Analysis The Lure Problem  

An early nonlinear feedback system analysis problem was formulated by A. I. Lur'e. Control 

systems described by the Lur'e problem have a forward path that is linear and time-invariant, and 

a feedback path that contains a memory-less, possibly time-varying, static nonlinearity. 
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The linear part can be characterized by four matrices (A,B,C,D), while the nonlinear part is Φ(y) 

with (a sector nonlinearity). 

  

3.1.   Absolute stability problem 

Consider: 

o        (A,B) is controllable and (C,A) is observable 

o        two real numbers a, b with a<b, defining a sector for function Φ 

  

The problem is to derive conditions involving only the transfer matrix H(s) and {a,b} 

such that x=0 is a globally uniformly asymptotically stable equilibrium of the system. 

This is known as the Lur'e problem. There are two main theorems concerning the 

problem: 

o    Circle criterion 

o    Popov criterion 

  

3.1.1.   Popov criterion 

The sub-class of Lur'e systems studied by Popov is described by: 
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where x ∈ R
n
, ξ,u,y are scalars and A,b,c,d have commensurate dimensions. The 

nonlinear element Φ: R → R is a time-invariant nonlinearity belonging to open 

sector (0, ∞). This means that 

Φ(0) = 0, y Φ(y) > 0, ∀ y ≠ 0; 

The transfer function from u to y is given by 

 

 

Topic : Analysis Of Mimo Control Loops 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define MIMO 

 Learn about Functions of MIMO 

 Learn about Transfer Function Model 

 Learn about Poles and Zeros of MIMO System 

 Learn about Impulse Response Matrix 

  

  

Definition/Overview: 

MIMO: MIMO technology has attracted attention in wireless communications, since it offers 

significant increases in data throughput and link range without additional bandwidth or transmit 

power. It achieves this by higher spectral efficiency (more bits per second per hertz of 
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bandwidth) and link reliability or diversity (reduced fading). Because of these properties, MIMO 

is a current theme of international wireless research. 

  

  

Key Points: 

1.   Functions of MIMO 

MIMO can be sub-divided into three main categories, pre-coding, spatial multiplexing or SM, 

and diversity coding. Pre-coding is multi-layer beam-forming in a narrow sense or all spatial 

processing at the transmitter in a wide-sense. In (single-layer) beam-forming, the same signal is 

emitted from each of the transmit antennas with appropriate phase (and sometimes gain) 

weighting such that the signal power is maximized at the receiver input. The benefits of beam-

forming are to increase the signal gain from constructive combining and to reduce the multipath 

fading effect. In the absence of scattering, beam-forming results in a well defined directional 

pattern, but in typical cellular conventional beams are not a good analogy. When the receiver has 

multiple antennas, the transmit beam-forming cannot simultaneously maximize the signal level at 

all of the receive antenna and pre-coding is used. Note that pre-coding requires knowledge of the 

channel state information (CSI) at the transmitter. 

  

Spatial multiplexing requires MIMO antenna configuration. In spatial multiplexing, a high-rate 

signal is split into multiple lower rate streams and each stream is transmitted from a different 

transmit antenna in the same frequency channel. If these signals arrive at the receiver antenna 

array with sufficiently different spatial signatures, the receiver can separate these streams, 

creating parallel channels for free. Spatial multiplexing is a very powerful technique for 

increasing channel capacity at higher Signal to Noise Ratio (SNR). The maximum number of 

spatial streams is limited by the lesser in the number of antennas at the transmitter or receiver. 

Spatial multiplexing can be used with or without transmit channel knowledge. 
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Diversity Coding techniques are used when there is no channel knowledge at the transmitter. In 

diversity methods, a single stream (unlike multiple streams in spatial multiplexing) is 

transmitted, but the signal is coded using techniques called space-time coding. The signal is 

emitted from each of the transmit antennas using certain principles of full or near orthogonal 

coding. Diversity exploits the independent fading in the multiple antenna links to enhance signal 

diversity. Because there is no channel knowledge, there is no beam-forming or array gain from 

diversity coding. Spatial multiplexing can also be combined with pre-coding when the channel is 

known at the transmitter or combined with diversity coding when decoding reliability is in trade-

off. 

