
 “Engineering Numerical Methods”.  

 In Section 1 of this course you will cover these topics: 

      An Essay On Numerical Methods  

      Numbers  

      Function Evaluation  

      Real Zeros  

      Complex Zeros  

      Zeros Of Polynomials  

      Linear Equations And Matrix Inversion  

      Random Number  

      The Difference Calculus  

 

 

Topic : An Essay On Numerical Methods 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Numerical methods 

 Understand numerical method goals 

  

  

Definition/Overview: 

Numerical Method: Numerical method is the study of algorithms for the problems of 

continuous mathematics (as distinguished from discrete mathematics). 
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Key Points: 

1. Numerical Method 

Numerical method continues this long tradition of practical mathematical calculations. Much like 

the Babylonian approximation to sqrt{2}, modern numerical analysis does not seek exact 

answers, because exact answers are impossible to obtain in practice. Instead, much of numerical 

analysis is concerned with obtaining approximate solutions while maintaining reasonable bounds 

on errors. 

Numerical method naturally finds applications in all fields of engineering and the physical 

sciences, but in the 21st century, the life sciences and even the arts have adopted elements of 

scientific computations. Ordinary differential equations appear in the movement of heavenly 

bodies (planets, stars and galaxies); optimization occurs in portfolio management; numerical 

linear algebra is essential to quantitative psychology; stochastic differential equations and 

Markov chains are essential in simulating living cells for medicine and biology. 

Before the advent of modern computers numerical methods often depended on hand interpolation 

in large printed tables. Nowadays (after mid 20th century) these tables have fallen into disuse, 

because computers can calculate the required functions. The interpolation algorithms 

nevertheless may be used as part of the software for solving differential equations and the like. 

  

2. Goals 

The overall goal of the field of numerical method is the design and analysis of techniques to give 

approximate but accurate solutions to hard problems, the variety of which is suggested by the 

following. 

 Advanced numerical methods are essential in making numerical weather prediction 

feasible. 

 Computing the trajectory of a spacecraft requires the accurate numerical solution of a 

system of ordinary differential equations. 
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 Car companies can improve the crash safety of their vehicles by using computer 

simulations of car crashes. Such simulations essentially consist of solving partial 

differential equations numerically. 

 Hedge funds (private investment funds) use tools from all fields of numerical analysis to 

calculate the value of stocks and derivatives more precisely than other market 

participants. 

 Airlines use sophisticated optimization algorithms to decide ticket prices, airplane and 

crew assignments and fuel needs. This field is also called operations research. 

 Insurance companies use numerical programs for actuarial analysis. 

  

3. Important Themes 

Several important themes of numerical methods are.  

  The field of numerical method predates the invention of modern computers by many 

centuries. Linear interpolation was already in use more than 2000 years ago. Many great 

mathematicians of the past were preoccupied by numerical analysis, as is obvious from 

the names of important algorithms like Newton's method, Lagrange interpolation 

polynomial, Gaussian elimination, or Euler's method. 

  To facilitate computations by hand, large books were produced with formulas and tables 

of data such as interpolation points and function coefficients. Using these tables, often 

calculated out to 16 decimal places or more for some functions, one could look up values 

to plug into the formulas given and achieve very good numerical estimates of some 

functions. The canonical work in the field is the NIST publication edited by Abramowitz 

and Stegun, a 1000-plus page book of a very large number of commonly used formulas 

and functions and their values at many points. The function values are no longer very 

useful when a computer is available, but the large listing of formulas can still be very 

handy. 

  The mechanical calculator was also developed as a tool for hand computation. These 

calculators evolved into electronic computers in the 1940s, and it was then found that 
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these computers were also useful for administrative purposes. But the invention of the 

computer also influenced the field of numerical analysis, since now longer and more 

complicated calculations could be done. 

  Direct methods compute the solution to a problem in a finite number of steps. These 

methods would give the precise answer if they were performed in infinite precision 

arithmetic. Examples include Gaussian elimination, the QR factorization method for 

solving systems of linear equations, and the simplex method of linear programming. In 

practice, finite precision is used and the result is an approximation of the true solution 

(assuming stability). 

  In contrast to direct methods, iterative methods are not expected to terminate in a number 

of steps. Starting from an initial guess, iterative methods form successive approximations 

that converge to the exact solution only in the limit. A convergence criterion is specified 

in order to decide when a sufficiently accurate solution has (hopefully) been found. Even 

in infinite precision arithmetic these methods would not reach the solution in finitely 

many steps (in general). Examples include Newton's method, the bisection method, and 

Jacobi iteration. In computational matrix algebra, iterative methods are generally needed 

for large problems. 

  Iterative methods are more common than direct methods in numerical analysis. Some 

methods are direct in principle but are usually used as though they were not, e.g. GMRES 

and the conjugate gradient method. For these methods the number of steps needed to 

obtain the exact solution is so large that an approximation is accepted in the same manner 

as for an iterative method. 

  Interpolation solves the following problem: given the value of some unknown function at 

a number of points, what value does that function have at some other point between the 

given points? A very simple method is to use linear interpolation, which assumes that the 

unknown function is linear between every pair of successive points. This can be 

generalized to polynomial interpolation, which is sometimes more accurate but suffers 

from Runge's phenomenon. Other interpolation methods use localized functions like 

splines or wavelets. 

  Extrapolation is very similar to interpolation, except that now we want to find the value 

of the unknown function at a point which is outside the given points. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

4
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



  Regression is also similar, but it takes into account that the data is imprecise. Given 

some points, and a measurement of the value of some function at these points (with an 

error), we want to determine the unknown function. The least squares-method is one 

popular way to achieve this. 

 

Topic : Numbers 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Numbers 

 Understand Types of numbers 

  

  

Definition/Overview: 

Number: A number is an abstract object, tokens of which are symbols used in counting and 

measuring. 

  

  

Key Points: 

1. Number 

A number is an abstract object, tokens of which are symbols used in counting and measuring. A 

symbol which represents a number is called a numeral, but in common usage the word number is 
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used for both the abstract object and the symbol. In addition to their use in counting and 

measuring, numerals are often used for labels (telephone numbers), for ordering (serial 

numbers), and for codes (ISBNs). In mathematics, the definition of number has been extended 

over the years to include such numbers as zero, negative numbers, rational numbers, irrational 

numbers, and complex numbers. As a result, there is no one encompassing definition of number 

and the concept of number is open for further development. 

Certain procedures which input one or more numbers and output a number are called numerical 

operations. Unary operations input a single number and output a single number. For example, the 

successor operation adds one to an integer: the successor of 4 is 5. More common are binary 

operations which input two numbers and output a single number. Examples of binary operations 

include addition, subtraction, multiplication, division, and exponentiation. The study of 

numerical operations is called arithmetic. 

The branch of mathematics that studies structures of number systems such as groups, rings and 

fields is called abstract algebra.  

  

2. Types of numbers 

Numbers can be classified into sets, called number systems. (For different methods of expressing 

numbers with symbols, such as the Roman numerals, see numeral systems.) 

  

2.1. Natural numbers 

The most familiar numbers are the natural numbers or counting numbers: one, two, three. 

In the base ten number system, in almost universal use today for arithmetic operations, 

the symbols for natural numbers are written using ten digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. 

In this base ten system, the rightmost digit of a natural number has a place value of one, 

and every other digit has a place value ten times that of the place value of the digit to its 

right. The symbol for the set of all natural numbers is N, also written . 

In set theory, which is capable of acting as an axiomatic foundation for modern 

mathematics, natural numbers can be represented by classes of equivalent sets. For 
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instance, the number 3 can be represented as the class of all sets that have exactly three 

elements. Alternatively, in Peano Arithmetic, the number 3 is represented as sss0, where 

s is the "successor" function. Many different representations are possible; all that is 

needed to formally represent 3 is to inscribe a certain symbol or pattern of symbols 3 

times. 

  

2.2. Integers 

Negative numbers are numbers that are less than zero. They are the opposite of positive 

numbers. For example, if a positive number indicates a bank deposit, then a negative 

number indicates a withdrawal of the same amount. Negative numbers are usually written 

by writing a negative sign (also called a minus sign) in front of the number they are the 

opposite of. Thus the opposite of 7 is written −7. When the set of negative numbers is 

combined with the natural numbers and zero, the result is the set of integer numbers, also 

called integers, Z (German Zahl, plural Zahlen), also written . 

  

2.3. Rational numbers 

A rational number is a number that can be expressed as a fraction with an integer 

numerator and a non-zero natural number denominator. The fraction m/n or 

 

represents m equal parts, where n equal parts of that size make up one whole. Two 

different fractions may correspond to the same rational number; for example 1/2 and 2/4 

are equal, that is: 

 

If the absolute value of m is greater than n, then the absolute value of the fraction is 

greater than 1. Fractions can be greater than, less than, or equal to 1 and can also be 

positive, negative, or zero. The set of all rational numbers includes the integers, since 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

7
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



every integer can be written as a fraction with denominator 1. For example −7 can be 

written −7/1. The symbol for the rational numbers is Q (for quotient), also written . 

  

2.4. Real numbers 

The real numbers include all of the measuring numbers. Real numbers are usually written 

using decimal numerals, in which a decimal point is placed to the right of the digit with 

place value one. Each digit to the right of the decimal point has a place value one-tenth of 

the place value of the digit to its left.  

 

Thus represents 1 hundred, 2 tens, 3 ones, 4 tenths, 5 hundredths, and 6 thousandths. In 

saying the number, the decimal is read "point", thus: "one two three point four five six". 

In the US and UK and a number of other countries, the decimal point is represented by a 

period, whereas in continental Europe and certain other countries the decimal point is 

represented by a comma. Zero is often written as 0.0 when necessary to indicate that it is 

to be treated as a real number rather than as an integer. Negative real numbers are written 

with a preceding minus sign: 

. 

Every rational number is also a real number. To write a fraction as a decimal, divide the 

numerator by the denominator. It is not the case, however, that every real number is 

rational. If a real number cannot be written as a fraction of two integers, it is called 

irrational. A decimal that can be written as a fraction either ends (terminates) or forever 

repeats, because it is the answer to a problem in division. Thus the real number 0.5 can be 

written as 1/2 and the real number 0.333... (forever repeating threes) can be written as 

1/3. On the other hand, the real number π (pi), the ratio of the circumference of any circle 

to its diameter, is 

. 
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Since the decimal neither ends nor forever repeats, it cannot be written as a fraction, and 

is an example of an irrational number. Other irrational numbers include 

 

(the square root of 2, that is, the positive number whose square is 2). 

Just as fractions can be written in more than one way, so too can decimals. For example, 

if we multiply both sides of the equation 

 

by three, we discover that 

. 

Thus 1.0 and 0.999... are two different decimal numerals representing the natural number 

1. There are infinitely many other ways of representing the number 1, for example 2/2, 

3/3, 1.00, 1.000, and so on. 

Every real number is either rational or irrational. Every real number corresponds to a 

point on the number line. The real numbers also have an important but highly technical 

property called the least upper bound property. The symbol for the real numbers is R or 

. 

When a real number represents a measurement, there is always a margin of error. This is 

often indicated by rounding or truncating a decimal, so that digits that suggest a greater 

accuracy than the measurement itself are removed. The remaining digits are called 

significant digits. For example, measurements with a ruler can seldom be made without a 

margin of error of at least 0.01 meters. If the sides of a rectangle are measured as 1.23 

meters and 4.56 meters, then multiplication gives an area for the rectangle of 5.6088 

square meters. Since only the first two digits after the decimal place are significant, this is 

usually rounded to 5.61. 

In abstract algebra, the real numbers are up to isomorphism uniquely characterized by 

being the only complete ordered field. They are not, however, an algebraically closed 

field. 
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2.5. Complex numbers 

Moving to a greater level of abstraction, the real numbers can be extended to the complex 

numbers. This set of numbers arose, historically, from the question of whether a negative 

number can have a square root. This led to the invention of a new number: the square root 

of negative one, denoted by i, a symbol assigned by Leonhard Euler, and called the 

imaginary unit. The complex numbers consist of all numbers of the form 

 

where a and b are real numbers. In the expression a + bi, the real number a is called the 

real part and bi is called the imaginary part. If the real part of a complex number is zero, 

then the number is called an imaginary number or is referred to as purely imaginary; if 

the imaginary part is zero, then the number is a real number. Thus the real numbers are a 

subset of the complex numbers. If the real and imaginary parts of a complex number are 

both integers, then the number is called a Gaussian integer. The symbol for the complex 

numbers is C or . 

In abstract algebra, the complex numbers are an example of an algebraically closed field, 

meaning that every polynomial with complex coefficients can be factored into linear 

factors. Like the real number system, the complex number system is a field and is 

complete, but unlike the real numbers it is not ordered. That is, there is no meaning in 

saying that i is greater than 1, nor is there any meaning in saying that that i is less than 1. 

In technical terms, the complex numbers lack the trichotomy property. 

Complex numbers correspond to points on the complex plane, sometimes called the 

Argand plane. Each of the number systems mentioned above is a proper subset of the 

next number system.  

  

2.6. Computable numbers 

Moving to problems of computation, the computable numbers are determined in the set of 

the real numbers. The computable numbers, also known as the recursive numbers or the 

computable reals, are the real numbers that can be computed to within any desired 

precision by a finite, terminating algorithm. Equivalent definitions can be given using μ-
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recursive functions, Turing machines or λ-calculus as the formal representation of 

algorithms. The computable numbers form a real closed field and can be used in the place 

of real numbers for many, but not all, mathematical purposes. 

  

2.7. Other Types 

Hyperreal and hypercomplex numbers are used in non-standard analysis. The hyperreals, 

or nonstandard reals (usually denoted as *R), denote an ordered field which is a proper 

extension of the ordered field of real numbers R and which satisfies the transfer principle. 

This principle allows true first order statements about R to be reinterpreted as true first 

order statements about *R. 

Superreal and surreal numbers extend the real numbers by adding infinitesimally small 

numbers and infinitely large numbers, but still form fields. 

The idea behind p-adic numbers is this: While real numbers may have infinitely long 

expansions to the right of the decimal point, these numbers allow for infinitely long 

expansions to the left. The number system which results depends on what base is used for 

the digits: any base is possible, but a system with the best mathematical properties is 

obtained when the base is a prime number. 

For dealing with infinite collections, the natural numbers have been generalized to the 

ordinal numbers and to the cardinal numbers. The former gives the ordering of the 

collection, while the latter gives its size. For the finite set, the ordinal and cardinal 

numbers are equivalent, but they differ in the infinite case. 

There are also other sets of numbers with specialized uses. Some are subsets of the 

complex numbers. For example, algebraic numbers are the roots of polynomials with 

rational coefficients. Complex numbers that are not algebraic are called transcendental 

numbers. 

Sets of numbers that are not subsets of the complex numbers are sometimes called 

hypercomplex numbers. They include the quaternions H, invented by Sir William Rowan 

Hamilton, in which multiplication is not commutative, and the octonions, in which 

multiplication is not associative. Elements of function fields of non-zero characteristic 

behave in some ways like numbers and are often regarded as numbers by number 

theorists. 
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In addition, various specific kinds of numbers are studied in sets of natural and integer 

numbers. 

An even number is an integer that is "evenly divisible" by 2, i.e., divisible by 2 without 

remainder; an odd number is an integer that is not evenly divisible by 2. (The old-

fashioned term "evenly divisible" is now almost always shortened to "divisible".) A 

formal definition of an odd number is that it is an integer of the form n = 2k + 1, where k 

is an integer. An even number has the form n = 2k where k is an integer. 

A perfect number is defined as a positive integer which is the sum of its proper positive 

divisors, that is, the sum of the positive divisors not including the number itself. 

Equivalently, a perfect number is a number that is half the sum of all of its positive 

divisors, or ζ(n) = 2 n. The first perfect number is 6, because 1, 2, and 3 are its proper 

positive divisors and 1 + 2 + 3 = 6. The next perfect number is 28 = 1 + 2 + 4 + 7 + 14. 

The next perfect numbers are 496 and 8128 (sequence A000396 in OEIS). These first 

four perfect numbers were the only ones known to early Greek mathematics. 

A figurate number is a number that can be represented as a regular and discrete geometric 

pattern (e.g. dots). If the pattern is polytopic, the figurate is labeled a polytopic number, 

and may be a polygonal number or a polyhedral number. Polytopic numbers for r = 2, 3, 

and 4 are: 

o P2(n) = 1/2 n(n + 1) (triangular numbers) 

o P3(n) = 1/6 n(n + 1)(n + 2) (tetrahedral numbers) 

o P4(n) = 1/24 n(n + 1)(n + 2)(n + 3) (pentatopic numbers) 

 

Topic : Function Evaluation 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Understand functions 
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 Understand how functions are evaluated 

  

  

Definition/Overview: 

Function: The mathematical concept of function expresses dependence between two quantities, 

one of which is given (the independent variable, argument of the function, or its "input") and the 

other produced (the dependent variable, value of the function, or "output").  

  

  

Key Points: 

1. Function 

The mathematical concept of function expresses dependence between two quantities, one of 

which is given (the independent variable, argument of the function, or its "input") and the other 

produced (the dependent variable, value of the function, or "output"). A function associates a 

single output to each input element drawn from a fixed set, such as the real numbers. 

There are many ways to give a function: by a formula, by a plot or graph, by an algorithm that 

computes it, or by a description of its properties. Sometimes, a function is described through its 

relationship to other functions (see, for example, inverse function). In applied disciplines, 

functions are frequently specified by their tables of values or by a formula. Not all types of 

description can be given for every possible function, and one must make a firm distinction 

between the function itself and multiple ways of presenting or visualizing it. 

One idea of enormous importance in all of mathematics is composition of functions: if z is a 

function of y and y is a function of x, then z is a function of x. We may describe it informally by 

saying that the composite function is obtained by using the output of the first function as the 
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input of the second one. This feature of functions distinguishes them from other mathematical 

constructs, such as numbers or figures, and provides the theory of functions with its most 

powerful structure. 

Functions play a fundamental role in all areas of mathematics, as well as in other sciences and 

engineering. However, the intuition pertaining to functions, notation, and even the very meaning 

of the term "function" varies between the fields. More abstract areas of mathematics, such as set 

theory, consider very general types of functions, which may not be specified by a concrete rule 

and are not governed by any familiar principles. The characteristic property of a function in the 

most abstract sense is that it relates exactly one output to each of its admissible inputs. Such 

functions need not involve numbers and may, for example, associate each of a set of words with 

its own first letter. 

Functions in algebra are usually expressed in terms of algebraic operations. Functions studied in 

analysis, such as the exponential function, may have additional properties arising from continuity 

of space, but in the most general case cannot be defined by a single formula. Analytic functions 

in complex analysis may be defined fairly concretely through their series expansions. On the 

other hand, in lambda calculus, function is a primitive concept, instead of being defined in terms 

of set theory. The terms transformation and mapping are often synonymous with function. In 

some contexts, however, they differ slightly. In the first case, the term transformation usually 

applies to functions whose inputs and outputs are elements of the same set or more general 

structure. Thus, we speak of linear transformations from a vector space into itself and of 

symmetry transformations of a geometric object or a pattern. In the second case, used to describe 

sets whose nature is arbitrary, the term mapping is the most general concept of function. 

Mathematical functions are denoted frequently by letters, and the standard notation for the output 

of a function with the input x is (x). A function may be defined only for certain inputs, and the 

collection of all acceptable inputs of the function is called its domain. The set of all resulting 

outputs is called the range of the function. However, in many fields, it is also important to 

specify the codomain of a function, which contains the range, but need not be equal to it. The 

distinction between range and codomain lets us ask whether the two happen to be equal, which in 

particular cases may be a question of some mathematical interest. 
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For example, the expression (x) = x
2
 describes a function of a variable x, which, depending on the 

context, may be an integer, a real or complex number or even an element of a group. Let us 

specify that x is an integer; then this function relates each input, x, with a single output, x
2
, 

obtained from x by squaring. Thus, the input of 3 is related to the output of 9, the input of 1 to 

the output of 1, and the input of −2 to the output of 4, and we write (3) = 9, (1)=1, (−2)=4. Since 

every integer can be squared, the domain of this function consists of all integers, while its range 

is the set of perfect squares. If we choose integers as the codomain as well, we find that many 

numbers, such as 2, 3, and 6, are in the codomain but not the range. 

It is a usual practice in mathematics to introduce functions with temporary names like ; in the 

next paragraph we might define (x) = 2x+1, and then (3) = 7. When a name for the function is not 

needed, often the form y = x
2
 is used. 

If we use a function often, we may give it a more permanent name as, for example, 

 

The essential property of a function is that for each input there must be a unique output. Thus, for 

example, the formula 

 

does not define a real function of a positive real variable, because it assigns two outputs to each 

number: the square roots of 9 are 3 and −3. To make the square root a real function, we must 

specify, which square root to choose. The definition 

 

for any positive input chooses the positive square root as an output. 

As mentioned above, a function need not involve numbers. By way of examples, consider the 

function that associates with each word its first letter or the function that associates with each 

triangle its area. 
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2. Function Evaluation 

Evaluation functions are an essential component of practical search algorithms for optimization, 

planning and control. Examples of such algorithms include hillclimbing, simulated annealing, 

best-first search, A*, and alpha-beta. In all of these, the evaluation functions are typically built 

manually by domain experts, and may require considerable tweaking to work well. 

An evaluation function, also known as a heuristic evaluation function or static evaluation 

function, is a function used by game-playing programs to estimate the value or goodness of a 

position in the minimax and related algorithms. The evaluation function is typically designed to 

be fast and accuracy is not a concern (therefore heuristic); the function looks only at the current 

position and does not explore possible moves (therefore static). 

One popular strategy for constructing evaluation functions is as a weighted sum of various 

factors that are thought to influence the value of a position. For instance, an evaluation function 

for chess might take the form 

c1 * material + c2 * mobility + c3 * king safety + c4 * center control + ... 

 

 

Topic : Real Zeros 

Topic Objective: 

At the end of this topic student would be able to:  

 Understand real zero  

 Understand its functions   
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Definition/Overview: 

[None] 

  

  

Key Points: 

1. Introduction 

Many times, such as in the case of finding a. zero of a function or solving a system of linear 

algebraic equations, the quantities to be computed are given only implicitly. When we have a 

definite process for computing the unknowns in these implicit situations, we say that we have an 

algorithm. In the sense that many different special methods are known, we can say that the field 

of algorithms is highly developed, but in the sense that there are general principles which are 

regularly translated into  

everyday practice, the field can be said to be in a. more primitive state. The purpose of this book 

is to give the general techniques and ideas used in the computing field, and since there appear to 

be very few general ideas in the area of algorithms, we shall have to be content with describing 

for a. few selected algorithms what kinds of things can and cannot be expected. It is also true that 

most of the standard situations which call for the use of an algorithm are usually coded in a 

library form for the occasional user, and the details of the method need not concern him, 

provided that he understands what kinds of results he is o obtaining.  

There are many situations in which there is no known algorithm that will produce the result or 

else the known method is one of exhaustion exhaustion of the problem, machine time, and the 

proposer of the problem. In such a. situation we have to resort to whatever methods look as if 

they might be useful. Such situations typically occur in problems  
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of finding maxima or minima of functions of many variables. It is simply too expensive to 

explore, say, a 14-dimensiona.1 space for all the local minima. We are then driven to trying 

hunches, or good ideas, or reasonable processes for searching for the desired quantities.  

  

2. The Bisection Method for Finding a Real Zero  

Given a continuous real function of a real variable x which has a negative value at x = a, and a 

positive value at x = b, then we know that there exists a place between a, and b where the 

function takes on the value zero. If we bisect the interval and note at this point whether the 

function is positive or negative, then we have found a subinterval in which there is a change in 

sign (or else we have found the zero). By repeating this bisection process, we can come 

arbitrarily near to the zero, in principle. Since each step halves the interval in which the zero lies, 

10 steps will reduce the interval by a. factor of about 1,000; 20 steps, 1,000,000; etc. Thus the 

method, which assumes only continuity and the ability to evaluate the function at any point, is 

fairly effective.  

In principle because there is, of course, noise in the computation. Let us examine what this does 

to the process. Suppose that, in computing some value of the function, we get the wrong sign, 

because of round off noise. The result will be that we shall choose the wrong half to explore 

during the next step. However, if no other noise produces further errors in determining the sign 

of the function, the zero will be located in the subinterval that has one end at the place where the 

sign was computed incorrectly. And this is a quite reasonable result; we have determined the 

location within our ability to compute  

the function itself. The small error has not led us very far astray. The vulnerability to noise 

should be examined in every process that is proposed. Many of the more rapid processes go 

badly astray when they reach noise level-and remember that, by chance, we may be near the zero 

at any stage of the computation and hence subject to errors due to noise. It should again be 

remarked that this bisection method requires only the ability to compute the functional values 

and does not suppose that the routine for the derivative has also been produced and coded. 
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Topic : Complex Zeros 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Complex Zero 

 Understand complex zero functionality 

  

  

Definition/Overview: 

 [None] 

  

  

Key Points: 

1. Complex Analysis  

In complex analysis, a zero of a holomorphic function f is a complex number a such that f(a) = 0. 

A complex number a is a simple zero of f, or a zero of multiplicity 1 of f, if f can be written as 

 

where g is a holomorphic function g such that g(a) is not zero. 
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Generally, the multiplicity of the zero of f at a is the positive integer n for which there is a 

holomorphic function g such that 

 

The fundamental theorem of algebra says that every nonconstant polynomial with complex 

coefficients has at least one zero in the complex plane. This is in contrast to the situation with 

real zeros: some polynomial functions with real coefficients have no real zeros. An example is 

f(x) = x2 + 1. 

  

2. Existence of Zeros 

The fundamental theorem of algebra says that every nonconstant polynomial with complex 

coefficients has at least one zero in the complex plane. This is in contrast to the situation with 

real zeros: some polynomial functions with real coefficients have no real zeros.  

