
“Foundations of mechanical engineering”.

In Section 1 of this course you will cover these topics:
Statically Determinate Force Systems

Statically Determinate Stress Systems.

Stress-Strain Relations.

Torsion

Topic : Statically Determinate Force Systems

Topic Objective:

After studying this topic the student should be able to:

 Define Newtons Law of Motion

Definition/Overview:

Force: In physics, a force is whatever that can cause an object with mass to accelerate. Force has

both magnitude and direction, making it a vector quantity. According to Newton's second law, an

object with constant mass will accelerate in proportion to the net force acting upon it and in

inverse proportion to its mass. An equivalent formulation is that the net force on an object is

equal to the rate of change of momentum it experiences. Forces acting on three-dimensional

objects may also cause them to rotate or deform, or result in a change in pressure. The tendency

of a force to cause angular acceleration about an axis is termed torque. Deformation and pressure

are the result of stress forces within an object.
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Key Points:

1. Newtonian mechanics

Newton's second law of motion relates the concept of force with the time-derivative of

momentum:

.

In 1687, Newton went on to publish his Philosophiae Naturalis Principia Mathematica, which

used concepts of inertia, force, and conservation to describe the motion of all objects. In this

work, Newton set out three laws of motion that to this day are the way forces are described in

physics.

 Newton's first law

Newton's first law of motion states that objects continue to move in a state of constant

velocity unless acted upon by an external net force or resultant force. This law is an

extension of Galileo's insight that constant velocity was associated with a lack of net

force (see a more detailed description of this below). Newton proposed that every object

with mass has an innate inertia that functions as the fundamental equilibrium "natural

state" in place of the Aristotelian idea of the "natural state of rest". That is, the first law

contradicts the intuitive Aristotelian belief that a net force is required to keep an object

moving with constant velocity. By making rest physically indistinguishable from non-

zero constant velocity, Newton's first law directly connects inertia with the concept of

relative velocities. Specifically, in systems where objects are moving with different

velocities, it is impossible to determine which object is "in motion" and which object is

"at rest". In other words, to phrase matters more technically, the laws of physics are the

same in every inertial frame of reference, that is, in all frames related by a Galilean

transformation.

For example, while traveling in a moving vehicle at a constant velocity, the laws of

physics do not change from being at rest. A person can throw a ball straight up in the air
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and catch it as it falls down without worrying about applying a force in the direction the

vehicle is moving. This is true even though another person who is observing the moving

vehicle pass by also observes the ball follow a curving parabolic path in the same

direction as the motion of the vehicle. It is the inertia of the ball associated with its

constant velocity in the direction of the vehicle's motion that ensures the ball continues to

move forward even as it is thrown up and falls back down. From the perspective of the

person in the car, the vehicle and every thing inside of it is at rest: It is the outside world

that is moving with a constant speed in the opposite direction. Since there is no

experiment that can distinguish whether it is the vehicle that is at rest or the outside world

that is at rest, the two situations are considered to be physically indistinguishable. Inertia

therefore applies equally well to constant velocity motion as it does to rest.

The concept of inertia can be further generalized to explain the tendency of objects to

continue in many different forms of constant motion, even those that are not strictly

constant velocity. The rotational inertia of planet Earth is what fixes the constancy of the

length of a day and the length of a year. Albert Einstein extended the principle of inertia

further when he explained that reference frames subject to constant acceleration, such as

those free-falling toward a gravitating object, were physically equivalent to inertial

reference frames. This is why, for example, astronauts experience weightlessness when in

free-fall orbit around the Earth, and why Newton's Laws of Motion are more easily

discernible in such environments. If an astronaut places an object with mass in mid-air

next to herself, it will remain stationary with respect to the astronaut due to its inertia.

This is the same thing that would occur if the astronaut and the object were in

intergalactic space with no net force of gravity acting on their shared reference frame.

This principle of equivalence was one of the foundational underpinnings for the

development of the general theory of relativity.

 Newton's second law

A modern statement of Newton's second law is a vector differential equation:
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where is the momentum of the system, and is the net (vector sum) force. In

equilibrium there is zero net force by definition, but (balanced) forces may be present

nevertheless. In contrast, the second law states an unbalanced force acting on an object

will result in the object's momentum changing over time.

By the definition of momentum,

where m is the mass and is the velocity. Because Newton's Second Law as stated only

describes the momentum of systems that have constant mass,

.

By substituting the definition of acceleration, Newton's second law takes the famous form

It is sometimes called the "second most famous formula in physics". Newton never

explicitly stated the formula in the final form above.

Newton's second law asserts the proportionality of acceleration and mass to force.

Accelerations can be defined through kinematic measurements. However, while

kinematics are well-described through reference frame analysis in advanced physics,

there are still deep questions that remain as to what is the proper definition of mass.

General relativity offers an equivalence between space-time and mass, but lacking a

coherent theory of quantum gravity, it is unclear as to how or whether this connection is

relevant on microscales. With some justification, Newton's second law can be taken as a

quantitative definition of mass by writing the law as an equality; the relative units of

force and mass then are fixed.

The use of Newton's second law as a definition of force has been disparaged in some of

the more rigorous textbooks, because it is essentially a mathematical truism. The equality

between the abstract idea of a "force" and the abstract idea of a "changing momentum

vector" ultimately has no observational significance because one cannot be defined

without simultaneously defining the other. What a "force" or "changing momentum" is

must either be referred to an intuitive understanding of our direct perception, or be

defined implicitly through a set of self-consistent mathematical formulas. Notable

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

4
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



physicists, philosophers and mathematicians who have sought a more explicit definition

of the concept of "force" include Ernst Mach, Clifford Truesdell and Walter Noll.

Newton's second law can be used to measure the strength of forces. For instance,

knowledge of the masses of planets along with the accelerations of their orbits allows

scientists to calculate the gravitational forces on planets.

 Newton's third law

Newton's third law is a result of applying symmetry to situations where forces can be

attributed to the presence of different objects. For any two objects (call them 1 and 2),

Newton's third law states that any force that is applied to object 1 due to the action of

object 2 is automatically accompanied by a force applied to object 2 due to the action of

object 1.

This law implies that forces always occur in action-reaction pairs. If object 1 and object 2

are considered to be in the same system, then the net force on the system due to the

interactions between objects 1 and 2 is zero since

.

This means that in a closed system of particles, there are no internal forces that are

unbalanced. That is, action-reaction pairs of forces shared between any two objects in a

closed system will not cause the center of mass of the system to accelerate. The

constituent objects only accelerate with respect to each other, the system itself remains

unaccelerated. Alternatively, if an external force acts on the system, then the center of

mass will experience an acceleration proportional to the magnitude of the external force

divided by the mass of the system.

Combining Newton's second and third laws, it is possible to show that the linear

momentum of a system is conserved. Using
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and integrating with respect to time, the equation:

is obtained. For a system which includes objects 1 and 2,

which is the conservation of linear momentum. Using the similar arguments, it is possible

to generalizing this to a system of an arbitrary number of particles. This shows that

exchanging momentum between constituent objects will not affect the net momentum of

a system. In general, as long as all forces are due to the interaction of objects with mass,

it is possible to define a system such that net momentum is never lost nor gained.

Topic : Statically Determinate Stress Systems.

Topic Objective:

After studying this topic the student should be able to:

 Define Stress as a tensor

 Define Cauchy's stress principle

 Relate Equilibrium equations and symmetry of the stress tensor

 Understand the Principal stresses and stress invariants

 Define Stress deviator tensor

 Define Octahedral stresses

 Analyze stress
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 Define Mohr's circle for stresses

 Define the Alternative measures of stress

Definition/Overview:

Stress: is a measure of the average amount of force exerted per unit area. It is a measure of the

intensity of the total internal forces acting within a body across imaginary internal surfaces, as a

reaction to external applied forces and body forces. It was introduced into the theory of elasticity

by Cauchy around 1822. Stress is a concept that is based on the concept of continuum. In

general, stress is expressed as

where

is the average stress, also called engineering or nominal stress, and

is the force acting over the area .

Key Points:

1. Stress as a tensor

In its full form, linear stress is a rank-two tensor quantity, and may be represented as a 3x3

matrix. A tensor may be seen as a linear vector operator - it takes a given vector and

produces another vector as a result. In the case of the stress tensor , it takes the vector
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normal to any area element and yields the force (or "traction") acting on that area element. In

matrix notation:

where are the components of the vector normal to a surface area element with a length

equal to the area of the surface element, and are the components of the force vector (or

traction vector) acting on that element. Using index notation, we can eliminate the

summation sign, since all sums will be the same over repeated indices. Thus:

Just as it is the case with a vector (which is actually a rank-one tensor), the matrix

components of a tensor depend upon the particular coordinate system chosen. As with a

vector, there are certain invariants associated with the stress tensor, whose value does not

depend upon the coordinate system chosen (or the area element upon which the stress tensor

operates). For a vector, there is only one invariant - the length. For a tensor, there are three -

the eigenvalues of the stress tensor, which are called the principal stresses. It is important to

note that the only physically significant parameters of the stress tensor are its invariants,

since they are not dependent upon the choice of the coordinate system used to describe the

tensor.

If we choose a particular surface area element, we may divide the force vector by the area

(stress vector) and decompose it into two parts: a normal component acting normal to the

stressed surface, and a shear component, acting parallel to the stressed surface. An axial

stress is a normal stress produced when a force acts parallel to the major axis of a body, e.g.

column. If the forces pull the body producing an elongation, the axial stress is termed tensile

stress. If on the other hand the forces push the body reducing its length, the axial stress is

termed compressive stress. Bending stresses, e.g. produced on a bent beam, are a

combination of tensile and compressive stresses. Torsional stresses, e.g. produced on twisted

shafts, are shearing stresses.
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In the above description, little distinction is drawn between the "stress" and the "stress

vector" since the body which is being stressed provides a particular coordinate system in

which to discuss the effects of the stress. The distinction between "normal" and "shear"

stresses is slightly different when considered independently of any coordinate system. The

stress tensor yields a stress vector for a surface area element at any orientation, and this stress

vector may be decomposed into normal and shear components. The normal part of the stress

vector averaged over all orientations of the surface element yields an invariant value, and is

known as the hydrostatic pressure. Mathematically it is equal to the average value of the

principal stresses (or, equivalently, the trace of the stress tensor divided by three). The

normal stress tensor is then the product of the hydrostatic pressure and the unit tensor.

Subtracting the normal stress tensor from the stress tensor gives what may be called the

shear tensor. These two quantities are true tensors with physical significance, and their

nature is independent of any coordinate system chosen to describe them. In fact, the extended

Hooke's law is basically the statement that each of these two tensors is proportional to its

strain tensor counterpart, and the two constants of proportionality (elastic moduli) are

independent of each other. Note that In rheology, the normal stress tensor is called

extensional stress, and in acoustics is called longitudinal stress.

Solids, liquids and gases have stress fields. Static fluids support normal stress but will flow

under shear stress. Moving viscous fluids can support shear stress (dynamic pressure). Solids

can support both shear and normal stress, with ductile materials failing under shear and

brittle materials failing under normal stress. All materials have temperature dependent

variations in stress related properties, and non-newtonian materials have rate-dependent

variations.

2. Cauchy's stress principle

Cauchy's stress principle asserts that when a continuum body is acted on by forces, i.e.

surface forces and body forces, there are internal reactions (forces) throughout the body

acting between the material points. Based on this principle, Cauchy demonstrated that the

state of stress at a point in a body is completely defined by the nine components of a

second-order Cartesian tensor called the Cauchy stress tensor, given by
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where

, , and are the stress vectors associated with the planes

perpendicular to the coordinate axes,

, , and are normal stresses, and

, , , , , and are shear stresses.

The Voigt notation representation of the Cauchy stress tensor takes advantage of the

symmetry of the stress tensor to express the stress as a 6-dimensional vector of the form

The Voigt notation is used extensively in representing stress-strain relations in solid

mechanics and for computational efficiency in numerical structural mechanics software.

2.1 Relationship stress vector - stress tensor

The stress vector at any point associated with a plane of normal vector can be

expressed as a function of the stress vectors on the planes perpendicular to the coordinate

axes, i.e. in terms of the components of the stress tensor . In tensor form this is:

2.2 Transformation rule of the stress tensor

It can be shown that the stress tensor is a second order tensor; this is, under a change of the

coordinate system, from an system to an system, the components in the initial

system are transformed into the components in the new system according to the tensor

transformation rule:
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where is a rotation matrix. In matrix form this is

An easy visualization of this transformation for 2D and 3D stresses for simple rotations is

Mohr's circle

2.3 Normal and shear stresses

The magnitude of the normal stress component, , of any stress vector acting on an

arbitrary plane with normal vector at a given point in terms of the component of the stress

tensor is the dot product of the stress vector and the normal vector, thus

The magnitude of the shear stress component, , can then be found using the Pythagorean

theorem, thus

3. Equilibrium equations and symmetry of the stress tensor

When a body is in equilibrium the components of the stress tensor in every point of the body

satisfy the equilibrium equations,
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At the same time, equilibrium requires that the summation of moments with respect to an

arbitrary point is zero, which leads to the conclusion that the stress tensor is symmetric,

i.e.

However, in the presence of couple-stresses, i.e. moments per unit volume, the stress

tensor is non-symmetric. This also is the case when the Knudsen number is close to one,

, e.g. Non-Newtonian fluid, which can lead to rotationally non-invariant fluids,

such as polymers.

4. Principal stresses and stress invariants

The components of the stress tensor depend on the orientation of the coordinate system at

the point under consideration. However, the stress tensor itself is a physical quantity and as

such, it is independent of the coordinate system chosen to represent it. There are certain

invariants associated with every tensor which are also independent of the coordinate system.

For example, a vector is a simple tensor of rank one. In three dimensions, it has three

components. The value of these components will depend on the coordinate system chosen to

represent the vector, but the length of the vector is a physical quantity (a scalar) and is

independent of the coordinate system chosen to represent the vector. Similarly, every second

rank tensor (such as the stress and the strain tensors) has three independent invariant

quantities associated with it. One set of such invariants are the principal stresses of the

stress tensor, which are just the eigenvalues of the stress tensor. Their direction vectors are

the principal directions or eigenvectors. When the coordinate system is chosen to coincide

with the eigenvectors of the stress tensor, the stress tensor is represented by a diagonal

matrix:
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where , , and , are the principal stresses. These principal stresses may be combined to

form three other commonly used invariants, , , and , which are the first, second and

third stress invariants, respectively. The first and third invariant are the trace and

determinant respectively, of the stress tensor. Thus, we have

Because of its simplicity, working and thinking in the principal coordinate system is often

very useful when considering the state of the elastic medium at a particular point.