  

2.   Transfer Function Model 

It is straightforward to convert a state space model to a transfer-function model. The matrix 

transfer function G(s) corresponding to a state space model (A, B, C, D) is 

  

 

3.  Impulse Response Matrix 

The impulse response matrix of the system, g(t), is the inverse Laplace transform of the transfer-

function matrix G(s).  For future reference, we express g(t) as 
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4.   Poles and Zeros of MIMO System 

The reader will recall that, in the SISO case, the performance of control systems was markedly 

dependent on the location of open-loop zeros.  Thus, it would seem to be important to extend the 

notion of zeros to the MIMO case. We define zeros of a MIMO transfer function as those values 

of s that make the matrix G(s) lose rank.  This means that there exists at least one nonzero 

constant vector v (zero right direction) such that 

 

and at least one nonzero constant vector w (zero left direction) such that 

where s = c is one of the zeros of G(s). Note that the number of 

linearly independent vectors that satisfy      depends on the rank loss of G(s) 

when evaluated at s = c.  This number if known as the geometric multiplicity of the zero, and it is 

equal to the dimension of the null space generated by the columns of G(s). System zeros as 

defined above are not always obvious by looking at the transfer function.   

 

 

Topic : Exploiting Siso Techniques In Mimo Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about Applications of MIMO  

 Learn about Completely Decentralized Control    

 Learn about Pairing of Inputs and Outputs 
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 Learn about Relative Gain Array 

 Learn about Robustness Issues in Decentralized Systems 

  

  

Definition/Overview: 

MIMO: MIMO technology has attracted attention in wireless communications, since it offers 

significant increases in data throughput and link range without additional bandwidth or transmit 

power. It achieves this by higher spectral efficiency (more bits per second per hertz of 

bandwidth) and link reliability or diversity (reduced fading). Because of these properties, MIMO 

is a current theme of international wireless research. In the case of SISO control, we found that 

one could use a wide variety of synthesis methods.  Some of these carry over directly to the 

MIMO case.  However, there are several complexities that arise in MIMO situations.   For this 

reason, it is often desirable to use synthesis procedures that are in some sense automated. 

  

  

Key Points: 

1.   Applications of MIMO  

Spatial multiplexing techniques makes the receivers very complex, and therefore, it is typically 

combined with Orthogonal frequency-division multiplexing (OFDM) or with Orthogonal 

Frequency Division Multiple Access (OFDMA) modulation, where the problems created by 

multi-path channel are handled efficiently. The IEEE 802.16e standard incorporates MIMO-

OFDMA. The IEEE 802.11n standard, which is expected to be finalized soon, recommends 

MIMO-OFDM. MIMO is also planned to be used in Mobile radio telephone standards such as 

recent 3GPP and 3GPP2 standards. In 3GPP, High-Speed Packet Access plus (HSPA+) and 

Long Term Evolution (LTE) standards take MIMO into account. Moreover, to fully support 
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cellular environments MIMO research consortia including IST-MASCOT propose to develop 

advanced MIMO techniques, i.e., multi-user MIMO (MU-MIMO). 

  

2.   Completely Decentralized Control    

When applicable, the advantage of a completely decentralized controller, compared to a full 

MIMO controller, is that it is simpler to understand, is easier to maintain, and can be enhanced in 

a straightforward fashion (in the case of a plant upgrade).  

  

3.   Pairing of Inputs and Outputs 

If one is to use a decentralized architecture, then one needs to pair the inputs and outputs.  In the 

case of an m m plant transfer function, there are m! possible pairings.  However, physical insight 

can often be used to suggest sensible pairings. 

  

4.   Relative Gain Array 

One method that can be used to suggest pairings is a quantity known as the Relative Gain Array 

(RGA).  For a system with matrix transfer function  Go(s), the RGA is defined as a matrix  

with the ijth element 

  

 

where  [Go(0)]ij  and  [Go-1(0)]ij denote the ijth element of the plant d.c. gain and the jith 

element of the inverse of the d.c. gain matrix respectively. Note that [Go(0)]ij  corresponds to the 

d.c. gain from the ith input, ui, to the jth output, yj, while the rest of the inputs, ul for l {1, 2, , i-

1, i+1, , m} are kept constant.  Also [Go-1]ij is the reciprocal of the d.c. gain from the ith input, 
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ui, to the jth output, yj, while the rest of the outputs, yl for l {1, 2, , j-1, j+1, , m} are kept 

constant.  Thus, the parameter  ij provides an indication of how sensible it is to pair the ith 

input with the jth output. One usually aims to pick pairings such that the diagonal entries of    

are large.  One also tries to avoid pairings that result in negative diagonal entries in . 