  

3. Properties 

An important property of the set of zeros of a holomorphic function (that is not identically zero) 

is that the zeros are isolated. In other words, for any zero of a holomorphic function there is a 

small disc around the zero which contains no other zeros. There are also some theorems in 

complex analysis which show the connections between the zeros of a holomorphic (or 

meromorphic) function and other properties of the function. In particular Jensen's formula and 

Weierstrass factorization theorem are results for complex functions which have no counterpart 

for functions of a real variable 

 

 

 

 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

20
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Topic : Zeros Of Polynomials  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Polynomials 

 Understand Zero of Polynomials 

  

  

Definition/Overview: 

Polynomials: In mathematics, a polynomial is an expression constructed from variables (also 

known as indeterminates) and constants, using the operations of addition, subtraction, 

multiplication, and raising to constant non-negative integer powers. 

  

  

Key Points: 

1. Polynomials 

Polynomials are one of the most important concepts in algebra and throughout mathematics and 

science. They are used to form polynomial equations, which encode a wide range of problems, 

from elementary word problems to complicated problems in the sciences; they are used to define 

polynomial functions, which appear in settings ranging from basic chemistry and physics to 

economics, and are used in calculus and numerical analysis to approximate other functions. 

Polynomials are used to construct polynomial rings, one of the most powerful concepts in 

algebra and algebraic geometry. 

A polynomial is either zero, or can be written as the sum of one or more non-zero terms. The 

number of terms is finite. These terms consist of a constant (called the coefficient of the term) 

multiplied by zero or more variables (which are usually represented by letters). Each variable 

may have an exponent that is a non-negative integer. The exponent on a variable in a term is 
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equal to the degree of that variable in that term. Since x = x1, the degree of a variable without a 

written exponent is one. A term with no variables is called a constant term, or just a constant. 

The degree of a constant term is 0. The coefficient of a term may be any number, including 

fractions, irrational numbers, negative numbers, and complex numbers. 

  

1.1. Polynomial Functions 

A polynomial function is a function defined by evaluating a polynomial. A function of 

one argument is called a polynomial function if it satisfies 

(x) = anx
n
 + an−1x

n−1
 + ... + a2x

2
 + a1x + a0 

for all arguments x, where n is a nonnegative integer and a0, a1,a2, ..., an are constant 

coefficients. 

For example, the function f, taking real numbers to real numbers, defined by 

 

is a polynomial function of one argument. Polynomial functions of multiple arguments 

can also be defined, using polynomials in multiple variables, as in 

 

Polynomial functions are an important class of smooth functions. 

  

2. Zero of Polynomials 

A polynomial function of degree n has n zeros, provided multiple zeros are counted more than 

once and provided complex zeros are counted. 

Keep in mind that any complex zeros of a function are not considered to be part of the domain of 

the function, since only real numbers domains are being considered. It is only for the purpose of 

counting zeros that we consider complex and multiple zeros. For example, let f ( x ) = x
2
 + 1.  
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2.1 Complex Zeros of Polynomial Functions Occur in Conjugate Pairs 

Next, we are going to investigate a general principle which tells us how many positive 

zeros a polynomial function may have.  

Consider the polynomial function f ( x ) = 2 x
3
 + 3 x

2
 + 8 x - 5. Notice that it is written in 

standard form for polynomials, that is, terms are written in decreasing order according to 

their exponents. Now, count the number of changes in sign of the coefficients. There is 

exactly one such change in sign. Thus, there can be only one positive zero. The general 

positive zeros principle may be stated as follows: When a polynomial function is written 

in standard form, the number of changes in sign of the coefficients is the maximum 

number of positive zeros of the function. The actual number of positive zeros may differ 

from the maximum by an even amount.  

 

Topic : Linear Equations And Matrix Inversion  

Topic Objective: 

At the end of this topic student would be able to:  

  

  

Definition/Overview: 

Linear Equation: A linear equation is an algebraic equation in which each term is either a 

constant or the product of a constant and (the first power of) a single variable. Linear equations 

can have one, two, three or more variables. 

  

Matrix Inversion: Matrix inversion is the process of finding the matrix B that satisfies the prior 

equation for a given invertible matrix A. 
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Key Points: 

1. Linear Equation 

A linear equation is an algebraic equation in which each term is either a constant or the product 

of a constant and (the first power of) a single variable. Linear equations can have one, two, three 

or more variables. 

Linear equations occur with great regularity in applied mathematics. While they arise quite 

naturally when modeling many phenomena, they are particularly useful since many non-linear 

equations may be reduced to linear equations by assuming that quantities of interest vary to only 

a small extent from some "background" state.  

A common form of a linear equation in the two variables x and y is 

 

where m and b designate constants (the variable y is multiplied by the constant 1, which as usual 

is not explicitly written). The origin of the name "linear" comes from the fact that the set of 

solutions of such an equation forms a straight line in the plane. In this particular equation, the 

constant m determines the slope or gradient of that line; and the constant term b determines the 

point at which the line crosses the y-axis. Since terms of a linear equations cannot contain 

products of distinct or equal variables, nor any power (other than 1) or other function of a 

variable, equations involving terms such as xy, x, y
1/3

, and sin(x) are nonlinear.  

A linear equation can involve more than two variables. The general linear equation in n variables 

is: 

 

In this form, a1, a2, , an are the coefficients, x1, x2, , xn are the variables, and b is the constant. 

When dealing with three or fewer variables, it is common to replace x1 with just x, x2 with y, and 

x3 with z, as appropriate. 
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Such an equation will represent an (n1)-dimensional hyper-plane in n-dimensional Euclidean 

space. 

  

2. Matrix Inversion 

GaussJordan elimination is an algorithm that can be used to determine whether a given matrix is 

invertible and to find the inverse. An alternative is the LU decomposition which generates an 

upper and lower triangular matrices which are easier to invert. For special purposes, it may be 

convenient to invert matrices by treating mn-by-mn matrices as m-by-m matrices of n-by-n 

matrices, and applying one or another formula recursively (other sized matrices can be padded 

out with dummy rows and columns). For other purposes, a variant of Newton's method may be 

convenient (particularly when dealing with families of related matrices, so inverses of earlier 

matrices can be used to seed generating inverses of later matrices). 

Matrix inversion plays a significant role in computer graphics, particularly in 3D graphics 

rendering and 3D simulations. Examples include screen-to-world ray casting, world-to-subspace-

to-world object transformations, and physical simulations. The problem is usually the numerical 

complexity of calculating the inverses of 33 and 44 matrices. Compared to matrix multiplication 

or creation of rotation matrices, matrix inversion is several orders of magnitude slower. There are 

existing solutions which use hand-crafted assembly language routines and SIMD processor 

extensions (SSE, SSE2, Altivec) that address this problem and which achieve a performance 

improvement of as much as five times. 

 

 

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Random Number 

 Understand Random number generation 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

25
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



  

Definition/Overview: 

Random Number: A random number is a number chosen as if by chance from some specified 

distribution such that selection of a large set of these numbers reproduces the underlying 

distribution. 

  

  

Key Points: 

1. Random Number 

A random number is a number chosen as if by chance from some specified distribution such that 

selection of a large set of these numbers reproduces the underlying distribution. Almost always, 

such numbers are also required to be independent, so that there are no correlations between 

successive numbers. Computer-generated random numbers are sometimes called pseudorandom 

numbers, while the term "random" is reserved for the output of unpredictable physical processes. 

When used without qualification, the word "random" usually means "random with a uniform 

distribution." Other distributions are of course possible. For example, the Box-Muller 

transformation allows pairs of uniform random numbers to be transformed to corresponding 

random numbers having a two-dimensional normal distribution.  

It is impossible to produce an arbitrarily long string of random digits and prove it is random. 

Strangely, it is also very difficult for humans to produce a string of random digits, and computer 

programs can be written which, on average, actually predict some of the digits humans will write 

down based on previous ones.  

There are a number of common methods used for generating pseudorandom numbers, the 

simplest of which is the linear congruence method. Another simple and elegant method is 

elementary cellular automaton rule 30, whose central column is given by 1, 1, 0, 1, 1, 1, 0, 0, 1, 

1, 0, 0, 0, 1, ... (Sloane's A051023), and which provides the random number generator used for 

large integers in Mathematica. Most random number generators require specification of an initial 
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number used as the starting point, which is known as a "seed." The goodness of random numbers 

generated by a given algorithm can be analyzed by examining its noise sphere.  

When generating random numbers over some specified boundary, it is often necessary to 

normalize the distributions so that each differential area is equally populated. For example, 

picking and from uniform distributions does not give a uniform distribution for sphere point 

picking.  

In order to generate a power-law distribution from a uniform distribution , write 

for. Then normalization gives  

 

Or 

 

  

Let be a uniformly distributed variate on . Then 

 

and the variate given by 

 

is distributed as . 

  

2. Random number generation 

A random number generator (often abbreviated as RNG) is a computational or physical device 

designed to generate a sequence of numbers or symbols that lack any pattern, i.e. appear random. 

Computer-based systems for random number generation are widely used, but often fall short of 
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this goal, though they may meet some statistical tests for randomness intended to ensure that they 

do not have any easily discernible patterns. Methods for generating random results have existed 

since ancient times, including dice, coin flipping, the shuffling of playing cards, the use of 

yarrow stalks in the I Ching, and many other techniques. 

The many applications of randomness have led to many different methods for generating random 

data. These methods may vary as to how unpredictable or statistically random they are, and how 

quickly they can generate random numbers. 

Before the advent of computational random number generators, generating large amount of 

sufficiently random numbers (important in statistics) required a lot of work. Results would 

sometimes be collected and distributed as random number tables. 

  

2.1. Physical methods 

The earliest methods for generating random numbers dice, coin flipping, roulette wheels 

are still used today, mainly in games and gambling as they tend to be too slow for 

applications in statistics and cryptography. Some physical phenomena, such as thermal 

noise in Zener diodes appear to be truly random and can be used as the basis for hardware 

random number generators. However, many mechanical phenomena feature asymmetries 

and systematic biases that make their outcomes not truly random. The many successful 

attempts to exploit such phenomena by gamblers, especially in roulette and blackjack are 

testimony to these effects. 

There are several imaginative sources of random numbers online. A common technique is 

to run a hash function against a frame of a video stream from an unpredictable source. 

This technique was used by Lavarand who used images of a number of lava lamps. 

Lithium Technologies uses a camera pointed at the sky on a windy and cloudy day. 

Random.org has a more obvious approach of listening to atmospheric noise. Details about 

how they turn their input into random numbers can be found on their respective sites. 

Completely randomized design falls within the category of true random number 

generation. The generation of true random numbers outside the computer environment is 
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based on the theory of entropy. Sources of entropy include nuclear decay and 

atmospheric conditions. HotBits uses radioactive decay, while Random.org uses radio 

noise to generate randomness. 

  

2.2. Computational methods 

Pseudo-random number generators (PRNGs) are algorithms that can automatically create 

long runs (for example, millions of numbers long) with good random properties but 

eventually the sequence repeats exactly (or the memory usage grows without bound). 

One of the most common PRNG is the linear congruential generator, which uses the 

recurrence 

 

to generate numbers. The maximum number of numbers the formula can produce is the 

modulus, m. To avoid certain non-random properties of a single linear congruential 

generator, several such random number generators with slightly different values of the 

multiplier coeffient a are typically used in parallel, with a "master" random number 

generator that selects from among the several different generators. 

A simple pen-and-paper method for generating random numbers is the so-called middle 

square method suggested by John Von Neumann. While simple to implement, its output 

is of poor quality. 

Most computer programming languages include functions or library routines that purport 

to be random number generators. They are often designed to provide a random byte or 

word, or a floating point number uniformly distributed between 0 and 1. Such library 

functions often have poor statistical properties and some will repeat patterns after only 

tens of thousands of trials. They are often initialized using a computer's real time clock as 

the seed. These functions may provide enough randomness for certain tasks (for example 

video games) but are unsuitable where high-quality randomness is required, such as in 

cryptographic applications, statistics or numerical analysis.  
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Topic : The Difference Calculus  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand differential calculus  

 Understand application of derivatives 

  

  

Definition/Overview: 

Differential Calculus: Differential Calculus, is a field in mathematics, is the study of how 

functions change when their inputs change. The primary object of study in differential calculus is 

the derivative.  

  

  

Key Points: 

1. The Difference Calculus  

Differential Calculus, is a field in mathematics, is the study of how functions change when their 

inputs change. The primary object of study in differential calculus is the derivative. A closely 

related notion is the differential. The derivative of a function at a chosen input value describes 

the behavior of the function near that input value. For a real-valued function of a single real 

variable, the derivative at a point equals the slope of the tangent line to the graph of the function 

at that point. In general, the derivative of a function at a point determines the best linear 

approximation to the function at that point. The process of finding a derivative is called 
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differentiation. The fundamental theorem of calculus states that differentiation is the reverse 

process to integration. 

Differentiation has applications to all quantitative disciplines. In physics, the derivative of the 

displacement of a moving body with respect to time is the velocity of the body, and the 

derivative of velocity with respect to time is acceleration. Newton's second law of motion states 

that the derivative of the momentum of a body equals the force applied to the body. The reaction 

rate of a chemical reaction is a derivative. In operations research, derivatives determine the most 

efficient ways to transport materials and design factories. By applying game theory, 

differentiation can provide best strategies for competing corporations. 

Derivatives are frequently used to find the maxima and minima of a function. Equations 

involving derivatives are called differential equations and are fundamental in describing natural 

phenomena. Derivatives and their generalizations appear throughout mathematics, in fields such 

as complex analysis, functional analysis, differential geometry, and even abstract algebra. 

  

2. The Derivative 

Suppose that x and y are real numbers and that y is a function of x, that is, y = f(x). One of the 

simplest types of functions is a linear function. This is a function whose graph is a line. In this 

case, y = f(x) = m x + c, where m and c are real numbers that depend on which line the graph 

determines. m is called the slope and is given by 

 

where the symbol Δ (the uppercase form of the Greek letter Delta) is an abbreviation for "change 

in". This formula is true because 

y + Δy = f(x + Δx) = m (x + Δx) + c = m x + c + m Δx = y + mΔx. 

It follows that Δy = m Δx. 

However, this only works for linear functions. Nonlinear functions do not have a well-defined 

slope. The derivative of f at the point x is the best possible approximation to the idea of the slope 
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of f at the point x. It is usually denoted f'(x) or dy/dx. Together with the value of f at x, the 

derivative of f determines the best linear approximation, or linearization, of f near the point x. 

This latter property is usually taken as the definition of the derivative. 

A closely related notion is the differential of a function. 

When x and y are real variables, the derivative of f at x is the slope of the tangent line to the 

graph of f' at x. Because the source and target of f are one-dimensional, the derivative of f is a 

real number. If x and y are vectors, then the best linear approximation to the graph of f depends 

on how f changes in several directions at once. Taking the best linear approximation in a single 

direction determines a partial derivative, which is usually denoted ∂y/∂x. The linearization of f in 

all directions at once is called the total derivative. It is a linear transformation, and it determines 

the hyperplane that most closely approximates the graph of f. This hyperplane is called the 

osculating hyperplane; it is conceptually the same idea as taking tangent lines in all directions at 

once. 

  

3. Applications of Derivatives 

3.1. Optimization 

If f is a differentiable function on R (or an open interval) and x is a local maximum or a 

local minimum of f, then the derivative of f at x is zero; points where f '(x) = 0 are called 

critical points or stationary points (and the value of f at x is called a critical value). (The 

definition of a critical point is sometimes extended to include points where the derivative 

does not exist.) Conversely, a critical point x of f can be analysed by considering the 

second derivative of f at x: 

o If it is positive, x is a local minimum; 

o If it is negative, x is a local maximum; 

o If it is zero, then x could be a local minimum, a local maximum, or neither. (For 

example, f(x)=x has a critical point at x=0, but it has neither a maximum nor a 

minimum there, whereas f(x) = x4 has a critical point at x = 0 and a minimum and a 

maximum, respectively, there.) 
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This is called the second derivative test. An alternative approach, called the first 

derivative test, involves considering the sign of the f ' on each side of the critical point. 

Taking derivatives and solving for critical points is therefore often a simple way to find 

local minima or maxima, which can be useful in optimization. By the extreme value 

theorem, a continuous function on a closed interval must attain its minimum and 

maximum values at least once. If the function is differentiable, the minima and maxima 

can only occur at critical points or endpoints. 

This also has applications in graph sketching: once the local minima and maxima of a 

differentiable function have been found, a rough plot of the graph can be obtained from 

the observation that it will be either increasing or decreasing between critical points. 

In higher dimensions, a critical point of a scalar valued function is a point at which the 

gradient is zero. The second derivative test can still be used to analyse critical points by 

considering the eigenvalues of the Hessian matrix of second partial derivatives of the 

function at the critical point. If all of the eigenvalues are positive, then the point is a local 

minimum; if all are negative, it is a local maximum. If there are some positive and some 

negative eigenvalues, then the critical point is a saddle point, and if none of these cases 

hold (i.e., some of the eigenvalues are zero) then the test is inconclusive. 

  

3.2. Differential Equations 

A differential equation is relation between a collection of functions and their derivatives. 

An ordinary differential equation is a differential equation that relates functions of one 

variable to their derivatives with respect to that variable. A partial differential equation is 

a differential equation that relates functions of more than one variable to their partial 

derivatives. Differential equations arise naturally in the physical sciences, in 

mathematical modelling, and within mathematics itself. For example, Newton's second 

law, which describes the relationship between acceleration and position, can be stated as 

the ordinary differential equation 
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The heat equation in one space variable, which describes how heat diffuses through a 

straight rod, is the partial differential equation 

 

Here u(x, t) is the temperature of the rod at position x and time t and α is a constant that 

depends on how fast heat diffuses through the rod. 

  

3.3. Mean Value Theorem 

The mean value theorem gives a relationship between values of the derivative and values 

of the original function. If f(x) is a real-valued function and a and b are numbers with a < 

b, then the mean value theorem says that under mild hypotheses, the slope between the 

two points (a, f(a)) and (b, f(b)) is equal to the slope of the tangent line to f at some point 

c between a and b. In other words, 

 

In practice, what the mean value theorem does is control a function in terms of its 

derivative. For instance, suppose that f has derivative equal to zero at each point. This 

means that its tangent line is horizontal at every point, so the function should also be 

horizontal. The mean value theorem proves that this must be true: The slope between any 

two points on the graph of f must equal the slope of one of the tangent lines of f. All of 

those slopes are zero, so any line from one point on the graph to another point will also 

have slope zero. But that says that the function does not move up or down, so it must be a 

horizontal line. More complicated conditions on the derivative lead to less precise but 

still highly useful information about the original function. 

  

3.4. Taylor Polynomials and Taylor Series 

The derivative gives the best possible linear approximation, but this can be very different 

from the original function. One way of improving the approximation is to take a 

quadratic approximation. That is to say, the linearization of a real-valued function f(x) at 

the point x0 is a linear polynomial a + b(x - x0), and it may be possible to get a better 
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approximation by considering a quadratic polynomial a + b(x - x0) + c(x - x0). Still better 

might be a cubic polynomial a + b(x - x0) + c(x - x0) + d(x - x0), and this idea can be 

extended to arbitrarily high degree polynomials. For each one of these polynomials, there 

should be a best possible choice of coefficients a, b, c, and d that makes the 

approximation as good as possible. 

For a, the best possible choice is always f(x0), and for b, the best possible choice is 

always f'(x0). For c, d, and higher-degree coefficients, these coefficients are determined 

by higher derivatives of f. c should always be f''(x0)/2, and d should always be f'''(x0)/3!. 

Using these coefficients gives the Taylor polynomial of f. The Taylor polynomial of 

degree d is the polynomial of degree d which best approximates f, and its coefficients can 

be found by a generalization of the above formulas. Taylor's theorem gives a precise 

bound on how good the approximation is. If f is a polynomial of degree less than or equal 

to d, then the Taylor polynomial of degree d equals f. 

The limit of the Taylor polynomials is an infinite series called the Taylor series. The 

Taylor series is frequently a very good approximation to the original function. Functions 

which are equal to their Taylor series are called analytic functions. It is impossible for 

functions with discontinuities or sharp corners to be analytic, but there are smooth 

functions which are not analytic. 

  

3.5. Implicit Function Theorem 

Some natural geometric shapes, such as circles, cannot be drawn as the graph of a 

function. For instance, if F(x, y) = x + y, then the circle is the set of all pairs (x, y) such 

that F(x, y) = 0. This set is called the zero set of F. It is not the same as the graph of F, 

which is a cone. The implicit function theorem converts relations such as F(x, y) = 0 into 

functions. It states that if F is continuously differentiable, then around most points, the 

zero set of F looks like graphs of functions pasted together. The points where this is not 

true are determined by a condition on the derivative of F. The circle, for instance, can be 

pasted together from the graphs of the two functions . In a neighborhood of 

every point on the circle except (-1, 0) and (1, 0), one of these two functions has a graph 

that looks like the circle. (These two functions also happen to meet (-1, 0) and (1, 0), but 

this is not guaranteed by the implicit function theorem.) 
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The implicit function theorem is closely related to the inverse function theorem, which 

states when a function looks like graphs of invertible functions pasted together. 

 

 

 In Section 2 of this course you will cover these topics: 

 Roundoff 

 The Summation Calculus 

 Infinite Series 

 Difference Equations 

 Polynomial Interpolation 

 Formulas Using Function Values 

 Error Terms 

 Formulas Using Derivatives 

 Formulas Using Differences 

 

 

Topic : Roundoff  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand the concept of rounding 

 Understand methods of rounding 

  

  

Definition/Overview: 

Rounding: Rounding is the process of reducing the number of significant digits in a number. 

The result of rounding is a "shorter" number having fewer non-zero digits yet similar in 

magnitude.   
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Key Points: 

1. Rounding Off  

Rounding off a decimal is a technique used to estimate or approximate values. Rounding is most 

commonly used to limit the amount of decimal places. Instead of having a long string of 

decimals places, or even one that goes on forever, we can approximate the value of the decimal 

to a specified decimal place. 

  

1.1. When to Round Up 

Rounding up means that we increase the terminating digit by a value of 1 and drop off the 

digits to the right. If the next place beyond where we are terminating the decimal is 

greater than or equal to five, we round up. For example, if we round 5.47 to the tenths 

place, it can be can be rounded up to 5.5. 

  

1.2. When to Round Down 

If the number to the right of our terminating decimal place is four or less (4, 3, 2, 1, 0), 

we round down. This is done by leaving our last decimal place as it is given and 

discarding all digits to its right. For example, if we round 6.734 to the hundredths place, it 

can be rounded down to 6.73. 

  

2. Methods 

2.1 Common Method 

This method is commonly used in mathematical applications, for example in accounting. 

It is the one generally taught in elementary mathematics classes. This method is also 
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known as Symmetric Arithmetic Rounding or Round-Half-Up (Symmetric 

Implementation) 

o Decide which is the last digit to keep. 

o Increase it by 1 if the next digit is 5 or more (this is called rounding up) 

o Leave it the same if the next digit is 4 or less (this is called rounding down) 

  

2.2. Round-To-Even Method 

This method is also known as unbiased rounding, convergent rounding, statistician's 

rounding, Dutch rounding, Gaussian rounding, or bankers' rounding. It is identical to the 

common method of rounding except when the digit(s) following the rounding digit starts 

with a five and has no non-zero digits after it. The new algorithm is: 

o Decide which is the last digit to keep. 

o Increase it by 1 if the next digit is 6 or more, or a 5 followed by one or more non-zero 

digits. 

o Leave it the same if the next digit is 4 or less 

o Otherwise, if all that follows the last digit is a 5 and possibly trailing zeroes; then 

change the last digit to the nearest even digit. That is, increase the rounded digit if it 

is currently odd; leave it if it is already even. 

With all rounding schemes there are two possible outcomes: increasing the rounding digit 

by one or leaving it alone. With traditional rounding, if the number has a value less than 

the half-way mark between the possible outcomes, it is rounded down; if the number has 

a value exactly half-way or greater than half-way between the possible outcomes, it is 

rounded up. The round-to-even method is the same except that numbers exactly half-way 

between the possible outcomes are sometimes rounded upsometimes down. 

Although it is customary to round the number 4.5 up to 5, in fact 4.5 is no nearer to 5 

than it is to 4 (it is 0.5 away from both). When dealing with large sets of scientific or 

statistical data, where trends are important, traditional rounding on average biases the 

data upwards slightly. Over a large set of data, or when many subsequent rounding 

operations are performed as in digital signal processing, the round-to-even rule tends to 
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reduce the total rounding error, with (on average) an equal portion of numbers rounding 

up as rounding down. This generally reduces upwards skewing of the result. 

Round-to-even is used rather than round-to-odd as it reduces rounding to a final digit of 

5, and so reduces the likelihood of error resulting from double rounding. 

  

2.3. Other Methods of Rounding 

Other methods of rounding exist, but use is mostly restricted to computers and 

calculators, statistics and science. In computers and calculators, these methods are used 

for one of two reasons: speed of computation or usefulness in certain computer 

algorithms. In statistics and science, the primary use of alternate rounding schemes is to 

reduce bias, rounding error and driftthese are similar to round-to-even rounding. They 

make a statistical or scientific calculation more accurate. 

  

2.3.1. Ease of Computation 

Other methods of rounding include "round towards zero" (also known as 

truncation) and "round away from zero". These introduce more round-off error 

and therefore are rarely used in statistics and science; they are still used in 

computer algorithms because they are slightly easier and faster to compute. Two 

specialized methods used in mathematics and computer science are the floor 

(always round down to the nearest integer) and ceiling (always round up to the 

nearest integer). 

  

2.3.2. Statistical Accuracy 

Stochastic rounding is a method that rounds to the nearest integer, but when the 

two integers are equidistant (e.g., 3.5), then it is rounded up with probability 0.5 

and down with probability 0.5. This reduces any drift, but adds randomness to the 
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process. Thus, if you perform a calculation with stochastic rounding twice, you 

may not end up with the same answer. The motivation is similar to statistician's 

rounding. 

