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15.072 
Homework Assignment 3 

Given: March 15, 2006 Due: March 24, 2006 

Problem 1 Give an example of a queueing system and performance measure such that con
servation law holds for admissible scheduling policies, but does not hold if the scheduler knows 
the service times of the jobs in the queue in advance (and thus the policy is not admissible). 

HINT: work with queueing system with just one class. 

Problem 2 Suppose X is a random variable distributed according to distribution function 
F (x) and belongs to γMRLA class. Namely 

∞ 

P(X > τ)dτ ≤ γP(X > t) (1) 
t 

for every t ≥ 0. 

A. Show that 

E[X2] 
2E[X] 

≤ γ. 

HINT: integrate both parts of (1). You may assume that E[X2] < ∞. 

B. Suppose that interarrival times An in G/G/1 system belong to γMRLA class. Argue 
from this that the idle period I in a G/G/1 queueing system satisfies 

E[I2] 
2E[I] 

≤ γ. 

You may assume that I has finite second moment: E[I2] < ∞. 

Problem 3 Establish the following identity corresponding to the Region IV for G/M/m 
queueing system. Let j < m < i + 1. Then 

∞ m
e−jµt 

� � t (mµy)i−m 

Pij = (i − m)! 
(e−µy − e−µt)m−j mµdy dA(t). 

0 j 0 

HINT. As in other cases condition on the duration of the interarrival time. 
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15.072 
Homework Assignment 4 

Given: April 5, 2006 Due: April 12, 2006 

Problem 1 Consider a G/M/1 queueing system where the distribution of the interarrival 
times is a mixture of two exponential distributions with parameters λ1 = 1 and λ2 = 2 and 
probabilities p1 = .3, p2 = 1 − p1. The service rate is assumed to be µ = 2. Determine the 
probability distribution of the waiting time in steady state. 

Problem 2 * Consider a G/M/1 queueing system with interarrival times A and service rate 
µ. Prove that the expected steady state number of customers in the system observed by an 
arriving customer diverges to infinity in the limit as µ approaches 1/E[A]. 

HINT: express the expected number in the system in terms of σ and prove that σ ap
proaches unity as µ → 1/E[A]. Use the second order Taylor expansion to establish this fact. 

Problem 3 Suppose two call centers A and B with mA and mB agents respectively, serve a 
demand from the same pool. The demand is Poisson with rate λ. The service rate in the two 
centers is identical µ. Upon arrival of a call the scheduler needs to route the call to one of 
the two centers. It is too costly to make the routing decision based on the number of calls in 
progress. As a result the decision needs to be done in an oblivious way. Only the the values 
of λ, µ, mA,mB are known, and with some probability p (1 − p) each call is routed to call 
center A (call center B), independently from everything else. 

A. Propose a routing scheme p = p(λ, mA,mB , µ) which minimizes the steady state cost 
given as P(WA > 0) + P(WB > 0), where WA,WB are waiting times in the call centers 
A,B, respectively. 

B. Suppose λ = 6400, µ = 10,mA = 300,mB = 400. Find approximately the optimal p up 
to 2 decimal points.


HINT: Standard normal table can be found on the internet ...


Problem 4 Consider k identical call centers A which are in a HalfinWhitt regime. Each of 
them is characterized by parameters m,µ, λ = mµ − βµ

√
m, where, as usual, m, µ, λ stand 

for the number of agents, service rate and the arrival rate. Suppose we merge these k call 
centers into one call center kA. Prove that the probability of waiting P(W > 0) in the merged 
call center converges to zero geometrically fast as a function of k. Namely, P(W > 0) ≤ δk 

for some δ < 1. Obtain a bound on δ in terms of the parameter β of the original call center. 
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15.072 
Homework Assignment 5 

Given: April 19, 2006 Due: April 26, 2006 

Problem 1 Consider a Markov process with a countable state space i = 1, 2, . . . , n, . . . . 
Given the transition rates qij of the process derive the expected time 1/µi that the system 
stays in state i and the probability pij that the next state visited after state i is state j. 