5. Stress deviator tensor

The stress tensor can be expressed as the sum of two other stress tensors:

1. a mean hydrostatic stress tensor or volumetric stress tensor or mean normal

stress tensor, , which tends to change the volume of the stressed body; and

2. a deviatoric component called the stress deviator tensor, , which tends to distort

it.

where is the mean stress given by

The deviatoric stress tensor can be obtained by subtracting the hydrostatic stress tensor from

the stress tensor:

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

13
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



5.1 Invariants of the stress deviator tensor

As it is a second order tensor, the stress deviator tensor also has a set of invariants, which

can be obtained using the same procedure used to calculate the invariants of the stress

tensor. It can be shown that the principal directions of the stress deviator tensor are the

same as the principal directions of the stress tensor . Thus, the characteristic equation

is

where , and are the first, second, and third deviatoric stress invariants,

respectively. Their values are the same (invariant) regardless of the orientation of the

coordinate system chosen. These deviatoric stress invariants can be expressed as a

function of the components of or its principal values , , and , or alternatively, as

a function of or its principal values , , and . Thus,

Because , the stress deviator tensor is in a state of pure shear.

A quantity called the equivalent stress or von Mises stress is commonly used in solid

mechanics. The equivalent stress is defined as

6. Octahedral stresses

Considering the principal directions as the coordinate axes, a plane which normal vector makes

equal angles with each of the principal axes, i.e. having direction cosines equal to , is

called an octahedral plane. There are a total of eight octahedral planes (Figure 6). The normal
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and shear components of the stress tensor on these planes are called octahedral normal stress

and octahedral shear stress , respectively.

Knowing that the stress tensor of point O (Figure 6) in the principal axes is

the stress vector on an octahedral plane is then given by:

The normal component of the stress vector at point O associated with the octahedral

plane is

which is the mean normal stress or hydrostatic stress. This value is the same in all eight

octahedral planes. The shear stress on the octahedral plane is then

7. Analysis of stress: Uniaxial stress

All real objects occupy a three-dimensional space. However, depending on the loading

condition and viewpoint of the observer the same physical object can alternatively be

assumed as one-dimensional or two-dimensional, thus simplifying the mathematical

modelling of the object.

If two of the dimensions of the object are very large or very small compared to the others,

the object may be modelled as one-dimensional. In this case the stress tensor has only one
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component and is indistinguishable from a scalar. One-dimensional objects include a

piece of wire loaded at the ends and viewed from the side, and a metal sheet loaded on

the face and viewed up close and through the cross section.

When a structural element is elongated or compressed, its cross-sectional area changes by

an amount that depends on the Poisson's ratio of the material. In engineering applications,

structural members experience small deformations and the reduction in cross-sectional

area is very small and can be neglected, i.e., the cross-sectional area is assumed constant

during deformation. For this case, the stress is called engineering stress or nominal

stress. In some other cases, e.g., elastomers and plastic materials, the change in cross-

sectional area is significant, and the stress must be calculated assuming the current cross-

sectional area instead of the initial cross-sectional area. This is termed true stress and is

expressed as

,

where

is the nominal (engineering) strain, and

is nominal (engineering) stress.

The relationship between true strain and engineering strain is given by

.

In uniaxial tension, true stress is then greater than nominal stress. The converse holds in

compression.

7.1 Plane stress

A state of plane stress exist when one of the principal stresses is zero, stresses with

respect to the thin surface are zero. This usually occurs in structural elements where one

dimension is very small compared to the other two, i.e. the element is flat or thin, and the

stresses are negligible with respect to the smaller dimension as they are not able to

develop within the material and are small compared to the in-plane stresses. Therefore,
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the face of the element is not acted by loads and the structural element can be analyzed as

two-dimensional, e.g. thin-walled structures such as plates subject to in-plane loading or

thin cylinders subject to pressure loading. The stress tensor can then be approximated by:

.

The corresponding strain tensor is:

in which the non-zero term arises from the Poisson's effect. This strain term can be

temporarily removed from the stress analysis to leave only the in-plane terms, effectively

reducing the analysis to two dimensions.

7.2 Plane strain

If one dimension is very large compared to the others, the principal strain in the direction

of the longest dimension is constrained and can be assumed as zero, yielding a plane

strain condition. In this case, though all principal stresses are non-zero, the principal

stress in the direction of the longest dimension can be disregarded for calculations. Thus,

allowing a two dimensional analysis of stresses, e.g. a dam analyzed at a cross section

loaded by the reservoir.

8. Mohr's circle for stresses

Mohr's circle is a graphical representation of any 2-D stress state and was named for

Christian Otto Mohr. Mohr's circle may also be applied to three-dimensional stress. In this

case, the diagram has three circles, two within a third.

Mohr's circle is used to find the principal stresses, maximum shear stresses, and principal

planes. For example, if the material is brittle, the engineer might use Mohr's circle to find the

maximum component of normal stress (tension or compression); and for ductile materials,

the engineer might look for the maximum shear stress.
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9. Alternative measures of stress

The Cauchy stress is not the only measure of stress that is used in practice. Other measures of

stress include the first and second Piola-Kirchhoff stress tensors, the Biot stress tensor, and

the Kirchhoff stress tensor.

9.1 Piola-Kirchhoff stress tensor

In the case of finite deformations, the Piola-Kirchhoff stress tensors are used to express

the stress relative to the reference configuration. This is in contrast to the Cauchy stress

tensor which expresses the stress relative to the present configuration. For infinitesimal

deformations or rotations, the Cauchy and Piola-Kirchoff tensors are identical. These

tensors take their names from Gabrio Piola and Gustav Kirchhoff.

9.2 1st Piola-Kirchhoff stress tensor

Whereas the Cauchy stress tensor, , relates forces in the present configuration to areas

in the present configuration, the 1st Piola-Kirchhoff stress tensor, relates forces in

the present configuration with areas in the reference ("material") configuration. is

given by

where is the Jacobian, and is the inverse of the deformation gradient.

Because it relates different coordinate systems, the 1st Piola-Kirchhoff stress is a two-

point tensor. In general, it is not symmetric. The 1st Piola-Kirchhoff stress is the 3D

generalization of the 1D concept of engineering stress.

If the material rotates without a change in stress state (rigid rotation), the components of

the 1st Piola-Kirchhoff stress tensor will vary with material orientation.

The 1st Piola-Kirchhoff stress is energy conjugate to the deformation gradient.

9.3 2nd Piola-Kirchhoff stress tensor

Whereas the 1st Piola-Kirchhoff stress relates forces in the current configuration to areas

in the reference configuration, the 2nd Piola-Kirchhoff stress tensor relates forces in

the reference configuration to areas in the reference configuration. The force in the

reference configuration is obtained via a mapping that preserves the relative relationship

between the force direction and the area normal in the current configuration.
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This tensor is symmetric.

If the material rotates without a change in stress state (rigid rotation), the components of

the 2nd Piola-Kirchhoff stress tensor will remain constant, irrespective of material

orientation.

The 2nd Piola-Kirchhoff stress tensor is energy conjugate to the Green-Lagrange finite

strain tensor.

Topic : Stress-Strain Relations.

Topic Objective:

After studying this topic the student should be able to:

 Define Strain

 Define Deformation

Definition/Overview:

StressStrain: During testing of a material sample, the stressstrain curve is a graphical

representation of the relationship between stress, derived from measuring the load applied on the

sample, and strain, derived from measuring the deformation of the sample, i.e. elongation,

compression, or distortion. The nature of the curve varies from material to material. The

following diagrams illustrate the stressstrain behaviour of typical materials in terms of the

engineering stress and engineering strain where the stress and strain are calculated based on the

original dimensions of the sample and not the instantaneous values.
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Stress-Strain Index: The stress-strain index (SSI), of a bone, is a surrogate measure of bone

strength determined from a cross-sectional scan by QCT or pQCT (radiological scan). The

Stress-Strain Index is used to compare the strucural parameters determined by analysis of

QCT/pQCT cross-sectional scans to the results of three point bending test.

Deformation is the change in shape and/or size of a continuum body after it undergoes a

displacement between an initial or undeformed configuration , at time , and a

current or deformed configuration , at the current time .

Key Points:

1. Strain

Strain is the geometrical measure of deformation representing the relative displacement

between particles in the material body, i.e. a measure of how much a given displacement

differs locally from a rigid-body displacement (Jaboc Lubliner). Strain defines the amount of

stretch or compression along a material line elements or fibers, i.e. normal strain, and the

amount of distortion associated with the sliding of plane layers over each other, i.e. shear

strain, within a deforming body (David Rees). Strain is a dimensionless quantity, which can

be expressed as a decimal fraction, a percentage or in parts-per notation.

The state of strain at a material point of a continuum body is defined as the totality of all the

changes in length of material lines or fibers, i.e. normal strain, which pass through that point

and also the totality of all the changes in the angle between pairs of lines initially

perpendicular to each other, i.e. shear strain, radiating from this point. However, it is

sufficient to know the normal and shear components of strain on a set of three mutually

perpendicular directions.
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If there is an increase in length of the material line, the normal strain is called tensile strain,

otherwise, if there is reduction or compression in the length of the material line, it is called

compressive strain.

1.1 Strain measures

Depending on the amount of strain, i.e. local deformation, the analysis of deformation

is subdivided into three deformation theories:

o Finite strain theory, also called large strain theory, large deformation theory,

deals with deformations in which both rotations and strains are arbitrarily

large. In this case, the undeformed and deformed configurations of the

continuum are significantly different and a clear distinction has to be made

between them. This is commonly the case with elastomers, plastically-

deforming materials and other fluids and biological soft tissue.

o Infinitesimal strain theory, also called small strain theory, small deformation

theory, small displacement theory, or small displacement-gradient theory

where strains and rotations are both small. In this case, the undeformed and

deformed configurations of the body can be assumed identical. The

infinitesimal strain theory is used in the analysis of deformations of materials

exhibiting elastic behavior, such as materials found in mechanical and civil

engineering applications, e.g. concrete and steel.

o Large-displacement or large-rotation theory, which assumes small strains but

large rotations and displacements.

In each of this theories the strain is then defined differently. The engineering strain is

the most common definition applied to materials used in mechanical and structural

engineering, which are subjected to very small deformations. On the other hand, for

some materials, e.g. elastomers and polymers, subjected to large deformations, the

engineering definition of strain is not applicable, e.g. typical engineering strains greater

than 1% (David Rees page 41), thus other more complex definitions of strain are

required, such as stretch, logarithmic strain, Green strain, and Almansi strain.

The Cauchy strain or engineering strain is expressed as the ratio of total deformation to

the initial dimension of the material body in which the forces are being applied. The
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engineering normal strain or engineering extensional strain of a material line element

or fiber axially loaded is expressed as the change in length per unit of the original

length of the line element or fibers. The normal strain is positive if the material fibers

are stretched or negative if they are compressed. Thus, we have

where is the final length of the fiber.

The engineering shear strain is defined as the change in the angle between two material

line elements initially perpendicular to each other in the undeformed or initial

configuration.

The stretch ratio or extension ratio is a measure of the extensional or normal strain of a

differential line element, which can be defined at either the undeformed configuration

or the deformed configuration. It is defined as the ratio between the final length and

the initial length of the material line.

The extension ratio is related to the engineering strain by

This equation implies that the normal strain is zero, i.e. no deformation, when the

stretch is equal to unity.

The stretch ratio is used in the analysis of materials that exhibit large deformations,

such as elastometers, which can sustain stretch ratios of 3 or 4 before they fail. On the

other hand, traditional engineering materials, such as concrete or steel, fail at much

lower stretch ratios, perhaps of the order of 1.001 (reference?)

The logarithmic strain , also called natural strain, true strain or Hencky strain.

Considering a incremental strain (Ludwik)
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the logarithmic strain is obtained by integrating this incremental strain:

where is the engineering strain. The logarithmic strain provides the correct measure of

the final strain when deformation takes place in a series of increments, taking into

account the influence of the strain path (David Rees).

The Green strain is defined as

The Green strain is addressed in more detail in the article on finite strain theory.

The Euler-Almansi strain is defined as

The Euler-Almansi strain is addressed in more detail in the finite strain theory.

2. Deformation

Strain is the geometrical measure of deformation representing the relative displacement

between particles in the material body, i.e. a measure of how much a given displacement

differs locally from a rigid-body displacement.

Deformations results from stresses within the continuum induced by external forces or due to

changes in its temperature. The relation between stresses and induced strains is expressed by

constitutive equations, e.g. Hooke's law for linear elastic materials. Deformations which are

recovered after the external forces have been removed, are called elastic deformations. In this

case, the continuum completely recovers its original configuration. On the other hand,

irreversible deformations, which remain even after external forces have been removed, are

called plastic deformations. Such deformations occur in material bodies after stresses have

surpassed a certain threshold value known as the elastic limit or yield stress, and are the

result of slip, or dislocation mechanisms at the atomic level.

Deformation is measured in units of length.
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3. Infinitesimal Strain Theory

The infinitesimal strain theory, sometimes called small deformation theory, small

displacement theory, or small displacement-gradient theory, deals with infinitesimal

deformations of a continuum body. For an infinitesimal deformation the displacements and

the displacement gradients are small compared to unity, i.e., and ,

allowing for the geometric linearization of the Lagrangian finite strain tensor , and the

Eulerian finite strain tensor , i.e. the non-linear or second-order terms of the finite strain

tensor can be neglected. The linearized Lagrangian and Eulerian strain tensors are

approximately the same and can be approximated by the infinitesimal strain tensor or

Cauchy's strain tensor, . Thus,

The infinitesimal strain theory is used in the analysis of deformations of materials exhibiting

elastic behaviour, such as materials found in mechanical and civil engineering applications,

e.g. concrete and steel.

Topic : Torsion

Topic Objective:

After studying this topic the student should be able to:

 Define Torsion

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

24
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Definition/Overview:

Torsion is the twisting of an object due to an applied torque. In circular sections, the resultant

shearing stress is perpendicular to the radius.