  

3. Rounding in an Exact Computation 

The objective of rounding is often to get a number that is easier to use, at the cost of making it 

less precise. However, for evaluating a function with a discrete domain and range, rounding may 

be involved in an exact computation, e.g. to find the number of Sundays between two dates, or to 

compute a Fibonacci number. In such cases the algorithm can typically be set up such that 

computational rounding errors before the explicit rounding do not affect the outcome of the 

latter. For example, if an integer divided by 7 is rounded to an integer, a computational rounding 

error up to 1/14 in the division (which is much more than is possible in typical cases) does not 

affect the outcome. In the case of rounding down an integer divided by 7 this is not the case, but 

it applies e.g. if the number to be rounded down is an integer plus 1/2, divided by 7. 

 

Topic : The Summation Calculus  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand calculus 

 Understand summation notation 

  

  

Definition/Overview: 

Calculus: Calculus is a branch of mathematics that includes the study of limits, derivatives, 

integrals, and infinite series, and constitutes a major part of modern university education. 

Historically, it was sometimes referred to as "the calculus of infinitesimals", but that usage is 
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seldom seen today. Most basically, calculus is the study of change, in the same way that 

geometry is the study of space. 

  

  

Key Points: 

1. Calculus 

Calculus is a branch of mathematics that includes the study of limits, derivatives, integrals, and 

infinite series, and constitutes a major part of modern university education. Historically, it was 

sometimes referred to as "the calculus of infinitesimals", but that usage is seldom seen today. 

Most basically, calculus is the study of change, in the same way that geometry is the study of 

space. 

Calculus has widespread applications in science and engineering and is used to solve problems 

for which algebra alone is insufficient. Calculus builds on algebra, trigonometry, and analytic 

geometry and includes two major branches, differential calculus and integral calculus, that are 

related by the fundamental theorem of calculus. In more advanced mathematics, calculus is 

usually called analysis and is defined as the study of functions. More generally, calculus (plural 

calculi) can refer to any method or system of calculation guided by the symbolic manipulation of 

expressions. Some examples of other well-known calculi are propositional calculus, predicate 

calculus, relational calculus, and lambda calculus. 

  

2. Summation 

Summation is the addition of a set of numbers; the result is their sum or total. An interim or 

present total of a summation process is termed the running total. The "numbers" to be summed 

may be natural numbers, complex numbers, matrices, or still more complicated objects. An 

infinite sum is a subtle procedure known as a series. Note that the term summation has a special 

meaning in the context of divergent series related to extrapolation. 
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2.1. Notation 

The summation of 1, 2, and 4 is 1 + 2 + 4 = 7. The sum is 7. Since addition is associative, 

it does not matter whether we interpret "1 + 2 + 4" as (1 + 2) + 4 or as 1 + (2 + 4); the 

result is the same, so parentheses are usually omitted in a sum. Finite addition is also 

commutative, so the order in which the numbers are written does not affect its sum. (For 

issues with infinite summation, see absolute convergence.) 

If a sum has too many terms to be written out individually, the sum may be written with 

an ellipsis to mark out the missing terms. Thus, the sum of all the natural numbers from 1 

to 100 is 1 + 2 + + 99 + 100 = 5050. 

  

2.1.1. Capital-Sigma Notation 

Mathematical notation has a special representation for compactly representing summation 

of many similar terms: the summation symbol, a large upright capital Sigma. This is 

defined thus: 

 

The subscript gives the symbol for an index variable, i. Here, i represents the index of 

summation; m is the lower bound of summation, and n is the upper bound of summation. 

Here i = m under the summation symbol means that the index i starts out equal to m. 

Successive values of i are found by adding 1 to the previous value of i, stopping when i = 

n. We could as well have used k instead of i, as in 

. 

Informal writing sometimes omits the definition of the index and bounds of summation 

when these are clear from context, as in 

 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

42
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



which is informally equivalent to 

. 

One often sees generalizations of this notation in which an arbitrary logical condition is 

supplied, and the sum is intended to be taken over all values satisfying the condition. For 

example: 

 

is the sum of f(k) over all (integer) k in the specified range, 

 

is the sum of f(x) over all elements x in the set S, and 

 

is the sum of μ(d) over all integers d dividing n. 

(Remark: Although the name of the dummy variable does not matter (by definition), one 

usually uses letters from the middle of the alphabet (i through q) to denote integers, if 

there is a risk of confusion. For example, even if there should be no doubt about the 

interpretation, it could look slightly confusing to many mathematicians to see x instead of 

k in the above formulae involving k. See also typographical conventions in mathematical 

formulae.) 

There are also ways to generalize the use of many sigma signs. For example, 

 

is the same as 
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Topic : Infinite Series  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand series 

 Understand infinite series 

 Understand types of infinite series 

  

  

Definition/Overview: 

Series: In mathematics, a series is often represented as the sum of a sequence of terms. That is, a 

series is represented as a list of numbers with addition operations between them. 

  

  

Key Points: 

1. Series 

In mathematics, a series is often represented as the sum of a sequence of terms. That is, a series 

is represented as a list of numbers with addition operations between them, for example this 

arithmetic sequence: 

1 + 2 + 3 + 4 + 5 + ... + 99 + 100 

In most cases of interest the terms of the sequence are produced according to a certain rule, such 

as by a formula, by an algorithm, by a sequence of measurements, or even by a random number 

generator. 
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A series may be finite or infinite. Finite series may be handled with elementary algebra, but 

infinite series require tools from mathematical analysis if they are to be applied in anything more 

than a tentative way. 

Examples of simple series include the arithmetic series which is a sum of an arithmetic 

progression, written as: 

 

and finite geometric series, a sum of a geometric progression, which can be written as: 

 

  

2. Infinite Series 

The sum of an infinite series a0 + a1 + a2 + is the limit of the sequence of partial sums 

 

as n → ∞, if that limit exists. If the limit exists and is finite, the series is said to converge; if it is 

infinite or does not exist, the series is said to diverge. 

The easiest way that an infinite series can converge is if all the an are zero for n sufficiently large. 

Such a series can be identified with a finite sum, so it is only infinite in a trivial sense. 

However, infinite series of nonzero terms can also converge, which resolves the mathematical 

side of several of Zeno's paradoxes. The simplest case of a nontrivial infinite series is perhaps 

 

It is possible to "visualize" its convergence on the real number line: we can imagine a line of 

length 2, with successive segments marked off of lengths 1, , , etc. There is always room to mark 

the next segment, because the amount of line remaining is always the same as the last segment 

marked: when we have marked off , we still have a piece of length unmarked, so we can 
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certainly mark the next . This argument does not prove that the sum is equal to 2 (although it is), 

but it does prove that it is at most 2. In other words, the series has an upper bound. 

This series is a geometric series and mathematicians usually write it as: 

 

An infinite series is formally written as 

 

where the elements an are real (or complex) numbers. We say that this series converges to S, or 

that its sum is S, if the limit 

 

exists and is equal to S. If there is no such number, then the series is said to diverge. 

  

2.1. Formal Definition 

Mathematicians usually study a series as a pair of sequences: the sequence of terms of 

the series: a0, a1, a2, and the sequence of partial sums S0, S1, S2, , where Sn = a0 + a1 + + 

an. The notation 

 

represents the above sequence of partial sums, which is always well defined, but which 

may or may not converge. In the case of convergence (that is, when the sequence of 

partial sums SN has a limit), the notation is also used to denote the limit of this sequence. 

To make a distinction between these two completely different objects (sequence vs. 

numerical value), one may sometimes omit the limits (atop and below the sum's symbol) 

in the former case, although it is usually clear from the context which one is meant. 

Also, different notions of convergence of such a sequence do exist (absolute 

convergence, summability, etc). In case the elements of the sequence (and thus of the 
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series) are not simple numbers, but, for example, functions, still more types of 

convergence can be considered (pointwise convergence, uniform convergence, etc.; see 

below). 

Mathematicians extend this idiom to other, equivalent notions of series. For instance, 

when we talk about a recurring decimal, we are talking, in fact, just about the series for 

which it stands (0.1 + 0.01 + 0.001 + ). But because these series always converge to real 

numbers (because of what is called the completeness property of the real numbers), to 

talk about the series in this way is the same as to talk about the numbers for which they 

stand. In particular, it should offend no sensibilities if we make no distinction between 

0.111 and 
1
/9. Less clear is the argument that 9 0.111 = 0.999 = 1, but it is not untenable 

when we consider that we can formalize the proof knowing only that limit laws preserve 

the arithmetic operations. 

 

 

 

 

 

 

Topic : Difference Equations  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand differential equation 

 Understand differential equation types 

  

  

Definition/Overview: 

Differential Equation: A differential equation is a mathematical equation for an unknown 

function of one or several variables that relates the values of the function itself and of its 
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derivatives of various orders. Differential equations play a prominent role in engineering, 

physics, economics and other disciplines. 

  

  

Key Points: 

1. Differential Equation 

A differential equation is a mathematical equation for an unknown function of one or several 

variables that relates the values of the function itself and of its derivatives of various orders. 

Differential equations play a prominent role in engineering, physics, economics and other 

disciplines. 

Differential equations arise in many areas of science and technology; whenever a deterministic 

relationship involving some continuously changing quantities (modeled by functions) and their 

rates of change (expressed as derivatives) is known or postulated. This is well illustrated by 

classical mechanics, where the motion of a body is described by its position and velocity as the 

time varies. Newton's Laws allow one to relate the position, velocity, acceleration and various 

forces acting on the body and state this relation as a differential equation for the unknown 

position of the body as a function of time. In many cases, this differential equation may be 

solved explicitly, yielding the law of motion. 

Differential equations are mathematically studied from several different perspectives, mostly 

concerned with their solutions, functions that make the equation hold true. Only the simplest 

differential equations admit solutions given by explicit formulas. Many properties of solutions of 

a given differential equation may be determined without finding their exact form. If a self-

contained formula for the solution is not available, the solution may be numerically 

approximated using computers. The theory of dynamical systems puts emphasis on qualitative 

analysis of systems described by differential equations, while many numerical methods have 

been developed to determine solutions with a given degree of accuracy.  
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2. Directions of Study 

The study of differential equations is a wide field in pure and applied mathematics, physics, and 

engineering. All of these disciplines are concerned with the properties of differential equations of 

various types. Pure mathematics focuses on the existence and uniqueness of solutions, while 

applied mathematics emphasizes the rigorous justification of the methods for approximating 

solutions. Differential equations play an important role in modeling virtually every physical, 

technical, or biological process, from celestial motion to bridge design, to interactions between 

neurons. Differential equations such as those used to solve real-life problems may not necessarily 

be directly solvable, i.e. do not have closed form solutions. Instead, solutions can be 

approximated using numerical methods. 

Mathematicians also study weak solutions (relying on weak derivatives), which are types of 

solutions that do not have to be differentiable everywhere. This extension is often necessary for 

solutions to exist, and it also results in more physically reasonable properties of solutions, such 

as possible presence of shocks for equations of hyperbolic type. The study of the stability of 

solutions of differential equations is known as stability theory. 

  

3. Types of Differential Equations 

 An ordinary differential equation (ODE) is a differential equation in which the unknown function 

is a function of a single independent variable. 

 A partial differential equation (PDE) is a differential equation in which the unknown function is 

a function of multiple independent variables and their partial derivatives. 

 A delay differential equation (DDE) is a differential equation in which the derivative of the 

unknown function at a certain time is given in terms of the values of the function at previous 

times. 

 A stochastic differential equation (SDE) is a differential equation in which one or more of the 

terms is a stochastic process, thus resulting in a solution which is itself a stochastic process. 

 A differential algebraic equation (DAE) is a differential equation comprising differential and 

algebraic terms, given in implicit form. 
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Each of those categories is divided into linear and nonlinear subcategories. A differential 

equation is linear if the dependent variable and all its derivatives appear to the power 1 and there 

are no products or functions of the dependent variable. Otherwise the differential equation is 

nonlinear. Thus if u′ denotes the first derivative of the function u, then the equation 

 

is linear, while the equation 

 

is nonlinear. Solutions of a linear equation in which the unknown function or its derivative(s) 

appear in each term (linear homogeneous equations) may be added together or multiplied by an 

arbitrary constant in order to obtain additional solutions of that equation, but there is no general 

way to obtain families of solutions of nonlinear equations, except when they exhibit symmetries; 

see symmetries and invariants. Linear equations frequently appear as approximations to 

nonlinear equations, and these approximations are only valid under restricted conditions. 

Another important characteristic of a differential equation is its order, which is the order of the 

highest derivative (of a dependent variable) appearing in the equation. For instance, a first-order 

differential equation contains only first derivatives, like both examples above. 

 

 

Topic : Polynomial Interpolation 

 

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Polynomial Interpolation 

 Understand Constructing the interpolation polynomial 

 Understand Non-Vandermonde solutions 

 Understand Interpolation error 

 Understand Convergence properties  
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Definition/Overview: 

Polynomial Interpolation: In the mathematical subfield of numerical analysis, polynomial 

interpolation is the interpolation of a given data set by a polynomial. In other words, given some 

data points (such as obtained by sampling), the aim is to find a polynomial which goes exactly 

through these points. 

  

  

Key Points: 

1.  Polynomial Interpolation Application 

Polynomials can be used to approximate more complicated curves, for example, the shapes of 

letters in typography, given a few points. A related application is the evaluation of the natural 

logarithm and trigonometric functions: pick a few known data points, create a lookup table, and 

interpolate between those data points. This results in significantly faster computations. 

Polynomial interpolation also forms the basis for algorithms in numerical quadrature and 

numerical ordinary differential equations. 

Polynomial interpolation is also essential to perform sub-quadratic multiplication and squaring 

such as Karatsuba multiplication and ToomCook multiplication, where an interpolation through 

points on a polynomial which defines the product yields the product itself. For example, given a 

= f(x) = a0x
0
 + a1x

1
 + ... and b = g(x) = b0x

0
 + b1x

1
 + ... then the product ab is equivalent to W(x) 

= f(x)g(x). Finding points along W(x) by substituting x for small values in f(x) and g(x) yields 

points on the curve. Interpolation based on those points will yield the terms of W(x) and 

subsequently the product ab. In the case of Karatsuba multiplication this technique is 

substantially faster than quadratic multiplication, even for modest-sized inputs. This is especially 

true when implemented in parallel hardware. 
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2. Constructing the Interpolation Polynomial 

Suppose that the interpolation polynomial is in the form 

 

The statement that p interpolates the data points means that 

 

If we substitute equation (1) in here, we get a system of linear equations in the coefficients ak. 

The system in matrix-vector form reads 

 

We have to solve this system for ak to construct the interpolant p(x). 

The matrix on the left is commonly referred to as a Vandermonde matrix. Its determinant is 

nonzero, which proves the unisolvence theorem: there exists a unique interpolating polynomial. 

The condition number of the Vandermonde matrix may be large, causing large errors when 

computing the coefficients ai if the system of equations is solved using Gauss elimination. 

Several authors have therefore proposed algorithms which exploit the structure of the 

Vandermonde matrix to compute numerically stable solutions in operations instead of the 

required by Gaussian elimination.
[2][3][4]

 These methods rely on constructing first a 

Newton interpolation of the polynomial and then converting it to the monomial form above. 

  

3. Non-Vandermonde Solutions 

We are trying to construct our unique interpolation polynomial in the vector space Πn that is the 

vector space of polynomials of degree n. When using a monomial basis for Πn we have to solve 

the Vandermonde matrix to construct the coefficients ak for the interpolation polynomial. This 

can be a very costly operation (as counted in clock cycles of a computer trying to do the job). By 

choosing another basis for Πn we can simplify the calculation of the coefficients but then we 
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have to do additional calculations when we want to express the interpolation polynomial in terms 

of a monomial basis. 

One method is to write the interpolation polynomial in the Newton form and use the method of 

divided differences to construct the coefficients, e.g. Neville's algorithm. The cost is O(n
2
) 

operations, while Gaussian elimination costs O(n
3
) operations. Furthermore, you only need to do 

a bit of extra work if an extra point is added to the data set, while for the other methods, you 

have to redo the whole computation. 

Another method is to use the Lagrange form of the interpolation polynomial. The resulting 

formula immediately shows that the interpolation polynomial exists under the conditions stated 

in the above theorem. 

The Bernstein form was used in a constructive proof of the Weierstrass approximation theorem 

by Bernstein and has nowadays gained great importance in computer graphics in the form of 

Bezier curves. 

  

4. Interpolation Error 

When interpolating a given function f by a polynomial of degree n at the nodes x0,...,xn we get 

the error 

 

where 

 

is the notation for divided differences. When f is n+1 times continuously differentiable on the 

smallest interval I which contains the nodes xi and x then we can write the error in the Lagrange 

form as 
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for some ξ in I. Thus the remainder term in the Lagrange form of the Taylor theorem is a special 

case of interpolation error when all interpolation nodes xi are identical. 

In the case of equally spaced interpolation nodes xi = x0 + ih, it follows that the interpolation 

error is O(h
n
). However, this does not yield any information on what happens when . 

That question is treated in the section Convergence properties. 

The above error bound suggests choosing the interpolation points xi such that the product | ∏ (x 

− xi) | is as small as possible. The Chebyshev nodes achieve this. 

  

5. Convergence Properties 

It is natural to ask, for which classes of functions and for which interpolation nodes the sequence 

of interpolating polynomials converges to the interpolated function as the degree n goes to 

infinity? Convergence may be understood in different ways, e.g. pointwise, uniform or in some 

integral norm. 

The situation is rather bad for equidistant nodes, in that uniform convergence is not even 

guaranteed for infinitely differentiable functions. One classical example, due to Carle Runge, is 

the function f(x) = 1 / (1 + x
2
) considered on the interval [−5, 5]. The interpolation error ||f − pn||∞ 

grows without bound as n → ∞. Another example is the function f(x) = |x| on the interval [−1, 1], 

for which the interpolating polynomials do not even converge pointwise except at the three 

points x = −1, 0, and 1. 

One might think that better convergence properties may be obtained by choosing different 

interpolation nodes. The following theorem seems to be a rather encouraging answer: 

For any function f(x) continuous on an interval [a,b] there exists a table of nodes for which the 

sequence of interpolating polynomials pn(x) converges to f(x) uniformly on [a,b]. 

Proof. It's clear that the sequence of polynomials of best approximation converges to f(x) 

uniformly (due to Weierstrass approximation theorem). Now we have only to show that each 

may be obtained by means of interpolation on certain nodes. But this is true due to a 

special property of polynomials of best approximation known from the Chebyshev alternation 

theorem. Specifically, we know that such polynomials should intersect f(x) at least n+1 times. 
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Choosing the points of intersection as interpolation nodes we obtain the interpolating polynomial 

coinciding with the best approximation polynomial. 

The defect of this method, however, is that interpolation nodes should be calculated anew for 

each new function f(x), but the algorithm is hard to be implemented numerically. Does there 

exist a single table of nodes for which the sequence of interpolating polynomials converge to any 

continuous function f(x)? The answer is unfortunately negative as it is stated by the following 

theorem: 

For any table of nodes there is a continuous function f(x) on an interval [a,b] for which the 

sequence of interpolating polynomials diverges on [a,b]. 

The proof essentially uses the lower bound estimation of the Lebesgue constant, which we 

defined above to be the operator norm of Xn (where Xn is the projection operator on Πn). Now 

we seek a table of nodes for which 

for any  

Due to the Banach-Steinhaus theorem, this is only possible when norms of Xn are uniformly 

bounded, which cannot be true since we know that  

 

For example, if equidistant points are chosen as interpolation nodes, the function from Runge's 

phenomenon demonstrates divergence of such interpolation. Note that this function is not only 

continuous but even infinitely times differentiable on [−1, 1]. For better Chebyshev nodes, 

however, such an example is much harder to find because of the theorem: 

For every absolutely continuous function on [−1, 1] the sequence of interpolating polynomials 

constructed on Chebyshev nodes converges to f(x) uniformly. 

 

Topic : Formulas Using Function Values  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Functions 
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 Understand Functions roles 

  

  

Definition/Overview: 

Function: The mathematical concept of a function expresses dependence between two 

quantities, one of which is given (the independent variable, argument of the function, or its 

"input") and the other produced (the dependent variable, value of the function, or "output"). A 

function associates a single output to each input element drawn from a fixed set, such as the real 

numbers. 

  

  

Key Points: 

1. Functions  

The mathematical concept of a function expresses dependence between two quantities, one of 

which is given (the independent variable, argument of the function, or its "input") and the other 

produced (the dependent variable, value of the function, or "output"). A function associates a 

single output to each input element drawn from a fixed set, such as the real numbers. 

There are many ways to give a function: by a formula, by a plot or graph, by an algorithm that 

computes it, by a description of its properties. Sometimes, a function is described through its 

relationship to other functions. In applied disciplines, functions are frequently specified by their 

tables of values or by a formula. Not all types of description can be given for every possible 

function, and one must make a firm distinction between the function itself and multiple ways of 

presenting or visualizing it. 

One idea of enormous importance in all of mathematics is composition of functions: if z is a 

function of y and y is a function of x, then z is a function of x. We may describe it informally by 

saying that the composite function is obtained by using the output of the first function as the 
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input of the second one. This feature of functions distinguishes them from other mathematical 

constructs, such as numbers or figures, and provides the theory of functions with its most 

powerful structure. 

  

2. Functions Roles 

 Functions play a fundamental role in all areas of mathematics, as well as in other sciences and 

engineering. However, the intuition pertaining to functions, notation, and even the very meaning 

of the term "function" varies between the fields. More abstract areas of mathematics, such as set 

theory, consider very general types of functions, which may not be specified by a concrete rule 

and are not governed by any familiar principles. The characteristic property of a function in the 

most abstract sense is that it relates exactly one output to each of its admissible inputs. Such 

functions need not involve numbers and may, for example, associate each of a set of words with 

their own first letters. 

  Functions in algebra are usually expressible in terms of algebraic operations. Functions studied 

in analysis, such as the exponential function, may have additional properties arising from 

continuity of space, but in the most general case cannot be defined by a single formula. Analytic 

functions in complex analysis may be defined fairly concretely through their series expansions. 

On the other hand, in lambda calculus, function is a primitive concept, instead of being defined 

in terms of set theory. The terms transformation and mapping are often synonymous with 

function. In some contexts, however, they differ slightly. In the first case, the term 

transformation usually applies to functions whose inputs and outputs are elements of the same set 

or more general structure. Thus, we speak of linear transformations from a vector space into 

itself and of symmetry transformations of a geometric object or a pattern. In the second case, 

used to describe sets whose nature is arbitrary, the term mapping is the most general concept of 

function. 

  Mathematical functions are denoted frequently by letters, and the standard notation for the 

output of a function with the input x is (x). A function may be defined only for certain inputs, 

and the collection of all acceptable inputs of the function is called its domain. The set of all 

resulting outputs is called the range of the function. However, in many fields, it is also important 

to specify the codomain of a function, which contains the range, but need not be equal to it. The 
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distinction between range and codomain lets us ask whether the two happen to be equal, which in 

particular cases may be a question of some mathematical interest.  For example, the expression 

(x) = x2 describes a function of a variable x, which, depending on the context, may be an integer, 

a real or complex number or even an element of a group. Let us specify that x is an integer; then 

this function relates each input, x, with a single output, x2, obtained from x by squaring. Thus, 

the input of 3 is related to the output of 9, the input of 1 to the output of 1, and the input of −2 to 

the output of 4, and we write (3) = 9, (1)=1, (−2)=4. Since every integer can be squared, the 

domain of this function consists of all integers, while its range is the set of perfect squares. If we 

choose integers as the codomain as well, we find that many numbers, such as 2, 3, and 6, are in 

the codomain but not the range. 

 As functions take on new roles and find new uses, the relationship of the function to the sets 

requires more precision. Perhaps every element in Y is associated with some x, perhaps not. In 

some parts of mathematics, including recursion theory and functional analysis, it is convenient to 

allow values of x with no association (in this case, the term partial function is often used). To be 

able to discuss such distinctions, many authors split a function into three parts, each a set: 

 

 

Topic : Error Terms  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Errors 

 Understand Terms of Errors 

  

  

Definition/Overview: 

Error: Error refers to a difference between actual behavior or measurement and the norms or 

expectations for the behavior or measurement. The concrete meaning of the Latin word error 

means "ramble" or "misconception", although the metaphorical meaning "mistake, 

misapprehension" is more common. 
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Key Points: 

 1. Error in Engineering 

In engineering, an error is a difference between the desired and actual performance and behavior 

of a system or object. Engineers often seek to design systems in such a way as to mitigate or 

preferably avoid the effects of error, whether unintentional or not. One type of error is human 

error which includes cognitive bias. Human factors engineering is often applied to designs in an 

attempt to minimize this type of error by making systems more forgiving or error-tolerant. 

Errors in a system can also be latent design errors that may go unnoticed for years, until the right 

set of circumstances arises that cause them to become active. 

  

1.1. Observational Error 

Observational error is the difference between a measured value of quantity and its true 

value. In statistics, an error is not a "mistake". Variability is an inherent part of things 

being measured and of the measurement process. When either randomness or uncertainty 

modeled by probability theory is attributed to such errors, they are "errors" in the sense in 

which that term is used in statistics; see errors and residuals in statistics. 

Every time we repeat a measurement with a sensitive instrument, we obtain slightly 

different results. The common statistical model we use is that the error has two additive 

parts: 

o Systematic error which always occurs (with the same value) when we use the 

instrument in the same way, and 

o Random error which may vary from observation to observation. 

The systematic error is sometimes called statistical bias. It is controlled by very carefully 

standardized procedures. Part of the education in every science is how to use the standard 
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instruments of the discipline. The random error (or random variation) is due to factors 

which we cannot (or do not) control. It may be too expensive or we may be too ignorant 

of these factors to control them each time we measure. It may even be that whatever we 

are trying to measure is changing in time, or is fundamentally probabilistic. Random error 

often occurs when instruments are pushed to their limits. 

