
MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Design Problem 3 Issued : April 19, 2002
A/D Converter Due : Friday, May 10, 2002

Design any one of the following A/D converters:

High-Accuracy Circuit: 12 bits, 1 second conversion time. You may not use any tech-
nique (successive approximation or otherwise) which places a D/A in a feedback loop
to perform the A/D function.

High-Speed Circuit: 10 bits, 10 µs conversion time. Because we anticipate a more sub-
stantial design effort than simply connecting a single chip to a high speed D/A, you
may not use a successive approximation technique for this design.

Low-Power Circuit: 10 bits, 0.1 second conversion time, absolute minimum power con-
sumption. Any technique is allowed for this design. To compute the power consump-
tion, assume that a conversion is performed every 0.1 second.

Common Specifications:

• Power Supplies: ±15 volts, with an accuracy of ±0.5 volt.

• Temperature: 25◦ ± 10◦C.

• Input Range: 0 to +10 volts

• Source Impedance: 1 kΩ

The converter is allowed to have periodic auto-calibrating cycles if necessary. You may
specify whether or not the user must precede the A/D converter with a sample and hold. In
your write-up, analyze the performance of your design with respect to monotonicity, absolute
and relative accuracy, the addition of noise on the input, the effects of temperature, and the
variations of power supply voltages.

The restrictions on the first two designs is only to encourage thoughtful design and not
to discourage the future use of successive approximators. If you have any questions about
what is allowed for a design or if you would like to work on a design to a different set of
specifications, please talk to one of the staff early in your design effort.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Laboratory 1 Issued : February 8, 2002

Op-Amp or Oscillator? Due : Friday, February 22, 2002

Design, build, and test one of the following projects.

1. The 741 operational amplifier can supply an output current of ±20 mA over an output

voltage range of ±12 volts. Design a unity-voltage-gain stage that can be added to

the output of the op amp to increase the output capability of the combination to at

least ±200 mA over a ±10-volt range. Your design should include current limiting to

protect it for shorts from the output of the stage to ground and power.

2. Specifications for the LM101A operational amplifier indicate a maximum input bias

current of 100 nA and a maximum temperature coefficient of input offset current of

0.2 nA per kelvin. These specifications apply over a temperature range of −55◦ C to

+125◦ C. Precede this amplifier with a matched pair of 2N5963 transistors connected

as emitter followers so that it can be used in applications that require very low input

currents. Design the emitter-follower circuit using these transistors and any required

bias-circuit components such that the bias current required at the input if the emitter

followers is relatively independent of common-mode level over the range of ±10 volts.

Also, the drift referred to the input added to the complete circuit by the emitter

followers must be less than ±2 µV per kelvin. Measure the input current for the

modified amplifier. Estimate the differential input resistance of the modified amplifier.

3. A sinusoidal oscillator can be constructed by connecting the output of a double inte-

grator to its input. Show that amplitude can be controlled by varying the magnitude

of the shunt resistor in the feedback network. Design a complete circuit that can pro-

duce a 20-V peak-to-peak output signal at 1 kHz. Use a 2N5459 FET for the control

element. Analyze your amplitude-control loop to show that it had acceptable stability

and a crossover frequency compatible with the 1-kHz frequency of oscillation.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Laboratory 2 Issued : March 15, 2002
Power Converters Due : Friday, April 5, 2002

Design, build, and demonstrate a switching power supply that meets the following specs.
(You may choose to build either the boost or flyback topology.)

Specifications

• Output voltage: for the boost 20 V, for the flyback −10 V

• Steady state error: Zero (use an integrator in the loop).

• Output voltage ripple: ≤ 200 mVpp (peak-to-peak)

• Input voltage range: 8 V ≤ Vin ≤ 16 V

• Input ripple current (calculated): ≤10 mA rms

• Output power: 5 watts

• Small signal bandwidth: ≥ 5 kHz

• Small signal step overshoot: ≤ 10%

Lab Hints

Build your converter in stages rather than attempting to construct and test the entire loop
in one smoke-producing flip of the switch.

1. Build the switching section

• use ceramic capacitors for the main filtering caps in your converter. use elec-
trolytics only for damping legs.

• drive the switch with a function generator (D = 0.5 or whatever)

• start with a small input voltage (Vin = 0.5 V or so)

• if the waveforms look ok, gradually increase Vin

• use the function generator’s symmetry control to vary D, and convince yourself
that the converter is operating correctly.

2. Build the controller section

• test the controller section using “fake” inputs
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• use lab kit supplies to power controller circuitry (not Vin supply)

• verify proper operation before attempting to close the loop

3. Consider start-up details before closing the loop.

• soft-start

• current-limit

• duty-cycle limit

4. Pray, sacrifice a token 3904, then power up the closed-loop system

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

4
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Laboratory 3 Issued : April 19, 2002
Phase Lock Loops Due : Friday, May 3, 2002

In this lab you will investigate phase lock loop (PLL) operation using the CMOS 4046 integrated
circuit. It contains two different phase detectors and a VCO. It also includes a zener diode reference
for power supply regulation and a buffer for the demodulator output. The user must supply the
loop filter. The high input impedances and low output impedances of the 4046 make it easy to
select external components.

Notes

1. This lab is complicated. Be sure that you understand how the circuits are supposed to work
before coming into the lab. Do not try to build something that you have not fully analyzed.
Read this entire assignment before beginning to work on it.

2. Data taken in Part 1 will be needed in order to complete your designs in the rest of the lab,
therefore, do this part carefully.

3. Handle the 4046 with care. CMOS integrated circuits are easily destroyed. Avoid static
discharges. Use a 10kΩ resistor to couple the signal generator to the PLL. Turn off the signal
generator before turning off power to the 4046, or else you will power up the entire circuit
from the signal input. Avoid shorting the outputs to ground or the supply. A TTL gate can
withstand this kind of abuse, but CMOS cannot (be careful of loose wires). CMOS does not
have the output strength to drive capacitive loads. VSS should be connected to ground, VDD

should be connected to 5V, and pin 5 should be connected to ground (otherwise the VCO in
inhibited).

1 VCO Operation

Read the circuit description in the datasheet. The VCO constant (KO in radians/sec-volt) is the
ratio of the change in operating frequency to the change in input voltage (on pin 9). Measure
KO, that is, graph the output frequency versus the input voltage. Be sure that your data covers
the range from 5 kHz to 50 kHz. Make the measurements with various values1 of R1, R2, and C.
Approximately, how is KO related to R1, R2, and C? Measure the rise and fall times of the VCO
output. Investigate the effects of capacitive loading.

2 Passive Loop Filters

The loop filter is placed between the phase detector output and the VCO input. This filter at-
tenuates the high frequency harmonics present in the phase detector output. It also controls loop

1UNDER NO CIRCUMSTANCES use R1 or R2 less than 50kΩ.
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dynamics. Often a simple RC filter will function adequately. These designs avoid embarassing level
shifting and output limiting problems inherent in active filter designs. On the other hand, active
filters may offer superior performance.