Key Points:

1. Torsion

For solid or hollow shafts of uniform circular cross-section and constant wall thickness, the

torsion relations are:

where:

 R is the outer radius of the shaft.

 τ is the maximum shear stress at the outer surface.

 Φ is the angle of twist in radians.

 T is the torque (Nm or ftlbf).

 l is the length of the object the torque is being applied to or over.

 G is the shear modulus or more commonly the modulus of rigidity and is usually given in

gigapascals (GPa), lbf/in2 (psi), or lbf/ft2.

 J is the torsion constant for the section . It is identical to the polar moment of inertia for a

round shaft or concentric tube only. For other shapes J must be determined by other

means. For solid shafts the membrane analogy is useful, and for thin walled tubes of

arbitrary shape the shear flow approximation is fairly good, if the section is not re-

entrant. For thick walled tubes of arbitrary shape there is no simple solution, and FEA

may be the best method.

 the product GJ is called the torsional rigidity.
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The shear stress at a point within a shaft is:

where:

r is the distance from the center of rotation

Note that the highest shear stress is at the point where the radius is maximum, the surface of

the shaft. High stresses at the surface may be compounded by stress concentrations such as

rough spots. Thus, shafts for use in high torsion are polished to a fine surface finish to reduce

the maximum stress in the shaft and increase its service life.

The angle of twist can be found by using:

1.1 Polar moment of inertia

The polar moment of inertia for a solid shaft is:

where r is the radius of the object.

The polar moment of inertia for a pipe is:

where the o and i subscripts stand for the outer and inner radius of the pipe.

For a thin cylinder

J = 2π R3 t
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where R is the average of the outer and inner radius and t is the wall thickness.

1.2 Failure mode

The shear stress in the shaft may be resolved into principal stresses via Mohr's circle. If

the shaft is loaded only in torsion then one of the principal stresses will be in tension

and the other in compression. These stresses are oriented at a 45 degree helical angle

around the shaft. If the shaft is made of brittle material then the shaft will fail by a crack

initiating at the surface and propagating through to the core of the shaft fracturing in a

45 degree angle helical shape. This is often demonstrated by twisting a piece of

blackboard chalk between one's fingers.

In Section 2 of this course you will cover these topics:

Bending Stress.

Bending: Slope And Deflection.

Statically Indeterminate Beams

Topic : Bending Stress.

Topic Objective:

After studying this topic the student should be able to:

 Define Torsion

 Define Bending

 Define Simple or symmetrical bending

 Define Complex or unsymmetrical bending

 Relate Stress in large bending deformation
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Definition/Overview:

Bending: In engineering mechanics, bending (also known as flexure) characterizes the

behavior of a structural element subjected to an external load applied perpendicular to the axis of

the element. A structural element subjected to bending is known as a beam. A closet rod sagging

under the weight of clothes on clothes hangers is an example of a beam experiencing bending.

Key Points:

1. Bending

Bending produces reactive forces inside a beam as the beam attempts to accommodate the

flexural load; the material at the top of the beam is being compressed while the material at

the bottom is being stretched. There are three notable internal forces caused by lateral loads:

shear parallel to the lateral loading, compression along the top of the beam, and tension along

the bottom of the beam. These last two forces form a couple or moment as they are equal in

magnitude and opposite in direction. This bending moment produces the sagging deformation

characteristic of compression members experiencing bending.

This stress distribution is dependent on a number of assumptions. First, that 'plane sections

remain plane'. In otherwords, any deformation due to shear across the section is not

accounted for (no shear deformation). Also, this linear distribution is only applicable if the

maximum stress is less than the yield stress of the material. For stresses that exceed yield,

refer to article Plastic Bending.

The compressive and tensile forces induce stresses on the beam. The maximum compressive

stress is found at the uppermost edge of the beam while the maximum tensile stress is located

at the lower edge of the beam. Since the stresses between these two opposing maxima vary

linearly, there therefore exists a point on the linear path between them where there is no
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bending stress. The locus of these points is the neutral axis. Because of this area with no

stress and the adjacent areas with low stress, using uniform cross section beams in bending is

not a particularly efficient means of supporting a load as it does not use the full capacity of

the beam until it is on the brink of collapse. Wide-flange beams (I-Beams) and truss girders

effectively address this inefficiency as they minimize the amount of material in this under-

stressed region.

2. Simple or symmetrical bending

Beam bending is analyzed with the Euler-Bernoulli beam equation. The classic formula for

determining the bending stress in a member is:

simplified for a beam of rectangular cross-section to:

 σ is the bending stress

 M - the moment at the neutral axis

 y - the perpendicular distance to the neutral axis

 Ix - the area moment of inertia about the neutral axis x

 b - the width of the section being analyzed

 h - the depth of the section being analyzed

This equation is valid only when the stress at the extreme fiber (i.e. the portion of the beam

furthest from the neutral axis) is below the yield stress of the material it is constructed from.

At higher loadings the stress distribution becomes non-linear, and ductile materials will

eventually enter a plastic hinge state where the magnitude of the stress is equal to the yield

stress everywhere in the beam, with a discontinuity at the neutral axis where the stress
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changes from tensile to compressive. This plastic hinge state is typically used as a limit state

in the design of steel structures.

3. Complex or unsymmetrical bending

The equation above is, also, only valid if the cross-section is symmetrical. For unsymmetrical

sections, the full form of the equation must be used (presented below):

Complex bending of homogeneous beams

The complex bending stress equation for elastic, homogeneous beams is given as where Mx

and My are the bending moments about the x and y centroid axes, respectively. Ix and Iy are

the second moments of area (also known as moments of inertia) about the x and y axes,

respectively, and Ixy is the product of inertia. Using this equation it would be possible to

calculate the bending stress at any point on the beam cross section regardless of moment

orientation or cross-sectional shape. Note that Mx, My, Ix, Iy, and Ixy are all unique for a

given section along the length of the beam. In other words, they will not change from one

point to another on the cross section. However, the x and y variables shown in the equation

correspond to the coordinates of a point on the cross section at which the stress is to be

determined.

4. Stress in large bending deformation

For large deformations of the body, the stress in the cross-section is calculated using an

extended version of this formula. First the following assumptions must be made:

 Assumption of flat sections - before and after deformation the considered section of body

remains flat (i.e. is not swirled).

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

30
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



 Shear and normal stresses in this section that are perpendicular to the normal vector of

cross section have no influence on normal stresses that are parallel to this section.

Large bending considerations should be implemented when the bending radius ρ is smaller

than ten section heights h:

ρ < 10h

With those assumptions the stress in large bending is calculated as:

where

F is the normal force

A is the section area

M is the bending moment

ρ is the local bending radius (the radius of bending at the current section)

Ix' is the area moment of inertia along the x axis, at the y place (see Steiner's theorem)

y is the position along y axis on the section area in which the stress σ is calculated

When bending radius ρ approaches infinity and y is near zero, the original formula is back:

.
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Topic : Bending: Slope And Deflection.

Topic Objective:

After studying this topic the student should be able to:

 Define Slope

 Define Deflection

Definition/Overview:

Deflection: In engineering mechanics, deflection is a term that is used to describe the degree to

which a structural element is displaced under a load.

Slope: is used to describe the steepness, incline, gradient, or grade of a straight line. A higher

slope value indicates a steeper incline. The slope is defined as the ratio of the "rise" divided by

the "run" between two points on a line, or in other words, the ratio of the altitude change to the

horizontal distance between any two points on the line. It is also always the same thing as how

many rises in one run.

Key Points:

1. Slope

The slope of a line in the plane containing the x and y axes is generally represented by the

letter m, and is defined as the change in the y coordinate divided by the corresponding change
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in the x coordinate, between two distinct points on the line. This is described by the following

equation:

(The delta symbol, "Δ", is commonly used in mathematics to mean "difference" or

"change".)

Given two points (x1, y1) and (x2, y2), the change in x from one to the other is x2 - x1, while the

change in y is y2 - y1. Substituting both quantities into the above equation obtains the

following:

Note that the way the points are chosen on the line and their order does not matter; the slope

will be the same in each case. Other curves have "accelerating" slopes and one can use

calculus to determine such slopes.

2. Deflection

The deflection of a member under a load is directly related to the slope of the deflected shape

of the member under that load and can calculated by integrating the function that

mathematically describes the slope of the member under that load. Deflection can be

calculated by standard formulae (will only give the deflection of common beam

configurations and load cases at discrete locations), or by methods such as "virtual work",

"direct integration", "Castigliano's method", "Macaulay's method" or the "matrix stiffness

method" amongst others. (See structural analysis textbooks for procedure.)

An example of the use of deflection in this context is in building construction. Architects and

engineers select materials for various applications. The beams used for frame work are

selected on the basis of deflection, amongst other factors.

The elastic deflection f and angle of deflection φ (in radians) in the example image, a

(weightless) cantilever beam, can be calculated (at the free end) using :
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fB = FL3 / (3EI)

φB = FL2 / (2EI)

where

F = force acting on the tip of the beam

L = length of the beam (span)

E = modulus of elasticity

I = area moment of inertia

The deflection at any point along the span can be calculated using the above-mentioned

methods.

From this formula it follows that the span L is the most determinating factor; if the span

doubles, the deflection increases 2 = 8 fold.

Building codes determine the maximum deflection, usually as a fraction of the span e.g.

1/400 or 1/600. Either the strength limit state (allowable stress) or the serviceability limit

state (deflection considerations amongst others) may govern the minimum dimensions of the

member required.

The deflection must be considered for the purpose of the structure. When designing a steel

frame to hold a glazed panel, one allows only minimal deflection to prevent fracture of the

glass.

The deflective shape of a beam can be represented by the moment diagram, integrated.
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Topic : Statically Indeterminate Beams

Topic Objective:

After studying this topic the student should be able to:

 Define Statically Indeterminate

 Differentiate between Indeterminate and Statically determinate

 Define Static indeterminacy

Definition/Overview:

Statically Indeterminate: In statics, a structure is statically indeterminate when the static

equilibrium equations are not sufficient for determining the internal forces and reactions on that

structure.

Beam: A beam is a structural element that is capable of withstanding load primarily by resisting

bending. The bending force induced into the material of the beam as a result of the external

loads, own weight and external reactions to these loads is called a bending moment.
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Key Points:

1. Statically Indeterminate

Based on Newton's laws of motion, the equilibrium equations available for a two-dimensional

body are

 : the vectorial sum of the forces acting on the body equals zero. This

translates to

Σ H = 0: the sum of the horizontal components of the forces equals zero;

Σ V = 0: the sum of the vertical components of forces equals zero;

 : the sum of the moments (about an arbitrary point) of all forces equals zero.

Free body diagram of a statically indeterminate beam.

In the beam construction on the right, the four unknown reactions are VA, VB, VC and HA.

The equilibrium equations are:

Σ V = 0:

VA − Fv + VB + VC = 0

Σ H = 0:

HA − Fh = 0

Σ MA = 0:

Fv a − VB (a + b) - VC (a + b + c) = 0.
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Since there are four unknown forces (or variables) (VA, VB, VC and HA) but only three

equilibrium equations, this system of simultaneous equations cannot be solved. The

structure is therefore classified statically indeterminate. Considerations in the material

properties and compatibility in deformations are taken to solve statically indeterminate

systems or structures.

2. Statically determinate

If the support at B is removed, the reaction VB cannot occur, and the system becomes

statically determinate. Note that the system is completely constrained here. The solution to

the problem is

HA = Fh ,

,

VA = Fv − VC .

If, in addition, the support at A is changed to a roller support, the number of reactions are

reduced to three (without HA), but the beam can now be moved horizontally; the system

becomes unstable or partially constrained. In order to distinguish between this and the

situation when a system under equilibrium is perturbed and becomes unstable, it's preferable

to use the phrase partially constrained here. In this case, the 2 unknowns VA and VC can be

determined by resolving the vertical force equation and the moment equation simultaneously.

The solution yields the same results as previously obtained. However, it's not possible to

satisfy the horizontal force equation unless Fh = 0.

3. Static indeterminacy

A system can be statically indeterminate even though its reactions are determinate as shown

in Fig.(a) on the right. On the other hand, the system in Fig.(b) has indeterminate reactions,

and yet, the system is determinate because its member forces, and subsequently the reactions,
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can be found by statics. Thus, in general, the static indeterminacy of structural systems

depends on the internal structure as well as on the external supports.

The degree of static indeterminacy of a system is M-N where

M is the number of unknown member forces, and optionally, reactions in the

system;

N is the number of independent, non-trivial equilibrium equations available for

determining these M unknown forces.

If M includes reaction components, then N must include equilibrium equations along these

reaction components, one for one. Thus, we may, in fact, choose to exclude reactions from

the above relation.

In Section 3 of this course you will cover these topics:

Energy Methods.

Buckling Instability.

Topic : Energy Methods.

Topic Objective:

After studying this topic the student should be able to:

 Define Energy transfer

 Relate Energy and the laws of motion

 Relate Energy and thermodynamics

 Define Equipartition of energy
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Definition/Overview:

Energy: In physics and other sciences, energy (from the Greek ἐνέργεια - energeia, "activity,

operation", from ἐνεργός - energos, "active, working") is a scalar physical quantity, an attribute

of objects and systems that is conserved in nature. In physics textbooks energy is often defined

as the ability to do work.

In physics and other sciences, energy (from the Greek ἐνέργεια - energeia, "activity, operation",

from ἐνεργός - energos, "active, working") is a scalar physical quantity that is a property of

objects and systems which is conserved by nature. Energy is often defined as the ability to do

work.

Key Points:

1. Energy transfer

Because energy is strictly conserved and is also locally conserved (wherever it can be

defined), it is important to remember that by definition of energy the transfer of energy

between the "system" and adjacent regions is work. A familiar example is mechanical work.

In simple cases this is written as:

ΔE = W (1)

if there are no other energy-transfer processes involved. Here ΔE is the amount of energy

transferred, and W represents the work done on the system.

More generally, the energy transfer can be split into two categories:

ΔE = W + Q (2)

where Q represents the heat flow into the system.

There are other ways in which an open system can gain or lose energy. In chemical systems,

energy can be added to a system by means of adding substances with different chemical

potentials, which potentials are then extracted (both of these process are illustrated by fueling
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an auto, a system which gains in energy thereby, without addition of either work or heat).