  

2. Error Correction 

Norman (1986, 1988) argued that because error is inevitable, designers should minimize the 

causes of error, make it possible to undo erroneous actions and make it easier to discover and 

correct errors. Edmondsons research focuses on pinpointing specific conditions on group levels 

which can influence the degree of errors caught and corrected. Although her study was in a 

specific sector (medicine) some of her conditions can be generalized: a) Unit Leader behaviours. 

b) Unit performance outcomes c) Unit shared beliefs. 

Unit leader behaviours are crucial in creating a culture in which openness of discussing errors, 

through their open and stimulating behaviour, are used as an example for the others. The unit 

performance outcomes consist of factors such as quality of interpersonal relations, unit 

performance and detected error rates. The leader behaviour and the performance outcomes result 

in shared beliefs. The shared beliefs of error report that first of all, everybody should accept that 

making mistakes is normal and that it will not be used against one (Helmreich, 1988). Further, 

the more errors are reported and discussed, the bigger the incentive should be to report and solve 

other errors. 

Jones (1999) adds that technocratic movements have a positive influence on error correction due 

improved communication. Technological improvements stimulate collaborate thinking and 

striving for optimalization of systems. Through this, error correction is maximalized. Tsuvijek 

(1988) implies how technology on one hand can improve error correction, but on the other hand 

cause more errors due to decreased human intervention. 
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Topic : Formulas Using Derivatives  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Derivatives  

 Understand derivative formulas  

  

  

Definition/Overview: 

Derivative: In calculus, a branch of mathematics, the derivative is a measurement of how a 

function changes when the values of its inputs change. Loosely speaking, a derivative can be 

thought of as how much a quantity is changing at some given point. 

  

  

Key Points: 

1. Derivatives 

The derivative of a function at a chosen input value describes the best linear approximation of 

the function near that input value. For a real-valued function of a single real variable, the 

derivative at a point equals the slope of the tangent line to the graph of the function at that point. 

In higher dimensions, the derivative of a function at a point is a linear transformation called the 

linearization. The process of finding a derivative is called differentiation. The fundamental 

theorem of calculus states that differentiation is the reverse process to integration.  
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2. Derivative Formulas 

2.1. Constant Rule 

If y = k, then y
'
 = 0  

The Derivative of a Constant is 0 

If (x) = k for some constant k, then '(x) = 0 

2.2. Power Rule 

If y = x", then y' = nx
n-1

 

If is a differentiable function, and if (x) = x", then '(x) = nx
n-1

 for any real number n 

  

2.3. Exponential Rule 

If y = e
x
, then y' = e

x
 

  

2.4. Logarithm Rule 

If y = 1n|x|, then y' = 1/x 

  

2.5. Constant Times a Function Rule 

If y = k, then y' = kf ' 

  

2.6. Sum Rule 

If y = g, then y' = ' g' 

  

2.7. Product Rule 

If y = g, then y' = g' ' g 

If and g are differentiable functions such that y = (x)g(x), then y' = (x)g' ' (x)g(x) 

  

2.8. Difference Rule 

If y = - g, then y' = ' - g' 

  

2.9. Quotient Rule 
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To remember this formula: Simply remember that b comes before t in the alphabet Thus, 

the bottom function times the derivative of the top minus the top times the derivative of 

the bottom, all divided by the bottom squared! 

  

2.10. Chain Rule: 

If y is a differentiable function of u and u is a differentiable function of x and 

 

 

 

 

 

 

 

 

Topic : Formulas Using Differences  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Finite Differences 

 Understand the Formulas using differences 

  

  

Definition/Overview: 

Finite Difference: A finite difference is a mathematical expression of the form f(x + b) − f(x + 

a). If a finite difference is divided by b − a, one gets a difference quotient.  
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Key Points: 

1. Finite Differences 

A finite difference is a mathematical expression of the form f(x + b) − f(x + a). If a finite 

difference is divided by b − a, one gets a difference quotient. The approximation of derivatives 

by finite differences plays a central role in finite difference methods for the numerical solution of 

differential equations, especially boundary value problems. 

In mathematical analysis, operators involving finite differences are studied. A difference 

operator is an operator which maps a function f to a function whose values are the corresponding 

finite differences.  

  

2. Forms of Differences 

Only three forms are commonly considered: forward, backward, and central differences. 

A forward difference is an expression of the form 

 

Depending on the application, the spacing h may be variable or held constant. 

A backward difference uses the function values at x and x − h, instead of the values at x + h and 

x: 

 

Finally, the central difference is given by 

 

The derivative of a function f at a point x is defined by the limit 

 

If h has a fixed (non-zero) value, instead of approaching zero, then the right-hand side is 
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Hence, the forward difference divided by h approximates the derivative when h is small. The 

error in this approximation can be derived from Taylor's theorem. Assuming that f is 

continuously differentiable, the error is 

 

The same formula holds for the backward difference: 

 

However, the central difference yields a more accurate approximation. Its error is proportional to 

square of the spacing (if f is twice continuously differentiable): 

 

An important application of finite differences is in numerical analysis, especially in numerical 

ordinary differential equations and numerical partial differential equations, which aim at the 

numerical solution of ordinary and partial differential equations respectively. The idea is to 

replace the derivatives appearing in the differential equation by finite differences that 

approximate them. The resulting methods are called finite difference methods. 

 Common applications of the finite difference method are in computational science and 

engineering disciplines, such as thermal engineering, fluid mechanics, etc. 

 

 

 In Section 3 of this course you will cover these topics: 

 Formulas Using The Sample Points As Parameters 

 Composite Fornulas 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

65
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



 Indefinite Integrals 

 Introduction To Differential Equations 

 A General Theory Of Predictor-Corrector Methods 

 Special Methods Of Integrating Simple Differential Equations 

 Least Square Method 

 Orthogonal Functions 

 Rational Function Approximation 

 

Topic : Formulas Using The Sample Points As Parameters  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand parameters 

 Understand parameters in engineering 

  

  

Definition/Overview: 

Parameters: In mathematics, statistics, and the mathematical sciences, a parameter (G: auxiliary 

measure) is a quantity that defines certain characteristics of systems or functions. In different 

contexts the term may have special usage. 
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Key Points: 

1. Parameters in Mathematics 

Mathematical functions typically can have one or more variables and zero or more parameters. 

The two are often distinguished by being grouped separately in the list of arguments that the 

function takes: 

 

The symbols before the semicolon in the function's definition, in this example the x's, denote 

variables, while those after it, in this example the a's, denote parameters. 

Strictly speaking, parameters are denoted by the symbols that are part of the function's definition, 

while arguments are the values that are supplied to the function when it is used. Thus, a 

parameter might be something like "the ratio of the cylinder's radius to its height", while the 

argument would be something like "2" or "0.1". 

In some informal situations people regard it as a matter of convention (and therefore a historical 

accident) whether some or all the arguments of a function are called parameters. 

In the special case of parametric equations the independent variables are called the parameters. 

  

2. Parameters in Engineering 

In engineering (especially involving data acquisition) the term parameter sometimes loosely 

refers to an individual measured item. This usage isn't consistent, as sometimes the term channel 

refers to an individual measured item, with parameter referring to the setup information about 

that channel. "Speaking generally, properties are those physical quantities which directly 

describe the physical attributes of the system; parameters are those combinations of the 

properties which suffice to determine the response of the system. Properties can have all sorts of 

dimensions, depending upon the system being considered; parameters are dimensionless, or have 

the dimension of time or its reciprocal." The term can also be used in engineering contexts, 

however, as it is typically used in the physical sciences. 
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Topic : Composite Fornulas 

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Composite 

 Understand composite formulas 

  

  

Definition/Overview:  

[None] 

  

  

Key Points:  

1. Composite 

In mathematics, a composite function represents the application of one function to the results of 

another. For instance, the functions f: X → Y and g: Y → Z can be composed by first applying f 

to an argument x and then applying g to the result. Thus one obtains a function g o f: X → Z 

defined by (g o f)(x) = g(f(x)) for all x in X. The notation g o f is read as "g circle f", or "g 

composed with f", "g following f", or just "g of f". 

The composition of functions is always associative. That is, if f, g, and h are three functions with 

suitably chosen domains and codomains, then f o (g o h) = (f o g) o h. Since there is no 

distinction between the choices of placement of parentheses, they may be safely left off. 

The functions g and f are said to commute with each other if g o f = f o g. In general, 

composition of functions will not be commutative. Commutativity is a special property, attained 

only by particular functions, and often in special circumstances. For example, 

only when . But inverse functions always commute to produce the 

identity mapping. 
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Considering functions as special cases of relations (namely functional relations), one can 

analogously define composition of relations, which gives the formula for in 

terms of and . 

Derivatives of compositions involving differentiable functions can be found using the chain rule. 

Higher derivatives of such functions are given by Fa di Bruno's formula. 

  

2. Functional Powers 

If then may compose with itself; this is sometimes denoted . Thus: 

 

 

Repeated composition of a function with itself is called function iteration. 

The functional powers for natural follow immediately. 

 By convention, the identity map on the domain of . 

 If admits an inverse function, negative functional powers are 

defined as the opposite power of the inverse function, . 

Note: If f takes its values in a ring (in particular for real or complex-valued f ), there is a risk of 

confusion, as f 
n
 could also stand for the n-fold product of f, e.g. f 

2
(x) = f(x)  f(x). 

(For trigonometric functions, usually the latter is meant, at least for positive exponents. For 

example, in trigonometry, this superscript notation represents standard exponentiation when used 

with trigonometric functions: sin
2
(x) = sin(x)  sin(x). However, for negative exponents 

(especially −1), it nevertheless usually refers to the inverse function, e.g., tan
−1

 = arctan (≠ 1/tan). 

In some cases, an expression for f in g(x) = f 
r
(x) can be derived from the rule for g given non-

integer values of r. This is called fractional iteration. A simple example would be that where f is 

the successor function, f 
r
(x) = x + r. 

Iterated functions occur naturally in the study of fractals and dynamical systems. 

  

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

69
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



3. Composition Monoids 

Suppose one has two (or more) functions f: X → X, g: X → X having the same domain and 

range. Then one can form long, potentially complicated chains of these functions composed 

together, such as f o f o g o f. Such long chains have the algebraic structure of a monoid, 

sometimes called the composition monoid. In general, composition monoids can have 

remarkably complicated structure. One particular notable example is the de Rham curve. The set 

of all functions f: X → X is called the full transformation semigroup on X. 

If the functions are bijective, then the set of all possible combinations of these functions form a 

group; and one says that the group is generated by these functions. 

The set of all bijective functions f: X → X form a group with respect to the composition 

operator. This is the symmetric group, also sometimes called the composition group. 

  

4. Alternative Notation 

In the mid-20th century, some mathematicians decided that writing "g o f" to mean "first apply f, 

then apply g" was too confusing and decided to change notations. They wrote "xf" for "f(x)" and 

"xfg" for "g(f(x))". This can be more natural and seem simpler than writing functions on the left 

in some areas, and is called postfix notation. For instance, in linear algebra, where x is a row 

vector and f and g denote matrices and the composition is by matrix multiplication. The order is 

important because this multiplication is non-commutative. Successive transformations applying 

and composing to the right agrees with the left-to-right reading sequence. 

Category Theory uses f;g interchangeably with g o f. To distinguish the left composition operator 

from a text semicolon, in the Z notation a fat semicolon ⨟  is used for left relation composition. 

Since all functions are binary relations, it is correct to use the fat semicolon for function 

composition as well. 
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5. Composition Operator 

Given a function g, the composition operator Cg is defined as that operator which maps functions 

to functions as 

 

Composition operators are studied in the field of operator theory. 

 

 

 

 

 

 

Topic : Indefinite Integrals  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Indefinite Integrals 

 Understand its formulas 

 Understand Truncation error  

  

  

Definition/Overview:  

Indefinite Integrals: The term "integral" may also refer to the notion of antiderivative, a 

function F whose derivative is the given function f. In this case it is called an indefinite integral 

  

  

Key Points:  

1. Indefinite Integrals 

In calculus, an antiderivative, primitive or indefinite integral of a function f is a function F whose 

derivative is equal to f, i.e., F ′ = f. The process of solving for antiderivatives is 

antidifferentiation (or indefinite integration). Antiderivatives are related to definite integrals 
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through the fundamental theorem of calculus, and provide a convenient means for calculating the 

definite integrals of many functions. 

  

2. Uses and Formulas 

Antiderivatives are important because they can be used to compute definite integrals, using the 

fundamental theorem of calculus: if F is an antiderivative of the integrable function f, then: 

 

Because of this, each of the infinitely many antiderivatives of a given function f is sometimes 

called the "general integral" or "indefinite integral" of f and is written using the integral symbol 

with no bounds: 

 

If F is an antiderivative of f, and the function f is defined on some interval, then every other 

antiderivative G of f differs from F by a constant: there exists a number C such that G(x) = F(x) 

+ C for all x. C is called the arbitrary constant of integration. If the domain of F is a disjoint 

union of two or more intervals, then a different constant of integration may be chosen for each of 

the intervals. For instance 

 

is the most general antiderivative of f(x) = 1 / x
2
 on its natural domain  

Every continuous function f has an antiderivative, and one antiderivative F is given by the 

definite integral of f with variable upper boundary: 

 

Varying the lower boundary produces other antiderivatives (but not necessarily all possible 

antiderivatives). This is another formulation of the fundamental theorem of calculus. 

There are many functions whose antiderivatives, even though they exist, cannot be expressed in 

terms of elementary functions (like polynomials, exponential functions, logarithms, 
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trigonometric functions, inverse trigonometric functions and their combinations). Examples of 

these are 

 

  

3. Truncation Error 

Truncation error or discretization error is error made by numerical algorithms that arises from 

taking finite number of steps in computation. It is present even with infinite-precision arithmetic, 

because it is caused by truncation of the infinite Taylor series to form the algorithm. 

Use of arbitrarily small steps in numerical computation is prevented by round-off error, which 

are the consequence of using finite precision floating point numbers on computers. 

When we have , the remainder or chopped portion is known as 

truncation error. 

 

 

 

 

 

 

Topic : Introduction To Differential Equations  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Differential Equations 

 Understand its uses 

  

  

Definition/Overview: 

 Differential Equation: A differential equation is a mathematical equation for an unknown 

function of one or several variables that relates the values of the function itself and of its 
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derivatives of various orders. Differential equations play a prominent role in engineering, 

physics, economics and other disciplines. 

  

  

Key Points: 

1. Differential Equation 

A differential equation is a mathematical equation for an unknown function of one or several 

variables that relates the values of the function itself and of its derivatives of various orders. 

Differential equations play a prominent role in engineering, physics, economics and other 

disciplines. 

Differential equations arise in many areas of science and technology; whenever a deterministic 

relationship involving some continuously changing quantities (modeled by functions) and their 

rates of change (expressed as derivatives) is known or postulated. This is well illustrated by 

classical mechanics, where the motion of a body is described by its position and velocity as the 

time varies. Newton's Laws allow one to relate the position, velocity, acceleration and various 

forces acting on the body and state this relation as a differential equation for the unknown 

position of the body as a function of time. In many cases, this differential equation may be 

solved explicitly, yielding the law of motion. 

Differential equations are mathematically studied from several different perspectives, mostly 

concerned with their solutions, functions that make the equation hold true. Only the simplest 

differential equations admit solutions given by explicit formulas. Many properties of solutions of 

a given differential equation may be determined without finding their exact form. If a self-

contained formula for the solution is not available, the solution may be numerically 

approximated using computers. The theory of dynamical systems puts emphasis on qualitative 

analysis of systems described by differential equations, while many numerical methods have 

been developed to determine solutions with a given degree of accuracy.  
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2. Directions of Study 

The study of differential equations is a wide field in pure and applied mathematics, physics, and 

engineering. All of these disciplines are concerned with the properties of differential equations of 

various types. Pure mathematics focuses on the existence and uniqueness of solutions, while 

applied mathematics emphasizes the rigorous justification of the methods for approximating 

solutions. Differential equations play an important role in modeling virtually every physical, 

technical, or biological process, from celestial motion to bridge design, to interactions between 

neurons. Differential equations such as those used to solve real-life problems may not necessarily 

be directly solvable, i.e. do not have closed form solutions. Instead, solutions can be 

approximated using numerical methods. 

Mathematicians also study weak solutions (relying on weak derivatives), which are types of 

solutions that do not have to be differentiable everywhere. This extension is often necessary for 

solutions to exist, and it also results in more physically reasonable properties of solutions, such 

as possible presence of shocks for equations of hyperbolic type. The study of the stability of 

solutions of differential equations is known as stability theory. 

  

3. Types of Differential Equations 

 An ordinary differential equation (ODE) is a differential equation in which the unknown function 

is a function of a single independent variable. 

 A partial differential equation (PDE) is a differential equation in which the unknown function is 

a function of multiple independent variables and their partial derivatives. 

 A delay differential equation (DDE) is a differential equation in which the derivative of the 

unknown function at a certain time is given in terms of the values of the function at previous 

times. 

 A stochastic differential equation (SDE) is a differential equation in which one or more of the 

terms is a stochastic process, thus resulting in a solution which is itself a stochastic process. 

 A differential algebraic equation (DAE) is a differential equation comprising differential and 

algebraic terms, given in implicit form. 
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Each of those categories is divided into linear and nonlinear subcategories. A differential 

equation is linear if the dependent variable and all its derivatives appear to the power 1 and there 

are no products or functions of the dependent variable. Otherwise the differential equation is 

nonlinear. Thus if u′ denotes the first derivative of the function u, then the equation 

 

is linear, while the equation 

 

is nonlinear. Solutions of a linear equation in which the unknown function or its derivative(s) 

appear in each term (linear homogeneous equations) may be added together or multiplied by an 

arbitrary constant in order to obtain additional solutions of that equation, but there is no general 

way to obtain families of solutions of nonlinear equations, except when they exhibit symmetries; 

see symmetries and invariants. Linear equations frequently appear as approximations to 

nonlinear equations, and these approximations are only valid under restricted conditions. 

Another important characteristic of a differential equation is its order, which is the order of the 

highest derivative (of a dependent variable) appearing in the equation. For instance, a first-order 

differential equation contains only first derivatives, like both examples above. 

 

 

 

 

 

 

Topic : A General Theory Of Predictor-Corrector Methods  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Predictor-corrector method  

 Understand Truncation Error 

 Understand  Euler Method 
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Definition/Overview: 

Predictor-Corrector Method: The method is based on the fact that at each iteration of an 

interior point algorithm it is necessary to compute the Cholesky decomposition (factorization) of 

a large matrix in order to find the search direction. The factorization step is the most 

computationally expensive step in the algorithm. Therefore it makes sense to use the same 

decomposition more than once before recomputing it.  

  

  

Key Points: 

1.  Introduction 

The method is based on the fact that at each iteration of an interior point algorithm it is necessary 

to compute the Cholesky decomposition (factorization) of a large matrix in order to find the 

search direction. The factorization step is the most computationally expensive step in the 

algorithm. Therefore it makes sense to use the same decomposition more than once before 

recomputing it. At each iteration of the algorithm, Mehrotra's predictor-corrector method uses 

the same Cholesky decomposition to find two different directions: a predictor and a corrector. 

The idea is to first compute an optimizing search direction based on a first order term (predictor). 

The step size that can be taken in this direction is used to evaluate how much centrality 

correction is needed. Then, a corrector term is computed: this contains both a centrality term and 

a second order term. The complete search direction is the sum of the predictor direction and the 

corrector direction. 

Although there is no theoretical complexity bound on it yet, Mehrotra's predictor-corrector 

method is widely used in practice. Its corrector step uses the same Cholesky decomposition 

found during the predictor step in an effective way, and thus it is only marginally more 

expensive than a standard interior point algorithm. However, the additional overhead per 
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iteration is usually paid off by a reduction in the number of iterations needed to reach an optimal 

solution. It also appears to converge very fast when close to the optimum.  

  

2. Truncation Error 

The global truncation error at the nth step is the cumulative total of the truncation error at the 

previous steps and is En = Yn - yn. In contrast, the local truncation error for the nth step is en = 

Yn - yn*, where yn* the exact solution of our differential equation but with the initial condition 

yn-1*=Yn-1. Note that En is not simply the sum of en. It also depends on the stability of the 

method (see section 6.7 for details) and we aim for En = O(en). 

  

3. Euler Method 

The Euler method is the simplest finite difference scheme to understand and implement. By 

approximating the derivative in Y'n = f(tn,Yn) as Y'n =~ (Yn+1 - Yn)/Dt, in our differential 

equation for Yn we obtain Yn+1 = Yn + Dtf(tn,Yn). 

Given the initial/boundary condition Y0 = c, we may obtain Y1 from Y0 + Dtf(t0,Y0), Y2 from 

Y1 + Dtf(t1,Y1) and so on, marching forwards through time.  

The Euler method is termed an explicit method because we are able to write down an explicit 

solution for Yn+1 in terms of "known" values at tn. Inspection of our approximation for Y'n 

shows the error term is of order Dt2 in our time step formula. This shows that the Euler method 

is a first order method. Moreover it can be shown that if Yn=yn+O(Dt2), then 

Yn+1=yn+1+O(Dt2) provided the scheme is stable. 

  

4. Predictor-Corrector Methods  

The idea behind the predictor-corrector methods is to use a suitable combination of an explicit 

and an implicit technique to obtain a method with better convergence characteristics. The 
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combination of the FE and the AM2 methods is employed often. Here, we use the FE as a 

predictor equation to get y
p

n+1 and subsequently use the AM2 as a corrector equation to get the 

final computed solution yn+1. The method, referred to as the Euler-Trapezoidal method is given 

below. 

 

 

Note that in the second (corrector) step, the implicit term for the AM2, f(yn+1,tn+1) is replaced 

with f(y
p

n+1,tn+1), i.e., the value of f evaluated at the predicted y
p

n+1 is used. Hence, the predictor-

corrector method described above is an explicit method. 

 

 

 

 

 

 

Topic : Special Methods Of Integrating Simple Differential Equations  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Integration 

 Understand uses and functions 

 Understand methods 

  

Definition/Overview: 

Integration or Antiderivative: In calculus, an antiderivative, primitive or indefinite integral of a 

function f is a function F whose derivative is equal to f, i.e., F ′ = f. The process of solving for 

antiderivatives is antidifferentiation (or indefinite integration). Antiderivatives are related to 
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definite integrals through the fundamental theorem of calculus, and provide a convenient means 

for calculating the definite integrals of many functions. 

  

  

Key Points: 

1. Introduction 

The function F(x) = x
3
/3 is an antiderivative of f(x) = x

2
. As the derivative of a constant is zero, 

x
2
 will have an infinite number of antiderivatives; such as (x

3
/3) + 0, (x

3
 / 3) + 7, (x

3
 / 3) − 42, 

etc. Thus, the entire antiderivative family of x
2
 can be obtained by changing the value of C in 

F(x) = (x
3
 / 3) + C; where C is an arbitrary constant known as the constant of integration. 

Essentially, the graphs of antiderivatives of a given function are vertical translations of each 

other; each graph's location depending upon the value of C. 

  

2. Uses and Properties 

Antiderivatives are important because they can be used to compute definite integrals, using the 

fundamental theorem of calculus: if F is an antiderivative of the integrable function f, then: 

 

Because of this, each of the infinitely many antiderivatives of a given function f is sometimes 

called the "general integral" or "indefinite integral" of f and is written using the integral symbol 

with no bounds: 

 

If F is an antiderivative of f, and the function f is defined on some interval, then every other 

antiderivative G of f differs from F by a constant: there exists a number C such that G(x) = F(x) 

+ C for all x. C is called the arbitrary constant of integration. If the domain of F is a disjoint 
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union of two or more intervals, then a different constant of integration may be chosen for each of 

the intervals. For instance 

 

is the most general antiderivative of f(x) = 1 / x
2
 on its natural domain  

Every continuous function f has an antiderivative, and one antiderivative F is given by the 

definite integral of f with variable upper boundary: 

 

Varying the lower boundary produces other antiderivatives (but not necessarily all possible 

antiderivatives). This is another formulation of the fundamental theorem of calculus. 

There are many functions whose antiderivatives, even though they exist, cannot be expressed in 

terms of elementary functions (like polynomials, exponential functions, logarithms, 

trigonometric functions, inverse trigonometric functions and their combinations). Examples of 

these are 

 

  

3. Techniques of Integration 

Finding antiderivatives of elementary functions is often considerably harder than finding their 

derivatives. For some elementary functions, it is impossible to find an antiderivative in terms of 

other elementary functions. 

We have various methods at our disposal: 

 the linearity of integration allows us to break complicated integrals into simpler ones 

 integration by substitution, often combined with trigonometric identities or the natural logarithm 

 integration by parts to integrate products of functions 

 the inverse chain rule method, a special case of integration by substitution 
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 the method of partial fractions in integration allows us to integrate all rational functions 

(fractions of two polynomials) 

 the Risch algorithm 

 integrals can also be looked up in a table of integrals 

 when integrating multiple times, we can use certain additional techniques computer algebra 

systems can be used to automate some or all of the work involved in the symbolic techniques 

above, which is particularly useful when the algebraic manipulations involved are very complex 

or lengthy 

 if a function has no elementary antiderivative (for instance, exp(x2)), its definite integral can be 

approximated using numerical integration 

 to calculate the (n times) repeated antiderivative of a function f, Cauchy's formula is useful: 

 

  

4. Antiderivatives of Non-Continuous Functions 

To illustrate some of the subtleties of the fundamental theorem of calculus, it is instructive to 

consider what kinds of non-continuous functions might have antiderivatives. While there are still 

open questions in this area, it is known that: 

 Some highly pathological functions with large sets of discontinuities may nevertheless have 

antiderivatives. 

 In some cases, the antiderivatives of such pathological functions may be found by Riemann 

integration, while in other cases these functions are not Riemann integrable. 

We first state some general facts and then provide some illustrative examples. Throughout, we 

assume that the domains of our functions are open intervals. 

