
 “Pre-Calculus”.  

 

 In Section 1 of this course you will cover these topics: 

      Equation Of Lines  

      Functions And Their Graphs  

      Linear And Quadratic Functions 

 

 

Topic : Equation Of Lines 

 

Topic Objective: 

At the end of this topic students will be able: 

 To understand lines 

 To understand Cartesian coordinate system 

 To study various forms of linear equation  

  

  

Definition/Overview: 

Distance: Distance is a numerical description of how far apart objects are. In physics or 

everyday discussion, distance may refer to a physical length, a period of time, or an estimation 

based on other criteria (e.g. "two counties over"). In mathematics, distance must meet more 

rigorous criteria. 

   

Midpoint: The midpoint (also known as class mark in relation to histogram) is the middle point 

of a line segment. It is equidistant from both endpoints.  
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Key Points: 

1. Overview 

A linear equation is written as: 

y= mx + b 

Or 

y= mx + c 

  

 Both forms are identical. Consider the following figure: 

 

  

Linear equations are usually considered in the context of Cartesian coordinate system. 

  

2. Cartesian Coordinate System 

In mathematics, the Cartesian coordinate system (also called rectangular coordinate system) is 

used to determine each point uniquely in a plane through two numbers, usually called the x-

coordinate or abscissa and the y-coordinate or ordinate of the point. To define the coordinates, 

two perpendicular directed lines (the x-axis, and the y-axis), are specified, as well as the unit 

length, which is marked off on the two axes . Cartesian coordinate systems are also used in space 

(where three coordinates are used) and in higher dimensions. 

  

Using the Cartesian coordinate system, geometric shapes (such as curves) can be described by 

algebraic equations, namely equations satisfied by the coordinates of the points lying on the 

shape. For example, the circle of radius 2 may be described by the equation x
2 

+ y
2
 = 4 
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 3. Two-Dimensional Coordinate System 

 

  

The four quadrants of a Cartesian coordinate system: The arrows on the axes indicate that they 

extend forever in their respective directions (i.e. infinitely). 

  

A Cartesian coordinate system in two dimensions is commonly defined by two axes, at right 

angles to each other, forming a plane (xy-plane). The horizontal axis is normally labeled x, and 

the vertical axis is normally labeled y. In a three dimensional coordinate system, another axis, 

normally labeled z, is added, providing a third dimension of space measurement. The axes are 

commonly defined as mutually orthogonal to each other (each at a right angle to the other). 

(Early systems allowed "oblique" axes, that is, axes that did not meet at right angles, and such 

systems are occasionally used today, although mostly as theoretical exercises.) All the points in a 

Cartesian coordinate system taken together form a so-called Cartesian plane. Equations that use 

the Cartesian coordinate system are called Cartesian equations. The point of intersection, where 

the axes meet, is called the origin normally labeled O. The x and y axes define a plane that is 

referred to as the xy plane. Given each axis, choose a unit length, and mark off each unit along 

the axis, forming a grid. To specify a particular point on a two dimensional coordinate system, 

indicate the x unit first (abscissa), followed by the y unit (ordinate) in the form (x,y), an ordered 

pair. 

  

The choice of letters comes from a convention, to use the latter part of the alphabet to indicate 

unknown values. In contrast, the first part of the alphabet was used to designate known values. 

An example of a point P on the system is indicated in the figure, using the coordinate (3,5). 
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The intersection of the two axes creates four regions, called quadrants, indicated by the Roman 

numerals I (+,+), II (−,+), III (−,−), and IV (+,−). Conventionally, the quadrants are labeled 

counter-clockwise starting from the upper right ("northeast") quadrant. In the first quadrant, both 

coordinates are positive, in the second quadrant x-coordinates are negative and y-coordinates 

positive, in the third quadrant both coordinates are negative and in the fourth quadrant, x-

coordinates are positive and y-coordinates negative   

  

  

4. Forms for 2D Linear Equations 

Complicated linear equations can be rewritten using the laws of elementary algebra into several 

simpler forms. In what follows x, y and t are variables; other letters represent constants 

(unspecified but fixed numbers). 

  

 

where A and B are not both equal to zero. The equation is usually written so that A ≥ 0, by 

convention. The graph of the equation is a straight line, and every straight line can be represented 

by an equation in the above form. If A is nonzero, then the x-intercept, that is the x-coordinate of 

the point where the graph crosses the x-axis (y is zero), is −C/A. If B is nonzero, then the y-

intercept, that is the y-coordinate of the point where the graph crosses the y-axis (x is zero), is 

−C/B, and the slope of the line is −A/B. 

  

 

 

5. Standard Form 
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Where A, B, and C are integers whose greatest common factor is 1, A and B are not both equal 

to zero and, A is non-negative (and if A=0 then B has to be positive). The standard form can be 

converted to the general form, but not always to all the other forms if A or B is zero. 

  

6. SlopeIntercept Form 

 

Where m is the slope of the line and b is the y-intercept, which is the y-coordinate of the point 

where the line crosses the y axis. This can be seen by letting x = 0, which immediately gives y = 

b. 

  

7. PointSlope Form 

 

Where m is the slope of the line and (x1,y1) is any point on the line. The point-slope and slope-

intercept forms are easily interchangeable. The point-slope form expresses the fact that the 

difference in the y coordinate between two points on a line (that is, y − y1) is proportional to the 

difference in the x coordinate (that is, x − x1). The proportionality constant is m (the slope of the 

line). 

  

 

 

 

8. Intercept Form  
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Where: c and b must be non-zero. The graph of the equation has x-intercept c and y-intercept b. 

The intercept form can be converted to the standard form by setting A = 1/c, B = 1/b and C = 1. 

  

  

9. Two-Point Form 

 

Where: p ≠ h. The graph passes through the points (h,k) and (p,q), and has slope m = (q−k) / 

(p−h). 

  

  

10.   Parametric Form 

 

  

Two simultaneous equations in terms of a variable parameter t, with slope m = V / T, x-intercept 

(VU−WT) / V and y-intercept (WT−VU) / T. 

  

This can also be related to the two-point form, where T = p−h, U = h, V = q−k, and W = k:  

 

And 
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In this case t varies from 0 at point (h,k) to 1 at point (p,q), with values of t between 0 and 1 

providing interpolation and other values of t providing extrapolation. 

  

11.    Normal Form 

 

  

Where φ is the angle of inclination of the normal and p is the length of the normal. The normal is 

defined to be the shortest segment between the line in question and the origin. Normal form can 

be derived from the general form by dividing all of the coefficients by: 

  

This form also called Hesse standard form, named after a German mathematician Ludwig Otto 

Hesse. 

  

  

12. Special Cases 

 

This is a special case of the standard form where A = 0 and B = 1, or of the slope-intercept form 

where the slope M = 0. The graph is a horizontal line with y-intercept equal to b. There is no x-

intercept, unless b = 0, in which case the graph of the line is the x-axis, and so every real number 

is an x-intercept. 
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This is a special case of the standard form where A = 1 and B = 0. The graph is a vertical line 

with x-intercept equal to c. The slope is undefined. There is no y-intercept, unless c = 0, in which 

case the graph of the line is the y-axis, and so every real number is a y-intercept. 

  

In this case all variables and constants have canceled out, leaving a trivially true statement. The 

original equation, therefore, would be called an identity and one would not normally consider its 

graph (it would be the entire xy-plane). An example is 2x + 4y = 2(x + 2y). The two expressions 

on either side of the equal sign are always equal, no matter what values are used for x and y. 

 

  

In situations where algebraic manipulation leads to a statement such as 1 = 0, then the original 

equation is called inconsistent, meaning it is untrue for any values of x and y (i.e. its graph would 

be the empty set) An example would be 3x + 2 = 3x − 5. 

  

  

Example/Case Study: 

1. Determine the distance between the points and . 

  

2. Find the midpoint of the line segment joining the points and . 

  

3. The graph of an equation is given. List the intercepts of the graph.  
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Answer:  

1) 2.34;  

2) (.5, 2.45);  

3) x-intercepts are -2, 0, and 2; y-intercept is 0; 

 

 

Topic : Functions And Their Graphs 

 

Topic Objective: 

At the end of this topic students will be able:  

 To Understand the link between functions and graphs 

 To define identityfunctions 

 To define inverse functions 

 State important facts about functions 

 To define absolute functions 

  

 

 

 

Definition/Overview: 
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Relation: A relation is a correspondence between two sets. 

  

Function: A function is a rule which relates the values of one variable quantity to the values of 

another variable quantity, and does so in such a way that the value of the second variable 

quantity is uniquely determined by (i.e. is a function of) the value of the first variable quantity. 

  

  

 Key Points: 

1. Overview 

The mathematical concept of a function expresses the dependence between two quantities, one of 

which is given (the independent variable, argument of the function, or its "input") and the other 

produced (the dependent variable, value of the function, or "output"). A function associates a 

single output to each input element drawn from a fixed set, such as the real numbers. 

  

There are many ways to give a function: by a formula, by a plot or graph, by an algorithm that 

computes it, by a description of its properties. Sometimes, a function is described through its 

relationship to other functions (see, for example, inverse function). In applied disciplines, 

functions are frequently specified by their tables of values or by a formula. Not all types of 

description can be given for every possible function, and one must make a firm distinction 

between the function itself and multiple ways of presenting or visualizing it. 

  

One idea of enormous importance in all of mathematics is the composition of functions: if z is a 

function of y and y is a function of x, then z is a function of x. We may describe it informally by 

saying that the composite function is obtained by using the output of the first function as the 
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input of the second one. This feature of functions distinguishes them from other mathematical 

constructs, such as numbers or figures, and provides the theory of functions with its most 

powerful structure. 

  

2. Graph of a Function 

  

 In mathematics, the graph of a function f is the collection of all ordered pairs (x, f(x)). In 

particular, graph means the graphical representation of this collection, in the form of a curve or 

surface, together with axes, etc. Graphing on a Cartesian plane is sometimes referred to as curve 

sketching. 

  

The graph of a function on real numbers is identical to the graphic representation of the function. 

For general functions, the graphic representation cannot be applied and the formal definition of 

the graph of a function suits the need of mathematical statements, e.g., the closed graph theorem 

in functional analysis. 

  

The concept of the graph of a function is generalised to the graph of a relation. Note that 

although a function is always identified with its graph, they are not the same because it will 

happen that two functions with different codomain could have the same graph. For example, the 

cubic polynomial mentioned above is a surjection if its codomain is the real numbers but it is not 

if its codomain is the complex field. 