Winding a clock would be adding energy to a mechanical system. These terms may be added

to the above equation, or they can generally be subsumed into a quantity called "energy

addition term E" which refers to any type of energy carried over the surface of a control

volume or system volume. Examples may be seen above, and many others can be imagined

(for example, the kinetic energy of a stream of particles entering a system, or energy from a

laser beam adds to system energy, without either being either work-done or heat-added, in

the classic senses).

ΔE = W + Q + E (3)

Where E in this general equation represents other additional advected energy terms not

covered by work done on a system, or heat added to it.

Energy is also transferred from potential energy (Ep) to kinetic energy (Ek) and then back to

potential energy constantly. This is referred to as conservation of energy. In this closed

system, energy can not be created or destroyed, so the initial energy and the final energy will

be equal to each other. This can be demonstrated by the following:

Epi + Eki = EpF + EkF'''

The equation can then be simplified further since Ep = mgh (mass times acceleration due to

gravity times the height) and (half times mass times velocity squared). Then

the total amount of energy can be found by adding Ep + Ek = Etotal.

2.Energy and the laws of motion

In classical mechanics, energy is a conceptually and mathematically useful property since it

is a conserved quantity.

 The Hamiltonian

The total energy of a system is sometimes called the Hamiltonian, after William Rowan

Hamilton. The classical equations of motion can be written in terms of the Hamiltonian,
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even for highly complex or abstract systems. These classical equations have remarkably

direct analogs in nonrelativistic quantum mechanics.

 The Lagrangian

Another energy-related concept is called the Lagrangian, after Joseph Louis Lagrange.

This is even more fundamental than the Hamiltonian, and can be used to derive the

equations of motion. In non-relativistic physics, the Lagrangian is the kinetic energy

minus potential energy.

Usually, the Lagrange formalism is mathematically more convenient than the

Hamiltonian for non-conservative systems (like systems with friction).

3.Energy and thermodynamics

 Internal energy

Internal energy the sum of all microscopic forms of energy of a system. It is related to

the molecular structure and the degree of molecular activity and may be viewed as the

sum of kinetic and potential energies of the molecules; it comprises the following types

of energy:

Type Composition of Internal Energy (U)

Sensible

energy

the portion of the internal energy of a system associated with kinetic energies

(molecular translation, rotation, and vibration; electron translation and spin; and

nuclear spin) of the molecules.

Latent

energy
the internal energy associated with the phase of a system.

Chemical

energy

the internal energy associated with the different kinds of aggregation of atoms in

matter.

Nuclear

energy

the tremendous amount of energy associated with the strong bonds within the

nucleus of the atom itself.

Energy

interactions

those types of energies not stored in the system (e.g. heat transfer, mass transfer,

and work), but which are recognized at the system boundary as they cross it, which
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represent gains or losses by a system during a process.

Thermal

energy
the sum of sensible and latent forms of internal energy.

 The laws of thermodynamics

According to the second law of thermodynamics, work can be totally converted into heat,

but not vice versa.This is a mathematical consequence of statistical mechanics. The first

law of thermodynamics simply asserts that energy is conserved, and that heat is included

as a form of energy transfer. A commonly-used corollary of the first law is that for a

"system" subject only to pressure forces and heat transfer (e.g. a cylinder-full of gas), the

differential change in energy of the system (with a gain in energy signified by a positive

quantity) is given by:

,

where the first term on the right is the heat transfer into the system, defined in terms of

temperature T and entropy S (in which entropy increases and the change dS is positive

when the system is heated); and the last term on the right hand side is identified as

"work" done on the system, where pressure is P and volume V (the negative sign results

since compression of the system requires work to be done on it and so the volume

change, dV, is negative when work is done on the system). Although this equation is the

standard text-book example of energy conservation in classical thermodynamics, it is

highly specific, ignoring all chemical, electric, nuclear, and gravitational forces, effects

such as advection of any form of energy other than heat, and because it contains a term

that depends on temperature. The most general statement of the first law (i.e.,

conservation of energy) is valid even in situations in which temperature is undefinable.

Energy is sometimes expressed as:

,
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which is unsatisfactory because there cannot exist any thermodynamic state functions W

or Q that are meaningful on the right hand side of this equation, except perhaps in trivial

cases.

4.Equipartition of energy

The energy of a mechanical harmonic oscillator (a mass on a spring) is alternatively kinetic

and potential. At two points in the oscillation cycle it is entirely kinetic, and alternatively at

two other points it is entirely potential. Over the whole cycle, or over many cycles net energy

is thus equally split between kinetic and potential. This is called equipartition principle - total

energy of a system with many degrees of freedom is equally split among all available degrees

of freedom.

This principle is vitally important to understanding the behavior of a quantity closely related

to energy, called entropy. Entropy is a measure of evenness of a distribution of energy

between parts of a system. When an isolated system is given more degrees of freedom (= is

given new available energy states which are the same as existing states), then total energy

spreads over all available degrees equally without distinction between "new" and "old"

degrees. This mathematical result is called the second law of thermodynamics.

Topic : Buckling Instability.

Topic Objective:

After studying this topic the student should be able to:

 Define Buckling Instability

 Describe Buckling in columns

 Understadn the Self-buckling of columns

 Define Energy method

 Define Buckling of surface materials

 Define Lateral-torsional buckling
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 Define Plastic buckling

 Understand Dynamic buckling

Definition/Overview:

Instability: Instability in systems is generally characterized by some of the outputs or internal

states growing without bounds. Not all systems that are not stable are unstable; systems can also

be marginally stable or exhibit limit cycle behavior.

Buckling: In engineering, buckling is a failure mode characterized by a sudden failure of a

structural member subjected to high compressive stresses, where the actual compressive stress at

the point of failure is less than the ultimate compressive stresses that the material is capable of

withstanding. This mode of failure is also described as failure due to elastic instability.

Mathematical analysis of buckling makes use of an axial load eccentricity that introduces a

moment, which does not form part of the primary forces to which the member is subjected.

Key Points:

1. Buckling Instability

A structural system is formed by a structure and the loading acting on it. There are two

main properties that make a structure withstand loads, which are the constitutive material and

the geometric shape. Buckling is a process by which a structure cannot withstand load with

its original geometry and material. Two forms of buckling are shown in Figs. 1 & 2, namely
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shell instability (or non-symmetric bifurcation buckling) and general instability, where the

entire ring shell combination buckles in its flank.

In engineering, buckling is a failure mode characterized by a sudden failure of a structural

member subjected to high compressive stresses, where the actual compressive stresses at

failure are greater than the ultimate compressive stresses that the material is capable of

withstanding. This mode of failure is also described as failure due to elastic instability.

Mathematical analysis of buckling makes use of an axial load eccentricity that introduces a

moment, which does not form part of the primary forces to which the member is subjected.

2. Buckling in columns

A column under a concentric axial load exhibiting the characteristic deformation of buckling.

The eccentricity of the axial force results in a bending moment acting on the beam element.

The ratio of the effective length of a column to the least radius of gyration of its cross section

is called the slenderness ratio (sometimes expressed with the Greek letter lambda, λ). This

ratio affords a means of classifying columns. All the following are approximate values used

for convenience.

A short steel column is one whose slenderness ratio does not exceed 50; an intermediate

length steel column has a slenderness ratio ranging from 50 to 200, while a long steel column

may be assumed to have a slenderness ratio greater than 200.
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A short concrete column is one having a ratio of unsupported length to least dimension of the

cross section not greater than 10. If the ratio is greater than 10, it is a long column

(sometimes referred to as a slender column).

Timber columns may be classified as short columns if the ratio of the length to least

dimension of the cross section is equal to or less than 10. The dividing line between

intermediate and long timber columns cannot be readily evaluated. One way of defining the

lower limit of long timber columns would be to set it as the smallest value of the ratio of

length to least cross sectional area that would just exceed a certain constant K of the material.

Since K depends on the modulus of elasticity and the allowable compressive stress parallel to

the grain, it can be seen that this arbitrary limit would vary with the species of the timber.

The value of K is given in most structural handbooks.

If the load on a column is applied through the center of gravity of its cross section, it is called

an axial load. A load at any other point in the cross section is known as an eccentric load. A

short column under the action of an axial load will fail by direct compression before it

buckles, but a long column loaded in the same manner will fail by buckling (bending), the

buckling effect being so large that the effect of the direct load may be neglected. The

intermediate-length column will fail by a combination of direct compressive stress and

bending.

In 1757, mathematician Leonhard Euler derived a formula that gives the maximum axial load

that a long, slender, ideal column can carry without buckling. An ideal column is one that is

perfectly straight, homogeneous, and free from initial stress. The maximum load, sometimes

called the critical load, causes the column to be in a state of unstable equilibrium; that is, any

increase in the load, or the introduction of the slightest lateral force, will cause the column to

fail by buckling. The Euler formula for columns is

where

F = maximum or critical force (vertical load on column),

E = modulus of elasticity,
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I = area moment of inertia,

l = unsupported length of column,

K = column effective length factor, whose value depends on the conditions of end support

of the column, as follows.

For both ends pinned (hinged, free to rotate), K = 1.0.

For both ends fixed, K = 0.50.

For one end fixed and the other end pinned, K = 1.0/√2.0.

For one end fixed and the other end free to move laterally, K = 2.0.

Examination of this formula reveals the following interesting facts with regard to the load-

bearing ability of columns.

Elasticity and not compressive strength of the materials of the column determines the critical

load.

The critical load is directly proportional to the second moment of area of the cross section.

The boundary conditions have a considerable effect on the critical load of slender columns.

The boundary conditions determine the mode of bending and the distance between inflection

points on the deflected column. The closer together the inflection points are, the higher the

resulting capacity of the column.

A demonstration model illustrating the different "Euler" buckling modes. The model shows

how the boundary conditions affect the critical load of a slender column. Notice that each of

the columns are identical, apart from the boundary conditions.
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The strength of a column may therefore be increased by distributing the material so as to

increase the moment of inertia. This can be done without increasing the weight of the column

by distributing the material as far from the principal axes of the cross section as possible,

while keeping the material thick enough to prevent local buckling. This bears out the well-

known fact that a tubular section is much more efficient than a solid section for column

service.

Another bit of information that may be gleaned from this equation is the effect of length on

critical load. For a given size column, doubling the unsupported length quarters the allowable

load. The restraint offered by the end connections of a column also affects the critical load. If

the connections are perfectly rigid, the critical load will be four times that for a similar

column where there is no resistance to rotation (hinged at the ends).

Since the moment of inertia of a surface is its area multiplied by the square of a length called

the radius of gyration, the above formula may be rearranged as follows. Using the Euler

formula for hinged ends, and substituting Ar2 for I, the following formula results.

where F / A is the allowable stress of the column, and l / r is the slenderness ratio.

Since structural columns are commonly of intermediate length, and it is impossible to obtain

an ideal column, the Euler formula on its own has little practical application for ordinary

design. Issues that cause deviation from the pure Euler strut behaviour include imperfections

in geometry in combination with plasticty/non-linear stress strain behaviour of the column's

material. Consequently, a number of empirical column formulae have been developed to

agree with test data, all of which embody the slenderness ratio. For design, appropriate safety

factors are introduced into these formulae.

3. Self-buckling of columns

A free-standing, vertical column of circular cross-section, with density ρ, Young's modulus

E, and radius r, will buckle under its own weight if its height exceeds a certain critical height:
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4. Buckling of surface materials

Buckling is also a failure mode in pavement materials, primarily with concrete, since asphalt

is more flexible. Radiant heat from the sun is absorbed in the road surface, causing it to

expand, forcing adjacent pieces to push against each other. If the stress is great enough, the

pavement can lift up and crack without warning. Going over a buckled section can be very

jarring to automobile drivers, described as running over a speed hump at highway speeds.

Similarly, railroad tracks also expand when heated, and can fail by buckling, see sun kink. It

is more common for rails to move laterally, often pulling the underlain railroad ties (sleepers)

along with them.

5. Energy method

Often it is very difficult to determine the exact buckling load in complex structures using the

Euler formula, due to the difficulty in deciding the constant K. Therefore, maximum buckling

load often is approximated using energy conservation. This way of deciding maximum

buckling load is often referred to as the energy method in structural analysis.

The first step in this method is to suggest a displacement function. This function must satisfy

the most important boundary conditions, such as displacement and rotation. The more

accurate the displacement function, the more accurate the result.

In this method, there are two equations used to calculate the inner energy and outer energy.

where w(x) is the displacement function and the subscripts "x" and "xx" refer to the first and

second derivatives of the displacement. Energy conservation yields:

AInner = AOuter

6. Lateral-torsional buckling

A demonstration model illustrating the effects of lateral-torsional buckling on an I-section beam.
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When a simple beam is loaded in flexure, the top side is in compression, and the bottom side

is in tension. If the beam is not supported in the lateral direction (i.e., perpendicular to the

plane of bending), and the flexural load increases to a critical limit, the beam will fail due to

lateral buckling of the compression flange. In wide-flange sections, if the compression flange

buckles laterally, the cross section will also twist in torsion, resulting in a failure mode

known as lateral-torsional buckling.

7. Plastic buckling

Buckling will generally occur slightly before the theoretical buckling strength of a structure,

due to plasticity of the material. When the compressive load is near buckling, the structure

will bow significantly and approach yield. The stress-strain behaviour of materials is not

strictly linear even below yield, and the modulus of elasticity decreases as stress increases,

with more rapid change near yield. This lower rigidity reduces the buckling strength of the

structure and causes premature buckling. This is the opposite effect of the plastic bending in

beams, which causes late failure relative to the Euler-Bernoulli beam equation.

8. Dynamic buckling

If the load on the column is applied suddenly and then released, the column can sustain a

load much higher than its static (slowly applied) buckling load. This can happen in a long,

unsupported column (rod) used as a drop hammer. The duration of compression at the impact

end is the time required for a stress wave to travel up the rod to the other (free) end and back

down as a relief wave. Maximum buckling occurs near the impact end at a wavelength much

shorter than the length of the rod, at a stress many times the buckling stress if the rod were a

statically-loaded column. The critical condition for buckling amplitude to remain less than

about 25 times the effective rod straightness imperfection at the buckle wavelength is

σL = ρc2h

where σ is the impact stress, L is the length of the rod, c is the elastic wave speed, and h is

the smaller lateral dimension of a rectangular rod. Because the buckle wavelength depends

only on σ and h, this same formula holds for thin cylindrical shells of thickness h.
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In Section 4 of this course you will cover these topics:

Yield Criteria And Stress Concentration.