2.1 Phase Comparator II

Before continuing, consider the output of phase comparator II of the 4046. The output is a tristate
device. This causes a reduction of the ripple when the loop is locked. Instead of a 50% duty cycle
beat note at twice the fundamental, there is no beat note at all. Unfortunately, when one wishes to
construct a block diagram for the loop, KD is not well-specified. When either the upper or lower
driver is on, the output looks like a voltage source, but when the output is floating, it is essentially
a current source (a source of 0 amps). Therefore the value of KD will depend on the specific filter.
Consider Figure 1.

4046
PIN 13

PD2
OUTPUT

Vpo
R3

VD

C1

Figure 1: Phase comparator II output

So the phase comparator output is vPO = +5V when the upper driver is on, vPO = 0V when
the lower driver is on, and vPO = vD when the phase comparator is in the open state. We can find
the average value of the output:

vPO = (5V ) θe

2π
+ vD(1 −

θe

2π
) = vD + (5 − vD) θe

2π
for θe > 0

vPO = (0V ) θe

2π
+ vD(1 + θe

2π
) = vD + vD

θe

2π
for θe < 0

Note that the value of KD depends on the value of vD. This makes the mathematics of the
loop much more confusing. In fact KD is different for positive and negative phase errors when vD

is not 2.5 volts. In order to get a usable output, we can modify the output to yield a fixed value of
KD. To do this we can put an active element in to define the value of vD when the output is open.
In both Figures 2 and 4 the open value is defined as 2.5 volts which leads to an equal value of KD

for positive and negative θe. If you use phase comparator II with just an RC network, be sure to
realize that the loop dynamics may be considerably compromised at extremes of lock range.

A simple second order PLL with “passive” loop filter is illustrated in Figure 2. Phase comparator
II is used. When the loop is locked, the average phase detector output voltage is vD = 2.5 +
2.5(θe/2π) volts. The incremental phase detector gain constant is then KD = 2.5/2π volts/radian.
Consider the following specifications:

loop crossover frequency ωc = 1000 rad/s
phase margin φm = 45◦

center frequency fO = 19 kHz
phase detector II
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Figure 2: “Passive” loop filter

Where we define the center frequency, fO, as the VCO output frequency when pin 9 is 2.5
volts. Using the topology illustrated in Figure 2, design and build a circuit that meets these
specifications2.

Document your design with block diagrams and Bode plots of the magnitude and angle of the
loop transmission. What is the steady state phase error and lock range? How do your predictions
and measurements compare?

The phase margin of the loop may be deduced from measurements of the step response of the
loop. One technique is to apply a FM signal to the input and look at the demodulated output.
Specifically, use a square wave to modulate the frequency of the function generator which you are
using for your input3. Observe the VCO input voltage. Measure the risetime and peak overshooot.
Are these results compatible with a second order system with the specified crossover frequency and
phase margin? NOTE: the frequency deviation should be very small so that the PLL does not
break lock.

R3

VD

C1

R4

VCO Input

Figure 3: Lag loop filter

The loop filter is replaced by the lag network illustrated in Figure 3. It will allow you to set
KO and ωc independently. Hence, the loop may have a wide lock range (as determined by KO) and

2Hint: let R3C1 = 1 ms. Then C and R1 are chosen to set KO, while R2 determines fO.
3If frequency generators are in short supply, consider using the VCO from another 4046.
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a narrow bandwidth. Design and build a circuit to meet the following specifications:

loop crossover frequency ωc = 1000 rad/s
phase margin φm = 45◦

center frequency fO = 19 kHz
lock range 9 kHz to 29 kHz
phase detector II

Include the appropriate Bode plots.
The lag filter does not provide much attenuation of the high frequency ripple from the phase

detector. This is evident when you observe the voltage at the VCO input (pin 9). Place a capacitor
across R4 in order to increase the high frequency attenuation. If this pole is placed beyond the
loop crossover frequency, there will be negligible change in the FM step response, except that the
high frequency teeth will be removed.

Now try increasing the FM frequency deviation so that the loop breaks lock. Note the response
at the phase comparator output and VCO input.

2.2 XOR Phase Detector

What happens if you substitute phase comparator I (an exclusive-or gate) for phase comparator
II in the lag compensated PLL described in Part 2.1? You should be able to answer this question
theoretically and experimentally. Specifically, what is the phase detector gain KD, the loop band-
width, the phase margin, the steady state phase error, the lock range, and the ease of acquiring
lock (experimentally)?

Note: if you have difficulty in acquiring lock, try slowly scanning the input frequency until the
circuit locks. Will this circuit lock on harmonics? Is the circuit duty cycle sensitive?

3 Active Filters

Return to the lag compensated PLL using phase comparator II as in Part 2.1. Apply a FM
modulated input to observe the step response as before. Look at the output of the phase comparator
(pin 13). The steady state phase error and dynamic tracking error should be apparent if you
mentally average out the high frequency components4. Try varying the input frequency range.

Active filters are used to reduce this tracking error. A possible active filter PLL realization is
illustrated in Figure 4.

Certain precautions must be taken when such filters are used. The opamp can easily supply
voltages to the 4046 that will burn it out. For this reason, it is a good idea to diode clamp the
inputs to the PLL as shown. The low pass filter (R3 and C2) provides extra attenuation of the high
frequency phase detector ripple. It also should keep the opamp from slew rate limiting.

Again the active circuit specifies the open state output of phase detector II to be 2.5 volts.
The inverter is necessary because the PLL wants a non-inverting topology. R4C1 sets the crossover
frequency, and R2 sets the zero location, hence the stability. 1/(R3C2) should be set at least a

4Note: If you find mental averaging unsatisfying, filtering vD with a simple passive RC filter with RC =
0.1 ms will give you a picture of the average value of the phase error. To avoid loading the phase comparator
with a low impedance, make the resistor R a large value (1MΩ is fine). IMPORTANT: this filter is not in
the loop, it is between the phase comparator output and the scope.
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Figure 4: Active loop filter

factor of 5 above ωc. KD is the same as before (as it would be for any loop filter which specified
the open state volatage of the phase detector as 2.5 volts).

Feel free to design your own second order loop filter topology if you wish, just be careful not
to destroy the 4046. Design and build a PLL using an active loop filter to meet the folowing
specifications:

loop crossover frequency ωc = 1000 rad/s
phase margin φm = 45◦

center frequency fO = 19 kHz
lock range 18 kHz to 20 kHz
steady state error ess = 0
phase detector II

Draw the appropriate Bode plots. Make measurements of the step response. Again look at the
phase detector output (pin 13). What can you say about the dynamic tracking error? What about
the steady state error?

4 Linear Phase Detectors and Frequency Synthesis

Consider the problem of trying to lock onto a signal in a composite mix of signals. The zero
crossings of the composite signal may not coincide with the zero crossings of the signal you wish to
lock to, thus the use of zero crossing sensitive phase detectors, such phase comparator II, or even
XORs, is impossible.

We wish to use a linear phase detector that implements an analog multiplication of the composite
signal and the VCO output. Since the VCO output is a square wave (a series of ones and minus-
ones) we can relax our requirement to needing a multiplier that can multiply the incoming composite
signal by either 1 or −1 with minimal distortion.
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Figure 5: Linear Phase Detector

Consider the circuit in Figure 5. What is KD for this phase detector? What will be the
steady-state phase error for a zero output?