  

5.   Robustness Issues in Decentralized Systems 

One way to carry out a decentralized control design is to use a diagonal nominal model. Thus, 

say we have a model Go(s), then the nominal model for decentralized control could be chosen 

as:  

  

 

  

and the additive model error would be 

 

  

We recall that a sufficient condition for robust stability is:  

Where is the maximum singular value of  

 

 

 

In Section 5 of this course you will cover these topics: 
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      Design Via Optimal Control Techniques  

      Model Predictive Control  

      Fundamental Limitations In Mimo Control  

      Mimo Controller Parameterizations  

      Decoupling  

 

Topic : Design Via Optimal Control Techniques 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Learn about Linear-quadratic Regulator 

 Learn about Finite Horizon    

 Learn about Infinite-horizon, continuous-time LQR 

 Learn about Infinite-horizon, discrete-time LQR 

  

  

Definition/Overview: 

Linear-quadratic Regulator: The theory of optimal control is concerned with operating a 

dynamic system at minimum cost. The case where the system dynamics are described by a set of 

linear differential equations and the cost is described by a quadratic functional is called the LQ 

problem. One of the main results in the theory is that the solution is provided by the linear-

quadratic regulator (LQR), a feedback controller whose equations are given below. The LQR 

is an important part of the solution to the LQG problem. Like the LQR problem itself the LQG 

problem is one of the most fundamental problems in control theory. 
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Key Points: 

1.   Overview of LQR  

In layman's terms, this means that the settings of a (regulating) controller governing either a 

machine or process (like an airplane or chemical reactor) are found by using a mathematical 

algorithm that minimizes a cost function with weighting factors supplied by a human (engineer). 

The "cost" (function) is often defined as a sum of the deviations of key measurements from their 

desired values. In effect this algorithm therefore, finds those controller settings that minimize the 

undesired deviations, like deviations from desired altitude or process temperature. Often the 

magnitude of the control action itself is included in this sum as to keep the energy expended by 

the control action itself limited. In effect, the LQR algorithm takes care of the tedious work done 

by the control systems engineer in optimizing the controller. However, the engineer still needs to 

specify the weighting factors and compare the results with the specified design goals. Often this 

means that controller synthesis will still be an iterative process where the engineer judges the 

produced "optimal" controllers through simulation and then adjusts the weighting factors to get a 

controller more in line with the specified design goals. The LQR algorithm is, at its core, just an 

automated way of finding an appropriate state-feedback controller. And as such it is not 

uncommon to find that control engineers prefer alternative methods like full-state feedback (also 

known as pole placement) to find a controller over the use of the LQR algorithm. With these the 

engineer has a much clearer linkage between adjusted parameters and the resulting changes in 

controller behaviour. Difficulty in finding the right weighting factors limits the application of the 

LQR based controller synthesis. 

  

2.   Finite Horizon    

For a continuous-time linear system described by 

with a quadratic cost function defined as 

the feedback control law that minimizes the value of the cost is 
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where K is given by: 

and P is found by solving the continuous time differential Riccati equation. 

3.   Infinite-horizon, continuous-time LQR 

For a continuous-time linear system described by 

with a cost functional defined as 

the feedback control law that minimizes the value of the cost is 

where K is given by: 

and P is found by solving the continuous time algebraic Riccati equation 

4.   Infinite-horizon, discrete-time LQR 

For a discrete-time linear system described by 

with a performance index defined as 

the optimal control sequence minimizing the performance index is given by 

Where 

and P is the solution to the discrete time algebraic Riccati equation (DARE). 

 

 

 

Topic : Model Predictive Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 
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 Learn about Model Predictive Control 

 Learn about Nonlinear MPC 

 Learn about System Identification 

 Learn about Model Components 

  

  

Definition/Overview: 

Model Predictive Control: Model Predictive Control, or MPC, is an advanced method of 

process control that has been in use in the process industries such as chemical plants and oil 

refineries since the 1980s. Model predictive controllers rely on dynamic models of the process, 

most often linear empirical models obtained by system identification. 