Application Of The Equilibrium And Strain-Displacement.

Elementary Plasticity.

Thin Plates And Shells.
Topic : Yield Criteria And Stress Concentration.

Topic Objective:

After studying this topic the student should be able to:

 Define Yield criterion

 List the Factors influencing yield stress

 List the Implications for structural engineering

 List the Typical yield strength of different materials

Definition/Overview:

Yield Strength: The yield strength or yield point of a material is defined in engineering and

materials science as the stress at which a material begins to deform plastically. Prior to the yield

point the material will deform elastically and will return to its original shape when the applied

stress is removed. Once the yield point is passed some fraction of the deformation will be

permanent and non-reversible. In the three-dimensional space of the principal stresses (σ1,σ2,σ3),

an infinite number of yield points form together a yield surface.
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Stress Concentration: A stress concentration (often called stress raisers or stress risers) is a

location in an object where stress is concentrated. An object is strongest when force is evenly

distributed over its area, so a reduction in area, e.g. caused by a crack, results in a localized

increase in stress. A material can fail, via a propagating crack, when a concentrated stress

exceeds the material's theoretical cohesive strength. The real fracture strength of a material is

always lower than the theoretical value because most materials contain small cracks that

concentrate stress.

Key Points:

1. Yield criterion

A yield criterion, often expressed as yield surface, or yield locus, is an hypothesis concerning

the limit of elasticity under any combination of stresses. There are two interpretations of

yield criterion: one is purely mathematical in taking a statistical approach while other models

attempt to provide a justification based on established physical principles. Since stress and

strain are tensor qualities they can be described on the basis of three principal directions, in

the case of stress these are denoted by , and .

The following represent the most common yield criterion as applied to an isotropic material

(uniform properties in all directions). Other equations have been proposed or are used in

specialist situations.

1.1 Isotropic yield criteria

o Maximum Principal Stress Theory - Yield occurs when the largest principal

stress exceeds the uniaxial tensile yield strength. Although this criterion

allows for a quick and easy comparison with experimental data it is rarely

suitable for design purposes

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

52
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



o Maximum Principal Strain Theory - Yield occurs when the maximum

principal strain reaches the strain corresponding to the yield point during a

simple tensile test. In terms of the principal stresses this is determined by the

equation:

o Maximum Shear Stress Theory - Also known as the Tresca yield criterion,

after the French scientist Henri Tresca. This assumes that yield occurs when

the shear stress exceeds the shear yield strength :

o Total Strain Energy Theory - This theory assumes that the stored energy

associated with elastic deformation at the point of yield is independent of the

specific stress tensor. Thus yield occurs when the strain energy per unit

volume is greater than the strain energy at the elastic limit in simple tension.

For a 3-dimensional stress state this is given by:

o Distortion Energy Theory

This theory proposes that the total strain energy can be separated into two

components: the volumetric (hydrostatic) strain energy and the shape (distortion

or shear) strain energy. It is proposed that yield occurs when the distortion

component exceeds that at the yield point for a simple tensile test. This is

generally referred to as the Von Mises yield criterion and is expressed as:

Based on a different theoretical underpinning this expression is also referred to as

octahedral shear stress theory.
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Other commonly used isotropic yield criteria are the

 Generalized Hill yield criterion

 Mohr-Coulomb yield criterion

 Drucker-Prager yield criterion

 Bresler-Pister yield criterion

1.2 Anisotropic yield criteria

When a metal is subjected to large plastic deformations the grain sizes and

orientations change in the direction of deformation. As a result the plastic yield

behavior of the material shows directional dependency. Under such circumstances,

the isotropic yield criteria such as the von Mises yield criterion are unable to predict

the yield behavior accurately. Several anisotropic yield criteria have been developed

to deal with such situations. Some of the more popular anisotropic yield criteria are:

o Hill's quadratic yield criterion.

o Generalized Hill yield criterion.

o Hosford yield criterion.

2. Factors influencing yield stress

The stress at which yield occurs is dependent on both the rate of deformation (strain rate)

and, more significantly, the temperature at which the deformation occurs. Early work by

Alder and Philips in 1954 found that the relationship between yield stress and strain rate (at

constant temperature) was best described by a power law relationship of the form

where C is a constant and m is the strain rate sensitivity. The latter generally increases with

temperature, and materials where m reaches a value greater than ~0.5 tend to exhibit super

plastic behaviour.

Later, more complex equations were proposed that simultaneously dealt with both

temperature and strain rate:
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where α and A are constants and Z is the temperature-compensated strain-rate - often

described by the Zener-Hollomon parameter:

where QHW is the activation energy for hot deformation and T is the absolute temperature.

 Strengthening mechanisms

There are several ways in which crystalline and amorphous materials can be engineered

to increase their yield strength. By altering dislocation density, impurity levels, grain size

(in crystalline materials), the yield strength of the material can be fine tuned. This occurs

typically by introducing defects such as impurities dislocations in the material. To move

this defect (plastically deforming or yielding the material), a larger stress must be

applied. This thus causes a higher yield stress in the material. While many material

properties depend only on the composition of the bulk material, yield strength is

extremely sensitive to the materials processing as well for this reason.

These mechanisms for crystalline materials include:

1. Work Hardening - Where machining the material will introduce dislocations, which

increases their density in the material. This increases the yield strength of the material,

since now more stress must be applied to move these dislocations through a crystal

lattice. Dislocations can also interact with each other, becoming entangled.

The governing formula for this mechanism is:

where σy is the yield stress, G is the shear elastic modulus, b is the magnitude of the

Burgers vector, and ρ is the dislocation density.
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2. Solid Solution Strengthening - By alloying the material, impurity atoms in low

concentrations will occupy a lattice position directly below a dislocation, such as directly

below an extra half plane defect. This relieves a tensile strain directly below the

dislocation by filling that empty lattice space with the impurity atom.

The relationship of this mechanism goes as:

where τ is the shear stress, related to the yield stress, G and b are the same as in the above

example, C_s is the concentration of solute and ε is the strain induced in the lattice due to

adding the impurity.

3. Particle/Precipitate Strengthening - Where the presence of a secondary phase will

increase yield strength by blocking the motion of dislocations within the crystal. A line

defect that, while moving through the matrix, will be forced against a small particle or

precipitate of the material. Dislocations can move through this particle either by shearing

the particle, or by a process known as bowing or ringing, in which a new ring of

dislocations is created around the particle.

The shearing formula goes as:

and the bowing/ringing formula:

In these formulas, rparticle is the particle radius, γparticle − matrix is the surface tension between

the matrix and the particle, linterparticle is the distance between the particles.

4. Grain boundary strengthening - Where a buildup of dislocations at a grain boundary

causes a repulsive force between dislocations. As grain size decreases, the surface area to

volume ratio of the grain increases, allowing more buildup of dislocations at the grain

edge. Since it requires a lot of energy to move dislocations to another grain, these

dislocations build up along the boundary, and increase the yield stress of the material.
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Also known as Hall-Petch strengthening, this type of strengthening is governed by the

formula:

where

σ0 is the stress required to move dislocations,

k is a material constant, and

d is the grain size.

3. Implications for structural engineering

Yielded structures have a lower stiffness, leading to increased deflections and decreased

buckling strength. The structure will be permanently deformed when the load is removed,

and may have residual stresses. Engineering metals display strain hardening, which implies

that the yield stress is increased after unloading from a yield state. Highly optimized

structures, such as airplane beams and components, rely on yielding as a fail-safe failure

mode. No safety factor is therefore needed when comparing limit loads (the highest loads

expected during normal operation) to yield criteria.

4. Typical yield strength

Material
Yield strength

(MPa)

Ultimate strength

(MPa)

Density

(g/cm)

Structural steel ASTM A36 steel 250 400 7.8

Steel, API 5L X65 (Fikret Mert Veral) 448 531 7.8

Steel, high strength alloy ASTM A514 690 760 7.8

Steel, prestressing strands 1650 1860 7.8
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Steel Wire 7.8

Steel (AISI 1060 0.6% carbon) Piano wire 2200-2482 MPa 7.8

High density polyethylene (HDPE) 26-33 37 0.95

Polypropylene 12-43 19.7-80 0.91

Stainless steel AISI 302 - Cold-rolled 520 860

Cast iron 4.5% C, ASTM A-48 276 (??) 200

Titanium alloy (6% Al, 4% V) 830 900 4.51

Aluminium alloy 2014-T6 400 455 2.7

Copper 99.9% Cu 70 220 8.92

Cupronickel 10% Ni, 1.6% Fe, 1% Mn,

balance Cu
130 350 8.94

Brass approx. 200+ 550 5.3

Tungsten 1510 19.25

Glass
50 (in

compression)
2.53

E-Glass N/A 3450 2.57

S-Glass N/A 4710 2.48

Basalt fiber N/A 4840 2.7

Marble N/A 15

Concrete N/A 3

Carbon Fiber N/A 5650 1.75

Spider silk 1150 (??) 1200

Silkworm silk 500

Aramid (Kevlar or Twaron) 3620 1.44

UHMWPE 23 46 0.97

UHMWPE fibers (Dyneema or Spectra) 2300-3500 0.97
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Vectran 2850-3340

Pine Wood (parallel to grain) 40

Bone (limb) 104-121 130

Nylon, type 6/6 45 75

Rubber - 15

Boron N/A 3100 2.46

Silicon, monocrystalline (m-Si) N/A 7000 2.33

Silicon carbide (SiC) N/A 3440

Sapphire (Al2O3) N/A 1900 3.9-4.1

Carbon nanotube (see note above) N/A 62000 1.34

Elements in the annealed state

Young's

Modulus

(GPa)

Proof or yield

stress

(MPa)

Ultimate

strength

(MPa)

Aluminium 70 15-20 40-50

Copper 130 33 210

Gold 79 100

Iron 211 80-100 350

Lead 16 12

Nickel 170 14-35 140-195

Silicon 107 5000-9000

Silver 83 170

Tantalum 186 180 200

Tin 47 9-14 15-200

Titanium 120 100-225 240-370

Tungsten 411 550 550-620
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Zinc (wrought) 105 110-200

Topic : Application Of The Equilibrium And Strain-Displacement.

Topic Objective:

After studying this topic the student should be able to:

 Define Strain-Displacement

 Define Equilibrium

Definition/Overview:

Static Equilibrium: is when a system of forces acting on an object produces no motion, the

system is said to be in static equilibrium.

Mechanical Equilibrium : A rigid body is in mechanical equilibrium when the sum of all forces

on all particles of the system is zero, and also the sum of all torques on all particles of the system

is zero.
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Key Points:

1. Strain-Displacement

A change in the configuration of a continuum body results in a displacement. The

displacement of a body has two components: a rigid-body displacement and a

deformation. A rigid-body displacement consist of a simultaneous translation and rotation

of the body without changing its shape or size. Deformation implies the change in shape

and/or size of the body from an initial or undeformed configuration to a current or

deformed configuration (Figure 1).

If after a displacement of the continuum there is a relative displacement between

particles, a deformation has occurred. On the other hand, if after displacement of the

continuum the relative displacement between particles in the current configuration is zero

i.e. the distance between particles remains unchanged, then there is no deformation and a

rigid-body displacement is said to have occurred.

The vector joining the positions of a particle in the undeformed configuration and

deformed configuration is called the displacement vector , in the

Lagrangian description, or , in the Eulerian description.

A displacement field is a vector field of all displacement vectors for all particles in the

body, which relates the deformed configuration with the undeformed configuration. It is

convenient to do the analysis of deformation or motion of a continuum body in terms of

the displacement field, In general, the displacement field is expressed in terms of the

material coordinates as

or in terms of the spatial coordinates as

where are the direction cosines between the material and spatial coordinate systems

with unit vectors and , respectively. Thus
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and the relationship between and is then given by

Knowing that

then

It is common to superimpose the coordinate systems for the undeformed and deformed

configurations, which results in , and the direction cosines become Kronecker

deltas, i.e.

Thus, we have

or in terms of the spatial coordinates as

1.1 Displacement gradient tensor

The partial differentiation of the displacement vector with respect to the material

coordinates yields the material displacement gradient tensor . Thus we have,
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where is the deformation gradient tensor.

Similarly, the partial differentiation of the displacement vector with respect to the spatial

coordinates yields the spatial displacement gradient tensor . Thus we have,

2. Equilibrium

A rigid body in mechanical equilibrium is undergoing neither linear nor rotational

acceleration; however it could be translating or rotating at a constant velocity.

However, this definition is of little use in continuum mechanics, for which the idea of a

particle is foreign. In addition, this definition gives no information as to one of the most

important and interesting aspects of equilibrium states their stability.

An alternative definition of equilibrium that is more general and often more useful is

A system is in mechanical equilibrium if its position in configuration space is a point

at which the gradient of the potential energy is zero.

Because of the fundamental relationship between force and energy, this definition is

equivalent to the first definition. However, the definition involving energy can be readily

extended to yield information about the stability of the equilibrium state.

For example, from elementary calculus, we know that a necessary condition for a local

minimum or a maximum of a differentiable function is a vanishing first derivative (that is,

the first derivative is becoming zero). To determine whether a point is a minimum or
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maximum, one may be able to use the second derivative test. The consequences to the

stability of the equilibrium state are as follows:

 Second derivative < 0 : The potential energy is at a local maximum, which means that the

system is in an unstable equilibrium state. If the system is displaced an arbitrarily small

distance from the equilibrium state, the forces of the system cause it to move even farther

away.

 Second derivative > 0 : The potential energy is at a local minimum. This is a stable

equilibrium. The response to a small perturbation is forces that tend to restore the

equilibrium. If more than one stable equilibrium state is possible for a system, any

equilibria whose potential energy is higher than the absolute minimum represent

metastable states.

 Second derivative = 0 or does not exist: The second derivative test fails, and one must

typically resort to using the first derivative test. Both of the previous results are still

possible, as is a third: this could be a region in which the energy does not vary, in which

case the equilibrium is called neutral or indifferent or marginally stable. To lowest order,

if the system is displaced a small amount, it will stay in the new state.

In more than one dimension, it is possible to get different results in different directions, for

example stability with respect to displacements in the x-direction but instability in the y-

direction, a case known as a saddle point. Without further qualification, an equilibrium is

stable only if it is stable in all directions.