  

3. Function composition 
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The function composition of two or more functions uses the output of one function as the input 

of another. The functions : X → Y and g: Y → Z can be composed by first applying to an 

argument x to obtain y = (x) and then applying g to y to obtain z = g(y). The composite function 

formed in this way from general and g may be written 

 

  

The function on the right acts first and function on the left acts second, reversing English reading 

order. We remember the order by reading the notation as "g of ". The order is important, because 

rarely do we get the same result both ways. For example, suppose (x) = x
2
 and g(x) = x+1. Then 

g((x)) = x
2
+1, while (g(x)) = (x+1)

2
, which is x

2
+2x+1, a different function. 

  

In a similar way, the function given above by the formula y = 5x−20x
3
+16x

5
 can be obtained by 

composing several functions, namely the addition, negation, and multiplication of real numbers. 

  

4. Identity function 

The unique function over a set X that maps each element to itself is called the identity function 

for X, and typically denoted by idX. Each set has its own identity function, so the subscript 

cannot be omitted unless the set can be inferred from context. Under composition, an identity 

function is "neutral": if is any function from X to Y, then: 

   

5. Inverse function  

If is a function from X to Y then an inverse function for , denoted by −1, is a function in the 

opposite direction, from Y to X, with the property that a round trip (a composition) returns each 

element to itself. Not every function has an inverse; those that do are called invertible. As a 
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simple example, if converts a temperature in degrees Celsius to degrees Fahrenheit, the function 

converting degrees Fahrenheit to degrees Celsius would be a suitable −1. 

  

 

  

The inverse of a function has all the same points as the original function, except that the x's 

and y's have been reversed. This is what they were trying to explain with their sets of points. For 

instance, supposing your function is made up of these points: { (1, 0), (3, 5), (0, 4) }. Then the 

inverse is given by this set of point: { (0, 1), (5, 3), (4, 0) }. (Note that the order of the points 

doesn't matter; you can rearrange the points so the x's are "in order", or not. It's your choice.)  

  

  

6. Important facts about functions 

         For each x in the domain of f, there is exactly one image f(x) in the range; however, an element 

in the range can result from more than one x in the domain. 

         f is the symbol that we use to denote the function.  It is symbolic of the equation that we use to 

get from an x in the domain to f(x) in the range. 

         If y = f(x), then x is called the independent variable or argument of f, and y is called the 

dependent variable or the value of f at x. 

  

 

7. The Absolute Value Function 
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The real absolute value function is continuous everywhere. It is differentiable everywhere except 

for x = 0. It is monotonically decreasing on the interval (−∞, 0] and monotonically increasing on 

the interval [0, ∞). Since a real number and its negative have the same absolute value, it is an 

even function, and is hence not invertible. 

  

 

Functions: Example 

  

 1. Determine whether defines y as a function of x. 

  

2. Find the domain of . 

  

3. and , find , , , . Determine the  

domain of each. 

  

4. Find and simplify the difference quotient for  

. 

  

Answer:  
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1) no; 

  

2) ; 

  

3) , ; 

  

, ; 

  

, ; 

  

, ;  

  

4)  

  

The Graph of a Function: Example 

1. Determine whether the graph is that of a function by using the vertical line test. 

  

Use the graph to determine 2) the functions domain and the functions range, 
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3) x-intercepts, if any and y-intercepts, if any, 4) If , what is ? What is the point on 

the graph? 

  

  

Answer:  

1) It is a function.;  

2) domain.- , range- ;  

3) x-intercept , y-intercept ; 

4) , is the point.; 

 

 

Topic : Linear And Quadratic Functions 

 

Topic Objective: 

At the end of this topic students will be able: 

 To understand what are linear functions  

 To understand what are quadratic functions  

 To understand quadratic formula 

 To learn about quadratic factorization  

 Apply quadratic equations to higher degree polynomials 

 To derive the quadratic formula  

 To understand the alternate form of quadratic formula  
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Definition/Overview: 

 Quadratic Function: A quadratic function, in mathematics, is a polynomial function of the 

form  

, where . 

  

The graph of a quadratic function is a parabola whose major axis is parallel to the y-axis. The 

expression ax
2
 + bx + c in the definition of a quadratic function is a polynomial of degree 2 or a 

2nd degree polynomial, because the highest exponent of x is 2. 

  

Linear Function: In mathematics, the term linear function can refer to either of two different but 

related concepts: a first-degree polynomial function of one variable; or a map between two 

vector spaces that preserves vector addition and scalar multiplication.  

  

  

Key Points: 

 1. Linear Functions 

In elementary algebra and analytic geometry, the term linear function is sometimes used 

to mean a first degree polynomial function of one variable. These functions are called 

"linear" because they are precisely the functions whose graph in the Cartesian coordinate 

plane is a straight line. Such a function can be written as 
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f(x) = mx + b 

  

(called slope-intercept form), where m and b are real constants and x is a real variable. 

  

The constant m is often called the slope or gradient, while b is the y-intercept, which 

gives the point of intersection between the graph of the function and the y-axis. Changing 

m makes the line steeper or shallower, while changing b moves the line up or down. 

 

Three geometric linear functions the red and blue ones have the same slope (m), while the 

red and green ones have the same y-intercept (b). 

  

Examples of functions whose graph is a line include the following: 

f1(x) = 2x + 1 

f2(x) = x / 2 + 1 

f3(x) = x / 2 − 1 

  

2. Linear Functions in Advanced Mathematics  

In advanced mathematics, a linear function often means a function that is a linear map, 

that is, a map between two vector spaces that preserves vector addition and scalar multiplication. 

For example, if x and f(x) are represented as coordinate vectors, then the linear functions 

are those functions that can be expressed as 
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f(x) = Mx, where M is a matrix. 

  

A function f(x) = mx + b is a linear map if and only if b = 0. For other values of b this 

falls in the more general class of affine maps. A linear equation is an algebraic equation 

in which each term is either a constant or the product of a constant and (the first power 

of) a single variable. Linear equations can have one, two, three or more variables. A 

common form of a linear equation in the two variables x and y is 

 

  

Where m and b designate constants (the variable y is multiplied by the constant 1, which 

as usual is not explicitly written). The set of solutions of such an equation forms a 

straight line in the plane, which is the origin of the name "linear". In this particular 

equation, the constant m determines the slope or gradient of that line; and the constant 

term b determines the point at which the line crosses the y-axis. 

  

Since terms of a linear equations cannot contain products of distinct or equal variables, 

nor any power (other than 1) or other function of a variable, equations involving terms 

such as xy, x, y1/3, and sin(x) are nonlinear. 

  

3. Quadratic Functions  

In mathematics, a quadratic equation is a polynomial equation of the second degree. The 

general form is 
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Where a ≠ 0. (For if a = 0, the equation becomes a linear equation.) 

  

The letters a, b, and c are called coefficients: the quadratic coefficient a is the coefficient 

of x2, the linear coefficient b is the coefficient of x, and c is the constant coefficient, also 

called the free term or constant term. 

 

Graph of a quadratic equation 

  

Quadratic equations are called quadratic because quadratus is Latin for "square"; in the 

leading term the variable is squared. 

  

4. Quadratic Formula  

A quadratic equation with real or complex coefficients has two (not necessarily distinct) 

solutions, called roots, which may or may not be real, given by the quadratic formula: 

 

Where the symbol "" indicates that both 
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Are solutions. 

  

5. Discriminant of a quadratic equation 

  

 

In the above formula, the expression underneath the square root sign: 

 

It is called the discriminant of the quadratic equation. 

  

6. Roots of a quadratic function 

The roots of the quadratic equation are also the zeros of the quadratic 

function: since they are the values of x for which  

  

If a, b, and c are real numbers and the domain of f is the set of real numbers, then the zeros of 

f are exactly the x-coordinates of the points where the graph touches the x-axis. It follows 

from the above that, if the discriminant is positive, the graph touches the x-axis at two points, 

if zero, the graph touches at one point, and if negative, the graph does not touch the x-axis. 
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A quadratic equation with real coefficients can have either one or two distinct real roots, or 

two distinct complex roots. In this case the discriminant determines the number and nature of 

the roots. There are three cases: 

  

         If the discriminant is positive, there are two distinct roots, both of which are real 

numbers. For quadratic equations with integer coefficients, if the discriminant is a 

perfect square, then the roots are rational numbersin other cases they may be 

quadratic irrationals. 

         If the discriminant is zero, there is exactly one distinct root, and that root is a real 

number. Sometimes called a double root, its value is:  

 

         If the discriminant is negative, there are no real roots. Rather, there are two distinct 

(non-real) complex roots, which are complex conjugates of each other:  

 

         Thus the roots are distinct if and only if the discriminant is non-zero, and the roots 

are real if and only if the discriminant is non-negative. 
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Example:  

For the quadratic function: f (x) = x2 − x − 2 = (x + 1)(x − 2) of a real variable x, the x-

coordinates of the points where the graph intersects the x-axis, x = −1 and x = 2, are the 

roots of the quadratic equation: x2 − x − 2 = 0. 

  

7. Quadratic Factorization  

The term is a factor of the polynomial if and only if r is a root of 

the quadratic equation  

  

It follows from the quadratic formula that 

 

  

In the special case where the quadratic has only one distinct root (i.e. the discriminant is 

zero), the quadratic polynomial can be factored as 
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8. Application to Higher-Degree Equations  

Certain higher-degree equations can be brought into quadratic form and solved that way.  

  

For example, the 6th-degree equation in x: 

 

Can be rewritten as: 

 

Or, equivalently, as a quadratic equation in a new variable u: 

 

Where 

 

Solving the quadratic equation for u results in the two solutions: 

 

Thus 

 

  

Concentrating on finding the three cube roots of 2 + 2i the other three solutions for x will 

be their complex conjugates rewriting the right-hand side using Euler's formula: 
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(Since e2kπi = 1), gives the three solutions: 

  

 

  

Using Eulers' formula again together with trigonometric identities such as cos(π/12) = 

(√2 + √6) / 4, and adding the complex conjugates, gives the complete collection of solutions as: 

  

9. Derivation 

The quadratic formula can be derived by the method of completing the square, so as to 

make use of the algebraic identity: 

 

Dividing the quadratic equation by a (which is allowed because a is 

non-zero), gives:  

 

The quadratic equation is now in a form in which the method of completing the square 

can be applied. To "complete the square" is to find some constant k such that 

 

For another constant y. In order for these equations to be true, 
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Thus 

 

Adding this constant to equation produces 

  

 

The left side is now a perfect square because 

 The right side can be written as a single fraction, with a common denominator 4a2. This gives 

 Taking the square root of both sides yields 

 Isolating x, gives 

  

10. Alternative Form of Quadratic Formula 

In some situations it is preferable to express the roots in an alternate form. 