  

The generalized linear model: The generalized linear model (GLM) is a flexible generalization 

of ordinary least squares regression. It relates the random distribution of the measured variable of 

the experiment (the distribution function) to the systematic (non-random) portion of the 

experiment (the linear predictor) through a function called the link function. Generalized linear 

models were formulated by John Nelder and Robert Wedderburn as a way of unifying various 

other statistical models, including linear regression, logistic regression and Poisson regression, 

under one framework. This allowed them to develop a general algorithm for maximum-

likelihood estimation in all these models. It extends naturally to encompass many other models, 

as well.  
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Key Points: 

1.   Overview of MPC 

The applied models are determined to depict the behaviour of complex dynamical systems. The 

models shall compensate for the impact of non-linearities of variables and the chasm caused by 

non coherent process devolution. Hence the models are used to predict the behavior of dependent 

variables (i.e. outputs) of the modeled dynamical system with respect to changes in the process 

independent variables (i.e. inputs). In chemical processes, independent variables are most often 

set points of regulatory controllers that govern valve movement (e.g. valve positioners with or 

without flow, temperature or pressure controller cascades), while dependent variables are most 

often constraints in the process (e.g. product purity, equipment safe operating limits). The model 

predictive controller uses the models and current plant measurements to calculate future moves 

in the independent variables that will result in operation that honors all independent and 

dependent variable constraints. The MPC then sends this set of independent variable moves to 

the corresponding regulatory controller set points to be implemented in the process. 

  

Despite the fact that most real processes are approximately linear within only a limited operating 

window, linear MPC approaches are used in the majority of applications with the feedback 

mechanism of the MPC compensating for prediction errors due to structural mismatch between 

the model and the process. In model predictive controllers that consist only of linear models, the 

superposition principle of linear algebra enables the effect of changes in multiple independent 

variables to be added together to predict the response of the dependent variables. This simplifies 

the control problem to a series of direct matrix algebra calculations that are fast and robust.  

  

When linear models are not sufficiently accurate because of process nonlinearities, the process 

can be controlled with nonlinear MPC. Nonlinear MPC utilizes a nonlinear model directly in the 

control application. The nonlinear model may be in the form of an empirical data fit (e.g. 

artificial neural networks) or a high fidelity model based on fundamentals such as mass, species, 

and energy balances. The nonlinear model may be linearized to derive a Kalman filter or specify 

a model for linear MPC. The time derivatives may be set to zero (steady state) for applications of 

real-time optimization or data reconciliation. Alternatively, the nonlinear model may be used 
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directly in nonlinear model predictive control and nonlinear estimation (e.g. moving horizon 

estimation). A reliable nonlinear model is a core component of simulation, estimation, and 

control applications. 

  

1.1.   Theory behind MPC 

MPC is based on iterative, finite horizon optimization of a plant model. At time t the 

current plant state is sampled and a cost minimizing control strategy is computed (via a 

numerical minimization algorithm) for a relatively short time horizon in the future: [t,t + 

T]. Specifically, an online or on-the-fly calculation is used to explore state trajectories 

that emanate from the current state and find (via the solution of Euler-Lagrange 

equations) a cost-minimizing control strategy until time t + T. Only the first step of the 

control strategy is implemented, then the plant state is sampled again and the calculations 

are repeated starting from the now current state, yielding a new control and new predicted 

state path. The prediction horizon keeps being shifted forward and for this reason MPC is 

also called receding horizon control. Although this approach is not optimal, in practice 

it has given very good results. Much academic research has been done to find fast 

methods of solution of Euler-Lagrange type equations, to understand the global stability 

properties of MPC's local optimization, and in general to improve the MPC method. To 

some extent the theoreticians have been trying to catch up with the control engineers 

when it comes to MPC. 

  

1.2.   Principles of MPC 

Model Predictive Control (MPC) is a multivariable control algorithm that uses: 

o    an internal dynamic model of the process 

o    a history of past control moves and 
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o    an optimization cost function J over the receding prediction horizon,  

o    to calculate the optimum control moves. 

  

The optimization cost function is given by: 

 

 

without violating constraints (low/high limits) 

With: 

xi = i -th control variable (e.g. measured temperature) 

ri = i -th reference variable (e.g. required temperature) 

ui = i -th manipulated variable (e.g. control valve) 

= weighting coefficient reflecting the relative importance of xi 

etc. 