The special case of mechanical equilibrium of a stationary object is static equilibrium. A

paperweight on a desk would be in static equilibrium. The minimal number of static

equilibria of homogeneous, convex bodies (when resting under gravity on a horizontal

surface) is of special interest. In the planar case, the minimal number is 4, while in three

dimensions one can build an object with just one stable and one unstable balance point, this

is called Gomboc. A child sliding down a slide at constant speed would be in mechanical

equilibrium, but not in static equilibrium.
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Topic : Elementary Plasticity.

Topic Objective:

After studying this topic the student should be able to:

 Define plasticity

 Understand the Mathematical descriptions of plasticity

 Define the Yield criteria

Definition/Overview:

Plasticity: In physics and materials science, plasticity describes the deformation of a material

undergoing non-reversible changes of shape in response to applied forces. For example, a solid

piece of metal or plastic being bent or pounded into a new shape displays plasticity as permanent

changes occur within the material itself. By contrast, a permanent crease in a sheet of paper or a

re-shaping of wet clay is due to a rearrangement of separate fibers or particles. In engineering,

the transition from elastic behavior to plastic behavior is called yield. Plasticity generally means

ability to permanently change or deform. (It differs from "elasticity", which refers to ability to

change temporarily and revert back to original form.)
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Key Points:

1. Plasticity

For many ductile metals, tensile loading applied to a sample will cause it to behave in an

elastic manner. Each increment of load is accompanied by a proportional increment in

extension, and when the load is removed, the piece returns exactly to its original size.

However, once the load exceeds some threshold (the yield strength), the extension increases

more rapidly than in the elastic region, and when the load is removed, some amount of the

extension remains. A generic graph displaying this behavior is below.

It must be noted however that elastic deformation is an approximation and its quality depends

on the considered time frame and loading speed. If the deformation behavior includes elastic

deformation as indicated in the graph below it is also often referred to elastic-plastic or

elasto-plastic deformation.

Plasticity is a description of a material behavior to undergo irreversible deformation without

fracture or damage. This is found in most metals, and in general is a good description for a

large class of materials. Perfect plasticity is a property of materials to undergo irreversible

deformation without any increase in stresses or loads. Plastic materials with hardening

necessitate increasingly higher stresses to result in further plastic deformation. Generally

plastic deformation is also dependent on the deformation speed, i.e. usually higher stresses

have to be applied to increase the rate of deformation and such materials are said to deform

visco-plastically.

Microscopically at the crystal level, plasticity in metals is usually a consequence of

dislocations. In most crystalline materials such defects are a rare exception on the rule

presented by unit cell of the crystal. However, there are also materials where defects are very

numerous and are part of the very crystal structure, in such cases plastic crystallinity can

result.
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2. Mathematical descriptions of plasticity

 Deformation theory

There are several mathematical descriptions of Plasticity. One is deformation theory (see

e.g. Hooke's law) where the stress tensor (of order d in d dimensions) is a function of the

strain tensor. Although this description is accurate when a small part of matter is

subjected to increasing loading (such as strain loading), this theory cannot account for

irreversibility.

The image above represents a shear stress component with respect to a shear strain component,

under increasing strain loading.

Ductile materials can sustain large plastic deformations without fracture. However, even

ductile metals will fracture when the strain becomes large enough - this is as a result of

work-hardening of the material, which causes it to become brittle. Heat treatment such as

annealing can restore the ductility of a worked piece, so that shaping can continue.

 Flow plasticity theory

In 1934, Egon Orowan, Michael Polanyi and Geoffrey Ingram Taylor, roughly

simultaneously, realized that the plastic deformation of ductile materials could be

explained in terms of the theory of dislocations. The more correct mathematical theory of

plasticity, flow plasticity theory, uses a set of non-linear, non-integrable equations to

describe the set of changes on strain and stress with respect to a previous state and a

small increase of deformation.

3. Yield criteria

If the stress exceeds a critical value, as was mentioned above, the material will undergo

plastic, or irreversible, deformation. This critical stress can be tensile or compressive. The

Tresca and the von Mises criteria are commonly used to determine whether a material has
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yielded. However, these criteria have proved inadequate for a large range of materials

and several other yield criteria are in widespread use.

 Tresca criterion

This criterion is based on the notion that when a material fails, it does so in shear, which

is a relatively good assumption when considering metals. Given the principal stress state,

we can use Mohrs circle to solve for the maximum shear stresses our material will

experience and conclude that the material will fail if:

Where σ1 is the maximum normal stress, σ3 is the minimum normal stress, and σ0 is the

stress under which the material fails in uniaxial loading. A yield surface may be

constructed, which provides a visual representation of this concept. Inside of the yield

surface, deformation is elastic. Outside of the surface, deformation is plastic.

 Von Mises criterion

This criterion is based on the Tresca criterion but takes into account the assumption that

hydrostatic stresses do not contribute to material failure. Von Mises solves for an

effective stress under uniaxial loading, subtracting out hydrostatic stresses, and claims

that all effective stresses greater than that which causes material failure in uniaxial

loading will result in plastic deformation.

Again, a visual representation of the yield surface may be constructed using the above

equation, which takes the shape of an ellipse. Inside the surface, materials undergo elastic

deformation. Outside of the surface they undergo plastic deformation.



Von Mises criterion
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This criterion is based on the Tresca criterion but takes into account the assumption that

hydrostatic stresses do not contribute to material failure. Von Mises solves for an

effective stress under uniaxial loading, subtracting out hydrostatic stresses, and claims

that all effective stresses greater than that which causes material failure in uniaxial

loading will result in plastic deformation.

Again, a visual representation of the yield surface may be constructed using the above

equation, which takes the shape of an ellipse. Inside the surface, materials undergo elastic

deformation. Outside of the surface they undergo plastic deformation.

Topic : Thin Plates And Shells.

Topic Objective:

After studying this topic the student should be able to:

 Define Thin-shell structure

Definition/Overview:

Thin-shell structures: are light weight constructions using shell elements. These elements are

typically curved and are assembled to large structures. Typical applications are fuselages of

aeroplanes, boat hulls and roof structures in building.
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Key Points:

1. Thin Shell

A thin shell is defined as a shell with a thickness which is relatively small compared to its

other dimensions and in which deformations are not large compared to thickness. A primary

difference between a shell structure and a plate structure is that, in the unstressed state, the

shell structure has curvature as opposed to plates structures which are flat. Membrane action

in a shell is primarily caused by in-plane forces (plane stress), though there may be secondary

forces resulting from flexural deformations. Where a flat plate acts similar to a beam with

bending and shear stresses, shells are analogous to a cable which resists loads through tensile

stresses. Though the ideal thin shell must be capable of developing both tension and

compression. [

In Section 5 of this course you will cover these topics:

Finite Element Method.

Fracture Mechanics

Fatigue

Topic : Finite Element Method.

Topic Objective:

After studying this topic the student should be able to:

 Define Fracture mechanics

 Understand the History of fracture mechanics
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 Define Strain energy release rate

 Define the History of Finite element Method

 Relate to the Applications of Finite element Method

 Define Variational formulation

 Define Discretization

 Compare the finite difference method and FEM

Definition/Overview:

Finite Element Method: The finite element method (FEM) (sometimes referred to as finite

element analysis) is a numerical technique for finding approximate solutions of partial

differential equations (PDE) as well as of integral equations. The solution approach is based

either on eliminating the differential equation completely (steady state problems), or rendering

the PDE into an approximating system of ordinary differential equations, which are then solved

using standard techniques such as Euler's method, Runge-Kutta, etc.

The finite element method (FEM) is used for finding approximate solutions of partial differential

equations (PDE) as well as of integral equations such as the heat transport equation. The solution

approach is based either on eliminating the differential equation completely (steady state

problems), or rendering the PDE into an approximating system of ordinary differential equations,

which are then solved using standard techniques such as Euler's method, Runge-Kutta, etc.
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Key Points:

1. History

The finite-element method originated from the need for solving complex elasticity and

structural analysis problems in civil and aeronautical engineering. Its development can be

traced back to the work by Alexander Hrennikoff (1941) and Richard Courant (1942). While

the approaches used by these pioneers are dramatically different, they share one essential

characteristic: mesh discretization of a continuous domain into a set of discrete sub-domains,

usually called elements.

Hrennikoff's work discretizes the domain by using a lattice analogy while Courant's approach

divides the domain into finite triangular subregions for solution of second order elliptic

partial differential equations (PDEs) that arise from the problem of torsion of a cylinder .

Courant's contribution was evolutionary, drawing on a large body of earlier results for PDEs

developed by Rayleigh, Ritz, and Galerkin.

Development of the finite element method began in earnest in the middle to late 1950s for

airframe and structural analysis and gathered momentum at the University of Stuttgart

through the work of John Argyris and at Berkeley through the work of Ray W. Clough in the

1960s for use in civil engineering. By late 1950s, the key concepts of stiffness matrix and

element assembly existed essentially in the form used today and NASA issued request for

proposals for the development of the finite element software NASTRAN in 1965. The

method was provided with a rigorous mathematical foundation in 1973 with the publication

of Strang and Fix's An Analysis of The Finite Element Method, and has since been

generalized into a branch of applied mathematics for numerical modeling of physical systems

in a wide variety of engineering disciplines, e.g., electromagnetism and fluid dynamics.

2. Application

A variety of specializations under the umbrella of the mechanical engineering discipline

(such as aeronautical, biomechanical, and automotive industries) commonly use integrated

FEM in design and development of their products. Several modern FEM packages include

specific components such as thermal, electromagnetic, fluid, and structural working
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environments. In a structural simulation, FEM helps tremendously in producing stiffness and

strength visualizations and also in minimizing weight, materials, and costs. FEM allows

detailed visualization of where structures bend or twist, and indicates the distribution of

stresses and displacements. FEM software provides a wide range of simulation options for

controlling the complexity of both modeling and analysis of a system. Similarly, the desired

level of accuracy required and associated computational time requirements can be managed

simultaneously to address most engineering applications. FEM allows entire designs to be

constructed, refined, and optimized before the design is manufactured. This powerful design

tool has significantly improved both the standard of engineering designs and the

methodology of the design process in many industrial applications. The introduction of FEM

has substantially decreased the time to take products from concept to the production line. It is

primarily through improved initial prototype designs using FEM that testing and

development have been accelerated. In summary, benefits of FEM include increased

accuracy, enhanced design and better insight into critical design parameters, virtual

prototyping, fewer hardware prototypes, a faster and less expensive design cycle, increased

productivity, and increased revenue.

3. Technical discussion

We will illustrate the finite element method using two sample problems from which the

general method can be extrapolated. It is assumed that the reader is familiar with calculus and

linear algebra.

P1 is a one-dimensional problem

where f is given and u is an unknown function of x, and u'' is the second derivative of u with

respect to x.

The two-dimensional sample problem is the Dirichlet problem
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where Ω is a connected open region in the (x,y) plane whose boundary is "nice" (e.g., a

smooth manifold or a polygon), and uxx and uyy denote the second derivatives with respect to

x and y, respectively.

The problem P1 can be solved "directly" by computing antiderivatives. However, this

method of solving the boundary value problem works only when there is only one spatial

dimension and does not generalize to higher-dimensional problems or to problems like u + u''

= f. For this reason, we will develop the finite element method for P1 and outline its

generalization to P2.

Our explanation will proceed in two steps, which mirror two essential steps one must take to

solve a boundary value problem (BVP) using the FEM.

 In the first step, one rephrases the original BVP in its weak, or variational form. Little to

no computation is usually required for this step, the transformation is done by hand on

paper.

 The second step is the discretization, where the weak form is discretized in a finite

dimensional space.

After this second step, we have concrete formulae for a large but finite dimensional linear

problem whose solution will approximately solve the original BVP. This finite dimensional

problem is then implemented on a computer.

4. Variational formulation

The first step is to convert P1 and P2 into their variational equivalents. If u solves P1, then

for any smooth function v that satisfies the displacement boundary conditions, i.e. v = 0 at x =

0 and x = 1,we have

(1)

Conversely, if u with u(0) = u(1) = 0 satisfies (1) for every smooth function v(x) then one

may show that this u will solve P1. The proof is easier for twice continuously differentiable u

(mean value theorem), but may be proved in a distributional sense as well.
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By using integration by parts on the right-hand-side of (1), we obtain

(2)

where we have used the assumption that v(0) = v(1) = 0.

 A proof outline of existence and uniqueness of the solution

We can loosely think of to be the absolutely continuous functions of (0,1) that

are 0 at x = 0 and x = 1 (see Sobolev spaces). Such function are (weakly) "once

differentiable" and it turns out that the symmetric bilinear map then defines an inner

product which turns into a Hilbert space (a detailed proof is nontrivial.) On the

other hand, the left-hand-side is also an inner product, this time on the

Lp space L2(0,1). An application of the Riesz representation theorem for Hilbert spaces

shows that there is a unique u solving (2) and therefore P1. This solution is a-priori only a

member of , but using elliptic regularity, will be smooth if f is.

 The variational form of P2

If we integrate by parts using a form of Green's theorem, we see that if u solves P2, then

for any v,

where denotes the gradient and denotes the dot product in the two-dimensional plane.

Once more can be turned into an inner product on a suitable space of "once

differentiable" functions of Ω that are zero on . We have also assumed that

(see Sobolev spaces). Existence and uniqueness of the solution can also be

shown.
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5. Discretization

A function in H1
0, with zero values at the endpoints (blue), and a piecewise linear approximation

(red).

The basic idea is to replace the infinite dimensional linear problem:

Find such that

with a finite dimensional version:

(3) Find such that

where V is a finite dimensional subspace of . There are many possible choices for V (one

possibility leads to the spectral method). However, for the finite element method we take V to

be a space of piecewise linear functions.

For problem P1, we take the interval (0,1), choose n x values 0 = x0 < x1 < ... < xn < xn + 1 = 1

and we define V by

where we define x0 = 0 and xn + 1 = 1. Observe that functions in V are not differentiable

according to the elementary definition of calculus. Indeed, if then the derivative is
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typically not defined at any x = xk, k = 1,...,n. However, the derivative exists at every other

value of x and one can use this derivative for the purpose of integration by parts.

A piecewise linear function in two dimensions.

For problem P2, we need V to be a set of functions of Ω. In the figure on the right, we have

illustrated a triangulation of a 15 sided polygonal region Ω in the plane (below), and a

piecewise linear function (above, in color) of this polygon which is linear on each triangle of

the triangulation; the space V would consist of functions that are linear on each triangle of the

chosen triangulation.