 A necessary, but not sufficient, condition for a function f to have an antiderivative is that f have 

the intermediate value property. That is, if [a,b] is a subinterval of the domain of f and d is any 

real number between f(a) and f(b), then f(c)=d for some c between a and b. To see this, let F be 

an antiderivative of f and consider the continuous function g(x)=F(x)-dx on the closed interval 
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[a, b]. Then g must have either a maximum or minimum c in the open interval (a,b) and so 

0=g′(c)=f(c)-d. 

 The set of discontinuities of f must be a meagre set. This set must also be an F-sigma set (since 

the set of discontinuities of any function must be of this type). Moreover for any meagre F-sigma 

set, one can construct some function f having an antiderivative, which has the given set as its set 

of discontinuities. 

 If f has an antiderivative, is bounded on closed finite subintervals of the domain and has a set of 

discontinuities of Lebesgue measure 0, then an antiderivative may be found by integration. 

 If f has an antiderivative F on a closed interval [a,b], then for any choice of partition 

, if one chooses sample points as 

specified by the mean value theorem, then the corresponding Riemann sum telescopes to the 

value F(b)-F(a). 

  

 However if the set of discontinuities of f has positive Lebesgue measure, a different choice of 

sample points will give a significantly different value for the Riemann sum, no matter how 

fine the partition. 

 

 

 

 

 

 

Topic : Least Square Method  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Least Square methods 

 Understand its objectives 

 Understand curve fitting 

 Understand least square line 

 Understand polynomial least square fitting 
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Definition/Overview: 

Least Square Method: The method of least squares, also known as regression analysis, is used 

to model numerical data obtained from observations by adjusting the parameters of a model so as 

to get an optimal fit of the data. 

  

  

Key Points: 

1. Least Square Method 

The method of least squares, also known as regression analysis, is used to model numerical data 

obtained from observations by adjusting the parameters of a model so as to get an optimal fit of 

the data. The best fit is that instance of the model for which the sum of squared residuals has its 

least value, a residual being the difference between an observed value and the value given by the 

model. The method was first described by Carl Friedrich Gauss around 1794. Least squares 

corresponds to the maximum likelihood criterion if the experimental errors have a normal 

distribution. Regression analysis is available in most statistical software packages. 

  

2. Objectives 

The objective consists of adjusting the parameters of a model function so as to best fit a data set. 

A simple data set consists of m points (data pairs) , i=1,...,m, where is an independent 

variable and is a dependent variable whose value is found by observation. The model function 

has the form , where the n adjustable parameters are held in the vector . We wish to 

find those parameter values for which the model "best" fits the data. The least squares method 

defines "best" as when the sum, S, of squared residuals 
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is a minimum. A residual is defined as the difference between the values of the dependent 

variable and the model. 

 

An example of a model is that of the straight line. Denoting the intercept as α and the slope as β, 

the model function is given by 

 

A data point may consist of more than one independent variable. For an example, when fitting a 

plane to a set of height measurements, the plane is a function of two independent variables, x and 

z, say. In the most general case there may be one or more independent variables and one or more 

dependent variables at each data point. 

  

3. Solving the Least Squares Problem 

Least squares problems fall into two categories, linear and non-linear. The linear least squares 

problem has a closed form solution, but the non-linear problem has to be solved by iterative 

refinement; at each iteration the system is approximated by a linear one, so the core calculation is 

similar in both cases. 

The minimum of the sum of squares is found by setting the gradient to zero. Since the model 

contains n parameters there are n gradient equations. 

 

The gradient equations apply to all least squares problems. Each particular problem requires 

particular expressions for the model and its partial derivatives. 

  

4. Linear Least Squares 

The system is a linear one when the model comprises a linear combination of the parameters. 
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The coefficients Xij are constants or functions of the independent variable, xi. 

After rearrangement, these n simultaneous linear equations become the normal equations: 

 

Solution of the normal equations yields the least squares estimators, , of the parameter values. 

and linear regression (example) for worked-out numerical examples. 

  

5. Curve Fitting 

Raw data usually has noise. The values of dependent variables vary even though all the 

independent variables are constant. Therefore, the estimation of the trend the dependent variables 

is needed. This process is called regression or curve fitting. The estimated equation (matrix) 

satisfy the raw data. However, the equation is not usually unique, and the equation or curve with 

a minimal deviation from all data points is desirable. This desirable best-fitting equation can be 

obtained by least square method which uses the minimal sum of the deviations squared from a 

given set of data.  

  

6. Least Square Methods 

The method of least squares assumes that the best-fit curve of a given type is the curve that has 

the minimal sum of the deviations squared (least square error) from a given set of data.  

Suppose that the data points are , , ..., where is the independent 

variable and is the dependent variable. The fitting curve has the deviation (error) from 

each data point, i.e., , , ..., . According to the 

method of least squares, the best fitting curve has the property that:  
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7. Least Square Line 

The least squares line method basically uses an equation f(x) = a + bx which is a line graph and 

describes the trend of the raw data set (x1,y1), (x2, y2),....,(xn, yn). The n should be greater or equal 

to 2 (n ≥ 2)in order to find the unknowns a and b. So the equation for the least square line is 

 

 

 

Suppose that ∏ gets zero so that the least square error has a minimum. If you get the first 

derivative of ∏, the equation will be as follows;  

      

 

     

 

8. Polynomials Least-Squares Fitting 

Polynomials are one of the most commonly used types of curves in regression. The applications 

of the method of least squares curve fitting using polynomials are briefly discussed as follows. 

To obtain further information on a particular curve fitting, please click on the link at the end of 

each item. Or try the calculator on the right 

 

 

 

 

 

 

Topic : Orthogonal Functions  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand orthogonal Functions 

 Understand orthogonal polynomials 
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Definition/Overview: 

Orthogonal Polynomial: In mathematics, an orthogonal polynomial sequence is an infinite 

sequence of real polynomials 

  

Key Points: 

1. Orthogonal Polynomial 

In mathematics, two functions f and g are called orthogonal if their inner product is zero. 

Whether or not two particular functions are orthogonal depends on how their inner product has 

been defined. A typical definition of an inner product for functions is 

 

with appropriate integration boundaries. Here, the star is the complex conjugate. 

For an intuitive perspective on this inner product, suppose approximating vectors and are 

created whose entries are the values of the functions f and g, sampled at equally spaced points. 

Then this inner product between f and g can be roughly understood as the dot product between 

approximating vectors and , in the limit as the number of sampling points goes to infinity. 

Thus, roughly, two functions are orthogonal if their approximating vectors are perpendicular 

(under this common inner product). 

  

2. Orthogonal Polynomials 

In mathematics, an orthogonal polynomial sequence is an infinite sequence of real polynomials 

 

of one variable x, in which each pn has degree n, and such that any two different polynomials in 

the sequence are orthogonal to each other under a particular version of the L
2
 inner product. 
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2.1. Definition 

The definition of orthogonal polynomials hinges on an inner product, defined as follows. 

Let [x1,x2] be an interval in the real line (where and are allowed). 

This is called the interval of orthogonality. Let 

 

be a function on the interval, that is strictly positive on the interior (x1,x2), but which may 

be zero or go to infinity at the end points. Additionally, W must satisfy the requirement 

that, for any polynomial f, the integral 

 

is finite. Such a W is called a weight function. 

Given any x1, x2, and W as above, define an operation on pairs of polynomials f and g by 

 

This operation is an inner product on the vector space of all polynomials. It induces a 

notion of orthogonality in the usual way, namely that two polynomials are orthogonal if 

their inner product is zero. 

A sequence of orthogonal polynomials, then, is a sequence of polynomials 

 

such that pn has degree n and all members of the sequence are orthogonal to each other 

for all , 

 

In other words, a sequence of orthogonal polynomials is an orthogonal basis for the 

(infinite-dimensional) vector space of all polynomials, with the extra requirement that pn 

has degree n. 
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2.2. Differential Equations Leading to Orthogonal Polynomials 

A very important class of orthogonal polynomials arises from a differential equation of 

the form 

 

where Q is a given quadratic (at most) polynomial, and L is a given linear polynomial. 

The function f, and the constant λ, are to be found. 

This is a Sturm-Liouville type of equation. Such equations generally have singularities in 

their solution functions f except for particular values of λ. They can be thought of a 

eigenvector/eigenvalue problems: Letting D be the differential operator, 

, and changing the sign of λ, the problem is to find the 

eigenvectors (eigenfunctions) f, and the corresponding eigenvalues λ, such that f does not 

have singularities and D(f) = λf. 

The solutions of this differential equation have singularities unless λ takes on specific 

values. There is a series of numbers that lead to a series of polynomial 

solutions if one of the following sets of conditions are met: 

o Q is actually quadratic, L is linear, Q has two distinct real roots, the root of L lies 

strictly between the roots of Q, and the leading terms of Q and L have the same sign. 

o Q is not actually quadratic, but is linear, L is linear, the roots of Q and L are different, 

and the leading terms of Q and L have the same sign if the root of L is less than the 

root of Q, or vice-versa. 

o Q is just a nonzero constant, L is linear, and the leading term of L has the opposite 

sign of Q. 

These three cases lead to the Jacobi-like, Laguerre-like, and Hermite-like polynomials, 

respectively. 

In each of these three cases, we have the following: 

o The solutions are a series of polynomials , each having degree 

n, and corresponding to a number . 

o The interval of orthogonality is bounded by whatever roots Q has. 

o The root of L is inside the interval of orthogonality. 
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o Letting , the polynomials are orthogonal under the weight 

function  

o W(x) has no zeros or infinities inside the interval, though it may have zeros or 

infinities at the end points. 

o W(x) gives a finite inner product to any polynomials. 

o W(x) can be made to be greater than 0 in the interval. (Negate the entire differential 

equation if necessary so that Q(x) > 0 inside the interval.) 

Because of the constant of integration, the quantity R(x) is determined only up to an 

arbitrary positive multiplicative constant. It will be used only in homogeneous differential 

equations (where this doesn't matter) and in the definition of the weight function (which 

can also be indeterminate.) The tables below will give the "official" values of R(x) and 

W(x). 

  

2.3. The Classical Orthogonal Polynomials 

The class of polynomials arising from the differential equation described above have 

many important applications in such areas as mathematical physics, interpolation theory, 

the theory of random matrices, computer approximations, and many others. All of these 

polynomial sequences are equivalent, under scaling and/or shifting of the domain, and 

standardizing of the polynomials, to more restricted classes. Those restricted classes are 

the "classical orthogonal polynomials". 

o Every Jacobi-like polynomial sequence can have its domain shifted and/or scaled so 

that its interval of orthogonality is [−1, 1], and has Q = 1 − x2. They can then be 

standardized into the Jacobi polynomials . There are several important 

subclasses of these: Gegenbauer, Legendre, and two types of Chebyshev. 

o Every Laguerre-like polynomial sequence can have its domain shifted, scaled, and/or 

reflected so that its interval of orthogonality is , and has Q = x. They can then 
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be standardized into the Associated Laguerre polynomials . The plain Laguerre 

polynomials are a subclass of these. 

o Every Hermite-like polynomial sequence can have its domain shifted and/or scaled so 

that its interval of orthogonality is , and has Q = 1 and L(0) = 0. They can 

then be standardized into the Hermite polynomials . 

Because all polynomial sequences arising from a differential equation in the manner 

described above are trivially equivalent to the classical polynomials, the actual classical 

polynomials are always used. 

  

2.3.1. Jacobi Polynomials 

The Jacobi-like polynomials, once they have had their domain shifted and scaled 

so that the interval of orthogonality is [−1, 1], still have two parameters to be 

determined. They are α and β in the Jacobi polynomials, written . We have 

and . Both α and β are 

required to be greater than −1. (This puts the root of L inside the interval of 

orthogonality.) 

When α and β are not equal, these polynomials are not symmetrical about x = 0. 

The differential equation 

 

is Jacobi's equation. 

For further details, see Jacobi polynomials. 

[edit] Gegenbauer polynomials 

When one sets the parameters α and β in the Jacobi polynomials equal to each 

other, one obtains the Gegenbauer or ultraspherical polynomials. They are written 

, and defined as 
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We have and . is required to be 

greater than −1/2. 

(Incidentally, the standardization given in the table below would make no sense 

for α = 0 and n ≠ 0, because it would set the polynomials to zero. In that case, the 

accepted standardization sets instead of the value given in the 

table.) 

Ignoring the above considerations, the parameter α is closely related to the 

derivatives of : 

 

or, more generally: 

 

All the other classical Jacobi-like polynomials (Legendre, etc.) are special cases 

of the Gegenbauer polynomials, obtained by choosing a value of α and choosing a 

standardization. 

For further details, see Gegenbauer polynomials. 

  

2.3.2. Legendre Polynomials 

The differential equation is 

 

This is Legendre's equation. 

The second form of the differential equation is 

 

The recurrence relation is 
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A mixed recurrence is 

 

Rodrigues' formula is 

 

For further details, see Legendre polynomials. 

  

2.3.3. Associated Legendre Polynomials 

The Associated Legendre polynomials, denoted where and m are 

integers with , are defined as 

 

The m in parentheses (to avoid confusion with an exponent) is a parameter. The m 

in brackets denotes the m
th

 derivative of the Legendre polynomial. 

These "polynomials" are misnamed -- they are not polynomials when m is odd. 

They have a recurrence relation: 

 

For fixed m, the sequence are orthogonal over [−1, 1], 

with weight 1. 

For given m, are the solutions of 

 

  

2.3.4. Chebyshev Polynomials 

The differential equation is 
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This is Chebyshev's equation. 

The recurrence relation is 

 

Rodrigues' formula is 

 

These polynomials have the property that, in the interval of orthogonality, 

 

(To prove it, use the recurrence formula.) 

This means that all their local minima and maxima have values of −1 and +1, that 

is, the polynomials are "level". Because of this, expansion of functions in terms of 

Chebyshev polynomials is sometimes used for polynomial approximations in 

computer math libraries. 

Some authors use versions of these polynomials that have been shifted so that the 

interval of orthogonality is [0, 1] or [−2, 2]. 

There are also Chebyshev polynomials of the second kind, denoted  

We have: 

 

For further details, including the expressions for the first few polynomials, see 

Chebyshev polynomials. 

  

2.3.5. Laguerre Polynomials 

The most general Laguerre-like polynomials, after the domain has been shifted 

and scaled, are the Associated Laguerre polynomials (also called Generalized 

Laguerre polynomials), denoted . There is a parameter α, which can be any 

real number strictly greater than −1. The parameter is put in parentheses to avoid 
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confusion with an exponent. The plain Laguerre polynomials are simply the α = 0 

version of these: 

 

The differential equation is 

 

This is Laguerre's equation. 

The second form of the differential equation is 

 

The recurrence relation is 

 

Rodrigues' formula is 

 

The parameter α is closely related to the derivatives of : 

 

or, more generally: 

 

Laguerre's equation can be manipulated into a form that is more useful in 

applications: 

 

is a solution of 
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This can be further manipulated. When is an integer, and 

: 

 

is a solution of 

 

The solution is often expressed in terms of derivatives instead of associated 

Laguerre polynomials: 

 

This equation arises in quantum mechanics, in the radial part of the solution of the 

Schrdinger equation for a one-electron atom. 

Physicists often use a definition for the Laguerre polynomials that is larger, by a 

factor of (n!), than the definition used here. 

For further details, including the expressions for the first few polynomials, see 

Laguerre polynomials. 

  

2.3.6. Hermite Polynomials 

The differential equation is 

 

This is Hermite's equation. 

The second form of the differential equation is 

 

The third form is 

 

The recurrence relation is 
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Rodrigues' formula is 

 

The first few Hermite polynomials are 

 

                  One can define the associated Hermite functions 

 

Because the multiplier is proportional to the square root of the weight function, 

these functions are orthogonal over with no weight function. 

The third form of the differential equation above, for the associated Hermite 

functions, is 

 

The associated Hermite functions arise in many areas of mathematics and physics. 

In quantum mechanics, they are the solutions of Schrdinger's equation for the 

harmonic oscillator. They are also eigenfunctions (with eigenvalue (−i)
n
) of the 

continuous Fourier transform. 

Many authors, particularly probabilists, use an alternate definition of the Hermite 

polynomials, with a weight function of instead of . If the notation He 

is used for these Hermite polynomials, and H for those above, then these may be 

characterized by 
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Topic : Rational Function Approximation  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Rational Functions 

 Understand rational approximation 

  

  

Definition/Overview: 

Rational Function: In mathematics, a rational function is any function which can be written as 

the ratio of two polynomial functions. 

  

  

Key Points: 

1. Rational Function 

In the case of one variable, x, a rational function is a function of the form 

 

where P and Q are polynomial function in x and Q is not the zero polynomial. The domain of f is 

the set of all points x for which the denominator Q(x) is not zero. An irrational function is a 

function that is not rational. That is: it cannot be expressed as a ratio of two polynomials. If x is 

not variable, but rather an indeterminate, one talks about rational expressions instead of rational 

functions. The distinction between the two notions is important only in abstract algebra. 

A rational equation is an equation in which two rational expressions are set equal to each other. 

These expressions obey the same rules as fractions. The equations can be solved by cross-

multiplying. Division by zero is undefined, so that a solution causing formal division by zero is 

rejected. 
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2. Rational Function Approximation 

Simple rational approximation (SRA) is a subset of interpolating methods using rational 

functions. Especially, SRA interpolates a given function with a specific rational function whose 

poles and zeros are simple, which means that there is no multiplicity in poles and zeros. 

Sometimes, it only implies simple poles. 

The main application of SRA lies in finding the zeros of secular functions. A divide-and-conquer 

algorithm to find the eigenvalues and eigenvectors for various kinds of matrices is well-known in 

numerical analysis. In a strict sense, SRA implies a specific interpolation using simple rational 

functions as a part of the divide-and-conquer algorithm. Since such secular functions consist of a 

series of rational functions with simple poles, SRA is the best candidate to interpolate the zeros 

of the secular function. Moreover, based on previous researches, a simple zero that lies between 

two adjacent poles can be considerably well interpolated by using a two-dominant-pole rational 

function as an approximating function. 

 

 

 In Section 4 of this course you will cover these topics: 

 Chebyshev Approximation: Theory 

 Chebyshev Approximation: Practice 

 Fourier Series: Periodic Functions 

 Convergence Of Fourier Series 

 The Fast Fourier Transform 

 The Fourier Integral: Non- Periodic Functions 

 A Second Look At Polynomial Approximation- Filters 

 Integrals And Differential Equations 

 Design Of Digital Filters 
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Topic : Chebyshev Approximation: Theory  

Topic Objective: 

At the end of this topic student would be able to:   

 Understand approximation theory 

 Understand Chebyshev Approximation 

  

  

Definition/Overview: 

Approximation: In mathematics, approximation theory is concerned with how functions can 

best be approximated with simpler functions, and with quantitatively characterizing the errors 

introduced thereby. Note that what is meant by best and simpler will depend on the application. 

  

  

Key Points:  

1. Approximation 

In mathematics, approximation theory is concerned with how functions can best be approximated 

with simpler functions, and with quantitatively characterizing the errors introduced thereby. Note 

that what is meant by best and simpler will depend on the application. 

A closely related topic is the approximation of functions by generalized Fourier series, that is, 

approximations based upon summation of a series of terms based upon orthogonal polynomials. 

One problem of particular interest is that of approximating a function in a computer 

mathematical library, using operations that can be performed on the computer or calculator (e.g. 

addition and multiplication), such that the result is as close to the actual function as possible. 

This is typically done with polynomial or rational (ratio of polynomials) approximations. 

The objective is to make the approximation as close as possible to the actual function, typically 

with an accuracy close to that of the underlying computer's floating point arithmetic. This is 

accomplished by using a polynomial of high degree, and/or narrowing the domain over which 

the polynomial has to approximate the function. Narrowing the domain can often be done though 
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the use of various addition or scaling formulas for the function being approximated. Modern 

mathematical libraries often reduce the domain into many tiny segments and use a low-degree 

polynomial for each segment. 

Once the domain and degree of the polynomial are chosen, the polynomial itself is chosen in 

such a way as to minimize the worst-case error. That is, the goal is to minimize the maximum 

value of , where P(x) is the approximating polynomial and f(x) is the actual 

function. For well-behaved functions, the optimum N
th

 degree polynomial will lead to an error 

curve that oscillates back and forth between + ε and − ε a total of N+2 times, giving a worst-case 

error of ε. (It is possible to make contrived functions f(x) for which this property does not hold, 

but in practice it is generally true.) Example graphs, for N=4, showing the error in approximating 

log(x) and exp(x), are shown below. 

  

2. Chebyshev approximation 

One can obtain polynomials very close to the optimal one by expanding the given function in 

terms of Chebyshev polynomials and then cutting off the expansion at the desired degree. This is 

similar to the Fourier analysis of the function, using the Chebyshev polynomials instead of the 

usual trigonometric functions. 

If one calculates the coefficients in the Chebyshev expansion for a function: 

 

and then cuts off the series after the Tn term, one gets an N
th

 degree polynomial approximating 

f(x). 

The reason this polynomial is nearly optimal is that, for functions with rapidly converging power 

series, if the series is cut off after some term, the total error arising from the cutoff is close to the 

first term after the cutoff. That is, the first term after the cutoff dominates all later terms. The 

same is true if the expansion is in terms of Chebyshev polynomials. If a Chebyshev expansion is 

cut off after Tn, the error will take a form close to a multiple of Tn + 1. The Chebyshev 

polynomials have the property that they are level they oscillate between +1 and -1 in the interval 

[-1, 1]. Tn + 1 has N+2 level maxima. This means that the error between f(x) and its Chebyshev 
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expansion out to Tn is close to a level function with N+2 maxima, so it is close to the optimal N
th

 

degree polynomial. 

In the graphs above, note that the blue error function is sometimes better than (inside of) the red 

function, but sometimes worse, meaning that it is not quite the optimal polynomial. Note also 

that the discrepancy is relatively less serious for the exp function, which has an extremely rapidly 

converging power series, than for the log function. 

Chebyshev approximation is the basis for ClenshawCurtis quadrature, a numerical integration 

technique. 

 

 

Topic : Chebyshev Approximation: Practice  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Chebyshev Approximation 

 Understand Chebyshev polynomials 

  

  

Definition/Overview:  

Chebyshev Polynomials: In mathematics the Chebyshev polynomials, named after Pafnuty 

Chebyshev, are a sequence of orthogonal polynomials which are related to de Moivre's formula 

and which are easily defined recursively, like Fibonacci or Lucas numbers.  

  

  

Key Points: 

2. Chebyshev approximation 

One can obtain polynomials very close to the optimal one by expanding the given function in 

terms of Chebyshev polynomials and then cutting off the expansion at the desired degree. This is 
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similar to the Fourier analysis of the function, using the Chebyshev polynomials instead of the 

usual trigonometric functions. 

If one calculates the coefficients in the Chebyshev expansion for a function: 

 

and then cuts off the series after the Tn term, one gets an N
th

 degree polynomial approximating 

f(x). 

The reason this polynomial is nearly optimal is that, for functions with rapidly converging power 

series, if the series is cut off after some term, the total error arising from the cutoff is close to the 

first term after the cutoff. That is, the first term after the cutoff dominates all later terms. The 

same is true if the expansion is in terms of Chebyshev polynomials. If a Chebyshev expansion is 

cut off after Tn, the error will take a form close to a multiple of Tn + 1. The Chebyshev 

polynomials have the property that they are level they oscillate between +1 and -1 in the interval 

[-1, 1]. Tn + 1 has N+2 level maxima. This means that the error between f(x) and its Chebyshev 

expansion out to Tn is close to a level function with N+2 maxima, so it is close to the optimal N
th

 

degree polynomial. 

In the graphs above, note that the blue error function is sometimes better than (inside of) the red 

function, but sometimes worse, meaning that it is not quite the optimal polynomial. Note also 

that the discrepancy is relatively less serious for the exp function, which has an extremely rapidly 

converging power series, than for the log function. 

Chebyshev approximation is the basis for ClenshawCurtis quadrature, a numerical integration 

technique. 

  

2. Chebyshev Polynomials 

In mathematics the Chebyshev polynomials, named after Pafnuty Chebyshev,
[1]

 are a sequence of 

orthogonal polynomials which are related to de Moivre's formula and which are easily defined 

recursively, like Fibonacci or Lucas numbers. One usually distinguishes between Chebyshev 

polynomials of the first kind which are denoted Tn and Chebyshev polynomials of the second 

kind which are denoted Un. The letter T is used because of the alternative transliterations of the 

name Chebyshev as Tchebyshef or Tschebyscheff. 
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The Chebyshev polynomials Tn or Un are polynomials of degree n and the sequence of 

Chebyshev polynomials of either kind composes a polynomial sequence. 

Chebyshev polynomials are important in approximation theory because the roots of the 

Chebyshev polynomials of the first kind, which are also called Chebyshev nodes, are used as 

nodes in polynomial interpolation. The resulting interpolation polynomial minimizes the problem 

of Runge's phenomenon and provides an approximation that is close to the polynomial of best 

approximation to a continuous function under the maximum norm. This approximation leads 

directly to the method of ClenshawCurtis quadrature. 

In the study of differential equations they arise as the solution to the Chebyshev differential 

equations 

 

and 

 

for the polynomials of the first and second kind, respectively. These equations are special cases 

of the Sturm-Liouville differential equation. 

 

 

 

 

 

 

Topic : Fourier Series: Periodic Functions  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Fourier series  

 Understand aliasing concept 

 Understand interpolation concept 
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Definition/Overview: 

Fourier Series: In mathematics, a Fourier series decomposes a periodic function into a sum of 

simple oscillating functions, namely sines and cosines. The study of Fourier series is a branch of 

Fourier analysis.  

  

  

Key Points: 

1. Fourier Series 

In mathematics, a Fourier series decomposes a periodic function into a sum of simple oscillating 

functions, namely sines and cosines. The study of Fourier series is a branch of Fourier analysis. 

Fourier series were introduced by Joseph Fourier (17681830) for the purpose of solving the heat 

equation in a metal plate. It led to a revolution in mathematics, forcing mathematicians to 

reexamine the foundations of mathematics and leading to many modern theories such as 

Lebesgue integration. 