Conversely, suppose you are given µi, pij . Obtain the values of the rates qij . 

Problem 2 Exercise 5.3 from Chapter 5. 

Problem 3 Exercise 5.5 from Chapter 5. 

Problem 4 Exercise 5.7 from Chapter 5. 
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15.072 
Computer project 

Given: May 3, 2006 Due: May 12, 2006 

Remarks : 
1) The computations for the first problem need to be performed using MATLAB. 
2) You should prepare a written report. If you work as a group, just one report would 

do. You can create tables by hand, but the plots should be computer generated. 

Problem 1 Model description. Consider a tandem of 2 single server queues. Customers 
arrive according to a renewal process into server 1. After service completion they join the 
queue corresponding to the second server, and after service completion they leave the system. 
Interarrival and service are i.i.d. denoted generically by A (interarrival times), S1, S2 (service 
times in servers 1 and 2). At time t = 0 there are L1(0) = q customers in the first queue 
(including those in service) and no customers in the second queue (L2(0) = 0). We observe 
the system during a finite time horizon [0, T ]. 

Suppose arrival process is Poisson with rate λ = 1, and the service times have exponential 
distributions with rates µ1 = 2, µ2 = 3. 

A. Assume q = 0. Estimate the time average number of customers in the system � T1 
(L1(t) + L2(t))dt 

T 0 

via simulation. Namely, generate interarrival and service times according to their 
prescribed distribution. Then generate the implied queue length process and compute 
the corresponding integral. Perform the simulations a number of times N for T = 
5, 100, 1000. Report on the obtained values, averaged over N and compare your results 
with the prediction of a steadystate product form formulas for 

Eπ [L1 + L2] 

where π is the stationary distribution. Include the values of N . The choice of N is 
yours. 

B. Assume now q = 1000 and T = 2000. Perform the same experiment as above. Produce 
plots of L1 and L2 for one specific run of the simulation (it suffices to produce plots of 
L1, L2 only at times of arrivals or service completions). How do the two plots compare? 

Some help regarding MATLAB. 

A. The command ”rand(n,m)” generates an n× m matrix of random variables uniformly 
distributed in the interval [0, 1]. Observe that if U is uniform in [0, 1], then − log(U) 
has an exponential distribution with parameter 1. 
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2 Computer project May 3, 2006 

B. A command ”plot(x,y)” generates a plot of x vs. y provided that they have the same 
size. 

Problem 2 (This problem is much easier done in a group.) Go to a nearest Starbucks or 
Au Bon Pain (or any coffee shop) and spend at least an hour there. Record the arrival times 
of the customers as well as the total number of customers in the coffee shop (which is easily 
done by first counting the initial number of customers and then counting the arrivals and 
departures times). Compute average arrival rate and average number in the system. Infer 
average system time using the Little’s Law. Tag several randomly chosen customers and 
record their system time. Compare the average system time for the observed customers with 
the prediction of the Little’s Law. You can partition the duties: one records the arrival, one 
records departures, one buys coffee ... Report on your results. 
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15.072 
Take home final exam 

Given: May 15, 2006 Due: May 18, 2006 

Note: The work must be done individually. 

Problem 1 A device consists of n main units, all of which must be operational for the device 
to be operational. Successive failure times of the main units are exponentially distributed with 
rate λ. There are m + k additional units, m of which are active, that is their failure times 
have the same distribution as the main units, while the remaining k are passive and cannot 
fail. Failed units are sent for repair. The service time distribution is exponential with rate 
µ. If some of the main units fail, they are replaced by active units, and these in turn are 
replaced by passive units. Find the probability that the unit is operational. 

Problem 2 Consider a closed single class queueing network with N jobs, and let π+(x − e1) 
be the probability that the system is in state x − e1 at the departure epoch of a job from node 
1. Note that we do not count the departing job. Prove that π+(x − e1) = πN −1(x − e1), 
where πN −1(x − e1) is the probability that the state is in x − e1 for a closed queueing network 
with N − 1 jobs. 