One often reads Vh instead of V in the literature. The reason is that one hopes that as the

underlying triangular grid becomes finer and finer, the solution of the discrete problem (3)

will in some sense converge to the solution of the original boundary value problem P2. The

triangulation is then indexed by a real valued parameter h > 0 which one takes to be very

small. This parameter will be related to the size of the largest or average triangle in the

triangulation. As we refine the triangulation, the space of piecewise linear functions V must

also change with h, hence the notation Vh. Since we do not perform such an analysis, we will

not use this notation.

 Choosing a basis

Basis functions vk (blue) and a linear combination of them, which is piecewise linear (red).
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To complete the discretization, we must select a basis of V. In the one-dimensional case,

for each control point xk we will choose the piecewise linear function vk in V whose value

is 1 at xk and zero at every , i.e.,

for k = 1,...,n; this basis is a shifted and scaled tent function. For the two-dimensional

case, we choose again one basis function vk per vertex xk of the triangulation of the planar

region Ω. The function vk is the unique function of V whose value is 1 at xk and zero at

every .

Depending on the author, the word "element" in "finite element method" refers either to

the triangles in the domain, the piecewise linear basis function, or both. So for instance,

an author interested in curved domains might replace the triangles with curved primitives,

in which case he might describe his elements as being curvilinear. On the other hand,

some authors replace "piecewise linear" by "piecewise quadratic" or even "piecewise

polynomial". The author might then say "higher order element" instead of "higher degree

polynomial." Finite element method is not restricted to triangles (or tetrahedra in 3-d, or

higher order simplexes in multidimensional spaces), but can be defined on quadrilateral

subdomains (hexahedra, prisms, or pyramids in 3-d, and so on). Higher order shapes

(curvilinear elements) can be defined with polynomial and even non-polynomial shapes

(e.g. ellipse or circle).

Examples of methods that use higher degree piecewise polynomial basis functions are the

hp-FEM and spectral FEM.

More advanced implementations (adaptive finite element methods) utilize a method to

assess the quality of the results (based on error estimation theory) and modify the mesh

during the solution aiming to achieve approximate solution within some bounds from the

'exact' solution of the continuum problem. Mesh adaptivity may utilize various

techniques, the most popular are:

o moving nodes (r-adaptivity)

o refining (and unrefining) elements (h-adaptivity)

o changing order of base functions (p-adaptivity)
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o combinations of the above (hp-adaptivity)

 Small support of the basis

Solving the two-dimensional problem uxx + uyy = − 4 in the disk centered at the origin and radius

1, with zero boundary conditions.

(a) The triangulation.

(b) The sparse matrix L of the discretized linear system.

(c) The computed solution, u(x,y) = 1 − x2 − y2.

The primary advantage of this choice of basis is that the inner products

and
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will be zero for almost all j,k. (The matrix containing in the (j,k)

location is known as the Gramian matrix.) In the one dimensional case, the

support of vk is the interval [xk − 1,xk + 1]. Hence, the integrands of and

Φ(vj,vk) are identically zero whenever | j − k | > 1.

Similarly, in the planar case, if xj and xk do not share an edge of the triangulation, then the

integrals

and

are both zero.

 Matrix form of the problem

If we write and then problem (3) becomes

(4) for j = 1,...,n.

If we denote by and the column vectors (u1,...,un)
t and (f1,...,fn)

t, and if we let L = (Lij)

and M = (Mij) be matrices whose entries are Lij = φ(vi,vj) and then we

may rephrase (4) as

(5) .
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As we have discussed before, most of the entries of L and M are zero because the basis

functions vk have small support. So we now have to solve a linear system in the unknown

where most of the entries of the matrix L, which we need to invert, are zero.

Such matrices are known as sparse matrices, and there are efficient solvers for such

problems (much more efficient than actually inverting the matrix.) In addition, L is

symmetric and positive definite, so a technique such as the conjugate gradient method is

favored. For problems that are not too large, sparse LU decompositions and Cholesky

decompositions still work well. For instance, Matlab's backslash operator (which uses

sparse LU, sparse Cholesky, and other factorization methods) can be sufficient for

meshes with a hundred thousand vertices.

The matrix L is usually referred to as the stiffness matrix, while the matrix M is dubbed

the mass matrix.

 General form of the finite element method

In general, the finite element method is characterized by the following process.

o One chooses a grid for Ω. In the preceding treatment, the grid consisted of

triangles, but one can also use squares or curvilinear polygons.

o Then, one chooses basis functions. In our discussion, we used piecewise linear

basis functions, but it is also common to use piecewise polynomial basis

functions.

A separate consideration is the smoothness of the basis functions. For second order

elliptic boundary value problems, piecewise polynomial basis function that are merely

continuous suffice (i.e., the derivatives are discontinuous.) For higher order partial

differential equations, one must use smoother basis functions. For instance, for a fourth

order problem such as uxxxx + uyyyy = f, one may use piecewise quadratic basis functions

that are C1.

Another consideration is the relation of the finite dimensional space V to its infinite

dimensional counterpart, in the examples above . A conforming element method is
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one in which the space V is a subspace of the element space for the continuous problem.

The example above is such a method. If this condition is not satisfied, we obtain a

nonconforming element method, an example of which is the space of piecewise linear

functions over the mesh which are continuous at each edge midpoint. Since these

functions are in general discontinuous along the edges, this finite dimensional space is

not a subspace of the original .

Typically, one has an algorithm for taking a given mesh and subdividing it. If the main

method for increasing precision is to subdivide the mesh, one has an h-method (h is

customarily the diameter of the largest element in the mesh.) In this manner, if one shows

that the error with a grid h is bounded above by Chp, for some and p > 0, then

one has an order p method. Under certain hypotheses (for instance, if the domain is

convex), a piecewise polynomial of order d method will have an error of order p = d + 1.

If instead of making h smaller, one increases the degree of the polynomials used in the

basis function, one has a p-method. If one combines these two refinement types, one

obtains an hp-method (hp-FEM]). In the hp-FEM, the polynomial degrees can vary from

element to element. High order methods with large uniform p are called spectral finite

element methods (SFEM). These are not to be confused with spectral methods.

For vector partial differential equations, the basis functions may take values in .

6. Comparison to the finite difference method

The finite difference method (FDM) is an alternative way of approximating solutions of

PDEs. The differences between FEM and FDM are:

 The finite difference method is an approximation to the differential equation; the finite

element method is an approximation to its solution.

 The most attractive feature of the FEM is its ability to handle complex geometries (and

boundaries) with relative ease. While FDM in its basic form is restricted to handle

rectangular shapes and simple alterations thereof, the handling of geometries in FEM is

theoretically straightforward.

 The most attractive feature of finite differences is that it can be very easy to implement.
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 There are several ways one could consider the FDM a special case of the FEM approach.

One might choose basis functions as either piecewise constant functions or Dirac delta

functions. In both approaches, the approximations are defined on the entire domain, but

need not be continuous. Alternatively, one might define the function on a discrete

domain, with the result that the continuous differential operator no longer makes sense,

however this approach is not FEM.

 There are reasons to consider the mathematical foundation of the finite element

approximation more sound, for instance, because the quality of the approximation

between grid points is poor in FDM.

 The quality of a FEM approximation is often higher than in the corresponding FDM

approach, but this is extremely problem dependent and several examples to the contrary

can be provided.

Generally, FEM is the method of choice in all types of analysis in structural mechanics (i.e.

solving for deformation and stresses in solid bodies or dynamics of structures) while

computational fluid dynamics (CFD) tends to use FDM or other methods (e.g., finite volume

method). CFD problems usually require discretization of the problem into a large number of

cells/gridpoints (millions and more), therefore cost of the solution favors simpler, lower order

approximation within each cell. This is especially true for 'external flow' problems, like air flow

around the car or airplane, or weather simulation in a large area.

Topic : Fracture Mechanics

Topic Objective:

After studying this topic the student should be able to:

 Define Fracture mechanics

 Understand the History of fracture mechanics
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 Define Strain energy release rate

 List the Limitations of linear elastic fracture mechanics

 Understand the concept of Elastic-plastic fracture mechanics

 List the Engineering applications employing Fracture mechanics

Definition/Overview:

Fracture mechanics: is the field of mechanics concerned with the study of the formation of

cracks in materials. It uses methods of analytical solid mechanics to calculate the driving force

on a crack and those of experimental solid mechanics to characterize the material's resistance to

fracture.

Key Points:

1. Fracture mechanics

In modern materials science, fracture mechanics is an important tool in improving the

mechanical performance of materials and components. It applies the physics of stress and

strain, in particular the theories of elasticity and plasticity, to the microscopic

crystallographic defects found in real materials in order to predict the macroscopic

mechanical failure of bodies. Fractography is widely used with fracture mechanics to

understand the causes of failures and also verify the theoretical failure predictions with real

life failures.
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In many cases, failure of engineering structures through fracture can be fatal; one example is

that of the Tay Rail Bridge disaster (right). Often disasters occur because engineering

structures contain cracksarising either during production or during service (e.g. from fatigue).

For instance, growth of cracks in pressure vessels due to crack propagation could cause a

fatal explosion. If failure were ever to happen, we would rather it were by yield or by leak

before break.

Since cracks can lower the strength of the structure beyond that due to loss of load-bearing

area a material property, above and beyond conventional strength, is needed to describe the

fracture resistance of engineering materials. This is the reason for the need for fracture

mechanicsthe evaluation of the strength of cracked structures.

2. History

 Griffith's energy relation

An edge crack (flaw) of length ain a material.

Fracture Mechanics was invented during World War I by English aeronautical engineer,

A.A.Griffith, to explain the failure of brittle materials. Griffith's work was motivated by

two contradictory facts:

o The stress needed to fracture bulk glass is around 100 MPa.

o The theoretical stress needed for breaking atomic bonds is approximately

10,000 MPa.

A theory was needed to reconcile these conflicting observations. Also, experiments on

glass fibers that Griffith himself conducted suggested that the fracture stress increases as

the fiber diameter decreases. Hence the uniaxial tensile strength, which had been used
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extensively to predict material failure before Griffith, could not be a specimen-

independent material property. Griffith suggested that the low fracture strength observed

in experiments, as well as the size-dependence of strength, was due to the presence of

microscopic flaws in the bulk material.

To verify the flaw hypothesis, Griffith introduced an artificial flaw in his experimental

specimens. The artificial flaw was in the form of a surface crack which was much larger

than other flaws in a specimen. The experiments showed that the product of the square

root of the flaw length (a) and the stress at fracture (σf) was nearly constant, i.e.,

An explanation of this relation in terms of linear elasticity theory is problematic. Linear

elasticity theory predicts that stress (and hence the strain) at the tip of a sharp flaw in a

linear elastic material is infinite. To avoid that problem, Griffith developed a

thermodynamic approach to explain the relation that he observed.

The growth of a crack requires the creation of two new surfaces and hence an increase in

the surface energy. Griffith found an expression for the constant C in terms of the surface

energy of the crack by solving the elasticity problem of a finite crack in an elastic plate.

Briefly, the approach was

o compute the potential energy stored in a perfect specimen under an uniaxial

tensile load.

o fix the boundary so that the applied load does no work and then introduce a

crack into the specimen.

The crack relaxes the stress and hence reduces the elastic energy near the crack faces. On

the other hand, the crack increases the total surface energy of the specimen. The next step

was to

o compute the change in the free energy (surface energy − elastic energy) as a

function of the crack length.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

86
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Failure occurs when the free energy attains a peak value at a critical crack length, beyond

which the free energy decreases by increasing the crack length, i.e. by causing fracture.

Using this procedure, Griffith found that

where E is the Young's modulus of the material and γ is the surface energy density of the

material. Assuming E = 62 GPa and γ = 1 J/m2 gives excellent agreement of Griffith's

predicted fracture stress with experimental results for glass.

 Irwin's modification of Griffith's energy relation

The plastic zone around a crack tip in a ductile material.

Griffith's work was largely ignored by the engineering community until the early 1950s.

The reasons for this appear to be (a) in the actual structural materials the level of energy

needed to cause fracture is orders of magnitude higher than the corresponding surface

energy, and (b) in structural materials there are always some inelastic deformations

around the crack front that would make the assumption of linear elastic medium with

infinite stresses at the crack tip highly unrealistic. F. Erdogan (2000)

Griffith's theory provides excellent agreement with experimental data for brittle materials

such as glass. For ductile materials such as steel, though the relation still

holds, the surface energy (γ) predicted by Griffith's theory is usually unrealistically high.

A group working under G. R. Irwin at the U.S. Naval Research Laboratory (NRL) during

World War II realized that plasticity must play a significant role in the fracture of ductile

materials.

In ductile materials (and even in materials that appear to be brittle), a plastic zone

develops at the tip of the crack. As the applied load increases, the plastic zone increases
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in size until the crack grows and the material behind the crack tip unloads. The plastic

loading and unloading cycle near the crack tip leads to the dissipation of energy as heat.

Hence, a dissipative term has to be added to the energy balance relation devised by

Griffith for brittle materials. In physical terms, additional energy is needed for crack

growth in ductile materials when compared to brittle materials.

o Irwin's strategy was to partition the energy into two parts:

o the stored elastic strain energy which is released as a crack grows. This is the

thermodynamic driving force for fracture.

the dissipated energy which includes plastic dissipation and the surface energy (and any

other dissipative forces that may be at work). The dissipated energy provides the

thermodynamic resistance to fracture. Then the total energy dissipated is G = 2γ + Gp

where γ is the surface energy and Gp is the plastic dissipation (and dissipation from other

sources) per unit area of crack growth.

The modified version of Griffith's energy criterion can then be written as

For brittle materials such as glass, the surface energy term dominates and

J/m2. For ductile materials such as steel, the plastic dissipation term dominates and

J/m2. For polymers close to the glass transition temperature, we have

intermediate values of J/m2.

 Stress intensity factor

Another significant achievement of Irwin and his colleagues was to a method of

calculating the amount of energy available for fracture in terms of the asymptotic stress
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and displacement fields around a crack front in a linear elastic solid. This asymptotic

expression for the stress field around a crack tip is

where σij are the Cauchy stresses, r is the distance from the crack tip, θ is the angle with

respect to the plane of the crack, and fij are functions that are independent of the crack

geometry and loading conditions. Irwin called the quantity K the stress intensity factor.

Since the quantity fij is dimensionless, the stress intensity factor can be expressed in units

of .