The heat equation is a partial differential equation. Prior to Fourier's work, there was no known 

solution to the heat equation in a general situation. Although particular solutions were known if 

the heat source behaved in a simple way, in particular if the heat source was a sine or cosine 

wave. These simple solutions are now sometimes called eigensolutions. Fourier's idea was to 

model a complicated heat source as a superposition (or linear combination) of simple sine and 

cosine waves, and to write the solution as a superposition of the corresponding eigensolutions. 

This superposition or linear combination is called the Fourier series. 

  

Although the original motivation was to solve the heat equation, it later became obvious that the 

same techniques could be applied to a wide array of mathematical and physical problems. The 

basic results are very easy to understand using the modern theory. 
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The Fourier series has many applications in electrical engineering, vibration analysis, acoustics, 

optics, signal processing, image processing, etc. 

  

1.1. Purpose of this Theory 

The art of computing has three phases in practice: planning, execution, and interpretation. 

These three phases may be compared with the classical three phases in chess: the 

opening, the mid-game, and the end game. In chess each of the three phases has a distinct 

character, although each blends into the next and is determined by the preceding, and on 

occasions the game may end during mid-game or even in the opening phase. Computing 

is very much the same. In the planning phase of a computation the calculations actually 

made are usually limited to the "back-of-the-envelope type" used to estimate the amount 

of computing to be done, the time needed on the machine, etc. Typically, during the 

planning phase, decisions are made such as the following: "We first compute the forcing 

function at the following set of points; we then replace the integral in the integral 

equation by a Gauss integration formula using seven points, solve the resulting 

simultaneous linear equations by the elimination process, combine the resulting solutions 

according to such and such a formula, and print out all the following results." The 

planning phase includes estimates of coding effort and time, of checking and debugging 

plans, of machine time to be used, of when the results will be available, and a description 

of how the results will be used. In the normal evolution of a problem there is usually a 

good deal of feedback between the problem and the computation so that an exact 

formulation of the entire problem cannot be made before the computing begins; 

nevertheless, the computer should be approached each time only after careful planning.  

In the execution phase the plan is often modified. For example, when the forcing function 

mentioned is actually computed, the results may suggest that a lO-point Gauss formula 

should be used rather than the seven- point one, and this may double the amount of labor 

to solve the resulting system of equations. The solution of the equations may reveal large 

residuals and an iteration procedure may be added to improve the solutions, thus 

increasing the coding and running expenses. In the interpretation phase, not only are the 
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answers to be discussed and explained, but some parts of the answers must be correctly 

identified as arising from the computation and not from the physical model.  

  

2. Aliasing 

In statistics, signal processing, computer graphics and related disciplines, aliasing refers to an 

effect that causes different continuous signals to become indistinguishable (or aliases of one 

another) when sampled. It also refers to the distortion or artifact that results when a signal is 

sampled and reconstructed as an alias of the original signal. 

When we view a digital photograph, the reconstruction (interpolation) is performed by a display 

or printer device, and by our eyes and our brain. If the reconstructed image differs from the 

original image, we are seeing an alias. An example of spatial aliasing is the Moir pattern one can 

observe in a poorly pixelized image of a brick wall. Techniques that avoid such poor 

pixelizations are called anti-aliasing. 

Temporal aliasing is a major concern in the sampling of video and audio signals. Music, for 

instance, may contain high-frequency components that are inaudible to us. If we sample it with a 

frequency that is too low and reconstruct the music with a digital to analog converter, we may 

hear the low-frequency aliases of the undersampled high frequencies. Therefore, it is common 

practice to remove the high frequencies with a filter before the sampling is done.   

  

3. Interpolation  

In the mathematical subfield of numerical analysis, interpolation is a method of constructing new 

data points within the range of a discrete set of known data points. In engineering and science 

one often has a number of data points, as obtained by sampling or experimentation, and tries to 

construct a function which closely fits those data points. This is called curve fitting or regression 

analysis. Interpolation is a specific case of curve fitting, in which the function must go exactly 

through the data points. 
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A different problem which is closely related to interpolation is the approximation of a 

complicated function by a simple function. Suppose we know the function but it is too complex 

to evaluate efficiently. Then we could pick a few known data points from the complicated 

function, creating a lookup table, and try to interpolate those data points to construct a simpler 

function. Of course, when using the simple function to calculate new data points we usually do 

not receive the same result as when using the original function, but depending on the problem 

domain and the interpolation method used the gain in simplicity might offset the error. 

It should be mentioned that there is another very different kind of interpolation in mathematics, 

namely the "interpolation of operators". The classical results about interpolation of operators are 

the Riesz-Thorin theorem and the Marcinkiewicz theorem. There also are many other subsequent 

results. 

From inter meaning between and pole, the points or nodes. Any means of calculating a new point 

between two existing data points is therefore interpolation.There are many methods for doing 

this, many of which involve fitting some sort of function to the data and evaluating that function 

at the desired point. This does not exclude other means such as statistical methods of calculating 

interpolated data. The simplest form of interpolation is to take the mean average of x and y of 

two adjacent points to find the mid point. This will give the same result as linear interpolation 

evaluated at the midpoint. Given a sequence of n distinct numbers xk called nodes and for each 

xk a second number yk, we are looking for a function f so that 

 

A pair xk,yk is called a data point and f is called an interpolant for the data points. 

When the numbers yk are given by a known function f, we sometimes write fk. 
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Topic : Convergence Of Fourier Series  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand convergence of Fourier series 

 Understand preliminaries  

 Understand norm convergence 

  

  

Definition/Overview: 

Convergence of Fourier Series: In mathematics, the question of whether the Fourier series of a 

periodic function converges to the given function is researched by a field known as classic 

harmonic analysis, a branch of pure mathematics. Convergence is not necessarily a given in the 

general case, and there are criteria which need to be met in order for convergence to occur. 

  

  

Key Points: 

1. Introduction 

The rapidity of convergence of a power series and the rapidity with which an exact-matching 

polynomial approximation approaches the function as the number of sample points increases are 

both determined by the location of the singularities of the function in the complex plane. This is 

not to say that, in principle, the behavior along the real axis does not determine the rapidity but 

rather that it is difficult to move from the values on the real axis to the convergence rate except 

via the singularities. The singularities in the complex plane are often unobtainable from a 

practical point of view; even crude estimates are rarely available. As an example, consider the 

problem of computing a trajectory to the moon. The convergence of a Fourier series, on the other 
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hand, can be found readily from the values of the function along the real axis; indeed, there are 

simple relations between the two.  

  

2. Preliminaries 

Consider f an integrable function on the interval [0,2π]. For such an f the Fourier coefficients 

defined by the formula 

 

It is common to describe the connection between f and its Fourier series by 

 

The notation here means that the sum represents the function in some sense. In order to 

investigate this more carefully, the partial sums need to be defined: 

 

The question we will be interested in is: do the functions SN(f) (which are functions of the 

variable t we omitted in the notation) converge to f and in which sense? Are there conditions on f 

ensuring this or that type of convergence? This is the main problem discussed in this article. 

Before continuing the Dirichlet's kernel needs to be introduced. Taking the formula for , 

inserting it into the formula for SN and doing some algebra will give that 

 

where * stands for convolution and DN is the Dirichlet kernel which has an explicit formula, 

 

The Dirichlet kernel is not a positive kernel, and in fact, its norm diverges, namely 
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a fact that will play a crucial role in the discussion. 

  

3. Convergence at a Given Point 

There are many known sufficient conditions for the Fourier series of a function to converge at a 

given point x, for example if the function is differentiable at x. Even a jump discontinuity does 

not pose a problem: if the function has left and right derivatives at x, then the Fourier series will 

converge to the average of the left and right limits (but see Gibbs phenomenon). It is also known 

that for any function of any Hlder class and any function of bounded variation the Fourier series 

converges everywhere. See also Dini test. 

However, the Fourier series of a continuous function need not converge pointwise. Perhaps the 

easiest proof uses the non-boundedness of Dirichlet's kernel and the Banach-Steinhaus uniform 

boundedness principle. As typical for existence arguments invoking the Baire category theorem, 

this proof is nonconstructive. It shows that that the family of continuous functions whose Fourier 

series converges at a given x is of first Baire category, in the Banach space of continuous 

functions on the circle. So in some sense pointwise convergence is atypical, and for most 

continuous functions the Fourier series does not converge. 

  

4. Norm Convergence 

The simplest case is that of L
2
, which is a direct transcription of general Hilbert space results. 

According to the Riesz-Fischer theorem, if f is square-integrable then 

 

i.e. SN converges to f in the norm of L
2
. It is easy to see that the converse is also true: if the limit 

above is zero, f must be in L
2
. So this is an if and only if condition. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

112
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



If 2 in the exponents above is replaced with some p, the question becomes much harder. It turns 

out that the convergence still holds if In other words, for f in L
p
, SN(f) converges 

to f in the L
p
 norm. The original proof uses properties of holomorphic functions and Hardy 

spaces, and another proof, due to Salomon Bochner relies upon the Riesz-Thorin interpolation 

theorem. For p = 1 and infinity, the result is not true. The construction of an example of 

divergence in L
1
 was first done by Andrey Kolmogorov. For infinity, the result is a more or less 

trivial corollary of the uniform boundedness principle. If partial summation operators SN is 

replaced by a suitable summability kernel, basic functional analytic techniques can be applied to 

show that norm convergence holds for 1 < p < ∞. 

 

 

 

 

Topic : The Fast Fourier Transform  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand fast Fourier transform 

 Understand Cooley-Tukey Algorithm  

  

  

Definition/Overview: 

Fast Fourier Transform: A fast Fourier transform (FFT) is an efficient algorithm to compute 

the discrete Fourier transform (DFT) and its inverse. FFTs are of great importance to a wide 

variety of applications, from digital signal processing and solving partial differential equations to 

algorithms for quick multiplication of large integers.  
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Key Points: 

1. Introduction 

A fast Fourier transform (FFT) is an efficient algorithm to compute the discrete Fourier 

transform (DFT) and its inverse. There are many distinct FFT algorithms involving a wide range 

of mathematics, from simple complex-number arithmetic to group theory and number theory; 

this article gives an overview of the available techniques and some of their general properties, 

while the specific algorithms are described in subsidiary articles linked below. 

A DFT decomposes a sequence of values into components of different frequencies. This 

operation is useful in many fields (see discrete Fourier transform for properties and applications 

of the transform) but computing it directly from the definition is often too slow to be practical. 

An FFT is a way to compute the same result more quickly: computing a DFT of N points in the 

obvious way, using the definition, takes O(N 
2
) arithmetical operations, while an FFT can 

compute the same result in only O(N log N) operations. The difference in speed can be 

substantial, especially for long data sets where N may be in the thousands or millionsin practice, 

the computation time can be reduced by several orders of magnitude in such cases, and the 

improvement is roughly proportional to N/log(N). This huge improvement made many DFT-

based algorithms practical; FFTs are of great importance to a wide variety of applications, from 

digital signal processing and solving partial differential equations to algorithms for quick 

multiplication of large integers. 

The most well known FFT algorithms depend upon the factorization of N, but (contrary to 

popular misconception) there are FFTs with O(N log N) complexity for all N, even for prime N. 

Many FFT algorithms only depend on the fact that is an Nth primitive root of unity, and 

thus can be applied to analogous transforms over any finite field, such as number-theoretic 

transforms. 

Since the inverse DFT is the same as the DFT, but with the opposite sign in the exponent and a 

1/N factor, any FFT algorithm can easily be adapted for it. 
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2. Definition and Speed 

An FFT computes the DFT and produces exactly the same result as evaluating the DFT 

definition directly; the only difference is that an FFT is much faster. (In the presence of round-

off error, many FFT algorithms are also much more accurate than evaluating the DFT definition 

directly, as discussed below.) 

Let x0, ...., xN-1 be complex numbers. The DFT is defined by the formula 

 

An FFT is any method to compute the same results in O(N log N) operations. More precisely, all 

known FFT algorithms require Θ(N log N) operations (technically, O only denotes an upper 

bound), although there is no proof that better complexity is impossible. 

To illustrate the savings of an FFT, consider the count of complex multiplications and additions. 

Evaluating the DFT's sums directly involves N
2
 complex multiplies and N

2
 complex additions 

[of which O(N) operations can be saved by eliminating trivial operations such as multiplications 

by 1]. The well-known radix-2 Cooley-Tukey FFT algorithm, for N a power of 2, can compute 

the same result with only (N/2) log2 N complex multiplies (again, ignoring simplifications of 

multiplications by 1 and similar) and N log2N complex additions. In practice, actual performance 

on modern computers is usually dominated by factors other than arithmetic and is a complicated 

subject, but the overall improvement from Θ(N
2
) to Θ(N log N) remains. 

  

3. Cooley-Tukey Algorithm 

By far the most common FFT is the Cooley-Tukey algorithm. This is a divide and conquer 

algorithm that recursively breaks down a DFT of any composite size N = N1N2 into many 

smaller DFTs of sizes N1 and N2, along with O(N) multiplications by complex roots of unity, 

traditionally called twiddle factors. 

This method (and the general idea of an FFT) was popularized by a publication of J. W. Cooley 

and J. W. Tukey in 1965, but it was later discovered that those two authors had independently re-
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invented an algorithm known to Carl Friedrich Gauss around 1805 (and subsequently 

rediscovered several times in limited forms). 

The most well-known use of the Cooley-Tukey algorithm is to divide the transform into two 

pieces of size N / 2 at each step, and is therefore limited to power-of-two sizes, but any 

factorization can be used in general (as was known to both Gauss and Cooley/Tukey). These are 

called the radix-2 and mixed-radix cases, respectively (and other variants such as the split-radix 

FFT have their own names as well). Although the basic idea is recursive, most traditional 

implementations rearrange the algorithm to avoid explicit recursion. Also, because the Cooley-

Tukey algorithm breaks the DFT into smaller DFTs, it can be combined arbitrarily with any 

other algorithm for the DFT. 

 

Topic : The Fourier Integral: Non- Periodic Functions  

Topic Objective: 

 At the end of this topic student would be able to: 

 Understand Fourier integral operators 

 Understand band-limited and sampling theorem  

 Understand convolution theorem  

  

  

Definition/Overview: 

Fourier Integral Operator: The concept of Fourier integral operators stems from mathematical 

analysis. They have become an important tool in the theory of partial differential equations.  

  

Bandlimited: A bandlimited signal is a deterministic or stochastic signal whose Fourier 

transform or power spectral density is zero above a certain finite frequency. In other words, if the 

Fourier transform or power spectral density has finite support then the signal is said to be 

bandlimited. 
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Key Points: 

1. Fourier Integral Operators 

The concept of Fourier integral operators stems from mathematical analysis. They have become 

an important tool in the theory of partial differential equations. The class of Fourier integral 

Operators contains differential operators as well as classical integral operators as special cases. 

A Fourier integral operator T is given by: 

 

where denotes the Fourier transform of f, a(x,ξ) is a standard symbol of order 0 which is 

compactly supported in x and Φ is real valued and homogeneous of degree 1 in ξ. It is also 

necessary to require that on the support of a. Under these conditions it is 

possible to show that T defines an L
2
 bounded operator 

  

2. Sampling Bandlimited Signals 

A bandlimited signal can be fully reconstructed from its samples, provided that the sampling rate 

exceeds twice the maximum frequency in the bandlimited signal. This minimum sampling 

frequency is called the Nyquist rate. This result, usually attributed to Nyquist and Shannon, is 

known as the NyquistShannon sampling theorem, or simply the sampling theorem. 

An example of a simple deterministic bandlimited signal is a sinusoid of the form 

. If this signal is sampled at a rate so that we have 

the samples , for all integers n, we can recover completely from these samples. 

Similarly, sums of sinusoids with different frequencies and phases are also bandlimited. 
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The signal whose Fourier transform is shown in the figure is also bandlimited. Suppose is a 

signal whose Fourier transform is , the magnitude of which is shown in the figure. The 

highest frequency component in is . As a result, the Nyquist rate is 

 

or twice the highest frequency component in the signal, as shown in the figure. According to the 

sampling theorem, it is possible to reconstruct completely and exactly using the samples 

for integer and  

as long as 

 

The reconstruction of a signal from its samples can be accomplished using the 

WhittakerShannon interpolation formula. 

  

2.1. Bandlimited Versus Timelimited 

A bandlimited signal cannot be also timelimited. More precisely, a function and its 

Fourier transform cannot both have finite support. This fact can be proved by using the 

sampling theorem. 

Proof: Assume that a signal which has finite support in both domains exists, and sample it 

faster than the Nyquist frequency. This finite number of time-domain coefficients should 

define the entire signal. Equivalently, the entire spectrum of the bandlimited signal 

should be expressible in terms of the finite number of time-domain coefficients obtained 

from sampling the signal. Mathematically this is equivalent to requiring that a 

(trigonometric) polynomial can have infinitely many roots in bounded intervals since the 

bandlimited signal must be zero on an interval beyond a critical frequency which has 

infinitely many points. However, it is well-known that polynomials do not have more 

roots (values for which the polynomial is equal to 0) than their degree due to the 
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fundamental theorem of algebra. This contradiction shows that our original assumption 

that a time-limited and bandlimited signal exists is incorrect. 

One important consequence of this result is that it is impossible to generate a truly 

bandlimited signal in any real-world situation, because a bandlimited signal would 

require infinite time to transmit. All real-world signals are, by necessity, timelimited, 

which means that they cannot be bandlimited. Nevertheless, the concept of a bandlimited 

signal is a useful idealization for theoretical and analytical purposes. Furthermore, it is 

possible to approximate a bandlimited signal to any arbitrary level of accuracy desired. 

A similar relationship between duration in time and bandwidth in frequency also forms 

the mathematical basis for the uncertainty principle in quantum mechanics. In that 

setting, the "width" of the time domain and frequency domain functions are evaluated 

with a variance-like measure. Quantitatively, the uncertainty principle imposes the 

following condition on any real waveform: 

 

where 

WB is a (suitably chosen) measure of bandwidth (in hertz), and 

TD is a (suitably chosen) measure of time duration (in seconds). 

  

3. Sampling Theorem 

The NyquistShannon sampling theorem is a fundamental result in the field of information theory, 

in particular telecommunications and signal processing. Sampling is the process of converting a 

signal (for example, a function of continuous time or space) into a numeric sequence (a function 

of discrete time or space). The theorem states
[1]

: 

If a function x(t) contains no frequencies higher than B cps
[2]

, it is completely determined by 

giving its ordinates at a series of points spaced 1/(2B) seconds apart. 

In essence this means that an analog signal that has been sampled can be perfectly reconstructed 

from the samples if the sampling rate was 1/(2B) seconds, where B is the highest frequency in 

the original signal. 
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More recent statements of the theorem are sometimes careful to exclude the equality condition; 

that is, the condition is if x(t) contains no frequencies higher than or equal to B; this condition is 

equivalent to Shannon's except when the function includes a steady sinusoidal component at 

exactly frequency B. 

The assumptions necessary to prove the theorem form a mathematical model that is only an 

idealization of any real-world situation. The conclusion, that perfect reconstruction is possible, is 

mathematically correct for the model, but only an approximation for actual signals and actual 

sampling techniques. 

The theorem also leads to a formula for reconstruction of the original signal. 

A signal or function is bandlimited if it contains no energy at frequencies higher than some 

bandlimit or bandwidth B. A signal that is bandlimited is constrained in how rapidly it changes 

in time, and therefore how much detail it can convey in an interval of time. The sampling 

theorem asserts that the uniformly spaced discrete samples are a complete representation of the 

signal if this bandwidth is less than half the sampling rate. 

To formalize these concepts, let represent a continuous-time signal and be the 

continuous Fourier transform of that signal (which exists if is square-integrable): 

 

The signal is bandlimited to a one-sided baseband bandwidth, B, if: 

for all  

or, equivalently, the support of X supp(X)⊆[-B,B].  Then the sufficient condition for exact 

reconstructability from samples at a uniform sampling rate (in samples per unit time) is: 

 

or equivalently: 

 

is called the Nyquist rate and is a property of the bandlimited signal, while is called 

the Nyquist frequency and is a property of this sampling system. 
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The time interval between successive samples is referred to as the sampling interval: 

 

and the samples of are denoted by: 

(integers). 

The sampling theorem leads to a procedure for reconstructing the original from the samples 

and states sufficient conditions for such a reconstruction to be exact. 

  

3.1. The Sampling Process 

The theorem describes two processes in signal processing: a sampling process, in which a 

continuous time signal is converted to a discrete time signal, and a reconstruction 

process, in which the original continuous signal is recovered from the discrete time 

signal. 

The continuous signal varies over time (or space in a digitized image, or another 

independent variable in some other application) and the sampling process is performed by 

measuring the continuous signal's value every T units of time (or space), which is called 

the sampling interval. In practice, for signals that are a function of time, the sampling 

interval is typically quite small, on the order of milliseconds, microseconds, or less. This 

results in a sequence of numbers, called samples, to represent the original signal. Each 

sample value is associated with the instant in time when it was measured. The reciprocal 

of the sampling interval (1/T) is the sampling frequency denoted fs, which is measured in 

samples per unit of time. If T is expressed in seconds, then fs is expressed in Hz. 

Reconstruction of the original signal is an interpolation process that mathematically 

defines a continuous-time signal x(t) from the discrete samples x[n] and at times in 

between the sample instants nT. 

o The procedure: Each sample value is multiplied by the sinc function scaled so that the 

zero-crossings of the sinc function occur at the sampling instants and that the sinc 
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function's central point is shifted to the time of that sample, nT. All of these shifted 

and scaled functions are then added together to recover the original signal. The scaled 

and time-shifted sinc functions are continuous making the sum of these also 

continuous, so the result of this operation is a continuous signal. This procedure is 

represented by the WhittakerShannon interpolation formula. 

o The condition: The signal obtained from this reconstruction process can have no 

frequencies higher than one-half the sampling frequency. According to the theorem, 

the reconstructed signal will match the original signal provided that the original signal 

contains no frequencies at or above this limit. This condition is called the Nyquist 

criterion, or sometimes the Raabe condition. 

If the original signal contains a frequency component equal to one-half the sampling rate, 

the condition is not satisfied. The resulting reconstructed signal may have a component at 

that frequency, but the amplitude and phase of that component generally will not match 

the original component. 

This reconstruction or interpolation using sinc functions is not the only interpolation 

scheme. Indeed, it is impossible in practice because it requires summing an infinite 

number of terms. However, it is the interpolation method that in theory exactly 

reconstructs any given bandlimited x(t) with any bandlimit B < 1/2T); any other method 

that does so is formally equivalent to it. 

  

4. Convolution Theorem 

In mathematics, the convolution theorem states that under suitable conditions the Fourier 

transform of a convolution is the pointwise product of Fourier transforms. In other words, 

convolution in one domain (e.g., time domain) equals point-wise multiplication in the other 

domain (e.g., frequency domain). Versions of the convolution theorem are true for various 

Fourier-related transforms. Let and be two functions with convolution . (Note that the 

asterisk denotes convolution in this context, and not multiplication. The symbol is sometimes 

used instead.) Let denote the Fourier transform operator, so and are the 

Fourier transforms of and , respectively. Then 
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where denotes point-wise multiplication. It also works the other way around: 

 

By applying the inverse Fourier transform , we can write: 

 

Note that the relationships above are only valid for the form of the Fourier transform shown in 

the Proof section below. The transform may be normalised in other ways, in which case constant 

scaling factors (typically or ) will appear in the relationships above. 

This theorem also holds for the Laplace transform, the two-sided Laplace transform and, when 

suitably modified, for the Mellin transform and Hartley transform (see Mellin inversion 

theorem). It can be extended to the Fourier transform of abstract harmonic analysis defined over 

locally compact abelian groups. 

This formulation is especially useful for implementing a numerical convolution on a computer: 

The standard convolution algorithm has quadratic computational complexity. With the help of 

the convolution theorem and the fast Fourier transform, the complexity of the convolution can be 

reduced to O(n log n). This can be exploited to construct fast multiplication algorithms. 

  

4.1. Proof 

The proof here is shown for a particular normalisation of the Fourier transform. As 

mentioned above, if the transform is normalised differently, then constant scaling factors 

will appear in the derivation. 

Let F be the Fourier transform of f and G be the Fourier transform of g: 

 

. 

Let h be the convolution of f and g 
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Now notice that 

 

Hence by Fubini's theorem we have that so its Fourier transform is defined. Let H be the 

Fourier transform of h: 

 

Observe that and hence by the argument above we may apply Fubini's theorem again: 

 

Substitute y = z − x; then dy = dz, so: 

 

 

 

These two integrals are the definitions of F(ν) and G(ν), so: 

 

which was to be demonstrated. 

 

 

 

 

 

Topic : A Second Look At Polynomial Approximation- Filters  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand polynomial approximation  

 Understand linear filters 

 Understand mathematics of filter design 
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Definition/Overview: 

Linear Filter: A linear filter applies a linear operator to a time-varying input signal. Linear 

filters are very common in electronics and digital signal processing (see the article on electronic 

filters), but they can also be found in mechanical engineering and other technologies. 

  

  

Key Points: 

1. Polynomial Approximation 

In mathematics, a polynomial is an expression constructed from one or more variables (also 

known as indeterminates) and constants, using the operations of addition, subtraction, 

multiplication, and raising to constant non-negative integer powers. For example, x^2 - 4x + 7\, 

is a polynomial, but x^2 - 4/x + 7x^{3/2}\, is not, because its second term involves division by a 

variable, and also because its third term contains an exponent that is not a non-negative integer. 

Polynomials are one of the most important concepts in algebra and throughout mathematics and 

science. They are used to form polynomial equations, which encode a wide range of problems, 

from elementary story problems to complicated problems in the sciences; they are used to define 

polynomial functions, which appear in settings ranging from basic chemistry and physics to 

economics, and are used in calculus and numerical analysis to approximate other functions. 

Polynomials are used to construct polynomial rings, one of the most powerful concepts in 

algebra and algebraic geometry. 