This alternative requires c to be nonzero; for, if c is zero, the formula correctly gives zero as one 

root, but fails to give any second, non-zero root. Instead, one of the two choices for ∓ produces a 

division by zero, which is undefined. The roots are the same regardless of which expression we 

use; the alternate form is merely an algebraic variation of the common form: 
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The alternative formula can reduce loss of precision in the numerical evaluation of the 

roots, which may be a problem if one of the roots is much smaller than the other in 

absolute magnitude. The problem of c possibly being zero can be avoided by using a 

mixed approach: 

  

   

  

Example/Case Study: 

  

Linear Functions, Their Properties, and Linear Models 

1. Suppose that and . Solve . Then graph 

and and label the point that represents the solution to the equation  

. 

  

2. In parts (a) and (b) using the following figure, 

  

 

 3. The monthly cost C, in dollars, for renting a full-size car for a day from a particular agency is 

modeled by the function , where x is the number of miles driven. Suppose that 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

27
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



your budget for renting a car is $100. What is the maximum number of miles that you can drive 

in one day? 

  

4. Find a firms break-even point if  

Answer:  

1) x=2 

 

  

2) x=6, 2<x<6;  

  

3) 500 miles; 

  

4) 2000 units 

 

  In Section 2 of this course you will cover these topics: 

      Polynomial And Rational Functions  

      Exponential And Logarithmic Functions  
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      Trigonometric Functions  

 

Topic : Polynomial And Rational Functions 

 

Topic Objective: 

At the end of this topic students will be able: 

 To identify polynomial functions  

 To understand polynomial equations 

 To understand rational functions  

  

  

Definition/Overview:  

Polynomial Functions: Polynomial functions are functions with x as an input variable, made up 

of several terms, each term is made up of two factors, the first being a real number coefficient, 

and the second being x raised to some non-negative integer power. 

  

  

Key Points:  

1. Polynomial Functions 

A polynomial function is a function defined by evaluating a polynomial. A function of one 

argument is called a polynomial function if it satisfies 

(x) = a
n
x

n
 + a

n−1 
x

n−1
 + ... + a

2
x

2
 + a

1
x + a

0
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For all arguments x, where n is a nonnegative integer and a0, a
1
,a

2
, ..., an are constant 

coefficients. 

  

For example, the function f, taking real numbers to real numbers, defined by 

  

2. Polynomial Equations 

A polynomial equation is an equation in which a polynomial is set equal to another polynomial. 

 

  

It is a polynomial equation. In case of a polynomial equation the variable is considered an 

unknown, and one seeks to find the possible values for which both members of the equation 

evaluate to the same value (in general more than one solution may exist). A polynomial equation 

is to be contrasted with a polynomial identity like (x + y)(x  y) = x2y2, where both members 

represent the same polynomial in different forms, and as a consequence any evaluation of both 

members will give a valid equality. 

  

A polynomial equation can be represented by a graph such as pictured below: 

 

   

3. Rational Function  

In the case of one variable, x, a rational function is a function of the form 
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Where P and Q are polynomial functions in x and Q is not the zero polynomial. The domain of f 

is the set of all points x for which the denominator Q(x) is not zero. 

  

If x is not variable, but rather an indeterminate, one talks about rational expressions instead of 

rational functions. The distinction between the two notions is important only in abstract algebra. 

A rational equation is an equation in which two rational expressions are set equal to each other. 

These expressions obey the same rules as fractions. The equations can be solved by cross-

multiplying. Division by zero is undefined, so that a solution causing formal division by zero is 

rejected. 

  

 

  

  

  

Example/Case Study: 

  

Example: Polynomial Functions and Models  

 1. Determine the end behavior of the graph of the given polynomial function.  
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2. Find the real zeros of the given polynomial function and give their multiplicity. State whether 

the graph crosses or touches the x-axis or turns around at each zero. 

  

 

  

3. Analyze the given polynomial function: 

 

  

4. Graph the polynomial function: 

 

  

Answer:  

1) Up on the right and down on the left; 

2) Zero of 3 with multiplicity 3 crosses, zero of -1 with multiplicity 2 touches and turns; behaves 

like , x-intercepts -3, -4, 4, y-intercept -48, zeros -3, -4, 4 each with a multiplicity 

of one, the graph crosses at each zero, turning points (1.52, -61.88) and (-3.52, 1.88), 

domain and range-the set of all real numbers, increasing on , 

decreasing on ; 
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3)  

 

  

4) 

 

  

   

Example: Properties of Rational Functions 

1. Find the domain of . 

2. Find any horizontal asymptotes of . 

3. Find the vertical, horizontal and oblique asymptotes, if any, of . 

4. Graph the function using transformations.  

  

Answer:  

1) ;  

2) none; 
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3) vertical x =0, x = -1, horizontal y=1, no oblique; 

  

4) 

 

 

Topic : Exponential And Logarithmic Functions 

 

Topic Objective: 

At the end of this topic students will be able: 

 To understand the concept of composite functions  

 To understand Exponential Functions  

 To understand the formal definition of exponential functions 

 To understand logarithmical Functions  

 To understand the relationship between exponential and logarithmical functions  

  

  

Definition/Overview: 

Composite Function: In mathematics, a composite function represents the application of one 

function to the results of another. For instance, the functions f: X → Y and g: Y → Z can be 

composed by first applying f to an argument x and then applying g to the result. Thus one obtains 

a function g o f: X → Z defined by (g o f)(x) = g(f(x)) for all x in X. The notation g o f is read as 

"g circle f", or "g composed with f", "g following f", or just "g of f". 
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Key Points: 

1. Exponential Functions 

The exponential function is a function in mathematics. The application of this function to a value 

x is written as exp(x). Equivalently, this can be written in the form ex, where e is a mathematical 

constant, the base of the natural logarithm, which equals approximately 2.718281828, and is also 

known as Euler's number. 

 

  

The exponential function is nearly flat (climbing slowly) for negative values of x, climbs quickly 

for positive values of x, and equals 1 when x is equal to 0. Its y value always equals the slope at 

that point. 

  

As a function of the real variable x, the graph of y=ex is always positive (above the x axis) and 

increasing (viewed left-to-right). It never touches the x axis, although it gets arbitrarily close to it 

(thus, the x axis is a horizontal asymptote to the graph). Its inverse function, the natural 

logarithm, ln(x), is defined for all positive x. The exponential function is occasionally referred to 

as the anti-logarithm. However, this terminology seems to have fallen into disuse in recent times. 

  

Sometimes, especially in the sciences, the term exponential function is more generally used for 

functions of the form kax, where a, called the base, is any positive real number not equal to one.  
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2. Formal Definition of Exponential Function 

The exponential function e
x
 can be characterized in a variety of equivalent ways. In particular it 

may be defined by the following power series: 

 

  

Using an alternate definition for the exponential function leads to the same result when expanded 

as a Taylor series. Less commonly, e
x
 is defined as the solution y to the equation 

  

 

It is also the following limit: 

  

3. Logarithmical Functions  

The Logarithmic Function with base b is the function y  =  logb x. 

b is normally a number greater than 1 (although it need only be greater than 0 and not equal to 

1).  The function is defined for all x > 0.  Here is its graph for any base b. 
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4. Relationship between Exponential and Logarithmical Functions  

Exponential functions and logarithmic functions with base b are inverses. The functions 

 logbx  and  b
x
  are inverses. For in any base b: 

i)   b
log

b
x
 = x, 

and 

ii)   logbb
x
 = x. 

Rule i) embodies the definition of a logarithm: 

logbx is the exponentto which b must be raised  to produce x. 

Rule ii) As we know:  

logbb
x
 = x 

  

Now, let 

f(x) = b
x
   and   g(x) = logbx. 

  

Then Rule i) is 

f(g(x))  =  x. 

  

And Rule ii) is 

g(f(x))  =  x. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

37
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



  

These rules satisfy the definition of a pair of inverse functions (Topic 19).   Therefore for any 

base b, the functions 

  

f(x) = b
x
   and   g(x) = logbx 

  

  

Example/Case Study: 

Examples: Composite Functions 

1. and , find and determine its domain. 

2. , find . 

3. Find the domain of the composite function . ;  

4. Find functions f and g so that .  

  

Answer:  

1) , ;  

2) -3;  
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3) ; 4) ,  

  

Example: One-to One Functions; Inverse Functions 

1. Find the inverse of the one-to-one function. State the domain and range of the inverse. 

 

2. , find . 

3. , find . 

4. Using interval notation give the domain and range of and , if . 

Answer:  

1) , Domain= {-5, -4, -3, 0, 4},  

Range={-3, -2, 1, 2, 6};  

2) ;  

3) ;  

4) Domain and range of and are . 
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 Example: Exponential Functions 

1. Graph the function.  

2. Graph the function.  

3. Solve for x.  

4. The exponential equation describes the population of a particular 

country in millions t years after 2003. What will the population of the country be in 

2009? 

  

Answer:  

1)  

  

 

  

2) 

 

  

3) x=2;  

4) 116.4 million  
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Topic : Trigonometric Functions 

Topic Objective: 

At the end of this topic students will be able: 

 To Convert from Degrees to Radians and from Radian to Degrees  

 To present an overview of the trigonometric functions 

 To describe six trigonometric functions 

 To define Unit Circle  

 To define trigonometric identities 

  

  

Definition/Overview:  

Trigonometric Functions: In mathematics, the trigonometric functions (also called circular 

functions) are functions of an angle. They are important in the study of triangles and modeling 

periodic phenomena, among many other applications. Trigonometric functions are commonly 

defined as ratios of two sides of a right triangle containing the angle, and can equivalently be 

defined as the lengths of various line segments from a unit circle. More modern definitions 

express them as infinite series or as solutions of certain differential equations, allowing their 

extension to arbitrary positive and negative values and even to complex numbers. 

  

Radian: The radian is a unit of plane angle, equal to 180/π degrees, or about 57.2958 degrees. It 

is the standard unit of angular measurement in all areas of mathematics beyond the elementary 

level. The radian is represented by the symbol "rad" or, more rarely, by the superscript c (for 
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"circular measure"). For example, an angle of 1.2 radians would be written as "1.2 rad" or "1.2
c
" 

(the second symbol can be mistaken for a degree: "1.2"). However, the radian is mathematically 

considered a "pure number" that needs no unit symbol, and in mathematical writing the symbol 

"rad" is almost always omitted. In the absence of any symbol radians are assumed, and when 

degrees are meant the symbol is used. 