3. Strain energy release rate

Irwin was the first to observe that if the size of the plastic zone around a crack is small

compared to the size of the crack, the energy required to grow the crack will not be critically

dependent on the state of stress at the crack tip. In other words, a purely elastic solution may

be used to calculate the amount of energy available for fracture.

The energy release rate for crack growth or strain energy release rate may then be

calculated the change in elastic strain energy per unit area of crack growth, i.e.,

where U is the elastic energy of the system and a is the crack length. Either the load P or the

displacement u can be kept fixed while evaluating the above expressions.

Irwin showed that for a mode I crack the strain energy release rate and the stress intensity

factor are related by
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where E is the Young's modulus, ν is the Poisson's ratio, and KI is the stress intensity factor

in mode I. Irwin also showed that the strain energy release rate of a planar crack in a linear

elastic body can be expressed in terms of the mode I, mode II, and mode III stress intensity

factors for the most general loading conditions.

Next, Irwin adopted the additional assumption that the size and shape of the energy

dissipation zone remains approximately constant during brittle fracture. This assumption

suggests that the energy needed to create a unit fracture surface is a constant that depends

only on the material. This new material property was given the name fracture toughness and

designated GIc. Today, it is the related quantity KIc which is called the fracture toughness

and is now universally accepted as the defining material property in linear elastic

fracture mechanics.

4. Limitations of linear elastic fracture mechanics

But a problem arose for the NRL researchers because naval materials, e.g., ship-plate steel,

are not perfectly elastic but undergo significant plastic deformation at the tip of a crack. One

basic assumption in Irwin's linear elastic fracture mechanics is that the size of the plastic

zone is small compared to the crack length. However, this assumption is quite restrictive for

certain types of failure in structural steels though such steels can be prone to brittle fracture,

which has led to a number of catastrophic failures..

Linear-elastic fracture mechanics is of limited practical use for structural steels for another

more practical reason. Fracture toughness testing is very expensive and engineers believe that

sufficient information for selection of steels can be obtained from the simpler and cheaper

Charpy impact test.
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5. Elastic-plastic fracture mechanics

Most engineering materials show some inelastic behavior under operating conditions that

involve large loads. In such materials the assumptions of linear elastic fracture mechanics

may not hold, that is,

 the plastic zone at a crack tip may have a size of the same order of magnitude as the crack

size

 the size and shape of the plastic zone may change as the applied load is increased and

also as the crack length increases.

Therefore a more general theory of crack growth is needed for elastic-plastic materials that

can account for:

 the local conditions for initial crack growth which include the nucleation, growth, and

coalescence of voids or decohesion at a crack tip.

 a global energy balance criterion for further crack growth and unstable fracture.

5.1 R-curve

An early attempt in the direction of elastic-plastic fracture mechanics was Irwin's crack

extension resistance curve or R-curve. This curve acknowledges the fact that the

resistance to fracture increases with growing crack size in elastic-plastic materials. The

R-curve is a plot of the total energy dissipation rate as a function of the crack size and can

be used to examine the processes of slow stable crack growth and unstable fracture.

However, the R-curve was not widely used in applications until the early 1970s. The

main reasons appear to be that the R-curve depends on the geometry of the specimen and

the crack driving force may be difficult to calculate.

5.2 J-integral

In the mid-1960s J. R. Rice (then at Brown University) and G. P. Cherepanov

independently developed a new toughness measure to describe the case where there is

sufficient crack-tip deformation that the part no longer obeys the linear-elastic
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approximation. Rice's analysis, which assumes non-linear elastic (or monotonic

deformation-theory plastic) deformation ahead of the crack tip, is designated the J

integral. This analysis is limited to situations where plastic deformation at the crack tip

does not extend to the furthest edge of the loaded part. It also demands that the assumed

non-linear elastic behavior of the material is a reasonable approximation in shape and

magnitude to the real material's load response. The elastic-plastic failure parameter is

designated JIc and is conventionally converted to KIc using Equation (3.1) of the

Appendix to this article. Also note that the J integral approach reduces to the Griffith

theory for linear-elastic behavior.

6. Engineering applications

The following information is needed for a fracture mechanics prediction of failure:

 Applied load

 Residual stress

 Size and shape of the part

 Size, shape, location, and orientation of the crack

Usually not all of this information is available and conservative assumptions have to be

made.

Occasionally post-mortem fracture-mechanics analyses are carried out. In the absence of an

extreme overload, the causes are either insufficient toughness (KIc) or an excessively large

crack that was not detected during routine inspection.
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Topic : Fatigue.

Topic Objective:

After studying this topic the student should be able to:

 Define Fatigues

 Understand the characteristics of fatigue

 Differentiate between high cycle and low cycle fatigue

 Define Fatigue and fracture mechanics

 Understand the Factors that affect fatigue-life

Definition/Overview:

Fatigue: In materials science, fatigue is the progressive and localized structural damage that

occurs when a material is subjected to cyclic loading. The maximum stress values are less than

the ultimate tensile stress limit, and may be below the yield stress limit of the material.

Key Points:

1. Fatigue life

ASTM defines fatigue life, Nf, as the number of stress cycles of a specified character that a

specimen sustains before failure of a specified nature occurs.
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2. Characteristics of fatigue

 The process starts with dislocation movements, eventually forming persistent slip bands

that nucleate short cracks.

 Fatigue is a stochastic process, often showing considerable scatter even in controlled

environments.

 The greater the applied stress, the shorter the life.

 Fatigue life scatter tends to increase for longer fatigue lives.

 Damage is cumulative. Materials do not recover when rested.

 Fatigue life is influenced by a variety of factors, such as temperature, surface finish,

presence of oxidizing or inert chemicals, residual stresses, contact (fretting), etc.

 Some materials (e.g., some steel and titanium alloys) exhibit a theoretical fatigue limit

below which continued loading does not lead to failure.

In recent years, researchers (see, for example, the work of Bathias, Murakami, and Stanzl-

Tschegg) have found that failures occur below the theoretical fatigue limit at very high

fatigue lives (109 to 1010 cycles). An ultrasonic resonance technique is used in these

experiments with frequencies around 1020 kHz.

High cycle fatigue strength (about 103 to 108 cycles) can be described by stress-based

parameters. A load-controlled servo-hydraulic test rig is commonly used in these tests, with

frequencies of around 2050 Hz. Other sorts of machineslike resonant magnetic machinescan

also be used, achieving frequencies up to 250 Hz.

Low cycle fatigue (typically less than 103 cycles) is associated with widespread plasticity;

thus, a strain-based parameter should be used for fatigue life prediction. Testing is conducted

with constant strain amplitudes at 15 Hz.
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3. High-cycle fatigue

Historically, most attention has focused on situations that require more than 104 cycles to

failure where stress is low and deformation primarily elastic.

 The S-N curve

In high-cycle fatigue situations, materials performance is commonly characterised by an

S-N curve, also known as a Whler curve. This is a graph of the magnitude of a cyclical

stress (S) against the logarithmic scale of cycles to failure (N).

S-N curves are derived from tests on samples of the material to be characterised (often

called coupons) where a regular sinusoidal stress is applied by a testing machine which

also counts the number of cycles to failure. This process is sometimes known as coupon

testing. Each coupon test generates a point on the plot though in some cases there is a

runout where the time to failure exceeds that available for the test (see censoring).

Analysis of fatigue data requires techniques from statistics, especially survival analysis

and linear regression.

 Probabilistic nature of fatigue

As coupons sampled from a homogeneous frame will manifest variation in their number

of cycles to failure, the S-N curve should more properly be an S-N-P curve capturing the

probability of failure after a given number of cycles of a certain stress. Probability

distributions that are common in data analysis and in design against fatigue include the

lognormal distribution, extreme value distribution, Birnbaum-Saunders distribution, and

Weibull distribution.

In practice, a mechanical part is exposed to a complex, often random, sequence of loads,

large and small. In order to assess the safe life of such a part:
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Reduce the complex loading to a series of simple cyclic loadings using a technique such

as rainflow analysis;

Create an histogram of cyclic stress from the rainflow analysis;

For each stress level, calculate the degree of cumulative damage incurred from the S-N

curve; and

Combine the individual contributions using an algorithm such as Miner's rule.

 Miner's rule

In 1945, M. A. Miner popularised a rule that had first been proposed by A. Palmgren in

1924. The rule, variously called Miner's rule or the Palmgren-Miner linear damage

hypothesis, states that where there are k different stress magnitudes in a spectrum, Si (1 ≤

i ≤ k), each contributing ni(Si) cycles, then if Ni(Si) is the number of cycles to failure of a

constant stress reversal Si, failure occurs when:

C is experimentally found to be between 0.7 and 2.2. Usually for design purposes, C is

assumed to be 1.

This can be thought of as assessing what proportion of life is consumed by stress reversal

at each magnitude then forming a linear combination of their aggregate.

Though Miner's rule is a useful approximation in many circumstances, it has two major

limitations:

It fails to recognise the probabilistic nature of fatigue and there is no simple way to relate

life predicted by the rule with the characteristics of a probability distribution.

There is sometimes an effect in the order in which the reversals occur. In some

circumstances, cycles of low stress followed by high stress cause more damage than

would be predicted by the rule. It does not consider the effect of overload or high stress

which may result in a compressive residual stress. High stress followed by low stress may

have less damage due to the presence of compressive residual stress.
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 Paris' Relationship

Anderson, Gomez and Paris derived relationships for the stage II crack growth with

cycles N, in terms of the cyclical component ΔK of the Stress Intensity Factor K

where a is the crack length and m is typically in the range 3 to 5 (for metals).

This relationship was later modified (by Forman, 1967) to make better allowance for the

mean stress, by introducing a factor depending on (1-R) where R = min. stress/max

stress, in the denominator.

4. Low-cycle fatigue

Where the stress is high enough for plastic deformation to occur, the account in terms of

stress is less useful and the strain in the material offers a simpler description. Low-cycle

fatigue is usually characterised by the Coffin-Manson relation (published independently by

L. F. Coffin in 1954 and S. S. Manson 1953):

-where:

Δεp /2 is the plastic strain amplitude;

εf' is an empirical constant known as the fatigue ductility coefficient, the failure strain for a

single reversal;

2N is the number of reversals to failure (N cycles);

c is an empirical constant known as the fatigue ductility exponent, commonly ranging from -

0.5 to -0.7 for metals.

A similar relationship for materials such as Zirconium, used in the nuclear industry, is due to

W.J. O'Donnell and B. F. Langer (Nuclear Science and Engineering, vol 20, pp 1-12, 1964).
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5. Fatigue and fracture mechanics

The account above is purely phenomenological and, though it allows life prediction and

design assurance, it does not enable life improvement or design optimisation. For the latter

purposes, an exposition of the causes and processes of fatigue is necessary. Such an

explanation is given by fracture mechanics in four stages.

Crack nucleation;

Stage I crack-growth;

Stage II crack-growth; and

Ultimate ductile failure.

6. Factors that affect fatigue-life

 Cyclic stress state. Depending on the complexity of the geometry and the loading, one or

more properties of the stress state need to be considered, such as stress amplitude, mean

stress, biaxiality, in-phase or out-of-phase shear stress, and load sequence,

 Geometry. Notches and variation in cross section throughout a part lead to stress

concentrations where fatigue cracks initiate.

 Surface quality. Surface roughness cause microscopic stress concentrations that lower the

fatigue strength. Compressive residual stresses can be introduced in the surface by e.g.

shot peening to increase fatigue life. Such techniques for producing surface stress are

often referred to as peening, whatever the mechanism used to produce the stress. laser

peening and ultrasonic impact treatment can also produce this surface compressive stress

and can increase the fatigue life of the component. This improvement is normally

observed only for high-cycle fatigue.

 Material Type. Fatigue life, as well as the behavior during cyclic loading, varies widely

for different materials: E.g. composites and polymers differ markedly from metals.
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 Residual stresses. Welding, cutting, casting, and other manufacturing processes involving

heat or deformation can produce high levels of tensile residual stress, which decreases the

fatigue strength.

 Size and distribution of internal defects. Casting defects such as gas porosity, non-

metallic inclusions and shrinkage voids can significantly reduce fatigue strength.

 Direction of loading. For non-isotropic materials, fatigue strength depends on the

direction of the principal stress.

 Grain size. For most metals, smaller grains yield longer fatigue lives, however, the

presence of surface defects or scratches will have a greater influence than in a coarse

grained alloy.

 Environment. Environmental conditions can cause erosion, corrosion, or gas-phase

embrittlement, which all affect fatigue life. Corrosion fatigue is a problem encountered in

many aggressive environments.

 Temperature. Higher temperatures generally decrease fatigue strength.

7. Design against fatigue

Dependable design against fatigue-failure requires thorough education and supervised

experience in structural engineering, mechanical engineering, or materials science. There are

three principal approaches to life assurance for mechanical parts that display increasing

degrees of sophistication:

Design to keep stress below threshold of fatigue limit (infinite lifetime concept);

Design (conservatively) for a fixed life after which the user is instructed to replace the part

with a new one (a so-called lifed part, finite lifetime concept, or "safe-life" design practice);

Instruct the user to inspect the part periodically for cracks and to replace the part once a crack

exceeds a critical length. This approach usually uses the technologies of nondestructive

testing and requires an accurate prediction of the rate of crack-growth between inspections.

This is often referred to as damage tolerant design or "retirement-for-cause".
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8. 8. Stopping fatigue

Fatigue cracks that have begun to propagate can sometimes be stopped by drilling holes,

called drill stops, in the path of the fatigue crack. This is not recommended as a general

practice because the hole represents a stress concentration factor which depends on the size

of the hole and geometry. There is thus the possibility of a new crack starting in the side of

the hole. It is always far better to replace the cracked part entirely. Several disasters have

been caused by botched repairs to cracked structures, such as JAL 123.

9. Material change

Changes in the materials used in parts can also improve fatigue life. For example, parts can

be made from better fatigue rated metals. Complete replacement and redesign of parts can

also reduce if not eliminate fatigue problems. Thus helicopter rotor blades and propellers in

metal are being replaced by composite equivalents. They are not only lighter, but also much

more resistant to fatigue. They are more expensive, but the extra cost is amply repaid by their

greater integrity, since loss of a rotor blade usually leads to total loss of the aircraft. A similar

argument has been made for replacement of metal fuselages, wings and tails of aircraft.
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