  

2.   Nonlinear MPC 

Nonlinear Model Predictive Control, or NMPC, is a variant of model predictive control (MPC) 

that is characterized by the use of nonlinear system models in the prediction. As in linear MPC, 

NMPC requires the iterative solution of optimal control problems on a finite prediction horizon. 

While these problems are convex in linear MPC, in nonlinear MPC they are not convex 

anymore. This poses challenges for both, NMPC stability theory and numerical solution. The 

numerical solution of the NMPC optimal control problems is typically based on direct optimal 

control methods using Newton-type optimization schemes, in one of the variants: direct single 

shooting, direct multiple shooting methods, or direct collocation. NMPC algorithms typically 

exploit the fact that consecutive optimal control problems are similar to each other. This allows 

to initialize the Newton-type solution procedure efficiently by a suitably shifted guess from the 
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previously computed optimal solution, saving considerable amounts of computation time. The 

similarity of subsequent problems is even further exploited by path following algorithms (or 

"real-time iterations") that never attempt to iterate any optimization problem to convergence, but 

instead only take one iteration towards the solution of the most current NMPC problem, before 

proceeding to the next one, which is suitably initialized. While NMPC applications have in the 

past been mostly used in the process and chemical industries with comparatively slow sampling 

rates, NMPC is more and more being applied to applications with high sampling rates, e.g., in 

the automotive industry. 

  

3.   System Identification 

System identification is a general term to describe mathematical tools and algorithms that build 

dynamical models from measured data. A dynamical mathematical model in this context is a 

mathematical description of the dynamic behavior of a system or process in either the time or 

frequency domain. Examples include 

 physical processes such as the movement of the falling body under the influence of 

gravity; 

 economic processes such as stock markets that react to external influences. 

One could build a so-called white-box model based on first principles, eg. a model for a physical 

process from the Newton equations, but in many cases such models will be overly complex and 

possibly even impossible to obtain in a reasonable time due to the complex nature of many 

systems and processes. A much more common approach is therefore, to start from measurements 

of the behavior of the system and the external influences (inputs to the system) and try to 

determine a mathematical relation between them without going into the details of what is 

actually happening inside the system. This approach is called system identification. Two types of 

models are common in the field of system identification: 

 grey box model: although the peculiarities of what is going on inside the system are not 

entirely known, a certain model based on both insight into the system and experimental 

data is constructed. This model does however, still have a number of unknown free 

parameters which can be estimated using system identification.  As an example,  uses the 
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Monod saturation model for microbial growth. The model contains a simple hyperbolic 

relationship between substrate concentration and growth rate, but this can be justified by 

molecules binding to a substrate without going into detail on the types of molecules or 

types of binding. Grey box modeling is also known as semi-physical modeling.  

 black box model: No prior model is available. Most system identification algorithms are 

of this type. 

  

4.   Model Components 

The GLM consists of three elements. 

 A distribution function f, from the exponential family. 

 A linear predictor η = Xβ . 

 A link function g such that E(Y) = μ = g-1(η). 

 

 

Topic : Fundamental Limitations In Mimo Control 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Closed-loop transfer function 

 Learn about the derivation of Closed-loop transfer function 
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Definition/Overview: 

Closed-loop transfer function: A closed-loop transfer function in control theory is a 

mathematical expression (algorithm) describing the net result of the effects of a closed 

(feedback) loop on the input signal to the circuits enclosed by the loop.  

  

  

Key Points: 

1.   Overview of closed-loop transfer function 

The closed-loop transfer function is measured at the output. The output signal waveform can be 

calculated from the closed-loop transfer function and the input signal waveform. 

An example of a closed-loop transfer function is shown below: 

 

  

The summing node and the G(s) and H(s) blocks can all be combined into one block, which 

would have the following transfer function: 

 

2.   Derivation 

Topic : Mimo Controller Parameterizations 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Affine Geometry of Curves 

 Learn about Affine Curvature 

 Learn about the Mathematical Representation of MIMO Controller 
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Definition/Overview: 

Affine Geometry of Curves: In the mathematical field of differential geometry, the affine 

geometry of curves is the study of curves in an affine space, and specifically the properties of 

such curves which are invariant under the special affine group  In the 

classical Euclidean geometry of curves, the fundamental tool is the Frenet-Serret frame. In affine 

geometry, the Frenet-Serret frame is no longer well-defined, but it is possible to define another 

canonical moving frame along a curve which plays a similar decisive role. The theory was 

developed in the early 20th century, largely from the efforts of Wilhelm Blaschke and Jean 

Favard. 