  

 

  

  

  

Key Points: 

1. Convert from Degrees to Radians and from Radian to Degrees 

  

1.1  Converting radians to degrees: 

To convert radians to degrees, we make use of the fact that p radians equals one half 

circle, or 180. This means that if we divide radians by p, the answer is the number of half 

circles. Multiplying this by 180 will tell us the answer in degrees. So, to convert radians 

to degrees, multiply by 
180

/p, like this: 

 

1.2  Converting degrees to radians: 

To convert degrees to radians, first find the number of half circles in the answer by 

dividing by 180. But each half circle equals p radians, so multiply the number of half 

circles by p. So, to convert degrees to radians, multiply by 
p
/180, like this: 
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2. Overview of trigonometric functions 

In modern usage, there are six basic trigonometric functions, which are tabulated here along with 

equations relating them to one another. Especially in the case of the last four, these relations are 

often taken as the definitions of those functions, but one can define them equally well 

geometrically or by other means and then derive these relations. 

  

3. Six trigonometric functions  

  

3.1 The sine of an angle is the ratio of the length of the opposite side to the length of the 

hypotenuse. In our case 

 

Note that this ratio does not depend on the particular right triangle chosen, as long as it 

contains the angle A, since all those triangles are similar. The set of zeroes of sine (i.e., 

the values of x for which sinx = 0) is 

 

  

3.2 The cosine of an angle is the ratio of the length of the adjacent side to the length of 

the hypotenuse. In our case 
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The set of zeroes of cosine is 

 

3.3 The tangent of an angle is the ratio of the length of the opposite side to the length of 

the adjacent side. In our case 

 

The set of zeroes of tangent is 

 

The same set of the sine function since 

 

The remaining three functions are best defined using the above three functions. 

  

3.4 The cosecant csc(A) is the multiplicative inverse of sin(A), i.e. the ratio of the length 

of the hypotenuse to the length of the opposite side: 

. 
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3.5 The secant sec(A) is the multiplicative inverse of cos(A), i.e. the ratio of the length of 

the hypotenuse to the length of the adjacent side: 

. 

  

3.6 The cotangent cot(A) is the multiplicative inverse of tan(A), i.e. the ratio of the 

length of the adjacent side to the length of the opposite side: 

. 

  

3.7 Definitions by power series 

One can define the trigonometric functions also by using power series: 

  

  

 4. The Unit Circle 

The six trigonometric functions can also be defined in terms of the unit circle, the circle of radius 

one centered at the origin. The unit circle definition provides little in the way of practical 

calculation; indeed it relies on right triangles for most angles. The unit circle definition does, 

however, permit the definition of the trigonometric functions for all positive and negative 

arguments, not just for angles between 0 and π/2 radians. It also provides a single visual picture 

that encapsulates at once all the important triangles. From the Pythagorean theorem the equation 

for the unit circle is: 

x
2
 + y

2
 = 1 
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In the picture, some common angles, measured in radians, are given. Measurements in the 

counter clockwise direction are positive angles and measurements in the clockwise direction are 

negative angles. Let a line through the origin, making an angle of θ with the positive half of the 

x-axis, intersect the unit circle. The x- and y-coordinates of this point of intersection are equal to 

cos θ and sin θ, respectively. The triangle in the graphic enforces the formula; the radius is equal 

to the hypotenuse and has length 1, so we have sin θ = y/1 and cos θ = x/1. The unit circle can be 

thought of as a way of looking at an infinite number of triangles by varying the lengths of their 

legs but keeping the lengths of their hypotenuses equal to 1. 

  

  

5. Trigonometric Identities 

Trigonometric functions are inter-related and inter-dependent. They could be expressed in a 

number of ways:  

  

         Reciprocal identities 

 

         Pythagorean Identitie 

 

         Quotient Identities 

 

         Co-Function Identities 
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         Even-Odd Identities 

 

         Sum-Difference Formulas 

 

 

         Double Angle Formulas 

 

         Power-Reducing/Half Angle Formulas 

 

         Sum-to-Product Formulas 

 

         Product-to-Sum Formulas 

 

   

  

Example/Case Study: 

 Example: Angles and Their Measure 

1. Convert to a decimal in degrees. 
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2. Convert to degree measure. 

3. If radians meters and s denotes the length of the arc of a circle of radius  

r subtended by the central angle , find r. 

4. A water wheel has a radius of 15 feet. The wheel is rotating at 9 revolutions per  

minute. Find the linear speed of the water. 

  

Answer:  

1) 87.5375 ;  

2) -660 ;  

3) 36 meters;  

4) feet per minute 

  

Example: Trigonometric Functions: Unit Circle Approach 

1. Use a calculator to find the approximate value of . 

2. If , find . Express the answer as a single fraction. 

Do not use a calculator. 
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3. is a point on the unit circle corresponding to a real number t. Find 

the values of the trigonometric functions at t. 

4. Find the exact value of . 

  

Answer:  

1) 2.747; 

2) ; 

3) ; 

4)  

  

Example: Properties of the Trigonometric Functions 

 1. Use the fact that the trigonometric functions are periodic to find the exact value of 

. 

2. Use even and odd properties of trigonometric functions to find the value of  

. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

49
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



3. If and , find the remaining trigonometric functions. 

4. Use properties of the trigonometric functions to find the exact value of  

. 

  

Answer:  

1) 1 ; 

2) ; 

3); 

  

4) 0 

  

Example: Properties of the Trigonometric Graphs 

1. Determine the amplitude and period of . 

Graph the following. 

2.  

3.  
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4. Find the equation for the following graph. 

  

 

  

  

  

Answer:  

1) Amplitude= 2, Period= 2; 

2)  

 

  

3) 

 

  

4)  

 

 

 In Section 3 of this course you will cover these topics: 

      Analytic Trigonometry  

      Applications Of Trigonometry  
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      Polar Coordinates; Vectors 

 

Topic : Analytic Trigonometry 

Topic Objective: 

At the end of this topic students will be able: 

 To understand fundamental trigonometric identities  

 To derive basic trigonometric identities 

 To understand Double Angle Formulae 

 To understand Half Angle Formulae 

  

  

Definition/Overview: 

Analytic trigonometry: is the branch of mathematics that examines trigonometric identities in 

terms of their positions on the x-y plane.  

  

Key Points: 

1. Fundamental Trigonometric Identities 

Consider the following diagram where the point (x, y) defines an angle θ at the origin, and the 

distance from the origin to the point is r units: 
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From the diagram, we can see that the ratios sin θ and cos θ are defined as: 

 

Now, we use these results to find an important definition for tan θ: 

 

 

  

2. Basic Trigonometric Identities 

  

Consider the diagram: 

 

Applying Pythagoras' Theorem to the values in diagram, we obtain: 

 

y
2
 + x

2
 = r

2
 

Dividing through by r
2
 gives us: 

 

So we obtain the important result: 

sin2 θ + cos2 θ = 1 

Dividing sin
2
θ + cos

2
 θ = 1 through by cos

2
θ gives us: 
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So 

tan2 θ + 1 = sec2 θ 

  

Dividing sin
2
θ + cos2 θ = 1 through by sin2θ gives us: 

 

So 

1 + cot2 θ = csc2 θ 

3. Double Angle Formulae 

The double-angle formulas can be quite useful when we need to simplify complicated 

trigonometric expressions. 

  

         Sine of a Double Angle 

It can be demonstrated that the sine of the sum of two angles is: 

sin(α + β) = sin α cos β + cos α sin β 

If we take the left hand side: 

sin(α + β) 

And replace β with α, we get: 

sin(α + β) = sin(α + α) = sin 2α 

Consider the RHS: 

sin α cos β + cos α sin β 

If we replace β with α, we obtain: 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

54
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



sin α cos α + cos α sin α = 2 sin α cos α 

Putting our results for the LHS and RHS together, we obtain the important result: 

sin 2α = 2 sin α cos α 

This result is called the sine of a double angle.   

  

  

         Cosine of a Double Angle 

The cosine of a double angle formula is 

cos 2α = cos2 α − sin2 α 

  

The process of derivation initiates by using the result sin2 α + cos2 α = 1, we can write 

the RHS of the above formula as: 

cos2 α − sin2 α 

= (1− sin2 α) − sin2 α 

= 1− 2sin2 α 

  

Likewise, we can substitute (1 − cos 2 α) for sin2 α into our RHS and obtain: 

cos2 α − sin2 α 

= cos2 α − (1 − cos2 α) 

= 2cos2 α − 1 
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Please note that the following have equivalent value, and we can use whichever one we 

like, depending on the situation: 

cos 2α = cos2 α − sin2 α 

cos 2α = 1− 2sin2 α 

cos 2α = 2cos2 α − 1 

  

4. Half Angle Formulae 

         Half Angle Formula Sine 

We start with the formula for the cosine of a double angle: 

cos 2θ = 1− 2sin2 θ 

Now, if we let 

 

Then 2θ = α and our formula becomes: 

cos α = 1 − 2sin
2
 (α/2) 

  

We now solve for 

 

(That is, we get sin(α/2) on the left of the equation and everything else on the right): 
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2sin
2
(α/2) = 1 − cos α 

sin
2
(α/2) = (1 − cos α)/2 

  

Solving gives us the following sine of a half-angle identity: 

 

The sign of  depends on the quadrant in which α/2 lies. 

  

If α/2 is in the first or second quadrants, the formula uses the positive case: 

 

If α/2 is in the third or fourth quadrants, the formula uses the negative case: 

 

  

         Half Angle Formula Cosine 

Using a similar process, with the same substitution of  (so 2θ = α) we substitute 

into the identity: 
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cos 2θ = 2cos
2
 θ − 1 

We obtain 

 

Reverse the equation: 

 

Add 1 to both sides: 

 

Divide both sides by 2 

 

Solving for cos(α/2), we obtain: 

 

As before, the sign we need depends on the quadrant. 

  

If α/2 is in the first or fourth quadrants, the formula uses the positive case: 

 

If α/2 is in the second or third quadrants, the formula uses the negative case: 
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Example/Case Study: 

  

Example: The Inverse Sine, Cosine, and Tangent Functions 

1. Use a calculator to find the value of . Round to two decimal places. 

2. Evaluate . Give an exact value. 

3. If , find the inverse function of f. 

4. Solve the equation : . 

  

Answer:  

1) -0.28; 

2) ;  

3) ;  

4) x=0 

  

Example: Trigonometric Identities 

1. Rewrite in terms of . 
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2. Simplify by rewriting over a common denominator. 

  

Verify the following identities. 

  

3. 4.  

  

  

Answer:  

1)  

2) 0;  

  

3)  

 

  

4)  

 

Example: Sum and Difference Formulas 

  1. Write the expression as the sine, cosine, or tangent of an angle. Then find the exact 

value of the expression. 
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2. Find the exact value of the following under the given conditions: 

 

, lies in quadrant III, and , lies in quadrant II. 

  

3. Find the exact value of . 

  

4. Establish the identity: . 

  

  

Answer:  

1) ;  

2) , , ;  

3)  
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4)  

=  

=  

=  

  

  

Example: Trigonometric Equations  

Solve each equation on the interval . 

  

1. 2.  