  

2. Linear Filters 

A linear filter applies a linear operator to a time-varying input signal. Linear filters are very 

common in electronics and digital signal processing (see the article on electronic filters), but they 

can also be found in mechanical engineering and other technologies. 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

125
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



They are often used to eliminate unwanted frequencies from an input signal or to select a desired 

frequency among many others. There are a wide range of types of filters and filter technologies, 

of which this article will present an overview. Regardless of whether they are electronic, 

electrical, or mechanical, or what frequency ranges or timescales they work on, the mathematical 

theory of linear filters is universal.  

  

2.1. Impulse Response 

Linear filters can be divided into two classes: infinite impulse response (IIR), and finite 

impulse response (FIR) filters. In general, a filter with a compact frequency response will 

have an infinite impulse response and a filter with a compact impulse response will have 

an infinite frequency response. 

An FIR filter may be described as a weighted sum of delayed inputs. For such a filter, if 

the input becomes zero at any time, then the output will eventually become zero as well, 

as soon as enough time has passed so that all the delayed inputs are zero, too. Therefore 

the impulse response lasts only a finite time, hence the name finite impulse response. The 

transfer function of such a filter contains only zeros, and no poles. In an IIR filter, by 

contrast, if the input is set to 0, then the output will decay exponentially, but never 

become precisely zero. Therefore the impulse response extends to infinity, and the filter 

is said to have an Infinite Impulse Response. The transfer function of such a filter will 

contain poles as well as zeros. Until about the 1970s, only analog IIR filters were 

practical to construct. However, in digital logic, both FIR and IIR filters are 

straightforward, and both techniques are commonly used in digital filters. Analog FIR 

filters are still uncommon, though they can be built with analog delay lines. 

  

3. Mathematics of Filter Design 

LTI system theory describes linear time-invariant (LTI) filters of all types. LTI filters can be 

completely described by their frequency response and phase response, the specification of which 

uniquely defines their impulse response, and vice versa. From a mathematical viewpoint, 
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continuous-time IIR LTI filters may be described in terms of linear differential equations, and 

their impulse responses considered as Green's functions of the equation. Continuous-time LTI 

filters may also be described in terms of the Laplace transform of their impulse response, which 

allows all of the characteristics of the filter to be analyzed by considering the pattern of poles and 

zeros of their Laplace transform in the complex plane. Similarly, discrete-time LTI filters may be 

analyzed via the Z-transform of their impulse response. 

Before the advent of computer filter synthesis tools, graphical tools such as Bode plots and 

Nyquist plots were extensively used as design tools. Even today, they are invaluable tools to 

understanding filter behavior. Reference books
[2]

 had extensive plots of frequency response, 

phase response, group delay, and impulse response for various types of filters, of various orders. 

They also contained tables of values showing how to implement such filters as RLC ladders - 

very useful when amplifying elements were expensive compared to passive components. Such a 

ladder can also be designed to have minimal sensitivity to component variation
[3]

 a property hard 

to evaluate without computer tools. 

Many different analog filter designs have been developed, each trying to optimise some feature 

of the system response. For practical filters, a custom design is sometimes desirable, that can 

offer the best tradeoff between different design criteria, which may include component count and 

cost, as well as filter response characteristics. 

These descriptions refer to the mathematical properties of the filter (that is, the frequency and 

phase response). These can be implemented as analog circuits (for instance, using a Sallen Key 

filter topology, a type of active filter), or as algorithms in digital signal processing systems. 

Digital filters are much more flexible to synthesize and use than analog filters, where the 

constraints of the design permits their use. Notably, there is no need to consider component 

tolerances, and very high Q levels may be obtained. 

FIR digital filters may be implemented by the direct convolution of the desired impulse response 

with the input signal. They can easily be designed to give a matched filter for any arbitrary pulse 

shape. 

IIR digital filters are often more difficult to design, due to problems including dynamic range 

issues, quantization noise and instability. Typically digital IIR filters are designed as a series of 

digital biquad filters. 

All low-pass second-order continuous-time filters have a transfer function given by 
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All band-pass second-order continuous-time have a transfer function given by 

 

where 

K is the gain (low-pass DC gain, or band-pass mid-band gain) (K is 1 for passive filters) 

Q is the Q factor 

ω0 is the center frequency 

s = ζ + jω is the complex frequency 

 

 

 

 

 

 

Topic : Integrals And Differential Equations  

Topic Objective: 

 At the end of this topic student would be able to: 

 Understand integral equations 

 Understand differential equations 

 Understand Chebyshev Filters 
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Definition/Overview: 

Integral Equations: In mathematics, an integral equation is an equation in which an unknown 

function appears under an integral sign. There is a close connection between differential and 

integral equations, and some problems may be formulated either way 

  

Differential Equations: A differential equation is a mathematical equation for an unknown 

function of one or several variables that relates the values of the function itself and of its 

derivatives of various orders. Differential equations play a prominent role in engineering, 

physics, economics and other disciplines. 

  

  

Key Points: 

1. Integral Equations 

The most basic type of integral equation is a Fredholm equation of the first type: 

 

The notation follows Arfken. Here φ is an unknown function, f is a known function, and K is 

another known function of two variables, often called the kernel function. Note that the limits of 

integration are constant; this is what characterizes a Fredholm equation. 

If the unknown function occurs both inside and outside of the integral, it is known as a Fredholm 

equation of the second type: 

 

The parameter λ is an unknown factor, which plays the same role as the eigenvalue in linear 

algebra. 

If one limit of integration is variable, it is called a Volterra equation. Thus Volterra equations of 

the first and second types, respectively, would appear as: 
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In all of the above, if the known function f is identically zero, it is called a homogeneous integral 

equation. If f is nonzero, it is called an inhomogeneous integral equation. 

In summary, integral equations are classified according to three different dichotomies, creating 

eight different kinds: 

Limits of integration 

 Both fixed: Fredholm equation 

 One variable: Volterra equation 

Placement of unknown function 

 Only inside integral: first kind 

 Both inside and outside integral: second kind 

Nature of known function f 

 Identically zero: homogeneous 

 Not identically zero: inhomogeneous 

Integral equations are important in many applications. Problems in which integral equations are 

encountered include radiative energy transfer and the oscillation of a string, membrane, or axle. 

Oscillation problems may also be solved as differential equations. 

  

2. Differential Equations 

Differential equations arise in many areas of science and technology; whenever a deterministic 

relationship involving some continuously changing quantities (modeled by functions) and their 

rates of change (expressed as derivatives) is known or postulated. This is well illustrated by 

classical mechanics, where the motion of a body is described by its position and velocity as the 

time varies. Newton's Laws allow one to relate the position, velocity, acceleration and various 

forces acting on the body and state this relation as a differential equation for the unknown 
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position of the body as a function of time. In many cases, this differential equation may be 

solved explicitly, yielding the law of motion. 

Differential equations are mathematically studied from several different perspectives, mostly 

concerned with their solutions, functions that make the equation hold true. Only the simplest 

differential equations admit solutions given by explicit formulas. Many properties of solutions of 

a given differential equation may be determined without finding their exact form. If a self-

contained formula for the solution is not available, the solution may be numerically 

approximated using computers. The theory of dynamical systems puts emphasis on qualitative 

analysis of systems described by differential equations, while many numerical methods have 

been developed to determine solutions with a given degree of accuracy. 

  

3. Chebyshev Filters 

Chebyshev filters are analog or digital filters having a steeper roll-off and more passband ripple 

(type I) or stopband ripple (type II) than Butterworth filters. Chebyshev filters have the property 

that they minimize the error between the idealized filter characteristic and the actual over the 

range of the filter, but with ripples in the passband. This type of filter is named in honor of 

Pafnuty Chebyshev because their mathematical characteristics are derived from Chebyshev 

polynomials. 

Because of the passband ripple inherent in Chebyshev filters, filters which have a smoother 

response in the passband but a more irregular response in the stopband are preferred for some 

applications. 
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Topic : Design Of Digital Filters  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand digital filter 

 Understand design of digital filters 

 Understand comperision of analog and digital filter 

  

  

Definition/Overview: 

Digital Filter: In electronics, computer science and mathematics, a digital filter is a system that 

performs mathematical operations on a sampling, discrete-time signal to reduce or enhance 

certain aspects of that signal. 

  

  

Key Points: 

1. Digital Filters 

In electronics, computer science and mathematics, a digital filter is a system that performs 

mathematical operations on a sampling, discrete-time signal to reduce or enhance certain aspects 

of that signal. This is in contrast to the other major type of electronic filter, the analog filter, 

which is an electronic circuit operating on continuous-time analog signals. An analog signal may 

be processed by a digital filter by first being digitized and represented as a sequence of numbers, 

then manipulated mathematically, and then reconstructed as a new analog signal in an analog 

filter, the input signal is "directly" manipulated by the circuit. 

A digital filter system usually consists of an analog-to-digital converter (to sample the input 

signal), a microprocessor (often a specialized digital signal processor), and a digital-to-analog 

converter. Software running on the microprocessor can implement the digital filter by 
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performing the necessary mathematical operations on the numbers received from the ADC. In 

some high performance applications, an FPGA or ASIC is used instead of a general purpose 

microprocessor. 

Digital filters may be more expensive than an equivalent analog filter due to their increased 

complexity, but they make practical many designs that are impractical or impossible as analog 

filters. Since digital filters use a sampling process and discrete-time processing, they experience 

latency (the difference in time between the input and the response), which is almost irrelevant in 

analog filters. Digital filters are commonplace and an essential element of everyday electronics 

such as radios, cellphones, and stereo receivers. 

  

1.1. Characterization of Digital Filters 

A digital filter is characterized by its transfer function, or equivalently, its difference equation. 

Mathematical analysis of the transfer function can describe how it will respond to any input. As 

such, designing a filter consists of developing specifications appropriate to the problem (for 

example, a second-order lowpass filter with a specific cut-off frequency), and then producing a 

transfer function which meets the specifications. 

The transfer function for a linear, time-invariant, digital filter can be expressed as a transfer 

function in the Z-domain; if it is causal, then it has the form: 

 

where the order of the filter is the greater of N or M. See Z-transform's LCCD equation for 

further discussion of this transfer function. 

This form is for a recursive filter, which typically leads to infinite impulse response behaviour, 

but if the denominator is unity, then this is the form for a finite impulse response filter. 
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1.1.1. Analysis Techniques 

A variety of mathematical techniques may be employed to analyze the behaviour of a 

given digital filter. Many of these analysis techniques may also be employed in designs, 

and often form the basis of a filter specification. 

Typically, one analyzes filters by calculating how the filter will respond to a simple input. 

One can then extend this information to visually the filter's response to more complex 

signals. 

  

1.1.2. Impulse Response 

The impulse response, often denoted H(z) or h(n) is a measurement of how a filter will 

respond to the Kronecker delta function. For example, given a difference equation, one 

would set x(0) = 1 and x(n) = 0 for n > 0 and evaluate. In the case of linear time-invariant 

FIR filters, the impulse response is exactly equal to the sequence of filter coefficients 

h(n) = bn. In general, the impulse response is a characterization of the filter's behaviour. 

A plot of the impulse response will help to reveal how a filter will respond to a sudden, 

momentary disturbance. 

  

2. Filter Design 

The design of digital filters is a deceptively complex topic. Although filters are easily understood 

and calculated, the practical challenges of their design and implementation are significant and are 

the subject of much advanced research. There are two categories of digital filter: the recursive 

filter and the nonrecursive filter. These are often referred to as infinite impulse response (IIR) 

filters and finite impulse response (FIR) filters, respectively. 

  

3. Comparison of Analog and Digital Filters 

3.1. Advantages 

Digital filters can realize characteristics not practically achievable with analog filters; for 

example, creating a 1000 Hz low-pass filter which can achieve near-perfect transmission 
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of a 999 Hz input while entirely blocking a 1001 Hz signal. Practical analog filters cannot 

discriminate between such closely spaced signals. Digital filters have the potential to 

attain much better signal-to-noise ratios than analog filters because random analog noise 

occurs only during the analog-to-digital conversion(ADC). Multi-stages analog filters 

have random noise injected at each stage--causing errors to propagate down the system. 

  

3.2. Disadvantages 

The ADC stage creates deterministic quantization error which is due to digital storage 

and computation limitations. This also creates sample rate limitation which is generally 

lower than (cf. Nyquist sampling theorem) analog filters. 

 

 

 

 

 

 

 

 In Section 5 of this course you will cover these topics: 

 Quantization Of Signals 

 Sum Of Exponentials 

 Laplace Transform 

 Simulation And Methods Of Zeros And Poles 

 Approximation To Singularities 

 Optimization 

 Linear Independence 

 Eigenvalues Eigenvectors Of Hermitian Matrices 

 The Art Of Computing For Scientists And Engineers 
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Topic : Quantization Of Signals  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Quantization of Signals 

 Understand Quantization error 

  

  

Definition/Overview: 

Quantization of Signals: In digital signal processing, quantization is the process of 

approximating a continuous range of values (or a very large set of possible discrete values) by a 

relatively-small set of discrete symbols or integer values. 

  

  

Key Points: 

1. Quantization of Signals 

In digital signal processing, quantization is the process of approximating a continuous range of 

values (or a very large set of possible discrete values) by a relatively-small set of discrete 

symbols or integer values. More specifically, a signal can be multi-dimensional and quantization 

need not be applied to all dimensions. Discrete signals (a common mathematical model) need not 

be quantized, which can be a point of confusion. 

A common use of quantization is in the conversion of a discrete signal (a sampled continuous 

signal) into a digital signal by quantizing. Both of these steps (sampling and quantizing) are 

performed in analog-to-digital converters with the quantization level specified in bits. A specific 

example would be compact disc (CD) audio which is sampled at 44,100 Hz and quantized with 

16 bits (2 bytes) which can be one of 65,536 (i.e. 216) possible values per sample. 
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In electronics, adaptive quantization is a quantization process that varies the step size based on 

the changes of the input signal, as a means of efficient compression.Two approaches commonly 

used are forward adaptive quantization and backward adaptive quantization. 

  

1.1. Mathematical Description 

The simplest and best-known form of quantization is referred to as scalar quantization, 

since it operates on scalar (as opposed to multi-dimensional vector) input data. In general, 

a scalar quantization operator can be represented as 

 

where 

 x is a real number to be quantized, 

 is the floor function, yielding an integer result that is sometimes 

referred to as the quantization index, 

 f(x) and g(i) are arbitrary real-valued functions. 

The integer-valued quantization index i is the representation that is typically stored or 

transmitted, and then the final interpretation is constructed using g(i) when the data is 

later interpreted. 

In computer audio and most other applications, a method known as uniform quantization 

is the most common. There are two common variations of uniform quantization, called 

mid-rise and mid-tread uniform quantizers. 

If x is a real-valued number between -1 and 1, a mid-rise uniform quantization operator 

that uses M bits of precision to represent each quantization index can be expressed as 

. 

In this case the f(x) and g(i) operators are just multiplying scale factors (one multiplier 

being the inverse of the other) along with an offset in g(i) function to place the 

representation value in the middle of the input region for each quantization index. The 

value 2 
− (M − 1)

 is often referred to as the quantization step size. Using this quantization 
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law and assuming that quantization noise is approximately uniformly distributed over the 

quantization step size (an assumption typically accurate for rapidly varying x or high M) 

and further assuming that the input signal x to be quantized is approximately uniformly 

distributed over the entire interval from -1 to 1, the signal to noise ratio (SNR) of the 

quantization can be computed as 

. 

From this equation, it is often said that the SNR is approximately 6 dB per bit. 

For mid-tread uniform quantization, the offset of 0.5 would be added within the floor 

function instead of outside of it. 

Sometimes, mid-rise quantization is used without adding the offset of 0.5. This reduces 

the signal to noise ratio by approximately 6.02 dB, but may be acceptable for the sake of 

simplicity when the step size is small. 

In digital telephony, two popular quantization schemes are the 'A-law' (dominant in 

Europe) and 'μ-law' (dominant in North America and Japan). These schemes map discrete 

analog values to an 8-bit scale that is nearly linear for small values and then increases 

logarithmically as amplitude grows. Because the human ear's perception of loudness is 

roughly logarithmic, this provides a higher signal to noise ratio over the range of audible 

sound intensities for a given number of bits. 

  

1.2. Quantization and Data Compression 

Quantization plays a major part in lossy data compression. In many cases, quantization 

can be viewed as the fundamental element that distinguishes lossy data compression from 

lossless data compression, and the use of quantization is nearly always motivated by the 

need to reduce the amount of data needed to represent a signal. In some compression 

schemes, like MP3 or Vorbis, compression is also achieved by selectively discarding 

some data, an action that can be analyzed as a quantization process (e.g., a vector 

quantization process) or can be considered a different kind of lossy process. 
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One example of a lossy compression scheme that uses quantization is JPEG image 

compression. During JPEG encoding, the data representing an image (typically 8-bits for 

each of three color components per pixel) is processed using a discrete cosine transform 

and is then quantized and entropy coded. By reducing the precision of the transformed 

values using quantization, the number of bits needed to represent the image can be 

reduced substantially. For example, images can often be represented with acceptable 

quality using JPEG at less than 3 bits per pixel (as opposed to the typical 24 bits per pixel 

needed prior to JPEG compression). Even the original representation using 24 bits per 

pixel requires quantization for its PCM sampling structure. 

In modern compression technology, the entropy of the output of a quantizer matters more 

than the number of possible values of its output (the number of values being 2
M

 in the 

above example). 

In order to determine how many bits are necessary to effect a given precision, algorithms 

are used. Suppose, for example, that it is necessary to record six significant digits, that is 

to say, millionths. The number of values that can be expressed by N bits is equal to two to 

the Nth power. To express six decimal digits, the required number of bits is determined 

by rounding (6 / log 2)where log refers to the base ten, or common, logarithmup to the 

nearest integer. Since the logarithm of 2, base ten, is approximately 0.30102, the required 

number of bits is then given by (6 / 0.30102), or 19.932, rounded up to the nearest 

integer, viz., 20 bits. 

This type of quantizationwhere a set of binary digits, e.g., an arithmetic register in a CPU, 

are used to represent a quantityis called Vernier quantization. It is also possible, although 

rather less efficient, to rely upon equally spaced quantization levels. This is only practical 

when a small range of values is expected to be captured: for example, a set of eight 

possible values requires eight equally spaced quantization levelswhich is not 

unreasonable, although obviously less efficient than a mere trio of binary digits (bits)but 

a set of, say, sixty-four possible values, requiring sixty-four equally spaced quantization 

levels, can be expressed using only six bits, which is obviously far more efficient. 
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1.3. Relation to Quantization in Nature 

At the most fundamental level, some physical quantities are quantized. This is a result of 

quantum mechanics. Signals may be treated as continuous for mathematical simplicity by 

considering the small quantizations as negligible. 

In any practical application, this inherent quantization is irrelevant for two reasons. First, 

it is overshadowed by signal noise, the intrusion of extraneous phenomena present in the 

system upon the signal of interest. The second, which appears only in measurement 

applications, is the inaccuracy of instruments. Thus, although all physical signals are 

intrinsically quantized, the error introduced by modeling them as continuous is 

vanishingly small. 

  

2. Quantization Error 

The difference between the actual analog value and quantized digital value due is called 

quantization error. This error is due either to rounding or truncation. 

Many physical quantities are actually quantized by physical entities. Examples of fields where 

this limitation applies include electronics (due to electrons), optics (due to photons), biology (due 

to DNA), and chemistry (due to molecules). This is sometimes known as the "quantum noise 

limit" of systems in those fields. This is a different manifestation of "quantization error," in 

which theoretical models may be analog but physics occurs digitally. Around the quantum limit, 

the distinction between analog and digital quantities vanishes. 

  

2.1. Quantization Noise Model of Quantization Error 

Quantization noise is a model of quantization error introduced by quantization in the 

analog-to-digital conversion (ADC) process in telecommunication systems and signal 

processing. It is a rounding error between the analog input voltage to the ADC and the 

output digitized value. The noise is non-linear and signal-dependent. It can be modelled 

in several different ways. 
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In an ideal analog-to-digital converter, where the quantization error is uniformly 

distributed between −1/2 LSB and +1/2 LSB, and the signal has a uniform distribution 

covering all quantization levels, the signal-to-noise ratio (SNR) can be calculated from 

 

The most common test signals that fulfil this are full amplitude triangle waves and 

sawtooth waves. 

In this case a 16-bit ADC has a maximum signal-to-noise ratio of 6.0206 16=96.33 dB. 

When the input signal is a full-amplitude sine wave the distribution of the signal is no 

longer uniform, and the corresponding equation is instead 

 

Here, the quantization noise is once again assumed to be uniformly distributed. When the 

input signal has high amplitude and a wide frequency spectrum this is the case. 

In this case a 16-bit ADC has a maximum signal-to-noise ratio of 98.09 dB. 

For complex signals in high-resolution ADCs this is an accurate model. For low-

resolution ADCs, low-level signals in high-resolution ADCs, and for simple waveforms 

the quantization noise is not uniformly distributed, making this model inaccurate.In these 

cases the quantization noise distribution is strongly affected by the exact amplitude of the 

signal. 

 

 

Topic : Sum Of Exponentials  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand exponentials 

 Understand sum of exponentials 
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Definition/Overview: 

Exponentials: In mathematics, an exponential sum may be a finite Fourier series (i.e. a 

trigonometric polynomial), or other finite sum formed using the exponential function, usually 

expressed by means of the function. 

  

  

Key Points: 

1. Exponential Sum 

In mathematics, an exponential sum may be a finite Fourier series (i.e. a trigonometric 

polynomial), or other finite sum formed using the exponential function, usually expressed by 

means of the function e(x) = exp(2πix). Therefore a typical exponential sum may take the form 

, 

summed over a finite sequence of real numbers xn. 

  

1.1. Formulation 

If we allow some real coefficients an, to get the form 

 

it is the same as allowing exponents that are complex numbers. Both forms are certainly 

useful in applications. A large part of twentieth century analytic number theory was 

devoted to finding good estimates for these sums, a trend started by basic work of 

Hermann Weyl in diophantine approximation. 
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1.2. Estimates 

The main thrust of the subject is that a sum 

 

is trivially estimated by the number N of terms. That is, the absolute value 

 

by the triangle inequality, since each summand has absolute value 1. In applications one 

would like to do better. That involves proving some cancellation takes place, or in other 

words that this sum of complex numbers on the unit circle is not of numbers all with the 

same argument. The best that is reasonable to hope for is an estimate of the form 

 

which signifies, up to the implied constant in the big O notation, that the sum resembles a 

random walk in two dimensions. 

Such an estimate can be considered ideal; it is unattainable in many of the major 

problems, and estimates 

| S | = o(N) 

have to be used, where the o(N) function represents only a small saving on the trivial 

estimate. A typical 'small saving' may be a factor of log(N), for example. Even such a 

minor-seeming result in the right direction has to be referred all the way back to the 

structure of the initial sequence xn, to show a degree of randomness. The techniques 

involved are ingenious and subtle. 

A variant of 'Weyl differencing' investigated by Weyl involving a Generating exponential 

sum 

 

Was previosuly studied by Weyl himself, he developed a method to express the sum as 

the value G(0) , where 'G' can be defined via a linear differential equation similar to 

Dyson equation] obtained via summation by parts. 
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2. Types of Exponential Sum 

Many types of sums are used in formulating particular problems; applications require usually a 

reduction to some known type, often by ingenious manipulations. Partial summation can be used 

to remove coefficients an, in many cases. 

A basic distinction is between a complete exponential sum, which is typically a sum over all 

residue classes modulo some integer N (or more general finite ring), and an incomplete 

exponential sum where the range of summation is restricted by some inequality. Examples of 

complete exponential sums are Gauss sums and Kloosterman sums; these are in some sense finite 

field or finite ring analogues of the gamma function and some sort of Bessel function, 

respectively, and have many 'structural' properties. An example of an incomplete sum is the 

partial sum of the quadratic Gauss sum (indeed, the case investigated by Gauss). Here there are 

good estimates for sums over shorter ranges than the whole set of residue classes, because, in 

geometric terms, the partial sums approximate a Cornu spiral; this implies massive cancellation. 

Auxiliary types of sums occur in the theory, for example character sums; going back to Harold 

Davenport's thesis. The Weil conjectures had major applications to complete sums with domain 

restricted by polynomial conditions (i.e., along an algebraic variety over a finite field). 

One of the most general types of exponential sum is the Weyl sum, with exponents 2πif(n) where 

f is a fairly general real-valued smooth function. These are the sums implicated in the 

distribution of the values 

f(n) modulo 1, 

according to Weyl's equidistribution criterion. A basic advance was Weyl's inequality for such 

sums, for polynomial f. 

There is a general theory of exponent pairs, which formulates estimates. An important case is 

where f is logarithmic, in relation with the Riemann zeta function. See also equidistribution 

theorem. 
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Topic : Laplace Transform  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Laplace Transform 

 Understand Bilateral and Inverse Laplace transform 

 Understand Region of convergence 

  

  

Definition/Overview: 

Laplace Transform: In mathematics, the Laplace transform is one of the best known and widely 

used integral transforms. It is commonly used to produce an easily solvable algebraic equation 

from an ordinary differential equation.  

  

  

Key Points: 

1. Laplace Transform 

In mathematics, the Laplace transform is one of the best known and most widely used integral 

transforms. It is commonly used to produce an easily soluble algebraic equation from an ordinary 

differential equation. It has many important applications in mathematics, physics, optics, 

electrical engineering, control engineering, signal processing, and probability theory. 

In mathematics, it is used for solving differential and integral equations. In physics, it is used for 

analysis of linear time-invariant systems such as electrical circuits, harmonic oscillators, optical 

devices, and mechanical systems. In this analysis, the Laplace transform is often interpreted as a 

transformation from the time-domain, in which inputs and outputs are functions of time, to the 

frequency-domain, where the same inputs and outputs are functions of complex angular 

frequency, or radians per unit time. Given a simple mathematical or functional description of an 

input or output to a system, the Laplace transform provides an alternative functional description 
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that often simplifies the process of analyzing the behavior of the system, or in synthesizing a new 

system based on a set of specifications. 