   

  

Key Points: 

1.   Mathematical Representation of MIMO Controller 

In MIMO systems, a transmitter sends multiple streams by multiple transmit antennas. The 

transmit streams go through a matrix channel which consists of multiple paths between multiple 

transmit antennas at the transmitter and multiple receive antennas at the receiver. Then, the 

receiver gets the received signal vectors by the multiple receive antennas and decodes the 

received signal vectors into the original information. Here is a MIMO system model: 
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Where and are the receive and transmit vectors, respectively. In addition, and are the 

channel matrix and the noise vector, respectively. Referring to information theory, the erogodic 

channel capacity of MIMO systems is given by 

 The achievable capacity of closed loop MIMO systems is:  

 

Where we have used that and . 

The functions of svd() and waterfilling() represent singular value decomposition and 

power allocation by the water filling rule, respectively. 

 The achievable capacity of open loop MIMO systems is:  

 

since the use of any unitary matrix information shaping of at the transmitter 

can achieve the capacity of a open-loop MIMO system, which is mostly min(Nt,Nr) times 

larger than that of a SISO system 

  

2.   Affine Curvature 

Special affine curvature, also known as the equi-affine curvature or affine curvature, is a 

particular type of curvature that is defined on a plane curve that remains unchanged under a 

special affine transformation (an affine transformation that preserves area). The curves of 

constant equi-affine curvature k are precisely all nonsingular plane conics. Those with k > 0 are 

ellipses, those with k = 0 are parabolas, and those with k < 0 are hyperbolas. The usual Euclidean 

curvature of a curve at a point is the curvature of its osculating circle, the unique circle making 
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second order contact with the curve at the point. In the same way, the special affine curvature of 

a curve at a point P is the special affine curvature of its hyperosculating conic, which is the 

unique conic making fourth order contact with the curve at P. In other words it is the limiting 

position of the (unique) conic through P and four points P1, P2, P3, P4 on the curve, as each of 

the points approaches P: 

 

In some contexts, the affine curvature refers to a differential invariant κ of the general affine 

group, which may readily obtained from the special affine curvature k by κ = k
−3/2

dk/ds, where s 

is the special affine arc length. Where the general affine group is not used, the special affine 

curvature k is sometimes (confusingly) also called the affine curvature. 

 

 

Topic : Decoupling 

 

Topic Objective: 

At the end of this topic the student would be able to: 

 Define Marginal Stability and Diagonalization 

 Learn about the Coupling Loss  

 Learn about the Characterization of Diagonalizable Matrices 

 Learn about the Quantum Mechanical Application 

  

 

 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

122
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Definition/Overview: 

Marginal Stability: In the theory of dynamical systems, and control theory, a continuous linear 

time-invariant system is marginally stable if and only if the real part of every eigenvalue (or 

pole) in the system's transfer-function is non positive, and all eigenvalues with zero real value 

are simple roots (i.e. the eigenvalues on the imaginary axis are all distinct from one another). If 

all the poles have strictly negative real parts, the system is instead asymptotically stable. A 

discrete linear time-invariant system is marginally stable if and only if the transfer function's 

spectral radius is 1. That is, the greatest magnitude of any of the eigenvalues (or poles) of the 

transfer function is 1. The values of the poles must also be distinct. If the spectral radius is less 

than 1, the system is instead asymptotically stable. 

  

Diagonalization: In linear algebra, a square matrix A is called diagonalizable if it is similar to a 

diagonal matrix, i.e. if there exists an invertible matrix P such that P −1AP is a diagonal matrix. 

If V is a finite-dimensional vector space, then a linear map T : V → V is called diagonalizable if 

there exists a basis of V with respect to which T is represented by a diagonal matrix. 

Diagonalization is the process of finding a corresponding diagonal matrix for a diagonalizable 

matrix or linear map. Diagonalizable matrices and maps are of interest because diagonal matrices 

are especially easy to handle: their eigenvalues and eigenvectors are known and one can raise a 

diagonal matrix to a power by simply raising the diagonal entries to that same power.  