  

3. Solve the equation and give the general formula for all the solutions. 

  

 

  

4. Use a calculator to solve the equation on the interval . 
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Answer:  

1) ;  

2) ;  

3) ;  

  

4) {4.13, 5.29} 

 

Topic : Applications Of Trigonometry 

 

Topic Objective: 

At the end of this topic students will be able: 

 To understand practical applications of Trigonometry 

  

Key Points: 

Trigonometry is one of the few bodies of knowledge that has wide ranging practical applications. 

Below is a summary of the some of the most important applications of Trigonometry: 
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Astronomy and geography: Trigonometric tables were created over two thousand years ago for 

computations in astronomy. The stars were thought to be fixed on a crystal sphere of great size, 

and that model was perfect for practical purposes. Only the planets moved on the sphere. (At the 

time there were seven recognized planets: Mercury, Venus, Mars, Jupiter, Saturn, the moon, and 

the sun. The earth wasn't yet considered to be a planet since it was the center of the universe, and 

the outer planets weren't discovered then.) The kind of trigonometry needed to understand 

positions on a sphere is called spherical trigonometry. Spherical trigonometry is rarely taught 

now since its job has been taken over by linear algebra. Nonetheless, one application of 

trigonometry is astronomy.  

  

Engineering and physics: Although trigonometry was first applied to spheres, it has had greater 

application to planes. Surveyors have used trigonometry for centuries. Engineers, both military 

engineers and otherwise, have used trigonometry nearly as long. Physics lays heavy demands on 

trigonometry. Optics and statics are two early fields of physics that use trigonometry, but all 

branches of physics use trigonometry since trigonometry aids in understanding space. 

  

  

Mathematics and its applications: Of course, trigonometry is used throughout mathematics, 

and, since mathematics is applied throughout the natural and social sciences, trigonometry has 

many applications. Calculus, linear algebra, and statistics, in particular, use trigonometry and 

have many applications in the all the sciences. 

 

Topic : Polar Coordinates; Vectors 

Topic Objective: 

At the end of this topic students will be able: 

 To Convert from Polar Coordinates to Rectangular Coordinates  

 To Convert from Rectangular Coordinates to Polar Coordinates  

 To Define Vectors  
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 To understand basic vector mathematics  

  

  

Definition/Overview: 

Polar Coordinate System: In mathematics, the polar coordinate system is a two-dimensional 

coordinate system in which each point on a plane is determined by an angle and a distance. The 

polar coordinate system is especially useful in situations where the relationship between two 

points is most easily expressed in terms of angles and distance; in the more familiar Cartesian or 

rectangular coordinate system, such a relationship can only be found through trigonometric 

formulation. 

  

Position Vector: A position, location or radius vector is a vector which represents the position of 

an object in space in relation to an arbitrary inertial frame of reference, referred to as a reference 

or location "point" that exists in 2 or 3 dimensional space.  

  

Unit Vector: In mathematics, a unit vector in a normed vector space is a vector (often a spatial 

vector) whose length is 1 (the unit length). A unit vector is often denoted by a lowercase letter 

with a superscribed caret or hat, like this: (pronounced "i-hat"). 
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 Key Points: 

1. Convert from Polar Coordinates to Rectangular Coordinates 

  

 

From the diagram above, these formulas convert polar coordinates to rectangular coordinates: 

x = r cosΘ,   y = r sinΘ 

So the polar point: (r,q) can be converted to rectangular coordinates like this: 

( r cosΘ, r sinΘ )  →  ( x, y ) 

  

2. Convert from Rectangular Coordinates to Polar Coordinates  

 

  

Again, from the diagram above, these formulas convert rectangular coordinates to 

polar coordinates: 

By the rule of Pythagoras: 

 

Tan  q = 
y
/x  ,  so therefore: 

q = tan
-1

( 
y
/x ) 

So the rectangular point: (x,y) can be converted to polar coordinates like this: 

( , tan
-1

( 
y
/x ) )   →   ( r , q ) 

  

3. Vectors 
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A vector is formally defined as an element of a vector space. In the commonly encountered 

vector space   , a vector is given by   coordinates and can be specified as  . 

Vectors are sometimes referred to by the number of coordinates they have, so a 2-dimensional 

vector   is often called a two-vector, an  -dimensional vector is often called an n-vector, 

and so on. 

 

  

A vector from a point   to a point   is denoted  , and a vector   may be denoted  , or more 

commonly,  . The point   is often called the "tail" of the vector, and   is called the vector's 

"head." A vector with unit length is called a unit vector and is denoted using a hat  . 

A zero vector, denoted  , is a vector of length 0, and thus has all components equal to zero. 

A vector is what is needed to "carry" the point A to the point B; the Latin word vector means 

"carrier". The magnitude of the vector is the distance between the two points and the direction 

refers to the direction of displacement from A to B. Many algebraic operations on real numbers 

such as addition, subtraction, multiplication, and negation have close analogues for vectors, 

operations which obey the familiar algebraic laws of commutativity, associativity, and 

distributivity. These operations and associated laws qualify Euclidean vectors as an example of 

the more generalized concept of vectors defined simply as elements of a vector space. 

Vectors play an important role in physics: velocity and acceleration of a moving object and 

forces acting on it are all described by vectors. Many other physical quantities can be usefully 

thought of as vectors. Although most of them do not represent distances (such as position or 

displacement), their magnitude and direction can be still represented by the length and direction 

of an arrow. The mathematical representation of a physical vector depends on the coordinate 

system used to describe it. Other vector-like objects that describe physical quantities and 

transform in a similar way under changes of the coordinate system include pseudovectors and 

tensors. 
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4. Basic vector mathematics 

         Equality 

Two vectors are said to be equal if they have the same magnitude and direction. 

Equivalently they will be equal if their coordinates are equal. So two vectors 

 

And 

 

Are equal if 

 

         Addition and subtraction 

Assume now that a and b are not necessarily equal vectors, but that they may have different 

magnitudes and directions. The sum of a and b is 

 

  

The addition may be represented graphically by placing the start of the arrow b at the tip 

of the arrow a, and then drawing an arrow from the start of a to the tip ofb. The new 

arrow drawn represents the vector a + b, as illustrated below: 

 

This addition method is sometimes called the parallelogram rule because a and b form 

the sides of a parallelogram and a + b is one of the diagonals. If a and bare bound vectors 

that have the same base point, it will also be the base point of a + b. One can check 

geometrically that a + b = b + a and (a + b) + c = a + (b+ c). 
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The difference of a and b is 

 

Subtraction of two vectors can be geometrically defined as follows: to subtract b from a, 

place the end points of a and b at the same point, and then draw an arrow from the tip 

of b to the tip of a. That arrow represents the vector a − b, as illustrated below: 

 

Scalar multiplication 

A vector may also be multiplied, or re-scaled, by a real number r. In the context 

of conventional vector algebra, these real numbers are often called scalars (from scale) to 

distinguish them from vectors. The operation of multiplying a vector by a scalar is 

called scalar multiplication. The resulting vector is 

 

Intuitively, multiplying by a scalar r stretches a vector out by a factor of r. Geometrically, 

this can be visualized (at least in the case when r is an integer) as placing r copies of the 

vector in a line where the endpoint of one vector is the initial point of the next vector. 

If r is negative, then the vector changes direction: it flips around by an angle of 180. Two 

examples (r = −1 and r = 2) are given below: 

Scalar multiplication is distributive over vector addition in the following sense: r(a + b) 

= ra + rb for all vectorsa and b and all scalars r. One can also show that a − b = a + (−1)b. 

 

Scalar multiplication of a vector by a factor of 3 stretches the vector out. 

          Length 
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The length or magnitude or norm of the vector a is denoted by ||a|| or, less commonly, |a|, 

which is not to be confused with the absolute value (a scalar "norm"). 

The length of the vector a can be computed with the Euclidean norm 

 

Which is a consequence of the Pythagorean theorem since the basis vectors e1, e2, e3 are 

orthogonal unit vectors. This happens to be equal to the square root of the dot product, 

discussed below, of the vector with itself: 

 

         Dot product 

The dot product of two vectors a and b (sometimes called the inner product, or, since its 

result is a scalar, thescalar product) is denoted by a ∙ b and is defined as: 

 

Where θ is the measure of the angle between a and b (see trigonometric function for an 

explanation of cosine). Geometrically, this means that a and b are drawn with a common 

start point and then the length of a is multiplied with the length of that component 

of b that points in the same direction as a. 

The dot product can also be defined as the sum of the products of the components of each 

vector as 

 

         Cross product 

The cross product (also called the vector product or outer product) is only meaningful in 

three or seven dimensions. The cross product differs from the dot product primarily in 
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that the result of the cross product of two vectors is a vector. The cross product, 

denoted a  b, is a vector perpendicular to both a and band is defined as 

 

Where θ is the measure of the angle between a and b, and n is a unit 

vector perpendicular to both a and b which completes a right-handed system. The right-

handedness constraint is necessary because there exist two unit vectors that are 

perpendicular to both a and b, namely, n and (n). 

The cross product a  b is defined so that a, b, and a  b also becomes a right-handed 

system (but note that aand b are not necessarily orthogonal). This is the right-hand rule. 

The length of a  b can be interpreted as the area of the parallelogram having a and b as 

sides. 

The cross product can be written as 

 

 

In Section 4 of this course you will cover these topics: 

      Analytic Geometry  

      Systems Of Equations And Inequalities  

      Sequences; Induction; The Binomial Theorem  

 

Topic : Analytic Geometry 

 

Topic Objective: 

At the end of this topic students will be able: 
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 To understand the basics of analytical geometry  

 To define cones and conic sections 

 To understand the equations of circle  

 To understand the equations of parabola  

 To understand the equations of ellipse  

 To understand the equations of hyperbola 

 To understand the equations of straight lines 

 To understand the equations of parallel lines 

 To understand the equations of perpendicular lines  

  

  

Definition/Overview: 

Analytic Geometry: Analytic geometry is just a fancy name for graphing. The invention of 

analytic geometry was, next to the differential and integral calculus, the most important 

mathematical development of the 17th century. Originating in the work of the French 

mathematicians Vite, Fermat, and Descartes, it had by the middle of the century established itself 

as a major program of mathematical research..In mathematics, analytic geometry, also known as 

coordinate geometry, or Cartesian geometry, is the study of geometry using a coordinate system 

and the principles of algebra and analysis.  

  

Key Points: 

1. Basis of Analytical Geometry 

Analytic Geometry is a branch of algebra that is used to model geometric objects - points, 

(straight) lines, and circles being the most basic of these. Analytic geometry is a great invention 

of Descartes and Fermat. In plane analytic geometry, points are defined as ordered pairs of 

numbers, say, (x, y), while the straight lines are in turn defined as the sets of points that satisfy 

linear equations. 
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Review of Analytic Geometry 

 

 

2. Cone 

In the Cartesian coordinate system, the graph of a quadratic equation in two variables is always a 

conic section, and all conic sections arise in this way. The equation will be of the form 

 

With , , not all zero. 