Note that KD will depend on the amplitude of the incoming signal. For the rest of this lab,
assume that the signal that we wish to lock to has an amplitude of 300 mV peak-to-peak.

Now, also consider the problem of wanting a VCO output frequency that is twice the input
frequency. By putting a divide-by-two block in the feedback path as in Figure 6, the closed loop
system should implement a multiply-by-two function.

φD

÷Ν
N=2

 LOOP
FILTER VCOINPUT OUTPUT

Figure 6: Multiply-by-two PLL

Design and build a circuit to meet the following specifications:

loop crossover frequency ωc = 100 rad/s
phase margin φm = 45◦

center frequency fO = 38.0 kHz
lock range 18.5 kHz to 19.5 kHz
steady state error ess = 0
phase detector linear

Note that “zero steady state phase error” is not well defined for a frequency multiplier system.
For our purposes, we define “zero steady state phase error” to be when the positive going transistions
of both the input and output coincide. Using a D-flipflop (74LS74) implement a divide-by-two block
in the feedback path of your PLL. Be sure to include its effects in your loop analysis. Note that if
the phase detector has a steady state phase offset, you can compensate for this in your divide-by-
two block. Phase shifts of ±90◦ or 180◦ can be accomplished by mixing the input and output of
the D-flipflop with the appropriate network of inverters and XOR gates.

Draw the appropriate Bode plots. Make measurements of the step response. Again look at the
phase detector output (pin 13). What can you say about the dynamic tracking error? What about
the steady state error?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 5, 2002
Problem Set 1 Due : Friday, February 8, 2002

You should feel comfortable (although not necessarily ecstatic) with these problems if you
intend to take 6.331.

Problem 1 A bipolar transistor with fT = 100 GHz is operating a IC = 0.1 µA. Using the
charge control model, find the forward charge in the base, qF . How many electrons is
this?

Problem 2 Determine the transistors that actually contribute to signal amplification for
each of the following amplifiers

(a) µA733

(b) µA741

(c) LF357

(d) OP-37

Problem 3 An operational amplifier is available with a fixed, unloaded open-loop transfer
function

A(s) =
105

10−2s + 1

This amplifier is to be used as a unity-gain inverter. A load capacitor adds a pole at
s = −106 radians per second to the unloaded open-loop transfer function. Compensate
this configuration with an input lead network so that its loop-transmission magnitude
is inversely proportional to frequency from low frequencies to a factor of five beyond the
crossover frequency. Choose element values to maximize crossover frequency subject
to this constraint. Assume high input impedance for the amplifier.

Problem 4 A two-stage operational amplifier is connected as an inverting differentiator
with a feedback resistor of 100 kΩ and an input capacitor of 1 µF. What type of minor-
loop compensating network should be used to stabilize this configuration? Determine
element values that result in a predicted crossover frequency of 104 radians per second
with a value of 0.2 m0 for input-stage transconductance.

When this type of compensation is tried using an LM301A operational amplifier, minor
loop stability is unacceptable, and it is necessary to shunt the compensation terminals
with a 3-pF capacitor in addition to the network developed above for satisfactory
performance. Describe the effect of this modification on closed-loop performance.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 8, 2002
Problem Set 2 Due : Friday, February 15, 2002

Problem 1 Consider the sample-and-hold circuit shown below.

−

+ LM110

vO

vI

control
+VS

-VS

Figure 2.1: Sample and Hold Circuit

The open-loop transfer function of the op amp is

A(s) =
105

(0.01s + 1)(5(10−8)s + 1)2

and the closed-loop bandwidth of the LM110 amplifier is in excess of 20 MHz. The
sum of the FET on resistance and the resistor shunting the current-booster transis-
tors is 1 kΩ, and the capacitor value is 1 µF. Investigate the stability of this system
under small-signal conditions of operation. Suggest a circuit modification that can be
used to improve stability. Comment of the effectiveness of your method under large-
signal conditions (with the booster transistors conducting) as well as for linear-region
operation.
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Problem 2 It was mentioned in class that the real part of the input impedance of a ca-
pacitively loaded emitter follower can be negative. Demonstrate this possibility by
calculating the incremental input impedance for the connection shown.

I CE

VIN

VCC

Figure 2.2: Capacitively Loaded Emitter Follower Circuit

Use a simplified incremental model for the transistor, including only rπ, cπ, and gm.

Also show that for sufficiently large values of CE, the real part of the input resistance
will be positive at all frequencies, and determine the critical value for CE in terms of
transistor parameters.

Sketch plots of the magnitude and phase of Zin for the two cases where CE is larger
and smaller than the critical value determined above.

Problem 3 Consider the problem of minimizing the additive error of a very fast sampler
with a long hold time by “ganging-up” a series of sample and holds. For example using
a τH/τS quotient of ten, the first sampler has a sample time of one nanosecond and a
hold time of 10ns, the second sampler has τS = 10ns and τH = 100ns, etc.

Assume that the error of each stage is dominated by hold-time droop, and that it is
proportional to the τH/τS quotient of each stage.

Assume we want a sample time of one nanosecond and a hold time of one second.
What is the optimum τH/τS quotient? How many sample and holds will we need?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 22, 2002
Problem Set 3 Due : Friday, March 1, 2002

Problem 1 Consider the four-diode-switch sample and hold circuit:

I1

+15V

VIN

-15V

S1

Vo

100pF

I2

S2

Figure 3.1: Four Diode Switch Circuit

In the sample mode, switches S1 and S2 are open, thus allowing the currents I1 and
I2 to bias the diodes in the usual manner. In the hold mode, S1 and S2 are closed.
Thus the diodes are reverse biased, insuring a rapid turn-off. This problem investigates
the various sources of error inherent in this design. For each source of error, indicate
whether it results in an offset error or a scale factor error.

(a) Let I1 = 10 mA, I2 = 9 mA. What is the maximum slew rate of the hold capacitor
voltage in both the positive and negative directions? If the circuit is in equilibrium
in the sample mode, what is the error caused by the given current imbalance? Use
the diode model:

iD = ISeqvD/kT IS = 10−13A

(b) Assume that I1 = I2 = 10 mA. How long does it take for this circuit to slew 10
volts? Sample mode is ended when S1 and S2 close. If the switches don’t close
simultaneously, an error is introduced. Evaluate this error for the case in which
S1 closes 1 ns late.
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(c) Assume that each diode is shunted by 10pF of stray capacitance. There will be
charge dumped through this capacitance when the switches close. Evaluate the
effects of this charge dump. Assume that all of the stray capacitances are equal,
but the equilibrium output level was +5 V just before the switches were closed.

(d) Assume that I1 = I2 = 10 mA, and the circuit is in equilibrium in the sample
mode. Consider the circuit’s response to small changes in vi. Use an incremental
diode model. This analysis is valid as long as |vo − vi| is on the order of kT/q.
Compute the response to a step change in vi. What is the 0.1% settling time?
What is the response if vi is a ramp?