Denoted , it is a linear operator on a function f(t) (original) with a real argument t (t ≥ 

0) that transforms it to a function F(s) (image) with a complex argument s. This transformation is 

essentially bijective for the majority of practical uses; the respective pairs of f(t) and F(s) are 

matched in tables. The Laplace transform has the useful property that many relationships and 

operations over the originals f(t) correspond to simpler relationships and operations over the 

images F(s). 

  

2. Formal Definition 

The Laplace transform of a function f(t), defined for all real numbers t ≥ 0, is the function F(s), 

defined by: 

 

The lower limit of 0
−
 is short notation to mean 

 

and assures the inclusion of the entire Dirac delta function δ(t) at 0 if there is such an impulse in 

f(t) at 0. 

The parameter s is in general complex: 

 

This integral transform has a number of properties that make it useful for analyzing linear 

dynamic systems. The most significant advantage is that differentiation and integration become 

multiplication and division, respectively, by s. (This is similar to the way that logarithms change 

an operation of multiplication of numbers to addition of their logarithms.) This changes integral 

equations and differential equations to polynomial equations, which are much easier to solve. 

Once solved, use of the inverse Laplace transform reverts back to the time domain. 
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3. Bilateral Laplace transform 

When one says "the Laplace transform" without qualification, the unilateral or one-sided 

transform is normally intended. The Laplace transform can be alternatively defined as the 

bilateral Laplace transform or two-sided Laplace transform by extending the limits of integration 

to be the entire real axis. If that is done the common unilateral transform simply becomes a 

special case of the bilateral transform where the definition of the function being transformed is 

multiplied by the Heaviside step function. 

The bilateral Laplace transform is defined as follows: 

 

  

4. Inverse Laplace Transform 

The inverse Laplace transform is given by the following complex integral, which is known by 

various names (the Bromwich integral, the Fourier-Mellin integral, and Mellin's inverse 

formula): 

 

where γ is a real number so that the contour path of integration is in the region of convergence of 

F(s) normally requiring γ > Re(sp) for every singularity sp of F(s) and i
2
 = −1. If all singularities 

are in the left half-plane, that is Re(sp) < 0 for every sp, then γ can be set to zero and the above 

inverse integral formula becomes identical to the inverse Fourier transform. 

An alternative formula for the inverse Laplace transform is given by Post's inversion formula. 

  

5. Region of Convergence 

The Laplace transform F(s) typically exists for all complex numbers such that Re{s} > a, where a 

is a real constant which depends on the growth behavior of f(t), whereas the two-sided transform 

is defined in a range a < Re{s} < b. The subset of values of s for which the Laplace transform 
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exists is called the region of convergence (ROC) or the domain of convergence. In the two-sided 

case, it is sometimes called the strip of convergence. 

The integral defining the Laplace transform of a function may fail to exist for various reasons. 

For example, when the function has infinite discontinuities in the interval of integration, or when 

it increases so rapidly that exp(-pt) cannot damp it sufficiently for convergence on the interval to 

take place. There are no specific conditions that one can check a function against to know in all 

cases if its Laplace transform can be taken, other than to say the defining integral converges. It is 

however easy to give theorems on cases where it may or may not be taken. 

 

 

 

Topic : Simulation And Methods Of Zeros And Poles  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand simulation concept 

 Understand its use in mathematics 

  

  

Definition/Overview: 

Simulation: Simulation is the imitation of some real thing, state of affairs, or process. The act of 

simulating something generally entails representing certain key characteristics or behaviours of a 

selected physical or abstract system. 
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Key Points: 

1. Simulation 

Simulation is the imitation of some real thing, state of affairs, or process. The act of simulating 

something generally entails representing certain key characteristics or behaviours of a selected 

physical or abstract system. 

However, the connection between simulation and dissembling later faded out and is now only of 

linguistic interest. Simulation is used in many contexts, including the modeling of natural 

systems or human systems in order to gain insight into their functioning. Other contexts include 

simulation of technology for performance optimization, safety engineering, testing, training and 

education. Simulation can be used to show the eventual real effects of alternative conditions and 

courses of action. 

  

2. Key Issues  

Key issues in simulation include acquisition of valid source information about the referent, 

selection of key characteristics and behaviours, the use of simplifying approximations and 

assumptions within the simulation, and fidelity and validity of the simulation outcomes. 

Historically, simulations used in different fields developed largely independently, but 20th 

century studies of Systems theory and Cybernetics combined with spreading use of computers 

across all those fields have led to some unification and a more systematic view of the concept. 

  

3. Computer Simulation 

A computer simulation (or "sim") is an attempt to model a real-life or hypothetical situation on a 

computer so that it can be studied to see how the system works. By changing variables, 

predictions may be made about the behaviour of the system. 

Computer simulation has become a useful part of modeling many natural systems in physics, 

chemistry and biology, and human systems in economics and social science (the computational 

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

149
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



sociology) as well as in engineering to gain insight into the operation of those systems. A good 

example of the usefulness of using computers to simulate can be found in the field of network 

traffic simulation. In such simulations, the model behaviour will change each simulation 

according to the set of initial parameters assumed for the environment. 

Traditionally, the formal modeling of systems has been via a mathematical model, which 

attempts to find analytical solutions enabling the prediction of the behaviour of the system from 

a set of parameters and initial conditions. Computer simulation is often used as an adjunct to, or 

substitution for, modeling systems for which simple closed form analytic solutions are not 

possible. There are many different types of computer simulation, the common feature they all 

share is the attempt to generate a sample of representative scenarios for a model in which a 

complete enumeration of all possible states would be prohibitive or impossible. 

Several software packages exist for running computer-based simulation modeling (e.g. Monte 

Carlo simulation and stochastic modeling) that makes the modeling almost effortless. 

Modern usage of the term "computer simulation" may encompass virtually any computer-based 

representation. 

  

4. Simulation in Mathematics  

In mathematics, signal processing and control theory, a pole-zero plot is a graphical 

representation of a rational transfer function in the complex plane which helps to convey certain 

properties of the system such as: 

 stability 

 Causal system / anticausal system 

 region of convergence (ROC) 

 minimum phase / non minimum phase 

In general, a rational transfer function for a discrete LTI system has the form: 

 

where 
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 zi such that P(zi) = 0 are the zeros of the system 

 zj such that Q(zj) = 0 are the poles of the system 

In the plot, the poles of the system are indicated by an x while the zeroes are indicated by an o. 

 

 

 

 

 

Topic : Approximation To Singularities  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand singularities 

 Understand real and complex analysis 

 Understand Singular value decomposition  

  

  

Definition/Overview: 

Singularity: In mathematics, a singularity is in general a point at which a given mathematical 

object is not defined, or a point of an exceptional set where it fails to be well-behaved in some 

particular way, such as differentiability. See singularity theory for general discussion of the 

geometric theory, which only covers some aspects.  

  

  

Key Points: 

1. Singularity  

In mathematics, a singularity is in general a point at which a given mathematical object is not 

defined, or a point of an exceptional set where it fails to be well-behaved in some particular way, 
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such as differentiability. See singularity theory for general discussion of the geometric theory, 

which only covers some aspects. 

For example, the function 

 

on the real line has a singularity at x = 0, where it seems to "explode" to ∞ and is not defined. 

The function g(x) = |x| (see absolute value) also has a singularity at x = 0, since it is not 

differentiable there. Similarly, the graph defined by y2 = x also has a singularity at (0,0), this 

time because it has a "corner" (vertical tangent) at that point. 

The algebraic set defined by y2 = x2 in the (x, y) coordinate system has a singularity (singular 

point) at (0, 0) because it does not admit a tangent there. 

  

2. Real Analysis 

In real analysis singularities are also called discontinuities. There are three kinds: type I, which 

has two sub-types, and type II. 

In order to describe these types, suppose that f(x) is a function of a real argument x, and for any 

value of its argument, say c, the symbols f(c + ) and f(c − ) are defined by: 

, constrained by and 

, constrained by  . 

The limit f(c − ) is called the left-handed limit, and f(c + ) is called the right-handed limit. The 

value f(c − ) is the value that the function f(x) tends towards as the value x approaches c from 

below, and the value f(c + ) is the value that the function f(x) tends towards as the value x 

approaches c from above, regardless of the actual value the function has at the point where x = 

c . 

There are some functions for which these limits do not exist at all. For example the function 
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does not tend towards anything as x approaches c = 0. The limits in this case are not infinite, but 

rather undefined: there is no value that g(x) settles in on. 

 A point of continuity, which is not a singularity, is a value of c for which f(c − ) = f(c) = f(c + ), 

as one usually expects. All the values must be finite. 

 A type I discontinuity occurs when both f(c − ) and f(c + ) both exist (and are both finite), but 

either or f(c) either does not exist for that value of x, or does not match the 

value that the two limits tend towards. Two subtypes occur:  

o A removable discontinuity occurs when f(c − ) = f(c + ), but either the value of f(c) 

does not match the limits, or the function does not exist at the point x = c . 

o A jump discontinuity occurs when , regardless of whether f(c) 

exists, and regardless of what value it might have if it does exist. 

 A type II discontinuity occurs when either f(c − ) or f(c + ) does not exist (possibly both). This 

has one subtype:  

o An infinite discontinuity is the special case when either the left hand or right hand 

limit does not exist specifically because it is infinite, and the other limit is either also 

infinite or is some well defined finite number. 

In real analysis, a singularity or discontinuity is a property of a function alone. Any singularities 

that may exist in the derivative of a function are considered as belonging to the derivative, not to 

the original function. 

  

3. Complex Analysis 

In complex analysis, there are four kinds of singularity, to be described below. Suppose U is an 

open subset of the complex numbers C, a is an element of U, and f is a holomorphic function 

defined on U \ {a}. 

 Isolated singularities:Suppose f is not defined at a, although defined on U \ {a}.  

o The point a is a removable singularity of f if there exists a holomorphic function g 

defined on all of U such that f(z) = g(z) for all z in U − {a}. The function g replaces 

the function f in all but name. 
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o The point a is a pole or non-essential singularity of f if there exists a holomorphic 

function g defined on U and a natural number n such that f(z) = g(z) / (z − a)n for all z 

in U − {a}. The derivative at a non-essential singularity may or may not exist. If g(a) 

is nonzero, then we say that a is a pole of order n. 

o The point a is an essential singularity of f if is neither a removable singularity nor a 

pole. The point a is an essential singularity if and only if the Laurent series has 

infinitely many powers of negative degree. 

 Branch points. In short, the branch points are generally the result of a multi-valued function, such 

as being defined within a certain interval so that it behaves like a single-valued function. The 

function may have different values on each side of the branch cut so every point along the branch 

cut has no derivative. 

  

4. Singular Value Decomposition 

Singular value decomposition (SVD) is a method of factorizing matrices. A non-negative real 

number ζ is a singular value for M if and only if there exist normalized vectors u in Km and v in 

Kn such that 

 

The vectors u and v are called left-singular and right-singular vectors for ζ, respectively. The 

factorisation is 

 

where diagonal entries of Σ are equal to the singular values of M. The columns of U and V are 

left- resp. right-singular vectors for the corresponding singular values. It is widely used in 

statistics where it is used as a technique for solving linear least squares problems and is related to 

principal components analysis. 
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Topic : Optimization  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand optimization concept 

 Understand optimization notation 

 Understand optimization uses 

  

  

Definition/Overview: 

Optimization: In mathematics, the term optimization, or mathematical programming, refers to 

the study of problems in which one seeks to minimize or maximize a real function by 

systematically choosing the values of real or integer variables from within an allowed set. 

  

  

Key Points: 

1. Optimization 

An optimization problem can be represented in the following way 

Given: a function f : A R from some set A to the real numbers 

Sought: an element x0 in A such that f(x0) ≤ f(x) for all x in A ("minimization") or such that f(x0) 

≥ f(x) for all x in A ("maximization"). 

Such a formulation is called an optimization problem or a mathematical programming problem 

(a term not directly related to computer programming, but still in use for example in linear 

programming - see History below). Many real-world and theoretical problems may be modeled 

in this general framework. Problems formulated using this technique in the fields of physics and 
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computer vision may refer to the technique as energy minimization, speaking of the value of the 

function f as representing the energy of the system being modeled. 

Typically, A is some subset of the Euclidean space R
n
, often specified by a set of constraints, 

equalities or inequalities that the members of A have to satisfy. The domain A of f is called the 

search space, while the elements of A are called candidate solutions or feasible solutions. 

The function f is called an objective function, energy function, or cost function 
[1]

. A feasible 

solution that minimizes (or maximizes, if that is the goal) the objective function is called an 

optimal solution. 

Generally, when the feasible region or the objective function of the problem does not present 

convexity, there may be several local minima and maxima, where a local minimum x
*
 is defined 

as a point for which there exists some δ > 0 so that for all x such that 

 

the expression 

 

holds; that is to say, on some region around x
*
 all of the function values are greater than or equal 

to the value at that point. Local maxima are defined similarly. 

A large number of algorithms proposed for solving non-convex problems including the majority 

of commercially available solvers are not capable of making a distinction between local optimal 

solutions and rigorous optimal solutions, and will treat the former as actual solutions to the 

original problem. The branch of applied mathematics and numerical analysis that is concerned 

with the development of deterministic algorithms that are capable of guaranteeing convergence 

in finite time to the actual optimal solution of a non-convex problem is called global 

optimization. 
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2. Notation 

Optimization problems are often expressed with special notation. Here are some examples: 

 

This asks for the minimum value for the objective function x
2
 + 1, where x ranges over the real 

numbers R. The minimum value in this case is 1, occurring at x = 0. 

 

This asks for the maximum value for the objective function 2x, where x ranges over the reals. In 

this case, there is no such maximum as the objective function is unbounded, so the answer is 

"infinity" or "undefined". 

 

This asks for the value (or values) of x in the interval (−∞, −1] that minimizes (or minimize) the 

objective function x
2
 + 1 (the actual minimum value of that function does not matter). In this 

case, the answer is x = −1. 

 

This asks for the (x, y) pair (or pairs) that maximizes (or maximize) the value of the objective 

function xcos(y), with the added constraint that x lies in the interval [−5, 5] (again, the actual 

maximum value of the expression does not matter). In this case, the solutions are the pairs of the 

form (5, 2πk) and (−5, (2k + 1)π), where k ranges over all integers. 

  

3. Uses 

Problems in rigid body dynamics (in particular articulated rigid body dynamics) often require 

mathematical programming techniques, since you can view rigid body dynamics as attempting to 

solve an ordinary differential equation on a constraint manifold; the constraints are various 

nonlinear geometric constraints such as "these two points must always coincide", "this surface 

must not penetrate any other", or "this point must always lie somewhere on this curve". Also, the 
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problem of computing contact forces can be done by solving a linear complementarity problem, 

which can also be viewed as a QP (quadratic programming problem). 

Many design problems can also be expressed as optimization programs. This application is called 

design optimization. One recent and growing subset of this field is multidisciplinary design 

optimization, which, while useful in many problems, has in particular been applied to aerospace 

engineering problems. 

Mainstream economics also relies heavily on mathematical programming. An often studied 

problem in microeconomics, the utility maximization problem, and its dual problem the 

Expenditure minimization problem, are economic optimization problems. Consumers and firms 

are assumed to maximize their utility/profit. Also, agents are most frequently assumed to be risk-

averse thereby wishing to minimize whatever risk they might be exposed to. Asset prices are also 

explained using optimization though the underlying theory is more complicated than simple 

utility or profit optimization. Trade theory also uses optimization to explain trade patterns 

between nations. 

 

 

 

 

 

 

 

Topic : Linear Independence  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand Linear Independence 

 Understand Linear Independence geometrical Meanings 
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Definition/Overview: 

Linear Independence: In linear algebra, a family of vectors is linearly independent if none of 

them can be written as a linear combination of finitely many other vectors in the collection. 

  

  

Key Points: 

1. Linear Independence  

In linear algebra, a family of vectors is linearly independent if none of them can be written as a 

linear combination of finitely many other vectors in the collection. A family of vectors which is 

not linearly independent is called linearly dependent. For instance, in the three-dimensional real 

vector space R
3
 we have the following example. 

 

Here the first three vectors are linearly independent; but the fourth vector equals 9 times the first 

plus 5 times the second plus 4 times the third, so the four vectors together are linearly dependent. 

Linear dependence is a property of the family, not of any particular vector; here we could just as 

well write the first vector as a linear combination of the last three. 

 

In probability theory and statistics there is an unrelated measure of linear dependence between 

random variables. 

A subset S of a vector space V is called linearly dependent if there exists a finite number of 

distinct vectors v1, v2, ..., vn in S and scalars a1, a2, ..., an, not all zero, such that 
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Note that the zero on the right is the zero vector, not the number zero. 

If such scalars do not exist, then the vectors are said to be linearly independent. This condition 

can be reformulated as follows: Whenever a1, a2, ..., an are scalars such that 

 

we have ai = 0 for i = 1, 2, ..., n, i.e. only the trivial solution exists. 

A set is linearly independent if and only if the only representations of the zero vector as linear 

combinations of its elements are trivial solutions. 

More generally, let V be a vector space over a field K, and let {vi}i∈ I be a family of elements of 

V. The family is linearly dependent over K if there exists a family {aj}j∈ J of elements of K, not 

all zero, such that 

 

where the index set J is a nonempty, finite subset of I. 

A set X of elements of V is linearly independent if the corresponding family {x}x∈X is linearly 

independent. 

Equivalently, a family is dependent if a member is in the linear span of the rest of the family, i.e., 

a member is a linear combination of the rest of the family. 

A set of vectors which is linearly independent and spans some vector space, forms a basis for 

that vector space. For example, the vector space of all polynomials in x over the reals has the 

(infinite) basis {1, x, x
2
, ...}. 

  

2. Geometric Meaning 

A geographic example may help to clarify the concept of linear independence. A person 

describing the location of a certain place might say, "It is 5 miles north and 6 miles east of here." 

This is sufficient information to describe the location, because the geographic coordinate system 

may be considered a 2-dimensional vector space (ignoring altitude). The person might add, "The 

place is 7.81 miles northeast of here." Although this last statement is true, it is not necessary. 

In this example the "5 miles north" vector and the "6 miles east" vector are linearly independent. 

That is to say, the north vector cannot be described in terms of the east vector, and vice versa. 
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The third "7.81 miles northeast" vector is a linear combination of the other two vectors, and it 

makes the set of vectors linearly dependent, that is, one of the three vectors is unnecessary. 

Also note that if altitude is not ignored, it becomes necessary to add a third vector to the linearly 

independent set. In general, n linearly independent vectors are required to describe any location 

in n-dimensional space. 

 

 

 

Topic : Eigenvalues Eigenvectors Of Hermitian Matrices  

Topic Objective: 

At the end of this topic student would be able to: 

 Understand Eigenvalues and Eigenvectors 

 Understand Hermitian Matrices 

 Understand its properties 

  

  

Definition/Overview: 

Hermitian Matrices: A Hermitian matrix (or self-adjoint matrix) is a square matrix with 

complex entries which is equal to its own conjugate transpose that is, the element in the ith row 

and jth column is equal to the complex conjugate of the element in the jth row and ith column, 

for all indices i and j:  
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Key Points: 

1. Eigenvalues and Eigenvectors 

The eigenvalue problem is a problem of considerable theoretical interest and wide-ranging 

application. For example, this problem is crucial in solving systems of differential equations, 

analyzing population growth models, and calculating powers of matrices (in order to define the 

exponential matrix). Other areas such as physics, sociology, biology, economics and statistics 

have focused considerable attention on "eigenvalues" and "eigenvectors"-their applications and 

their computations. 

  

2. Hermitian Matrix 

A Hermitian matrix (or self-adjoint matrix) is a square matrix with complex entries which is 

equal to its own conjugate transpose that is, the element in the ith row and jth column is equal to 

the complex conjugate of the element in the jth row and ith column, for all indices i and j: 

 

If the conjugate transpose of a matrix A is denoted by A 
*
 , then this can concisely be written as 

 

For example, 

 

is a Hermitian matrix. 

  

2.1. Properties 

The entries on the main diagonal (top left to bottom right) of any Hermitian matrix are 

necessarily real. A matrix that has only real entries is Hermitian if and only if it is a 

symmetric matrix, i.e., if it is symmetric with respect to the main diagonal. A real and 

symmetric matrix is simply a special case of a Hermitian matrix. 
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Every Hermitian matrix is normal, and the finite-dimensional spectral theorem applies. It 

says that any Hermitian matrix can be diagonalized by a unitary matrix, and that the 

resulting diagonal matrix has only real entries. This means that all eigenvalues of a 

Hermitian matrix are real, and, moreover, eigenvectors with distinct eigenvalues are 

orthogonal. It is possible to find an orthonormal basis of C
n
 consisting only of 

eigenvectors. 

The sum of any two Hermitian matrices is Hermitian, and the inverse of an invertible 

Hermitian matrix is Hermitian as well. However, the product of two Hermitian matrices 

A and B will only be Hermitian if they commute, i.e., if AB = BA. Thus A
n
 is Hermitian 

if A is Hermitian and n is a positive integer. 

The Hermitian n-by-n matrices form a vector space over the real numbers (but not over 

the complex numbers). The dimension of this space is n
2
 (one degree of freedom per 

main diagonal element, and two degrees of freedom per element above the main 

diagonal). 

The eigenvectors of an Hermitian matrix are orthogonal, i.e. its eigendecomposition is 

where . Since right- and left- inverse are the same, we also have 

, and therefore (where ζi are the eigenvalues and ui the 

eigenvectors. 

If the eigenvalues of a Hermitian matrix are all positive, then the matrix is positive 

definite; if they are all non-negative, then the matrix is positive semidefinite. 

Additional properties of Hermitian matrices include: 

o The sum of a square matrix and its conjugate transpose is Hermitian. 

o The difference of a square matrix and its conjugate transpose is skew-

Hermitian (also called antihermitian). 

o An arbitrary square matrix C can be written as the sum of a Hermitian matrix A and a 

skew-Hermitian matrix B: 

o  
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Topic : The Art Of Computing For Scientists And Engineers  

Topic Objective: 

At the end of this topic student would be able to:  

 Understand the art of computing 

 Understand the computing in sense of scientists and engineering 

  

  

Definition/Overview: 

Computing: Computing is usually defined like the activity of using and developing computer 

technology, computer hardware and software. It is the computer-specific part of information 

technology. Computer science (or computing science) is the study and the science of the 

theoretical foundations of information and computation and their implementation and application 

in computer systems. 

  

  

Key Points: 

1. Scientific Computation 

Computational science (or scientific computing) is the field of study concerned with constructing 

mathematical models and numerical solution techniques and using computers to analyse and 
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solve scientific, social scientific and engineering problems. In practical use, it is typically the 

application of computer simulation and other forms of computation to problems in various 

scientific disciplines. 

The field is distinct from computer science (the mathematical study of computation, computers 

and information processing). It is also different from theory and experiment which are the 

traditional forms of science and engineering. The scientific computing approach is to gain 

understanding, mainly through the analysis of mathematical models implemented on computers. 

Scientists and engineers develop computer programs, application software, that model systems 

being studied and run these programs with various sets of input parameters. Typically, these 

models require massive amounts of calculations (usually floating-point) and are often executed 

on supercomputers or distributed computing platforms. Numerical analysis is an important 

underpinning for techniques used in computational science. 

  

1.1. Applications of Computational Science 

Problem domains for computational science/scientific computing include: 

  

1.1.1. Numerical Simulations 

Numerical simulations have different objectives depending on the nature of the 

task being simulated: 

▪ Reconstruct and understand known events (e.g., earthquake, tsunamis and 

other natural disasters). 

▪ Predict future or unobserved situations (e.g., weather, sub-atomic particle 

behaviour). 
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1.1.2. Model Fitting and Data Analysis 

Appropriately tune models or solve equations to reflect observations, subject to 

model constraints (e.g. oil exploration geophysics, computational linguistics) 

▪ Use graph theory to model networks, especially those connecting 

individuals, organizations, and websites. 

  

1.1.3. Optimization 

▪ Optimize known scenarios (e.g., technical and manufacturing processes, 

front end engineering). 

  

2. Methods and Algorithms 

Algorithms and mathematical methods used in computational science are varied. Commonly 

applied methods include: 

 Numerical analysis 

 Application of Taylor series as convergent and asymptotic series 

 Computing derivatives by Automatic differentiation (AD) 

 Computing derivatives by finite differences 

 Graph theoretic suites 

 High order difference approximations via Taylor series and Richardson extrapolation 

 Methods for integration on a uniform mesh: rectangle rule, trapezoid rule, midpoint rule, 

Simpson's rule 

 Runge Kutta method for solving ordinary differential equations 

 Monte Carlo methods 

 Numerical linear algebra 

 Computing the LU factors by Gaussian elimination 

 Choleski factorizations 

 Discrete Fourier transform and applications. 

 Newton's method 
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 Time stepping methods for dynamical systems 

Computational science application programs often model real-world changing conditions, such 

as weather, air flow around a plane, automobile body distortions in a crash, the motion of stars in 

a galaxy, an explosive device, etc. Such programs might create a 'logical mesh' in computer 

memory where each item corresponds to an area in space and contains information about that 

space relevant to the model. For example in weather models, each item might be a square 

kilometer; with land elevation, current wind direction, humidity, temperature, pressure, etc. The 

program would calculate the likely next state based on the current state, in simulated time steps, 

solving equations that describe how the system operates; and then repeat the process to calculate 

the next state. 

The term computational scientist is used to describe someone skilled in scientific computing. 

This person is usually a scientist, an engineer or an applied mathematician who applies high-

performance computers in different ways to advance the state-of-the-art in their respective 

applied disciplines in physics, chemistry or engineering. Scientific computing has increasingly 

also impacted on other areas including economics, biology and medicine. Computational science 

is now commonly considered a third mode of science, complementing and adding to 

experimentation/observation and theory. 
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