Then: 

         If: , the equation represents an ellipse (unless the conic is 

degenerate, for example );  

         If & , the equation represents a circle; 

         If , the equation represents a parabola; 

         If , the equation represents a hyperbola;  

         If we also have , the equation represents a rectangular hyperbola. 

  

Note that A and B are just polynomial coefficients, not the lengths of semi-major/minor axis as 

defined in the previous sections. Such forms will be symmetrical about the x-axis and for the 

circle, ellipse and hyperbola symmetrical about the y-axis. 

  

3. Circle 

Two scenarios arise when we study circles and their equations: 

  

3.1 Center at the Origin 

The circle with centre (0, 0) and radius r has the equation: 

x
2
 + y

2 
= r

2
 

This means any point (x, y) on the circle will be "true" when substituted into the circle 

equation. 
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3.2 Center not at the Origin 

The circle with centre (h, k) and radius r has the equation: 

(x − h)
 2 

+ (y − k)
2
 = r

2
 

  

  

 

4. Parabola 

The parabola is defined as the locus of a point which moves so that it is always the same 

distance from a fixed point (called the focus) and a given line (called thedirectrix). In the 

following graph, 

         The focus of the parabola is at (0, p). 

         The directrix is the line y = -p. 

         The focal distance is |p| (Distance from the origin to the focus, and from the origin to 

the directrix. We take absolute value because distance is positive.) 

         The point (x, y) represents any point on the curve. 

         The distance d from any point (x, y) to the focus (0, p) is the same as the distance from 

(x, y) to the directrix. 

 

Adding to our diagram from above, we see that the distance d = y + p. 

 

  

Now, using the Distance Formula on the general points (0, p) and (x, y), and equating it to our 

value d = y + p, we have 

 

Squaring both sides gives: 
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(x − 0)
2
 + (y − p)

2
 = (y + p)

2
 

Simplifying gives us the formula for a parabola: 

x
2
 = 4py 

In more familiar form, with "y = " on the left, we can write this as: 

 

Where p is the focal distance of the parabola. 

  

5. Ellipse 

  

 

  

The equation for an ellipse with a horizontal major axis is given by: 

 

The ellipse is defined as the locus of a point (x,y) which moves so that the sum of its distances 

from two fixed points (called foci, or focuses ) is constant. The foci (plural of 'focus') of the 

ellipse (with horizontal major axis) 

 

Are at (-c,0) and (c,0), where c is given by: 

. 
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The vertices of an ellipse are at (-a, 0) and (a, 0). 

 

If the major axis is vertical, then the formula becomes: 

 

We always choose our a and b such that a > b. The major axis is always associated with a. 

  

 

  

  

For the horizontal major axis case, if we move the intersection of the major and minor axes to the 

point (h, k), we have: 

 

The ellipse is as follows: 

 

  

5. Hyperbola 

A hyperbola is the locus of points where the difference in the distance to two fixed foci is 

constant. There are a few different formulas for a hyperbola. Considering the hyperbola with 

centre (0, 0), the equation is either: 

  

1.      For a north-south opening hyperbola: 

 

The slopes of the asymptotes are given by: 
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2.      For an east-west opening hyperbola: 

 

The slopes of the asymptotes are given by: 

 

In the examples given above, both a and b were equal to 1, so the slopes of the 

asymptotes were simply 1 and our asymptotes were the lines y = x and y = -x. 

 

  

  

6. Straight Line 

The slope-intercept form (otherwise known as "gradient, y-intercept" form) of a line is given by: 

y = mx + b 

This tells us the slope of the line is m and the y-intercept of the line is b. 

 

A useful form is the point-slope form (or point - gradient form). We use this form when we 

need to find the equation of a line passing through a point (x1, y1) with slope m: 

y − y1 = m(x − x1) 

 

7. Parallel lines 

Parallel lines have the same slope. Mathematically, we say if one line has slopem1 and another 

line has slope m2 then the lines are parallel if 

m1 = m2 

 

8. Perpendicular lines 

Perpendicular lines have the property that the product of their slopes is −1. 
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Mathematically, we say if a line has slope m1 and another line has slope m2 then the lines 

are perpendicular if 

m1  m2= −1 

Another way of finding the slope of a perpendicular line is to find the opposite reciprocal of the 

slope of the original line. 

  

Example/Case Study: 

Example: The Parabola 

1.  Find the vertex, focus, and directrix of the parabola.    

2.  Find the equation of the parabola with a focus  and directrix  . 

3.  Graph the parabola.    

4.  Find the equation of the parabola with vertex   and focus  . 

  

  

Answer:  

1) Vertex (-2, 2), focus (-1, 2), directrix x=-3; 

  

2)  ; 
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3)  

 

 4)   

  

Example: The Ellipse 

1.  Graph the ellipse.    

2.  Find the center of the ellipse and the length of its major axis.  

                          

3.  The foci of an ellipse are   and   .  The x-intercepts are -3 and 3.  Find 

the     equation of the ellipse in standard form.. 

4.  The major axis of an ellipse is vertical and its length is 18.  The length of the minor 

     axis is 12, and the center is  .  Find the equation of the ellipse in standard 

     form. 

  

Answer:  

1)        
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2) (2,-4), 6; 

3)  ; 

4)   

  

  

  

Example: The Hyperbola 

1.  Graph the hyperbola.    

2.  Find the center of the hyperbola.    

3.  Find the asymptotes of the hyperbola.    

4.  Find the equation of the hyperbola, if the endpoints of the transverse axis are (-2, 0) 

     and (2, 0) and one of the asymptotes is  . 

  

Answer:  

1)  
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 2)  ; 

  

3)  ; 

  

4)   

  

  

Example: Plane Curves and Parametric Equations 

1.  Use point plotting to graph the plane curve described by 

. 

2.  Eliminate the parameter t. 

 

  

  

Answer: 

  

1) 
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2)  

 

Topic : Systems Of Equations And Inequalities 

 

Topic Objective: 

At the end of this topic students will be able: 

 To define Matrix 

 To define systems of linear equations 

 To describe a solution to a set of linear equations 

 To learn the elimination of variable method 

 To learn the row reduction method 

 To understand Cramers Rule 

 To describe other methods of solving the set of liner equations  

  

Definition/Overview: 

Matrix: In mathematics, a matrix (plural matrices) is a rectangular table 

of elements (or entries), which may be numbers or, more generally, any abstract quantities that 

can be added and multiplied. Matrices are used to describe linear equations, keep track of the 

coefficients of linear transformations and to record data that depend on multiple parameters. 

Matrices are described by the field of matrix theory. They can be added, multiplied, and 

decomposed in various ways, which also makes them a key concept in the field of linear algebra. 
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Key Points: 

1. System of Linear Equations 

In mathematics, a system of linear equations (or linear system) is a collection of linear equations 

involving the same set of variables. For example, 

 

  

Is a system of three equations in the three variables . A solution to a linear system is an 

assignment of numbers to the variables such that all the equations are simultaneously satisfied. 

Since it makes all three equations valid, a solution to the system above is given by 

 

  

In mathematics, the theory of linear systems is a branch of linear algebra, a subject which is 

fundamental to modern mathematics. Computational algorithms for finding the solutions are an 

important part of numerical linear algebra, and such methods play a prominent role in 

engineering, physics, chemistry, computer science, and economics. A system of non-linear 

equations can often be approximated by a linear system (see linearization), a helpful technique 

when making a mathematical model or computer simulation of a relatively complex system. 

  

2. Describing the solution of a set of linear equations 

It can be difficult to describe the solution set to a linear system with infinitely many solutions. 

Typically, some of the variables are designated as free (or independent, or as parameters), 

meaning that they are allowed to take any value, while the remaining variables are dependent on 

the values of the free variables. 

For example, consider the following system: 

 

  

The solution set to this system can be described by the following equations: 
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Here z is the free variable, while x and y are dependent on z. Any point in the solution set can be 

obtained by first choosing a value for z, and then computing the corresponding values for x and 

y. Each free variable gives the solution space one degree of freedom, the number of which is 

equal to the dimension of the solution set. For example, the solution set for the above equation is 

a line, since a point in the solution set can be chosen by specifying the value of the parameter z. 

Different choices for the free variables may lead to different descriptions of the same solution 

set. For example, the solution to the above equations can alternatively be described as follows: 

  

 

Here x is the free variable, and y and z are dependent. 

  

3. Elimination of variables method 

The simplest method for solving a system of linear equations is to repeatedly eliminate variables. 

This method can be described as follows: 

         In the first equation, solve for the one of the variables in terms of the others. 

         Plug this expression into the remaining equations. This yields a system of equations 

with one fewer equation and one fewer unknown. 

         Continue until you have reduced the system to a single linear equation. 

         Solve this equation and then back-substitute until the entire solution is found. For 

example, consider the following system: 

  

 

  

Solving the first equation for x gives x = 5 + 2z  3y, and plugging this into the second and third 

equation yields 
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Solving the first of these equations for y yields y = 2 + 3z, and plugging this into the third 

equation yields z = 2. We now have: 

  

 

  

Substituting z = 2 into the second equation gives y = 8, and substituting z = 2 and y = 8 into the 

first equation yields x = 15. Therefore, the solution set is the single point (x, y, z) = (15, 8, 2). 

  

4. Row reduction 

In row reduction, the linear system is represented as an augmented matrix: 

 

This matrix is then modified using elementary row operations until it reaches reduced row 

echelon form. There are three types of elementary row operations: 

         Type 1: Swap the positions of two rows. 

         Type 2: Multiply a row by a nonzero scalar. 

         Type 3: Add to one row a scalar multiple of another. 

  

Because these operations are reversible, the augmented matrix produced always represents a 

linear system that is equivalent to the original. There are several specific algorithms to row-

reduce an augmented matrix, the simplest of which are Gaussian elimination and Gauss-Jordan 

elimination. The following computation shows Gaussian elimination applied to the matrix below: 
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The last matrix is in reduced row echelon form, and represents the system x = 15, y = 8, z = 2. A 

comparison with the example in the previous section on the algebraic elimination of variables 

shows that these two methods are in fact, the same; the difference lies in how the computations 

are written down. 

  

5. Cramer's rule 

Cramer's rule is an explicit formula for the solution of a system of linear equations, with each 

variable given by a quotient of two determinants. For example, the solution to the system: 

  

 

Is given by 

 

  

For each variable, the denominator is the determinant of the matrix of coefficients, while the 

numerator is the determinant of a matrix in which one column has been replaced by the vector of 

constant terms. Though Cramer's rule is important theoretically, it has little practical value for 

large matrices, since the computation of large determinants is somewhat cumbersome. (Indeed, 

large determinants are most easily computed using row reduction.) Further, Cramer's rule has 

very poor numerical properties, making it unsuitable for solving even small systems reliably, 

unless the operations are performed in rational arithmetic with unbounded precision. 