Problem 2 Consider the following loop transfer functions:

L1(s) =
106

s
L2(s) =

106

s + 1
L3(s) =

1010(10−4s + 1)

s2
L4(s) =

106(10−4s + 1)

(10−2s + 1)2

For each loop transfer function:

(a) Plot an asymptotic Bode Plot.

(b) Find the open loop DC gain, the crossover frequency ωc, and the phase margin
φM .

(c) Find the error transfer function, assuming that the above loop transfer functions
describe op amp circuits with unity feedback.

(d) Find the steady state error to a 1 V step input.

(e) Use synthetic division to find the first three error coefficients of the error series,
e0, e1, and e2.

(f) For a unit ramp input, the steady state error grows as

ess = e0t + e1

Find the steady state error ess to an input ramp with a slope of 1 V/µs. Comment
on the relative magnitude and measurability of these errors.

(g) Use MATLAB to simulate (with lsim) the actual error response to the above
ramp. Show and comment on the fast transient versus the slow transient.

Problem 3 An operational amplifier connected as a unity-gain non-inverting amplifier is
excited with an input signal

vi(t) = 5 arctan(105t)

Estimate the error between the actual and ideal outputs assuming that the open-loop
transfer function can be approximated as indicated below. (Note that these transfer
functions all have identical values for unity-gain frequency.)

(a) a(s) = 107/s

(b) a(s) = 1013(10−6s + 1)/s2

(c) a(s) = 1019(10−6s + 1)2/s3
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : March 8, 2002
Problem Set 4 Due : Friday, March 15, 2002

Problem 1 The flyback converter shown in Figure 4.1 is operating in steady state with a
constant frequency PWM-type switch drive at a switching frequency of 100kHz.

C=20µF RL=50ΩL=150µH
IL

IDVL
IIN

VIN=75V
+

Figure 4.1: Flyback Converter

A. Determine the relationship between the output voltage VO, the input voltage VI ,
and the duty cycle (D) of the switch drive. Explain why this topology is sometimes
called a “buck-boost” or “up-down” converter.

B. Assume that the duty cycle of the switch drive is D = 0.4. Determine the average
value of iin, the average value of vout, and the peak-to-peak magnitude of the
output voltage ripple. Sketch iL and vL for a switching cycle.

C. Determine the transfer function which relates the incremental changes in output
voltage to a small perturbation in D. Comment on the nature of this transfer
function.

D. Assume the on resistance of the switch is Ron = 1Ω, and the forward voltage drop
of the diode is 0.35V + 0.1ΩiD. Estimate the power dissipation in the switch and
the diode.
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Problem 2 This problem examines the switching performance of a common base amplifier.
The transistor parameters are βF = 100, βR = 5, τF = 0.5 ns, τR = 1 ns, and τS = 7.55
ns. Ignore the effects of the space charge layers. The transistor is connected as shown
in Figure 4.5.

-10.6 V

C
100

Figure 4.5: Switched-emitter common base amplifier

A. Assume that C = 0 and qF = qR = 0 for t < 0. The switch is closed at time t = 0.
Determine equations that describe the growth of qF and iC as functions of time.

B. The test described above is repeated with capacitor C included. What value of C

minimizes the time required for the transistor to reach steady-state values of qF

and iC?

Now suppose the circuit is changed to Figure 4.6 (you may assume that VCEsat for the
transistor is zero).

-10.6 V

C
100

+9.4 V

1 k

Figure 4.6: Switched-emitter common base amplifier
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C. Again assume C = 0 and qF = qR = 0 for t < 0 and that the switch is closed at
time t = 0. How long does the transistor remain in the forward-active region?

D. The switch is kept closed until the transistor reaches steady state in saturation.
What are the values of qF , qR, qB0, and qS in the steady state? (Recall that qB0

is the base charge required to get to the edge of saturation.)

E. The test described in part C is repeated with capacitor C included. What value of
C minimizes the time required to reach steady-state saturation?

F. Once steady-state saturation has been reached, the switch is opened. What is the
value of iB immediately after the switch is opened?

G. How long after the switch is opened does the transistor remain in saturation?

H. Sketch the general form of the base charge distribution shortly after the switch is
opened (part F) and at the instant the transistor enters the forward active region
(following the time determined in part G).
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : April 12, 2002
Problem Set 5 Due : Friday, April 19, 2002

Problem 1 Consider the resonant oscillator in Figure 5.2. We wish to examine the condi-
tions under which the circuit will oscillate. To make the analysis tractable, however,
we must make the following simplifying assumption.

+VS io

vo

+

-
IBIAS

R L C
vo

Figure 5.2: Resonant oscillator circuit

Recall that the output current (io) of an emitter-coupled pair is a hyperbolic tangent
function of the input voltage (vo). While very accurate, such a relationship between io
and vo is too complicated for describing function analysis to be applied. Instead, we will
characterize the emitter-coupled pair by the piecewise linear I/V curve in Figure 5.3.

-2VT 2VT

IBIAS

IBIAS
1
2

1
2

-

Figure 5.3: Piecewise linear I/V curve
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Note that the incremental variables io and vo have been plotted, which is why io can
be negative. Note also that the slope near vo = 0 is consistent with the small-signal
model of the transistors.

A. Using describing functions, find the condition on IBIAS such that the circuit will
oscillate. (Hint: relate vo(s) to io(s) so that a block diagram of the form in Fig-
ure 5.4 can be drawn. You may need to read Section 6.3 in Operational Amplifiers
if you are unfamiliar with describing functions.)

G(s)

Figure 5.4: Block diagram with describing function

B. Let L = 0.1µH, C = 1000 pF, R = 1 kΩ, and IBIAS = 200µA. Using the describing
function analysis from part A, compute the frequency and amplitude of the output
of the oscillator (vo).

C. As an estimate of distortion, compute the ratio of the third harmonic to the first
harmonic on the output voltage (vo). Is the number larger or smaller than you
expected? Explain.
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Problem 2 While simple limiters can be used to establish the amplitude of an oscillator’s
output, they do so at the cost of some distortion. If much lower distortion is desired,
one can use an amplitude control loop, as suggested in Figure 5.5. Such a control
loop operates in the following manner. If the output amplitude is determined to be
too small, the control loop adjusts a parameter (in this case the bias current) in such
a way as to place the poles of the oscillator in the right-half plane, which causes the
amplitude of the oscillation to grow. Similarly, if the output amplitude is too large, the
control loop adjusts the parameter to place the poles of the oscillator in the left-half
plane, which causes the amplitude of the oscillation to decay. In the steady state, the
poles are placed precisely on the imaginary axis, and the output amplitude is constant.

+VS io

vo

+

-

vo

Amplitude
Measuring
Circuit

1kΩ 0.1
µH

1000
  pF

a(s) Σ

100kΩ RE

eA

eref

+

-

Figure 5.5: Amplitude-stabilized resonant oscillator circuit

The amplitude measuring circuit could be based on a full-wave rectifier, as in Problem
Set 1, but the details are not important for this problem. All you need to know about
it is that its gain is unity; that is, if the input to the amplitude measuring circuit is
vI = E sin ωt, its output has a DC average of E.