  

  

Key Points: 

1.   Coupling Loss  

Coupling loss also known as connection loss is the loss that occurs when energy is transferred 

from one circuit, circuit element, or medium to another. Coupling loss is usually expressed in the 

same unitssuch as watts or decibelsas in the originating circuit element or medium. Coupling loss 

in fiber optics refers to the power loss that occurs when coupling light from one optical device or 
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medium to another.  Coupling losses can result from a number of factors. In electronics, 

mismatched impedance between coupled components results in a reflection of a portion of 

energy at the interface. Likewise, in optical systems, where there is a change in the index of 

refraction (most commonly at a fiber/air interface), a portion of the energy is reflected back into 

the source component. Another major source of optical coupling loss is geometrical. As an 

example, two fibers coupled end-to-end may not be precisely aligned, with the result that the two 

cores overlap somewhat. Light exiting the source fiber at a portion of its core that is not aligned 

with the core of the receiving fiber will not (in general) be coupled into the second fiber. Note 

that while some such light will be coupled into the second fiber, it is not likely to be efficiently 

coupled, nor will it generally travel in an appropriate mode in the second fiber. Similarly, even 

for two perfectly aligned cores, where there is a gap of any significant distance between the two 

fibers, there will be some geometric loss due to spread of the beam. Some percentage of the light 

rays exiting the source fiber face will not intersect the second fiber within its entrance cone. 

  

2.   Characterization of Diagonalizable Matrices 

The fundamental fact about diagonalizable maps and matrices is expressed by the following: 

 An n-by-n matrix A over the field F is diagonalizable if and only if the sum of the 

dimensions of its eigenspaces is equal to n, which is the case if and only if there exists a 

basis of F
n
 consisting of eigenvectors of A. If such a basis has been found, one can form 

the matrix P having these basis vectors as columns, and P
 -1

AP will be a diagonal matrix. 

The diagonal entries of this matrix are the eigenvalues of A. 

 A linear map T : V → V is diagonalizable if and only if the sum of the dimensions of its 

eigenspaces is equal to dim(V), which is the case if and only if there exists a basis of V 

consisting of eigenvectors of T. With respect to such a basis, T will be represented by a 

diagonal matrix. The diagonal entries of this matrix are the eigenvalues of T. 

  

Another characterization: A matrix or linear map is diagonalizable over the field F if and only if 

its minimal polynomial is a product of distinct linear factors over F. The following sufficient (but 

not necessary) condition is often useful. 
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 An n-by-n matrix A is diagonalizable over the field F if it has n distinct eigenvalues in F, 

i.e. if its characteristic polynomial has n distinct roots in F. 

 A linear map T : V → V with n=dim(V) is diagonalizable if it has n distinct eigenvalues, 

i.e. if its characteristic polynomial has n distinct roots in F. 

  

As a rule of thumb, over C almost every matrix is diagonalizable. More precisely: the set of 

complex n-by-n matrices that are not diagonalizable over C, considered as a subset of C
nn

, has 

Lebesgue measure zero. One can also say that the diagonalizable matrices form a dense subset 

with respect to the Zariski topology: the complement lies inside the set where the discriminant of 

the characteristic polynomial vanishes, which is a hyper surface. From that follows also density 

in the usual (strong) topology given by a norm. The same is not true over R. As n increases, it 

becomes (in some sense) less and less likely that a randomly selected real matrix is 

diagonalizable over R. The JordanChevalley decomposition expresses an operator as the sum of 

its semi-simple (i.e., diagonalizable) part and its nilpotent part. Hence, a matrix is diagonalizable 

if and only if its nilpotent part is zero. Put in another way, a matrix is diagonalizable if each 

block in its Jordan form has no nilpotent part; i.e., one-by-one matrix. 

  

3.   Quantum Mechanical Application 

In quantum mechanical and quantum chemical computations matrix diagonalization is one of the 

most frequently applied numerical processes. The basic reason is that the time-independent 

Schrdinger equation is an eigenvalue equation, albeit in most of the physical situations on an 

infinite dimensional space (a Hilbert space). A very common approximation is to truncate Hilbert 

space to finite dimension, after which the Schrdinger equation can be formulated as an 

eigenvalue problem of a real symmetric, or complex Hermitian, matrix. Formally this 

approximation is founded on the variational principle, valid for Hamiltonians that are bounded 

from below. But also first-order perturbation theory for degenerate states leads to a matrix 

eigenvalue problem. 
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