  

6. Other methods 

While systems of three or four equations can be readily solved by hand, computers are often used 

for larger systems. The standard algorithm for solving a system of linear equations is based on 

Gaussian elimination with some modifications. Firstly, it is essential to avoid division by small 

numbers, which may lead to inaccurate results. This can be done by reordering the equations if 

necessary, a process known as pivoting. Secondly, the algorithm does not exactly do Gaussian 

elimination, but it computes the LU decomposition of the matrix A. This is mostly an 

organizational tool, but it is much quicker if one has to solve several systems with the same 

matrix A but different vectors b. 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

86
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



If the matrix A has some special structure, this can be exploited to obtain faster or more accurate 

algorithms. For instance, systems with a symmetric positive definite can be solved twice as fast 

with the Cholesky decomposition. Levinson recursion is a fast method for Toeplitz matrices. 

Special methods exist also for matrices with many zero elements (so-called sparse matrices), 

which appear often in applications. 

  

A completely different approach is often taken for very large systems, which would otherwise 

take too much time or memory. The idea is to start with an initial approximation to the solution 

(which does not have to be accurate at all), and to change this approximation in several steps to 

bring it closer to the true solution. Once the approximation is sufficiently accurate, this is taken 

to be the solution to the system. This leads to the class of iterative methods. 

  

  

Example/Case Study: 

Example: Systems of Equations:  Substitution and Elimination  

1.  Solve the system by the substitution method.  2x +   y =   3 

                                                                               3x 2y = -13 

                                      

2.  Solve the system by the elimination method.    

                                                                              

3.  Solve the system.  x +  y  =  2 

                                   x +  z  = -3 

                                   y +  z  =   1 
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4.  The sum of three numbers is 0.  Three times the second number minus twice the third number 

is 14 more than the first number.  The difference between the second and first numbers is five 

times the third number.  Find the three numbers. 

  

Answer:  

1) (-1, 5); 

 2) (4, -3); 

3) (-1, 3, -2); 

4) (-6, 4, 2) 

   

 Example: Systems of Equations:  Matrices 

1.  Perform each matrix row operation and write the new matrix. 

                     

  

2.  Solve the system using matrices (row operations). 

              

  

3.  Solve the system using matrices (row operations). 
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4.  Find the quadratic function   for which ,  , 

     and . 

  

Answer:  

1) ; 

2) (-2, 1, 3); 

 3) (-1, 5, -4); 

4)   

  

Example: Systems of Equations:  Determinants 

Use Cramers Rule to solve each system. 

1.                 2.    
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3.  Evaluate the determinant.            4.  Solve for x                                   

 

  

Answer:  

1) ; 

2)  ; 

 3) -42; 

4) x=3 

  

Example: Matrix Algebra 

                                  

  

1.  Find  .                     2.  Find . 

  

3.   , find  . 
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4.  Solve the system using the inverse of a matrix. 

  

                          

  

Answer: 

  

 1) ; 

  

 2)  ; 

  

 3)  ; 

  

4)   
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Example: Linear Programming 

1.  A camera manufacturer makes two types of digital cameras. On the first type, the XL1000, 

the company makes $50 profit on each camera. On the second type, the SP500, the company 

makes $45 profit on each one.  Write the objective function, that describes the companys total 

daily profit, z, from x XL1000 models and y XP500 models. 

  

2.  To maintain high quality, the company in Problem 1 should not manufacture more than a 

combined total of 100 XL1000 cameras and XP500 cameras per day.  Also, to meet customer 

demand the company must manufacture between 40 and 70 XL1000 cameras per day, 

inclusive.  Furthermore, the company must manufacture at least 20 and no more than 40 SP500 

cameras per day. Write inequalities that describe these constraints. 

  

3.  Maximize   subject to          

  

4.  Referring back to Problems 1 and 2, how many XL1000 models and how many SP500 

models should be manufactured per day to obtain a maximum profit?  What is the daily profit? 

  

Answer:  

1)  ; 
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 2)  ; 

  

3) Maximum of 13.8 at (2.4, 1.8); 

  

4) 70 XL1000s, 

  

 30 SP500s, $4850.00 

 

Topic : Sequences; Induction; The Binomial Theorem 

Topic Objective: 

At the end of this topic students will be able: 

 To define sequence 

 To describe subsequence 

 To define series 

 To understand mathematical induction 

 To define binomial theorem 

  

  

Definition/Overview: 

Sequence: In mathematics, a sequence is an ordered list of objects (or events). Like a set, it 

contains members (also called elements or terms), and the number of terms (possibly infinite) is 
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called the length of the sequence. Unlike a set, order matters, and the exact same elements can 

appear multiple times at different positions in the sequence. 

  

Key Points: 

1. Subsequence 

A subsequence of a given sequence is a sequence formed from the given sequence by deleting 

some of the elements without disturbing the relative positions of the remaining elements. If the 

terms of the sequence are a subset of an ordered set, then a monotonically increasing sequence is 

one for which each term is greater than or equal to the term before it; if each term is strictly 

greater than the one preceding it, the sequence is called strictly monotonically increasing. A 

monotonically decreasing sequence is defined similarly. Any sequence fulfilling the 

monotonicity property is called monotonic or monotone. This is a special case of the more 

general notion of monotonic function. 

  

The terms non-decreasing and non-increasing are used in order to avoid any possible confusion 

with strictly increasing and strictly decreasing, respectively. If the terms of a sequence are 

integers, then the sequence is an integer sequence. If the terms of a sequence are polynomials, 

then the sequence is a polynomial sequence. If S is endowed with a topology, then it becomes 

possible to consider convergence of an infinite sequence in S. Such considerations involve the 

concept of the limit of a sequence. 

  

2.   Series 

In mathematics, a series is often represented as the sum of a sequence of terms. That is, a series 

is represented as a list of numbers with addition operations between them, for example this 

arithmetic sequence: 

1 + 2 + 3 + 4 + 5 + ... + 99 + 100 

  

In most cases of interest the terms of the sequence are produced according to a certain rule, such 

as by a formula, by an algorithm, by a sequence of measurements, or even by a random number 

generator. A series may be finite or infinite. Finite series may be handled with elementary 

algebra, but infinite series require tools from mathematical analysis if they are to be applied in 

anything more than a tentative way. 
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Examples of simple series include the arithmetic series which is a sum of an arithmetic 

progression, written as: 

 

  

And finite geometric series, a sum of a geometric progression, which can be written as: 

 

  

3.   Mathematical induction 

Mathematical induction is a method of mathematical proof typically used to establish that a 

given statement is true of all natural numbers. It is done by proving that the first statement in the 

infinite sequence of statements is true, and then proving that if any one statement in the infinite 

sequence of statements is true, then so is the next one. The method can be extended to prove 

statements about more general well-founded structures, such as trees; this generalization, known 

as structural induction, is used in mathematical logic and computer science. 

  

Mathematical induction should not be misconstrued as a form of inductive reasoning, which is 

considered non-rigorous in mathematics. In fact, mathematical induction is a form of deductive 

reasoning and is fully rigorous. 

  

4.    Binomial Theorem 

In mathematics, the binomial theorem is an important formula giving the expansion of powers of 

sums. Its simplest version says 

 

Whenever n is any non-negative integer, the number 
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Is the binomial coefficient (using the choose function), and n! denotes the factorial of n. This 

formula and the triangular arrangement of the binomial coefficients are often attributed to Blaise 

Pascal, who described them in the 17th century. However, it was known to many mathematicians 

who preceded him; 13th-century Chinese mathematician Yang Hui, 11th-century Persian 

mathematician Omar Khayym, and 3rd-century BC Indian mathematician Pingala all derived 

similar results. 

  

For example, here are cases where 2 ≤ n ≤ 5: 

 

 

 

 

  

Formula (1) is valid for all real or complex numbers x and y, and more generally for any 

elements x and y of a semiring as long as xy = yx (the theorem is true even more generally: note 

that associativity is not required, just alternativity). 

  

  

Example/Case Study: 

Example: Sequences 

1.  A sequence is defined by the recursive formula   for  .  If  , 

     Write the first four terms. 

2.  If the general form of a sequence is  , find the first four terms. 

3.  Find the indicated sum.    

4.  Express the sum in summation notation.   . 
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Answer:  

1) 6, 44, 310, 2172; 

  

2) -6, -18, -72, -360; 

  

3) 58 

4)   

  

  

Example: Arithmetic Sequences 

1.  Find  in the arithmetic sequence if  and  . 

2.  Find the sum of the first 30 terms of the sequence -9, -4, 1, 6. . . 

3.  Find the first term and the common difference of the arithmetic sequence whos fourth 

     term,  , is 17 and whose ninth term,  , is 32. 

4.  Find x so that     and   are consecutive terms of an arithmetic sequence. 

Answer:  

1) -515; 

2) 1905; 
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3)  ; 

4)   

  

Example: Geometric Sequences; Geometric Series 

1.  Find   when   and  . 

2.  Find the sum of the first 9 terms of the geometric sequence  . . . 

3.  Find the indicated sum.    

4.  Determine if the geometric series  . . . converges.  If it converges find its 

sum. 

 For an infinite geometric series to have a sum r must be between 1 and -1. 

  

Answer: 

1) ; 

2) ; 

3) 19,680; 

4) Converges, 5 
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Example: The Binomial Theorem 

1.  Evaluate .         

2.  Use the Binomial Theorem to expand  . 

3.  Find the seventh term of  .              

4.  Use the Binomial Theorem to expand  . 

  

Answer:  

1)   364; 

2)  ; 

3)   ; 

4)    

 

 

In Section 5 of this course you will cover these topics: 

      Probability  

      A Preview Of Calculus: The Limit, Domain And Derivative  
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Topic : Probability 

Topic Objective: 

At the end of this topic students will be able: 

 To understand the concept of probability 

  

  

Definition/Overview: 

Probability: Probability is the likelihood or chance that something is the case or will happen. 

Probability theory is used extensively in areas such as statistics, mathematics, science and 

philosophy to draw conclusions about the likelihood of potential events and the underlying 

mechanics of complex systems. 

  

Complement Rule: Sometimes it is easier to find the probability of an event's complement than 

the actual event itself. However, this will lead us to the event's probability. Since we know that 

an event is guaranteed to either happen or not happen,  

. 

  

This leads us to the following formula, known as the complement rule. 