Problem 3 Consider a fluid model (α, µ, P,C). Establish that every server σj , 1 ≤ j ≤ J 
empties eventually in finite time. Namely, establish that for every time t and j = 1, 2, . . . , J 
there exists a time τ > t such that k∈σj 

lk(τ) = 0. Why does not this imply that the fluid 
model is stable? 

HINT. Consider the workload Wj (t) corresponding to a given server σj . 

Problem 4 Consider a fluid model (α, µ, P,C) with initial fluid level l(0) = (l1(0), . . . , lN (0)). 
Find a fluid solution (l(t), u(t)), not necessarily workconserving, which empties in shortest 
time, and express the emptying time τ∗ in terms of α, µ, P and l(0). The emptying time of 
a fluid solution (l, u) is 

τ(l, u) � inf {t : �l(t)� = lk (t) = 0}. 
1≤k≤N 

Thus you need to find inf τ(l, u) over all (not necessarily workconserving) fluid solutions 
(l, u). 

HINT: First obtain a lower bound on the shortest emptying time and then show that there 
exists an optimal solution with constant u which achieves this lower bound. 
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2 Take home final exam May 15, 2006


Problem 5 (Extra credit) Consider single server multiclass fluid model (α, µ, P ) (J = 1). 
Suppose there is a cost c = (c1, . . . , cN ) ≥ 0 associated with the fluid level l(t). Given a 
solution (l, u) the associated cost is 

∞ 

c�l(t)dt. 
0 

Note that the cost is finite provided that the fluid solution is stable. Find a fluid solution 
(l∗, u∗) which minimizes the cost. 
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15.072 
Midterm Exam 

Date: March 22, 2006 

Problem 1 For the following questions/statements just give TRUE or FALSE answers. Do 
not derive the answers. 

Consider a G/G/1 queueing system. The arrival rate is λ and service rate is µ > λ. 

A. Let L10 be the steady state number of customers in positions 1 to 10 (customer in service 
is assumed to be in position 1). Let S10 be the steady state time that a typical customer 
was in one of the positions 110. Then the Little’s Law holds, namely E[L10] = λE[S10]. 

B. The distributional law holds for L10 and S10 when the scheduling policy is 

(i) FirstInFirstOut 

(ii) LastInFirstOut 

C. Suppose that the system has instead two servers (that is we have G/G/2 queueing 
λsystem). Then the probability that the system is empty is 1 − ρ, where ρ = 2µ . 

Problem 2 Consider an M/G/1 queueing system where arrival rate λ = 1 and service time 
with a mixed distribution. Namely, with probability 1/2 it is exponential with rate 2 and 
with probability 1/2 it is exponential with rate 3. Assume the system operates under the 
FirstInFirstOut policy. 

A. Compute the traffic intensity ρ of this system. 

−cyB. Suppose the revenue obtained from a customer is e if the customer waited y time 
units. Compute the expected steady state revenue when c = 1. 

C. Extra credit. Suppose for every customer who waited y time units the cost ecy is paid. 
What is the largest c0 for which the expected cost is finite? Is c0 < 1.9? 

Problem 3 M/D/1 Queueing system with feedback. Namely each served customer comes 
back to the queue with some probability p and leaves the system with probability 1 − p. The 
service time is assumed to be deterministic with value d both for the initial and returning 
customers. The arrival process is Poisson with rate λ. 
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2 Midterm Exam	 March 22, 2006 

•	 Under which conditions on λ, d, p is there a steadystate regime? Do not prove this, 
just provide a right answer. 

•	 Compute the expected number of customers in the queue. 

HINT: Observe that the number in the system is policy invariant for all nonpreemptive 
work conserving scheduling policies. 

Useful facts 
The expected waiting time in M/G/1 queueing system under FirstComeFirst Serve 

policy is 

λE[X 2]
E[W ] = 

2(1 − ρ) 
, 

and the Laplace Transform of the waiting time is 

(1 − ρ)s 
φW (s) = 

λβ(s) − λ + s
, 

where λ is the arrival rate, X is service time, ρ = λE[X] and β(s) is the Laplace Transform 
of the service time distribution. 
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