A. What is the voltage across RE in the steady state?

B. To minimize distortion, we want the output amplitude to be 0.1VT . Choose a(s)
and eref such that this amplitude is exactly maintained, the crossover frequency of
the amplitude control loop equals 100 krad/s, and the phase margin is 75 degrees.

Comment: the most difficult part of this problem is properly modelling the dy-
namics of amplitude growth and decay.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : April 19, 2002
Problem Set 6 Due : Friday, April 26, 2002

Phase Locked Loops This problem set illustrates many of the important concepts in-
volved in the design of phase locked loops.

Problem 1 Figure 6.1 illustrates a linearized block diagram for a phase locked loop (PLL).
Notice that some of the variables represent a phase (the derivative of phase is fre-
quency), and some of the variables represent voltages. The scale factor for the phase
detector is KD volts/rad. The frequency output from the voltage controlled oscillator
(VCO) is

ωo = ωc + KOVi

thus KO has units of rad/v-sec.

K0

s

VD

ΘI

ΘO

LOOP
FILTER

F(s)KD

PHASE DETECTOR

+

+

Vo

-

+

VCO

Figure 6.1: PLL block diagram

A. First Order Loop: Assume that the PLL is locked onto an input frequency ω1

rad/sec away from the VCO center frequency. Let F (s) = 1, so the loop trans-
mission will be first order. What is the steady state phase error?

Assume that the phase detector will only function properly over the range −π <
θe < +π. How does this limit the operating frequency range (the lock range) of
the PLL? If vD is a constant voltage, what is the lock range?

Sketch a Bode plot of H(s) = θO(s)/θI(s). What is the relationship between the
steady state error and the loop bandwidth (i.e. the bandwidth of H(s))?
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B. Second Order Loop: Assume that the loop is locked onto an input frequency of
ω1 rad/sec. Let F (s) = 1/τs. Is this loop stable?

Perhaps a better candidate for F (s) is (τ2s + 1)/τ1s. Sketch a Bode plot of the
loop transmission. How do you choose τ1 and τ2 so that the loop will have a phase
margin of 45◦? What is the steady state phase error? What is the lock range?

C. Higher Order Loops: Sometimes it is desirable to track linear FM (the input is
a ramp in frequency). What does this suggest about the required F (s)?

D. Multiplier Phase Detectors: An analog multiplier can be used to implement
a phase detector. Assume that the input is A sin ωt and the VCO output is
B sin(ωt + θe).

What is the phase detector output? Assume that the loop will filter out all of the
high frequency components. Sketch the output voltage versus the phase error.
What is the scale factor of the phase detector?

The multiplier phase detector is used in conjunction with a second order PLL as in
part B. Explain how the magnitude of the input signal affects the loop bandwidth
and stability.

Let F (s) = (τs+1)2/s2. Assume that the loop is stable for sufficiently large input
amplitudes. Use root locus techniques to demonstrate the effects of reducing the
input signal amplitude.

E. Finite State Machine Phase Detector :

+5V

D R

Q

+5V

D

R

Q

−

+
vD

R

R

R

R
I1

I2

Figure 6.2: FSM phase detector

This circuit uses two “D” flip flops and a NAND gate. Assume that a Logic 1 is
+5 V, and a logic 0 is 0 V. For a “D” flip flop, the Q output is set equal to the D
input on the rising edge of the clock input, and is set equal to 0 when the reset
input is 0.

Assume that I1 and I2 are 5 volt square waves of frequency ω0. Relate the average
value of vout to the phase difference between I1 and I2. What is KD? What is the
maximum allowable range of phase shift?
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If this phase detector is used in a PLL, which input (I1 or I2) should be connected
to the VCO output? (Assume that the VCO output frequency increases when the
average value of vout increases.)

F. Many State Machine Phase Detector :

τ2s+1
τ1s

K0

s

 LOOP
FILTERPHASE DETECTOR

8-BIT UP/DOWN
     COUNTER D/A

DOWN

UP
Vo

VI

VCO

Figure 6.3: Alternative Digital Phase Detector

This circuit employs an 8-bit up/down counter and a D/A converter. Assume that
the VCO output and the input are both square waves. The counter increments
for each input pulse and decrements for each VCO pulse. The range of vO is ±10
volts.

When the loop is locked, what is the average value of vO? What is KD? What is
the allowed range of phase error?

G. Noise: Digital phase detectors may be useful even if the input signal is not a
square wave. Typically, a comparator is used to detect each zero-crossing of the
input signal, thus ’squaring up’ the input. Assume that the input is processed by
an infinite gain comparator.

(Answer the following questions qualitatively.) Describe the operation of the
digital phase detector if the input is a sine wave plus noise. How does this affect
the loop behavior? How can this situation be improved if the noise is small
compared to the signal? Would a multiplier phase detector perform better in a
noisy enviornment?

H. Spectral Purity: Consider the effects of an inferior VCO. Specifically, assume
that the VCO has a certain amount of phase jitter. This can be modelled by
injecting a disturbance at the point labelled vD in the diagram of Figure 6.1 and
then assuming that the VCO is “clean”. What is the output jitter θO if the loop is
locked to a clean input signal? Consider the transfer function θO(s)/vD(s). How
is the output jitter related to the loop bandwidth and gain?
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Problem 2 Consider the PLL shown below:

K(τzs+1)

s(τPs+1)
FSM PHASE
DETECTOR

LIMITERK0

s

VD

ΘIN

ΘOUT

LOOP FILTER

Figure 6.4: PLL block diagram

The FSM phase detector is the same as the one examined in problem 1E (see Fig-
ure 6.2). The limiter “clips” its input signal such that its output lies within the range
2 V≤output≤10 V. The VCO has a transfer function of KO/s.

A. VCO: Assume the VCO operates as ωo = KOVi. Determine KO, such that the
maximum VCO output frequency is 50 kHz. What is the lock range of the PLL?
With no signal supplied to the input, what is the VCO frequency?

B. Loop Filter: Consider a loop filter of the form

F (s) =
K(τZs + 1)

s(τP s + 1)

Let τP = 2 ms (a pole at 500 rad/sec). Choose values for K and τZ such that the
loop has a crossover frequency of 100 rad/sec and a phase margin of 45◦. (Keep
these values for the remainder of the problem.)

C. Aquisition Time: Assume that the loop is initially in equilibrium and locked to
an input signal at the low end of the lock range. The input frequency is then
changed (in a step-like manner) to a frequency at the high end of the lock range.
Approximately how long does it take for the loop to acquire lock after the step
change?

D. Loop Dynamics: A convenient way to measure the dynamic characteristics of the
loop is to inject a small disturbance vD and observe the effects at the VCO input.
What values do you estimate for the risetime and peak overshoot for this loop?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 5, 2002
Problem Set 1 Due : Friday, February 8, 2002

You should feel comfortable (although not necessarily ecstatic) with these problems if you
intend to take 6.331.

Problem 1 A bipolar transistor with fT = 100 GHz is operating a IC = 0.1 µA. Using the
charge control model, find the forward charge in the base, qF . How many electrons is
this?

Problem 2 Determine the transistors that actually contribute to signal amplification for
each of the following amplifiers

(a) µA733

(b) µA741

(c) LF357

(d) OP-37

Problem 3 An operational amplifier is available with a fixed, unloaded open-loop transfer
function

A(s) =
105

10−2s + 1

This amplifier is to be used as a unity-gain inverter. A load capacitor adds a pole at
s = −106 radians per second to the unloaded open-loop transfer function. Compensate
this configuration with an input lead network so that its loop-transmission magnitude
is inversely proportional to frequency from low frequencies to a factor of five beyond the
crossover frequency. Choose element values to maximize crossover frequency subject
to this constraint. Assume high input impedance for the amplifier.

Problem 4 A two-stage operational amplifier is connected as an inverting differentiator
with a feedback resistor of 100 kΩ and an input capacitor of 1 µF. What type of minor-
loop compensating network should be used to stabilize this configuration? Determine
element values that result in a predicted crossover frequency of 104 radians per second
with a value of 0.2 m0 for input-stage transconductance.

When this type of compensation is tried using an LM301A operational amplifier, minor
loop stability is unacceptable, and it is necessary to shunt the compensation terminals
with a 3-pF capacitor in addition to the network developed above for satisfactory
performance. Describe the effect of this modification on closed-loop performance.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 8, 2002
Problem Set 2 Due : Friday, February 15, 2002

Problem 1 Consider the sample-and-hold circuit shown below.

−

+ LM110

vO

vI

control
+VS

-VS

Figure 2.1: Sample and Hold Circuit

The open-loop transfer function of the op amp is

A(s) =
105

(0.01s + 1)(5(10−8)s + 1)2

and the closed-loop bandwidth of the LM110 amplifier is in excess of 20 MHz. The
sum of the FET on resistance and the resistor shunting the current-booster transis-
tors is 1 kΩ, and the capacitor value is 1 µF. Investigate the stability of this system
under small-signal conditions of operation. Suggest a circuit modification that can be
used to improve stability. Comment of the effectiveness of your method under large-
signal conditions (with the booster transistors conducting) as well as for linear-region
operation.
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Problem 2 It was mentioned in class that the real part of the input impedance of a ca-
pacitively loaded emitter follower can be negative. Demonstrate this possibility by
calculating the incremental input impedance for the connection shown.

I CE

VIN

VCC

Figure 2.2: Capacitively Loaded Emitter Follower Circuit

Use a simplified incremental model for the transistor, including only rπ, cπ, and gm.

Also show that for sufficiently large values of CE, the real part of the input resistance
will be positive at all frequencies, and determine the critical value for CE in terms of
transistor parameters.

Sketch plots of the magnitude and phase of Zin for the two cases where CE is larger
and smaller than the critical value determined above.

Problem 3 Consider the problem of minimizing the additive error of a very fast sampler
with a long hold time by “ganging-up” a series of sample and holds. For example using
a τH/τS quotient of ten, the first sampler has a sample time of one nanosecond and a
hold time of 10ns, the second sampler has τS = 10ns and τH = 100ns, etc.

Assume that the error of each stage is dominated by hold-time droop, and that it is
proportional to the τH/τS quotient of each stage.

Assume we want a sample time of one nanosecond and a hold time of one second.
What is the optimum τH/τS quotient? How many sample and holds will we need?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : February 22, 2002
Problem Set 3 Due : Friday, March 1, 2002

Problem 1 Consider the four-diode-switch sample and hold circuit:

I1

+15V

VIN

-15V

S1

Vo

100pF

I2

S2

Figure 3.1: Four Diode Switch Circuit

In the sample mode, switches S1 and S2 are open, thus allowing the currents I1 and
I2 to bias the diodes in the usual manner. In the hold mode, S1 and S2 are closed.
Thus the diodes are reverse biased, insuring a rapid turn-off. This problem investigates
the various sources of error inherent in this design. For each source of error, indicate
whether it results in an offset error or a scale factor error.

(a) Let I1 = 10 mA, I2 = 9 mA. What is the maximum slew rate of the hold capacitor
voltage in both the positive and negative directions? If the circuit is in equilibrium
in the sample mode, what is the error caused by the given current imbalance? Use
the diode model:

iD = ISeqvD/kT IS = 10−13A

(b) Assume that I1 = I2 = 10 mA. How long does it take for this circuit to slew 10
volts? Sample mode is ended when S1 and S2 close. If the switches don’t close
simultaneously, an error is introduced. Evaluate this error for the case in which
S1 closes 1 ns late.
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(c) Assume that each diode is shunted by 10pF of stray capacitance. There will be
charge dumped through this capacitance when the switches close. Evaluate the
effects of this charge dump. Assume that all of the stray capacitances are equal,
but the equilibrium output level was +5 V just before the switches were closed.

(d) Assume that I1 = I2 = 10 mA, and the circuit is in equilibrium in the sample
mode. Consider the circuit’s response to small changes in vi. Use an incremental
diode model. This analysis is valid as long as |vo − vi| is on the order of kT/q.
Compute the response to a step change in vi. What is the 0.1% settling time?
What is the response if vi is a ramp?

Problem 2 Consider the following loop transfer functions:

L1(s) =
106

s
L2(s) =

106

s + 1
L3(s) =

1010(10−4s + 1)

s2
L4(s) =

106(10−4s + 1)

(10−2s + 1)2

For each loop transfer function:

(a) Plot an asymptotic Bode Plot.

(b) Find the open loop DC gain, the crossover frequency ωc, and the phase margin
φM .

(c) Find the error transfer function, assuming that the above loop transfer functions
describe op amp circuits with unity feedback.

(d) Find the steady state error to a 1 V step input.

(e) Use synthetic division to find the first three error coefficients of the error series,
e0, e1, and e2.

(f) For a unit ramp input, the steady state error grows as

ess = e0t + e1

Find the steady state error ess to an input ramp with a slope of 1 V/µs. Comment
on the relative magnitude and measurability of these errors.

(g) Use MATLAB to simulate (with lsim) the actual error response to the above
ramp. Show and comment on the fast transient versus the slow transient.

Problem 3 An operational amplifier connected as a unity-gain non-inverting amplifier is
excited with an input signal

vi(t) = 5 arctan(105t)

Estimate the error between the actual and ideal outputs assuming that the open-loop
transfer function can be approximated as indicated below. (Note that these transfer
functions all have identical values for unity-gain frequency.)

(a) a(s) = 107/s

(b) a(s) = 1013(10−6s + 1)/s2

(c) a(s) = 1019(10−6s + 1)2/s3
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : March 8, 2002
Problem Set 4 Due : Friday, March 15, 2002

Problem 1 The flyback converter shown in Figure 4.1 is operating in steady state with a
constant frequency PWM-type switch drive at a switching frequency of 100kHz.

C=20µF RL=50ΩL=150µH
IL

IDVL
IIN

VIN=75V
+

Figure 4.1: Flyback Converter

A. Determine the relationship between the output voltage VO, the input voltage VI ,
and the duty cycle (D) of the switch drive. Explain why this topology is sometimes
called a “buck-boost” or “up-down” converter.

B. Assume that the duty cycle of the switch drive is D = 0.4. Determine the average
value of iin, the average value of vout, and the peak-to-peak magnitude of the
output voltage ripple. Sketch iL and vL for a switching cycle.

C. Determine the transfer function which relates the incremental changes in output
voltage to a small perturbation in D. Comment on the nature of this transfer
function.

D. Assume the on resistance of the switch is Ron = 1Ω, and the forward voltage drop
of the diode is 0.35V + 0.1ΩiD. Estimate the power dissipation in the switch and
the diode.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

31
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Problem 2 This problem examines the switching performance of a common base amplifier.
The transistor parameters are βF = 100, βR = 5, τF = 0.5 ns, τR = 1 ns, and τS = 7.55
ns. Ignore the effects of the space charge layers. The transistor is connected as shown
in Figure 4.5.

-10.6 V

C
100

Figure 4.5: Switched-emitter common base amplifier

A. Assume that C = 0 and qF = qR = 0 for t < 0. The switch is closed at time t = 0.
Determine equations that describe the growth of qF and iC as functions of time.

B. The test described above is repeated with capacitor C included. What value of C

minimizes the time required for the transistor to reach steady-state values of qF

and iC?

Now suppose the circuit is changed to Figure 4.6 (you may assume that VCEsat for the
transistor is zero).

-10.6 V

C
100

+9.4 V

1 k

Figure 4.6: Switched-emitter common base amplifier
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C. Again assume C = 0 and qF = qR = 0 for t < 0 and that the switch is closed at
time t = 0. How long does the transistor remain in the forward-active region?

D. The switch is kept closed until the transistor reaches steady state in saturation.
What are the values of qF , qR, qB0, and qS in the steady state? (Recall that qB0

is the base charge required to get to the edge of saturation.)

E. The test described in part C is repeated with capacitor C included. What value of
C minimizes the time required to reach steady-state saturation?

F. Once steady-state saturation has been reached, the switch is opened. What is the
value of iB immediately after the switch is opened?

G. How long after the switch is opened does the transistor remain in saturation?

H. Sketch the general form of the base charge distribution shortly after the switch is
opened (part F) and at the instant the transistor enters the forward active region
(following the time determined in part G).
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : April 12, 2002
Problem Set 5 Due : Friday, April 19, 2002

Problem 1 Consider the resonant oscillator in Figure 5.2. We wish to examine the condi-
tions under which the circuit will oscillate. To make the analysis tractable, however,
we must make the following simplifying assumption.

+VS io

vo

+

-
IBIAS

R L C
vo

Figure 5.2: Resonant oscillator circuit

Recall that the output current (io) of an emitter-coupled pair is a hyperbolic tangent
function of the input voltage (vo). While very accurate, such a relationship between io
and vo is too complicated for describing function analysis to be applied. Instead, we will
characterize the emitter-coupled pair by the piecewise linear I/V curve in Figure 5.3.

-2VT 2VT

IBIAS

IBIAS
1
2

1
2

-

Figure 5.3: Piecewise linear I/V curve
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Note that the incremental variables io and vo have been plotted, which is why io can
be negative. Note also that the slope near vo = 0 is consistent with the small-signal
model of the transistors.

A. Using describing functions, find the condition on IBIAS such that the circuit will
oscillate. (Hint: relate vo(s) to io(s) so that a block diagram of the form in Fig-
ure 5.4 can be drawn. You may need to read Section 6.3 in Operational Amplifiers
if you are unfamiliar with describing functions.)

G(s)

Figure 5.4: Block diagram with describing function

B. Let L = 0.1µH, C = 1000 pF, R = 1 kΩ, and IBIAS = 200µA. Using the describing
function analysis from part A, compute the frequency and amplitude of the output
of the oscillator (vo).

C. As an estimate of distortion, compute the ratio of the third harmonic to the first
harmonic on the output voltage (vo). Is the number larger or smaller than you
expected? Explain.
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Problem 2 While simple limiters can be used to establish the amplitude of an oscillator’s
output, they do so at the cost of some distortion. If much lower distortion is desired,
one can use an amplitude control loop, as suggested in Figure 5.5. Such a control
loop operates in the following manner. If the output amplitude is determined to be
too small, the control loop adjusts a parameter (in this case the bias current) in such
a way as to place the poles of the oscillator in the right-half plane, which causes the
amplitude of the oscillation to grow. Similarly, if the output amplitude is too large, the
control loop adjusts the parameter to place the poles of the oscillator in the left-half
plane, which causes the amplitude of the oscillation to decay. In the steady state, the
poles are placed precisely on the imaginary axis, and the output amplitude is constant.

+VS io

vo

+

-

vo

Amplitude
Measuring
Circuit

1kΩ 0.1
µH

1000
  pF

a(s) Σ

100kΩ RE

eA

eref

+

-

Figure 5.5: Amplitude-stabilized resonant oscillator circuit

The amplitude measuring circuit could be based on a full-wave rectifier, as in Problem
Set 1, but the details are not important for this problem. All you need to know about
it is that its gain is unity; that is, if the input to the amplitude measuring circuit is
vI = E sin ωt, its output has a DC average of E.

A. What is the voltage across RE in the steady state?

B. To minimize distortion, we want the output amplitude to be 0.1VT . Choose a(s)
and eref such that this amplitude is exactly maintained, the crossover frequency of
the amplitude control loop equals 100 krad/s, and the phase margin is 75 degrees.

Comment: the most difficult part of this problem is properly modelling the dy-
namics of amplitude growth and decay.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Spring Term 2002 Issued : April 19, 2002
Problem Set 6 Due : Friday, April 26, 2002

Phase Locked Loops This problem set illustrates many of the important concepts in-
volved in the design of phase locked loops.

Problem 1 Figure 6.1 illustrates a linearized block diagram for a phase locked loop (PLL).
Notice that some of the variables represent a phase (the derivative of phase is fre-
quency), and some of the variables represent voltages. The scale factor for the phase
detector is KD volts/rad. The frequency output from the voltage controlled oscillator
(VCO) is

ωo = ωc + KOVi

thus KO has units of rad/v-sec.

K0

s

VD

ΘI

ΘO

LOOP
FILTER

F(s)KD

PHASE DETECTOR

+

+

Vo

-

+

VCO

Figure 6.1: PLL block diagram

A. First Order Loop: Assume that the PLL is locked onto an input frequency ω1

rad/sec away from the VCO center frequency. Let F (s) = 1, so the loop trans-
mission will be first order. What is the steady state phase error?

Assume that the phase detector will only function properly over the range −π <
θe < +π. How does this limit the operating frequency range (the lock range) of
the PLL? If vD is a constant voltage, what is the lock range?

Sketch a Bode plot of H(s) = θO(s)/θI(s). What is the relationship between the
steady state error and the loop bandwidth (i.e. the bandwidth of H(s))?
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B. Second Order Loop: Assume that the loop is locked onto an input frequency of
ω1 rad/sec. Let F (s) = 1/τs. Is this loop stable?

Perhaps a better candidate for F (s) is (τ2s + 1)/τ1s. Sketch a Bode plot of the
loop transmission. How do you choose τ1 and τ2 so that the loop will have a phase
margin of 45◦? What is the steady state phase error? What is the lock range?

C. Higher Order Loops: Sometimes it is desirable to track linear FM (the input is
a ramp in frequency). What does this suggest about the required F (s)?

D. Multiplier Phase Detectors: An analog multiplier can be used to implement
a phase detector. Assume that the input is A sin ωt and the VCO output is
B sin(ωt + θe).

What is the phase detector output? Assume that the loop will filter out all of the
high frequency components. Sketch the output voltage versus the phase error.
What is the scale factor of the phase detector?

The multiplier phase detector is used in conjunction with a second order PLL as in
part B. Explain how the magnitude of the input signal affects the loop bandwidth
and stability.

Let F (s) = (τs+1)2/s2. Assume that the loop is stable for sufficiently large input
amplitudes. Use root locus techniques to demonstrate the effects of reducing the
input signal amplitude.

E. Finite State Machine Phase Detector :

+5V

D R

Q

+5V

D

R

Q

−

+
vD

R

R

R

R
I1

I2

Figure 6.2: FSM phase detector

This circuit uses two “D” flip flops and a NAND gate. Assume that a Logic 1 is
+5 V, and a logic 0 is 0 V. For a “D” flip flop, the Q output is set equal to the D
input on the rising edge of the clock input, and is set equal to 0 when the reset
input is 0.

Assume that I1 and I2 are 5 volt square waves of frequency ω0. Relate the average
value of vout to the phase difference between I1 and I2. What is KD? What is the
maximum allowable range of phase shift?
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If this phase detector is used in a PLL, which input (I1 or I2) should be connected
to the VCO output? (Assume that the VCO output frequency increases when the
average value of vout increases.)

F. Many State Machine Phase Detector :

τ2s+1
τ1s

K0

s

 LOOP
FILTERPHASE DETECTOR

8-BIT UP/DOWN
     COUNTER D/A

DOWN

UP
Vo

VI

VCO

Figure 6.3: Alternative Digital Phase Detector

This circuit employs an 8-bit up/down counter and a D/A converter. Assume that
the VCO output and the input are both square waves. The counter increments
for each input pulse and decrements for each VCO pulse. The range of vO is ±10
volts.

When the loop is locked, what is the average value of vO? What is KD? What is
the allowed range of phase error?

G. Noise: Digital phase detectors may be useful even if the input signal is not a
square wave. Typically, a comparator is used to detect each zero-crossing of the
input signal, thus ’squaring up’ the input. Assume that the input is processed by
an infinite gain comparator.

(Answer the following questions qualitatively.) Describe the operation of the
digital phase detector if the input is a sine wave plus noise. How does this affect
the loop behavior? How can this situation be improved if the noise is small
compared to the signal? Would a multiplier phase detector perform better in a
noisy enviornment?

H. Spectral Purity: Consider the effects of an inferior VCO. Specifically, assume
that the VCO has a certain amount of phase jitter. This can be modelled by
injecting a disturbance at the point labelled vD in the diagram of Figure 6.1 and
then assuming that the VCO is “clean”. What is the output jitter θO if the loop is
locked to a clean input signal? Consider the transfer function θO(s)/vD(s). How
is the output jitter related to the loop bandwidth and gain?
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Problem 2 Consider the PLL shown below:

K(τzs+1)

s(τPs+1)
FSM PHASE
DETECTOR

LIMITERK0

s

VD

ΘIN

ΘOUT

LOOP FILTER

Figure 6.4: PLL block diagram

The FSM phase detector is the same as the one examined in problem 1E (see Fig-
ure 6.2). The limiter “clips” its input signal such that its output lies within the range
2 V≤output≤10 V. The VCO has a transfer function of KO/s.

A. VCO: Assume the VCO operates as ωo = KOVi. Determine KO, such that the
maximum VCO output frequency is 50 kHz. What is the lock range of the PLL?
With no signal supplied to the input, what is the VCO frequency?

B. Loop Filter: Consider a loop filter of the form

F (s) =
K(τZs + 1)

s(τP s + 1)

Let τP = 2 ms (a pole at 500 rad/sec). Choose values for K and τZ such that the
loop has a crossover frequency of 100 rad/sec and a phase margin of 45◦. (Keep
these values for the remainder of the problem.)

C. Aquisition Time: Assume that the loop is initially in equilibrium and locked to
an input signal at the low end of the lock range. The input frequency is then
changed (in a step-like manner) to a frequency at the high end of the lock range.
Approximately how long does it take for the loop to acquire lock after the step
change?

D. Loop Dynamics: A convenient way to measure the dynamic characteristics of the
loop is to inject a small disturbance vD and observe the effects at the VCO input.
What values do you estimate for the risetime and peak overshoot for this loop?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Design Problem 1 Issued : February 22, 2002
Sample and Hold Due : Friday, March 8, 2002

Design a sample-and-hold circuit for either (not both) of the sets of specifications listed
below. Common requirements include operation from +15 and −15 volt supplies over a
temperature range of 0◦C to +50◦C. Assume that you are supplied the sampling pulse from
TTL levels.

High-Accuracy Circuit :

• Input Range from −10 to +10 volts.

• Total Sampling Time < 80 µs.

• Output must be available immediately following sampling interval.

• Hold Time > 0.5 s.

• Total Error < 20 mV. (Include sampling error and droop)

• Tracking Error < 10 mV for a 10 V/ms ramp.

• Low impedance source.

• Maximum Current drawn from source at any time < 1 mA.

• Minimum Output Load = 1 kΩ

High-Speed Circuit :

• Input Range from −5 to +5 volts.

• Total Sampling Time < 150 ns from ’begin’ signal until switch open.

• Output must be settled within 2 µs after sampling is completed.

• Hold Time > 2 ms.

• Total Error < 30 mV. (Include sampling error and droop)

• Tracking Error < 20 mV for a 1 V/µs ramp.

• Source Resistance = 1 kΩ

• Maximum Current drawn from source at any time < 1 mA.

• Minimum Output Load = 2 kΩ

Note: You should include calculations to show that you meet all specifications. (You may
find our discussion on error coefficients of some help for the determination of ramp error.)
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering

6.331 Advanced Circuit Techniques

Design Problem 2 Issued : March 15, 2002
D/A Converter Due : Friday, April 12, 2002

Design a D/A converter for the following specifications. Your design should operate from
15±0.5-volt supplies. Input digital signals are TTL compatible.

Design an 8 bit D/A converter which provides an unloaded scale factor of 2.5V/MSB
and has a settling time of 50 ns to 1/2 LSB. The circuit should have an output resistance
less than 500Ω and will not be loaded with more than 10pF of capacitance when high speed
operation is required. Your design should operate over a temperature range of 25◦

± 10◦C.
This design is not intended for integration, so the use of unlimited numbers of components
is discouraged.

In order to simplify your design of the high speed DAC, you may have an unloaded scale
factor of either plus or minus 2.5V/MSB. The output may be either positive, negative, or
both (which ever is most convenient for your design), however, the output voltage must be
referenced to ground.

Build a 2-bit version (MSB and LSB) of your design in order to demonstrate feasibility.
We would like to see your circuit operating. At checkoff, we will want to measure your scale
factor, TTL noise imunity, and settling time (with your window circuit).
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