 

  

Counting: Counting is the mathematical action of repeatedly adding (or subtracting) one, 

usually to find out how many objects there are or to set aside a desired number of objects 

(starting with one for the first object and proceeding with an injective function from the 

remaining objects to the natural numbers starting from two), or for well-ordered objects, to find 

the ordinal number of a particular object, or to find the object with a particular ordinal number. 

Counting is also used (primarily by children) to demonstrate knowledge of the number names 

and the number system. In mathematics the term counting or enumeration also means finding the 

number of elements of a finite set.) 
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Key Points: 

1. Probaility 

In mathematics a probability of an event, A is represented by a real number in the range from 0 

to 1 and written as P(A), p(A) or Pr(A). An impossible event has a probability of 0, and a certain 

event has a probability of 1. However, the converses are not always true: probability 0 events are 

not always impossible, nor probability 1 events certain. The rather subtle distinction between 

"certain" and "probability 1" is treated at greater length in the article on "almost surely". 

  

The opposite or complement of an event A is the event [not A] (that is, the event of A not 

occurring); its probability is given by P(not A) = 1 - P(A). As an example, the chance of not 

rolling a six on a six-sided die is 1 - (chance of rolling a six) =  . 

  

If two events, A and B are independent then the joint probability is 

 

  

For example if two coins are flipped the chance of both being heads is  

. 

  

If two events are mutually exclusive then the probability of either occurring is 

 

  

For example, the chance of rolling a 1 or 2 on a six-sided die is  

. 

  

If the events are not mutually exclusive then 

. 

  

For example, when drawing a single card at random from a regular deck of cards, the chance of 

getting a heart or a face card (J,Q,K) (or one that is both) is  , because of 

the 52 cards of a deck 13 are hearts, 12 are face cards, and 3 are both: here the possibilities 

included in the "3 that are both" are included in each of the "13 hearts" and the "12 face cards" 

but should only be counted once. 
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Conditional probability is the probability of some event A, given the occurrence of some other 

event B. Conditional probability is written P(A|B), and is read "the probability of A, given B". It 

is defined by 

 

If P(B) = 0 then  is undefined. 

  

A 
 

not A 
 

A or B 
 

A and B 
 

A given B 
 

  

  

Example/Case Study: 

  

Example: Counting 

  

1.  If   and  , find  . 

2.  The ring that Jose is planning to buy for his girlfriend comes in yellow gold, platinum, or 

white gold.  The stone for the ring can be a princess cut or a round cut.  Jose can choose between 

a ruby, a sapphire, an emerald, or a diamond.  In how many ways can Jose order a ring? 
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3.  A travel agency surveyed 500 customers.  Of those 500, 300 had purchased an airline ticket, 

230 reserved a rental car, and 100 had purchased a ticket and reserved a rental car.  How many 

purchased only an airline ticket?  

4.  A customer wants to purchase a flat screen television.  The television can be a 40- inch, 42-

inch, or 50-inch.  The resolution is either 720 p or 1080 p.  Also, the television can be mounted 

on the wall, built into a cabinet, or set up on a stand.  How many different television 

configurations does the customer have to choose from? 

  

Answer:  

1) 8; 

 2)   24; 

 3) 200; 

 4) 18 

  

Example: Permutations and Combinations 

  

1.  A teacher must select four children out of a group of twelve to carry U. S. flags in a 

parade.  In how many ways can the children be selected? 

2.  A restaurant had 12 different toppings for the pizza.  If a customer can only afford to select 3 

of toppings, how many pizzas does the customer have to choose from? 

3.  In how many distinct ways can the letters of the word KETTLE be arranged? 
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4.  In an elementary school production of The Wizard of Oz, ten children are being considered 

for the roles of the Scarecrow, the Tin Man, the Cowardly Lion, and the Wizard.  In how many 

ways can these roles be cast? 

  

Answer: 

1) 495; 

2) 220; 

3) 180; 

4) 5,040 

  

Example: Probability 

  

1.  A single die is rolled twice.  Find the probability of two even numbers being rolled. 

2.  If you are dealt a card from a standard 52-card deck, what is the probability that it is not a red 

king? 

3.  In the Student Government Association of a particular college there are ten male, senior 

members and nine female, senior members.  There are also six male, junior members and five 

female, junior members.  Find the probability that a person selected at random is a senior or a 

female. 

4.  The 25 pieces of candy in a particular box of chocolates can be categorized as follows. 

            

  White Chocolate Milk Chocolate Dark Chocolate 
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Contains Nuts 5 3 4 

Contains No Nuts 2 8 3 

  

     Find the probability that a piece of candy selected at random from the box will 

     a) be made of white chocolate. 

     b) contain no nuts 

  

 Answer:  

1)  ; 

 2)  ; 

3)  ; 

4) a. ,  

b.  

 

Topic : A Preview Of Calculus: The Limit, Domain And Derivative 

Topic Objective: 

At the end of this topic students will be able: 
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 To Understand the concept of limit 

 To relate functions and a real line 

 To describe one sided limits 

 To understand the concept of domain of a function 

  

  

Definition/Overview: 

Derivative: In calculus, a branch of mathematics, the derivative is a measurement of how a 

function changes when the values of its inputs change. Loosely speaking, a derivative can be 

thought of as how much a quantity is changing at some given point. For example, the derivative 

of the position or distance of a car at some point in time is the instantaneous velocity, or 

instantaneous speed (respectively), at which that car is traveling (conversely the integral of the 

velocity is the car's position). 

  

 

  

Tangent Line: In geometry, the tangent line (or simply the tangent) to a curve at a given point 

is the straight line that "just touches" the curve at that point (in the sense explained more 

precisely below). As it passes through the point of tangency, the tangent line is "going in the 

same direction" as the curve and in this sense it is the best straight-line approximation to the 

curve at that point. The same definition applies to space curves and curves in n-dimensional 

Euclidean space.. 
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Key Points: 

1. Limit 

In mathematics, the limit of a function is a fundamental concept in calculus and analysis 

concerning the behavior of that function near a particular input. Informally, a function assigns an 

output f(x) to every input x. The function has a limit L at an input p if f(x) is "close" to L 

whenever x is "close" to p. In other words, f(x) becomes closer and closer to L as x move closer 

and closer to p. More specifically, when f is applied to each input sufficiently close to p, the 

result is an output value that is arbitrarily close to L. If the inputs "close" to p are taken to values 

that are very different, the limit is said to not exist. 

         Limit of Constant 

 

  

         Limit of X 

 

  

  

2. Functions On The Real Line 

Suppose f : R → R is defined on the real line and p,L ∈ R then we say the limit of f as x 

approaches p is L and write 

  

 
  

If and only if for every real ε > 0 there exists a real δ > 0 such that 0 < | x - p | < δ implies | f(x) - 

L | < ε. Note that the value of the limit does not depend on the value of f(p). A more general 

definition applies for functions defined on subsets of the real line. Let (a,b) be an open interval in 

R, and p a point of (a,b). Let f be a real-valued function defined on all of (a, b) except possibly at 

p. We then say that the limit of f as x approaches p is L if and only if, for every real ε > 0 there 

exists a real δ > 0 such that 0 < | x - p | < δ and x ∈ (a,b) implies | f(x) - L | < ε. Note that the limit 

does not depend on f(p) being well-defined. 
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3. One-Sided Limits 

 

  

The limit as: x → x0+ ≠ x → x0-. Therefore, the limit as x → x0 does not exist. 

Alternatively x may approach p from above (right) or below (left), in which case the limits may 

be respectively written as 

 

If both of these limits are equal to L then this can be referred to as the limit of f(x) at p. 

Conversely, if they are not both equal to L then the limit, as such, does not exist. A formal 

definition is as follows. The limit of f(x) as x approaches p from above is L if, for every ε > 0, 

there exists a δ > 0 such that |f(x) - L| < ε whenever 0 < x - p < δ. The limit of f(x) as x 

approaches p from below is L if, for every ε > 0, there exists a δ > 0 such that |f(x) - L| < ε 

whenever 0 < p - x < δ. If the limit does not exist there is a non-zero oscillation. 

  

4. Domain of a function 

  For a function f defined by an expression with variable x, the implied domain of f is the set of 

all real numbers variable x can take such that the expression defining the function is real. The 

domain can also be given explicitly. 

  

  

Example/Case Study: 

  

Example: Finding Limits Using Tables and Graphs 

  

1.  Use a table to find  . 

2.  Use the graph of   to find   and  . 
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3.  Graph the function and then use your graph to find the indicated limit. 

              

  

4.  Use a graphing utility to find  . 

  

Answer:  

1) -6; 

 2) -1, -1; 

 3) 5; 

 4) 3.91 
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Example: Algebraic Techniques for Finding Limits 

  

Find each limit algebraically. 

1.             

2.      

3.    

4.  Find the limit as x approaches c of the average rate of change of the function from 

     c to x. 

  

                         ;   

  

Answer:  

1) 0; 

 2) 4; 

3) -23; 

 4) -3 
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Example: One-sided Limits; Continuous Functions 

  

1.   ,  find a)  , b)  , c)   . 

  

Use the definition of continuity to determine whether f is continuous at a. 

2.           

            

3.    

  

Determine for what numbers, if any, the given function is discontinuous. 

  

4.                          

  

  

Answer:  

1) a) 10, b) 10, c) 10; 
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2) Not continuous; 

3) Continuous; 

4) Discontinuous at  and at   

  

Example: The Tangent Problem; The Derivative 

  

1.  Find the slope of the tangent line to the graph of   at (-1, 5). 

2.  Find the derivative of   at (1, -2). 

3.  Use a graphing utility to find the derivative of   at  . 

4.  An explosion causes debris to rise vertically with an initial speed of 80 feet per second. The 

function,  , describes the height of the debris above the ground,  , in feet, t 

seconds after the explosion.  a. What is the instantaneous speed of the debris 1.5 seconds after 

the explosion?  b. What is the instantaneous speed of the debris when it hits the ground? 

  

Answer:  

1) 5; 

 2) -3; 

3) 0.152; 

4) a. 32 feet per second, b.   feet per second  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

112
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



  

Example: The Area Problem; The Integral 

  

1.  The function   is defined on the interval [0,5].  Graph f. Approximate the area 

A under f from 0 to 5 by partitioning [0,5] into five subintervals of equal length and choosing u 

as the left endpoint of each subinterval. 

  

2.  The function   is defined on the interval [0,2].  Graph f. Approximate the area A 

under f from 0 to 2 by partitioning [0,2] into four subintervals of equal length and choosing u as 

the right endpoint of each subinterval. 

  

Use a graphing utility to approximate the area represented by the integral. 

3.                     

4.    

  

  

Answer:  

1)   8.08; 

2) ; 
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3)  ; 

  

4) 0.35 

 

 

  

 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

114
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN


