
COLLEGE ALGEBRA

Topic Objective:

At the end of this topic students will be able to understand:

 Basic Concepts

 Operations on Real Numbers

 Exponents, Roots, and Order of Operations

 Properties of Real Numbers

Definition/Overview:

Set: A set is a collection of objects called the elements or members of the set.

Real Numbers: In algebra, the real numbers may be described informally as numbers with

an infinite decimal representation, such as 2.4871773339.... The real numbers include the

rational numbers, such as 42 and −23/129, and the irrational numbers, such as π and the

square root of 2. They can also be visualized, or represented, as points along an infinitely

long number line.

Irrational Numbers: Decimal numbers that neither terminate nor repeat are not rational

numbers and thus are called irrational numbers.

Root: In algebra, a root (or a zero) of a complex-valued function f is a member x of the

domain of f such that f(x) vanishes at x.

Exponent: Exponentiation is a mathematical operation, written an, involving two numbers,

the base a and the exponent n. When n is a positive integer, exponentiation corresponds to

repeated multiplication:

Just as multiplication by a whole number corresponds to repeated addition:
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Key Points:

1. Operations of Real Numbers

The real number system consists of whole numbers, fractions, and irrational numbers. These

numbers may be positive, zero, or negative. Real numbers may be represented by infinite

decimals, for example,

11 = 11.00000000...

2/11 = 0.18181818...

sqrt 2 = 1.41421356...

pi = 3.14159265...

In practical calculations we use finite decimals as approximations to real numbers.

A real number may be represented by a point on the real line.

The real numbers are a commutative group under addition:

 Associative law of addition:

x + (y + z) = (x + y) + z.

 Commutative law of addition:

x + y = y + x.

 Identity law of addition:

There is a unique zero 0 such that, for all x:

x + 0 = x.

 Inverse law of addition:

Every real number xhas a unique negative -x such that:

x + (-x) = 0.
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In the real number system multiplication is distributive over addition:

x.(y + z) = x.y + x.z.

The non-zero real numbers are a commutative group under multiplication

 Associative law of multiplication:

x.(y.z) = (x.y).z.

 Commutative law of multiplication:

x.y = y.x.

 Identity law of multiplication:

There is a unique unit 1 such that, for all x:

x.1 = x.

 Inverse law of multiplication:

Every non-zero real number x has a unique reciprocal 1/x such that:

x.(1/x) = 1.

These laws of algebra show that the real number system is a field. Important laws derived

from the laws of a field are as follows:

 For all x: x.0 = 0.

 If x.y = 0, then x = 0 or y = 0.

 If x.y is not 0, then x is not 0 and y is not 0.

2. Properties of Real Numbers

2.1. Commutative Properties

The commutative property of addition says that we can add numbers in any order.

The commutative property of multiplication is very similar. It says that we can

multiply numbers in any order we want without changing the result.
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addition

5a + 4 = 4 + 5a

multiplication

3 x 8 x 5b = 5b x 3 x 8

2.2. Associative Properties

Both addition and multiplication can actually be done with two numbers at a time. So

if there are more numbers in the expression, how do we decide which two to

"associate" first? The associative property of addition tells us that we can group

numbers in a sum in any way we want and still get the same answer. The associative

property of multiplication tells us that we can group numbers in a product in any way

we want and still get the same answer.

addition

(4x + 2x) + 7x = 4x + (2x + 7x)

multiplication

2x2(3y) = 3y(2x2)

2.3. Distributive Property

The distributive property comes into play when an expression involves both addition

and multiplication. A longer name for it is, "the distributive property of

multiplication over addition." It tells us that if a term is multiplied by terms in

parenthesis, we need to "distribute" the multiplication over all the terms inside.

2x(5 + y) = 10x + 2xy

Even though order of operations says that you must add the terms inside the

parenthesis first, the distributive property allows you to simplify the expression by

multiplying every term inside the parenthesis by the multiplier. This simplifies the

expression.

2.4. Density Property

The density property tells us that we can always find another real number that lies

between any two real numbers. For example, between 5.61 and 5.62, there is 5.611,

5.612, 5.613 and so forth.

Between 5.612 and 5.613, there is 5.6121, 5.6122 ... and an endless list of other

numbers!
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2.5. Identity Property

The identity property for addition tells us that zero added to any number is the

number itself. Zero is called the "additive identity." The identity property for

multiplication tells us that the number 1 multiplied times any number gives the

number itself. The number 1 is called the "multiplicative identity."

Addition

5y + 0 = 5y

Multiplication

2c 1 = 2c

3. Order of Operations

The real numbers are simply ordered. They obey the following laws of order:

 Trichotomy law:

For two given real numbers, x and y, exactly one of the following relations is true:

x < y, x = y, x > y.

 Transitive law:

If x < y and y< z, then x < z.

 Order and addition:

If x < y, then x + z < y + z.

 Order and multiplication:

If x < y and z> 0, then x.z < y.z.

Important laws derived from the laws of order are as follows:
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 If u < v and x < y, then u + x < v + y.

 If x > 0 and y > 0, then x.y > 0.

 If x < 0 and y > 0, then x.y < 0.

 If x < 0 and y < 0, then x.y > 0.

Example/Case Study:

Topic : Linear Equations, Inequalities, And Applications

Topic Objective:

At the end of this topic students will be able to understand:

 Linear Equations in One Variable

 Formulas

 Applications of Linear Equations

 Further Applications of Linear Equations

 Linear Inequalities in One Variable

 Set Operations and Compound Inequalities

 Absolute Value Equations and Inequalities

Definition/Overview:

Equation: An equation is a mathematical statement, in symbols, that two things are exactly

the same (or equivalent). Equations are written with an equal sign, as in 2 + 3 = 5.

Linear Equation: A linear equation is an algebraic equation in which each term is either a

constant or the product of a constant and (the first power of) a single variable. Linear

equations can have one, two, three or more variables. A common form of a linear equation in

the two variables x and y is
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Key Points:

1. Overview

If an equation in algebra is known to be true, the following operations may be used to

produce another true equation:

 Any quantity can be added to both sides.

 Any quantity can be subtracted from both sides.

 Any quantity can be multiplied to both sides.

 Any nonzero quantity can divide both sides.

 Generally, any function can be applied to both sides. (However, caution must be exercised to

ensure that one does not encounter extraneous solutions.)

2. Applications of Linear Equations

 Define terms involved in graphing linear equations

 Explain four types of slopes and be able to find the numerical value of a slope

 Explain the advantage of graphing a linear equation using slope-intercept form vs making a

table

 Understand a verbal sentence and transform it into an equation

 Identify lines that are parallel by use of their slopes

 Identify dependent and independent variables

3. Linear Inequalities in One Variable

Given two or more linear inequalities which are connected by the word 'and', the solution(s)

to each inequality must satisfy all the other simultaneously. In other words, only the common

solutions of the inequalities should be considered.

Find the integer value of x which 3x x+ 6 and 2x + 4 < 3x +6

Solving the inequalities separately, we have

3x x+ 6 and 2x +4 < 3x +6

3x - x 6 3x - 2x > 4 - 6

2x 6 x > -2

x 3
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The solution satisfying both inequalities are x, such that -2<x 3.

The integer value of x in this range are -1, 0, 1, 2 and 3.

4. Set Operations and Compound Inequalities

When two inequalities are joined by the word and or the word or, a compound inequality is

formed. A compound inequality like

-3 < 2x + 5 and 2x + 5 ≤ 7

is called a conjunction, because it uses the word and. The sentence -3< 2x + 5 ≤ 7 is an

abbreviation for the preceding conjunction.

Compound inequalities can be solved using the addition and multiplication principles for

inequalities.

5. Absolute Value Equations and Inequalities

There are many opportunities for mistakes with absolute-value inequalities, so we're going to

take this slowly, and look at some pictures along the way. When we're done, I hope you will

have a good picture in your head of what is going on, so you won't make some of the more

common errors. Once you catch on to how these inequalities work, this stuff really isn't so

bad.

Let's first return to the original definition of absolute value: "| x | is the distance of xfrom

zero." For instance, since both 2 and 2 are two units from zero, we have | 2 | = | 2 | = 2:

With this definition and picture in mind, let's look at some absolute value inequalities.

Suppose you're asked to graph the solution to | x |< 3. The solution is going to be all the

points that are less than three units away from zero. Look at the number line:

The number 1 will work, as will 1; the number 2 will work, as will 2. But 4 will not work,

and neither will 4, because they are too far away. Even 3 and 3 won't work (though they're

right on the edge). But 2.99 will work, as will 2.99. In other words, all the points between 3
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and 3, but not actually including 3 or 3, will work in this inequality. Then the solution looks

like this:

Translating this into symbols, you find that the solution is 3 < x < 3.

This pattern always holds: Given the inequality | x| < a, the solution is always of the form a <

x< a. Even when the problems get more complicated, the pattern still holds.

Topic : Graphs, Linear Equations, And Functions

Topic Objective:

At the end of this topic students will be able to understand:

 The Rectangular Coordinate System

 The Slope of a Line

 Linear Equations in Two Variables

 Linear Inequalities in Two Variables

 Introduction to Functions

Definition/Overview:

Slope: Slope is used to describe the steepness, incline, gradient, or grade of a straight line. A

higher slope value indicates a steeper incline.

Key Points:

1. The Rectangular Coordinate System

Graphs are important in giving a visual representation of the correlation between two

variables. Even though in this section we are going to look at it generically, using a general

xand y variable, you can use two-dimensional graphs for any application where you have two

variables. For example, you may have a cost function that is dependent on the quantity of

items made. If you needed to show your boss visually the correlation of the quantity with the

cost, you could do that on a two-dimensional graph. I believe that it is important for you learn

how to do something in general, then when you need to apply it to something specific you

have the knowledge to do so. Going from general to specific is a lot easier than specific to
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general. And that is what we are doing here looking at graphing in general so later you can

apply it to something specific, if needed.

The following is the rectangular coordinate system:

It is made up of two number lines:

 The horizontal number line is the x- axis.

 The vertical number line is the y- axis.

The origin is where the two intersect. This is where both number lines are 0.

It is split into four quadrants which are marked on this graph with Roman numerals.

Each point on the graph is associated with an ordered pair. When dealing with an x, y graph,

the x coordinate is always first and the y coordinate is always second in the ordered pair (x,

y). It is a solution to an equation in two variables. Even though there are two values in the

ordered pair, be careful that it associates to ONLY ONE point on the graph, the point lines up

with both the x value of the ordered pair (x-axis) and the y value of the ordered pair (y-axis).

2. The Slope of a Line

The slope of a line measures the steepness of the line. Most of you are probably familiar with

associating slope with "rise over run". Rise means how many units you move up or down

from point to point. On the graph that would be a change in the y values. Run means how far

left or right you move from point to point. On the graph, that would mean a change of x

values. When the slope of the line is 0, you know that the line is horizontal and you know it's

a vertical line when the slope of a line is undefined. In the Figure below, the subscripts on

point A, B and C indicate the fact that there are three points on the line. The change in y

whether up or down is divided by the change in x going to the right, this is the 'rise over run'

concept.

y = mx + b is the equation that represents the line and the slope of the line with respect to the

x-axis which is given by tan = m.This is the slope-intercept form of the equation of a line.

(m for slope? Seems to be the standard!)
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When the slope passes through a point A(x1, y1) then y1= mx1 + b or with subtraction y - y1 =

m (x - x1)

You now have the slope-point form of the equation of a line.

You can also express the slope of a line with the coordinates of points on the line. For

instance, in the above figure, A(x, y) and B(s, y) are on the line y= mx + b :

m = tan q = therefore, you can use the following for the equation of the line AB:

The equations of lines with slope 2 through the points would be:

For (-2,1) the equation would be: 2x - y + 5 = 0.

For (-1, -1) the equation would be: 2x - y + 1 = 0

3. Properties of Graphs

Two edges of a graph are called adjacent (sometimes coincident) if they share a common

vertex. Two arrows of a directed graph are called consecutive if the head of the first one is at

the nock (notch end) of the second one. Similarly, two vertices are called adjacent if they

share a common edge (consecutive if they are at the notch and at the head of an arrow), in

which case the common edge is said to join the two vertices. An edge and a vertex on that

edge are called incident.

The graph with only one vertex and no edges is called the trivial graph. A graph with only

vertices and no edges is known as an edgeless graph. The graph with no vertices and no edges

is sometimes called the null graph or empty graph, but not all mathematicians allow this

object.

In a weighted graph or digraph, each edge is associated with some value, variously called its

cost, weight, length or other term depending on the application; such graphs arise in many

contexts, for example in optimal routing problems such as the traveling salesman problem.

4. Linear Equations in Two Variables

A linear equation can involve more than two variables. The general linear equation in

nvariables is:
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In this form, a1,a2, , an are the coefficients, x1,x2, , xn are the variables, and bis the constant.

When dealing with three or fewer variables, it is common to replace x1 with just x, x2 with y,

and x3 with z, as appropriate.

Such an equation will represent an (n1)-dimensional hyperplane in n-dimensional Euclidean

space (for example, a plane in 3-space).

5. Linear Inequalities in Two Variables

Just as for number-line inequalities, the first step is to find the "equals" part. In this case, the

"equals" part is the line y = 2x + 3. There are a couple ways you can graph this: you can use a

T-chart, or you can graph from the y-intercept and the slope. Either way, you get a line that

looks like this:

Now we're at the point where your book gets complicated, with talk of "test points" and such.

When you did those one-variable inequalities (like x < 3), did you bother with "test points",

or did you just shade one side or the other? Ignore the "test point" stuff, and look at the

original inequality: y< 2x + 3.

You've already graphed the "or equal to" part (it's just the line); now you're ready to do the "y

less than" part. In other words, this is where you need to shade one side of the line or the

other. Now think about it: If you need y LESS THAN the line, do you want ABOVE the line,

or BELOW? Naturally, you want below the line. So shade it in:

6. Introduction to Functions

A function is a relation that assigns to each input number EXACTLY ONE output number.

The domainis the set of all input values to which the rule applies. These are called your

independent variables. These are the values that correspond to the first components of the

ordered pairs it is associated with.

The range is the set of all output values. These are called your dependent variables. These

are the values that correspond to the second components of the ordered pairs it is associated

with.
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In Section 2 of this course you will cover these topics:

Systems Of Linear Equations

Exponents, Polynomials, And Polynomial Functions

Factoring

Topic : Systems Of Linear Equations

Topic Objective:

At the end of this topic students will be able to understand:

 Systems of Linear Equations in Two Variables

 Systems of Linear Equations in Three Variables

 Applications of Systems of Linear Equations

 Solving Systems of Linear Equations by Matrix Methods

Definition/Overview:

Linear Equations: A mathematical statement that performs functions of addition,

subtraction, multiplication, and division

System of linear equations: In mathematics, a system of linear equations (or linear

system) is a collection of linear equations involving the same set of variables. For example,

is a system of three equations in the three variables . A solution to a linear system is

an assignment of numbers to the variables such that all the equations are simultaneously

satisfied. A solution to the system above is given by

In mathematics, the theory of linear systems is a branch of linear algebra, a subject which is

fundamental to modern mathematics. Computational algorithms for finding the solutions are
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an important part of numerical linear algebra, and such methods play a prominent role in

engineering, physics, chemistry, computer science, and economics. A system of non-linear

equations can often be approximated by a linear system (see linearization), a helpful

technique when making a mathematical model or computer simulation of a relatively

complex system.

Key Points:

1. Overview

Linear equations are also called first degree equations, as the highest power of the variable

(or pronumeral) in these equations is 1.

E.g. x + 5 = 9 is an equation of the first degree, which is often called a linear equation.

Many problems can be solved by using linear equations.

Equations behave like a balance. So we need to apply the same operation to both sides of an

equation to maintain the balance. This means we can:

 add the same number to both sides of an equation

 subtract the same number from both sides of an equation

 multiply both sides of an equation by the same number

 divide both sides of an equation by the same number

2. Systems of Linear Equations in Two Variables

For a system involving two variables (x and y), each linear equation determines a line on the

xy-plane. Because a solution to a linear system must satisfy all of the equations, the solution

set is the intersection of these lines, and is hence either a line, a single point, or the empty set.

3. Systems of Linear Equations in Three Variables

For three variables, each linear equation determines a plane in three-dimensional space, and

the solution set is the intersection of these planes. Thus the solution set may be a plane, a line,

a single point, or the empty set.

4. Systems of Linear Equations in n Variables

For n variables, each linear equations determines a hyperplane in n-dimensional space. The

solution set is the intersection of these hyperplanes, which may be a flat of any dimension.
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5. Applications of Systems of Linear Equations

It can be difficult to describe the solution set to a linear system with infinitely many

solutions. Typically, some of the variables are designated as free (or independent, or as

parameters), meaning that they are allowed to take any value, while the remaining variables

are dependent on the values of the free variables.

For example, consider the following system:

Here z is the free variable, while x and y are dependent on z. Any point in the solution set can

be obtained by first choosing a value for z, and then computing the corresponding values for x

and y.

Each free variable gives the solution space one degree of freedom, the number of which is

equal to the dimension of the solution set. For example, the solution set for the above

equation is a line, since a point in the solution set can be chosen by specifying the value of

the parameter z.

Different choices for the free variables may lead to different descriptions of the same solution

set. For example, the solution to the above equations can alternatively be described as

follows:

Here x is the free variable, and y and z are dependent.

6. Solving Systems of Linear Equations by Matrix Methods

The vector equation is equivalent to a matrix equation of the form

where A is an mn matrix, x is a column vector with n entries, and b is a column vector with m

entries.

The number of vectors in a basis for the span is now expressed as the rank of the matrix.
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Topic : Exponents, Polynomials, And Polynomial Functions

Topic Objective:

At the end of this topic students will be able to understand:

 Integer Exponents and Scientific Notation

 Adding and Subtracting Polynomials

 Polynomial Functions, Graphs, and Composition

 Multiplying Polynomials

 Dividing Polynomials

Definition/Overview:

Polynomial: In algebra, a polynomial is an expression constructed from one or more

indeterminates and constants (if the polynomial is regarded as a function, the indeterminates

are variables), using the operations of addition, subtraction, multiplication, and raising to

constant non-negative integer powers. For example, is a polynomial, but

is not, because its second term involves division by a variable, and also

because its third term contains an exponent that is not a non-negative integer. The number in

the product is called the numerical coefficient, or just the coefficient. The greatest degree of

any term in a polynomial is called the degree of the polynomial.

A polynomial function is a function defined by evaluating a polynomial. A function of one

argument is called a polynomial function if it satisfies

Product Rule for Exponents

If m and n are natural numbers and a is any real number, then

am an = am + n.

That is, when multiplying powers of like bases, keep the same base

and add the exponents.
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If a is any nonzero real number, then

a0= 1.

In mathematics, a polynomial is an expression constructed from one or more variables and

constants, using the operations of addition, subtraction, multiplication, and constant positive

whole number exponents. For example, x^2 - 4x + 7\, is a polynomial, but x^2 - 4/x +

7x^{3/2}\, is not because it involves division by a variable and has an exponent that is not a

positive whole number.

Key Points:

1. Polynomial Functions

Polynomials are one of the most important concepts in algebra and throughout mathematics

and science. They are used to form polynomial equations, which encode a wide range of

problems, from elementary story problems to complicated problems in the sciences; they are

used to define polynomial functions, which appear in settings ranging from basic chemistry

and physics to economics, and are used in calculus and numerical analysis to approximate

other functions. Polynomials are used to construct polynomial rings, one of the most

powerful concepts in algebra and algebraic geometry.

The greatest degree of any term in a polynomial is called the degree of the polynomial.

To subtract two polynomials, add the first polynomial and the negative of the second

polynomial.

(x) = anxn + an−1xn−1 + ... + a2x2 + a1x + a0

for all arguments x, where n is a nonnegative integer and a0, a1,a2, ..., an are constant

coefficients.

For example, the function f, taking real numbers to real numbers, defined by

f(x) = x^3 - x\, is a polynomial function of one argument. Polynomial functions of multiple

arguments can also be defined, using polynomials in multiple variables, as in
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f(x,y)= 2x^3+4x^2y+xy^5+y^2-7.\,

Evaluation of a polynomial consists of assigning a number to each variable and carrying out

the indicated multiplications and additions. Evaluation is sometimes performed more

efficiently using the Horner scheme

.

In elementary algebra, methods are given for solving all first degree and second degree

polynomial equations in one variable. In the case of polynomial equations, the variable is

often called an unknown. The number of solutions may not exceed the degree, and will equal

the degree when multiplicity of solutions and complex number solutions are counted. This

fact is called the fundamental theorem of algebra.

A system of polynomial equations is a set of equations in which a given variable must take on

the same value everywhere it appears in any of the equations. Systems of equations are

usually grouped with a single open brace on the left. In elementary algebra, methods are

given for solving a system of linear equations in several unknowns. To get a unique solution,

the number of equations should equal the number of unknowns. If there are more unknowns

than equations, the system is called underdetermined. If there are more equations than

unknowns, the system is called overdetermined. This important subject is studied extensively

in the area of mathematics known as linear algebra. Over determined systems are common in

practical applications. For example, one U.S. mapping survey used computers to solve 2.5

million equations in 400,000 unknowns.

The product of the sum and difference of the two terms x and y is the difference of the

squares of the terms.

(x + y)(x y) = x2 y2

The square of a binomial is the sum of the square of the first term, twice the product of the

two terms, and the square of the last term.

(x + y)2 = x2 + 2xy + y2

(x y)2 = x22xy + y2
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If f(x) and g(x) define functions, then

(fg)(x) = (f)x g(x). Product function

The domain of the product function is the intersection of the domains of f(x) and g(x).

2. Adding and Subtracting Polynomials

2.1. Adding Polynomials

To add polynomials, you must clear the parenthesis, combine and add the like terms.

In some cases you will need to remember the order of operations. Remember, when

adding and subtracting like parts, the variable never changes.

Here are a couple of examples:

(5x + 7y) + (2x - 1y)

= 5x+ 7y + 2x - 1y -----(Clear the parenthesis)

=5x+ 2x + 7y - 1y ----- (Combine the like terms)

= 7x + 6y--- (Add like terms)

Another Example:

(y2 - 3y + 6) + (y - 3y 2 + y3)

y2 - 3y + 6+ y- 3y2 + y3 ----(Clear the parenthesis)

y3 + y2- 3y2 - 3y + y + 6-----(Combine the like terms)

y3 - 2y2- 2y + 6---- (Add like terms)

2.2. Subtracting Polynomials

To subtract polynomials, you must change the sign of terms being subtracted, clear

the parenthesis, and combine the like terms.

Here's an example:

(4x2 - 4) - (x2+ 4x - 4)

(4x2 - 4) + (-x2- 4x + 4) ---- (Change the signs)

4x2 - 4 + -x2- 4x + 4 ---- (Clear the parenthesis)

4x2 -x2 - 4x- 4 + 4 -- ----- (Combine the like terms)

3x2 - 4x

Another Example:

(5x2 + 2x +1) - ( 3x2 4x 2 )

5x2 + 2x +1 - 3x2+ 4x +2 --(Change the signs and clear the parenthesis)

5x2 - 3x2 + 2x+ 4x+1 + 2 --(Combine the like terms)

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

19
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



2x2+ 6x +3

2.3. Multiplying Polynomials

There were two formats for adding and subtracting polynomials: "horizontal" and

"vertical". You can use those same two formats for multiplying polynomials. The very

simplest case for polynomial multiplication is the product of two one-term

polynomials. For instance:

Simplify (5x2)(2x3)

You've already done this type of multiplication when you were first learning about

exponents and variables. Just apply the rules you already know:

(5x2)(2x3) = 10x5

2.4. Dividing Polynomials

There are two cases for dividing polynomials: either the "division" is really just

simplification and reduction of a fraction, or else you need to do long division

Simplify

This is just a simplification problem, because there is only one term in the polynomial

you're dividing by. And, in this case, there is a common factor in the numerator (top)

and denominator (bottom), so it's easy to reduce this fraction. There are two ways of

proceeding. I can split the division into two fractions, each with only one term on top,

and then reduce:

...or I can factor out the common factor from the top and bottom, and then cancel off:

Either way, the answer is the same: x + 2

Example/Case Study:

The degree of 2x3 is 3.

The degree of x4 is 4.

The degree of 17x is 1
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Topic : Factoring

Topic Objective:

At the end of this topic students will be able to understand:

 Greatest Common Factors; Factoring by Grouping

 Factoring Trinomials

 Special Factoring

 A General Approach to Factoring

 Solving Equations by Factoring

Definition/Overview:

Greatest Common Factor (GCF): The greatest common factor (GCF) is the largest term

that is a factor of all terms in the polynomial.

Key Points:

1. Overview

The aim of factoring is usually to reduce something to "basic building blocks," such as

numbers to prime numbers, or polynomials to irreducible polynomials. Factoring integers is

covered by the fundamental theorem of arithmetic and factoring polynomials by the

fundamental theorem of algebra.

The opposite of factorization is expansion. This is the process of multiplying together factors

to recreate the original, "expanded" polynomial.

2. Factoring Trinomials

Basically, we are reversing the FOIL method to get our factored form. We are looking for

two binomials that when you multiply them you get the given trinomial.
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 Step 1: Set up a product of two ( ) where each will hold two terms.

It will look like this: ( )( ).

 Step 2: Find the factors that go in the first positions.

To get the x squared (which is the F in FOIL), we would have to have an x in the first

positions in each ( ).

So it would look like this: (x )(x ).

 Step 3: Find the factors that go in the last positions.

The factors that would go in the last position would have to be two expressions such

that their product equals c (the constant) and at the same time their sum equals b

(number in front of x term).

As you are finding these factors, you have to consider the sign of the expressions:

If c is positive, your factors are going to both have the same sign depending on bs sign. If c is

negative, your factors are going to have opposite signs depending on bs sign

3. Special Factoring

The other two special factoring formulas are two sides of the same coin: the sum and

difference of cubes. These are the formulas:

a3 + b3= (a + b)(a2ab + b2)

a3b3 = (ab)(a2+ ab + b2)

You'll learn in more advanced classes how they came up with these formulas. For now, just

memorize them. For me, it helped to notice that all the terms were the same, and each

formula had only one negative sign. If I could keep track of where the negative sign went, I

was okay. However you keep these formulas straight, do it, because you should not assume

that you'll be given these formulas on the test. You really should know them. And remember

that the quadratic part of each cube formula does not factor. When you have a pair of cubes,

carefully apply the appropriate rule. By "carefully", I mean "using parentheses to keep track

of everything, especially the negative signs". Here are some typical problems:
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4. A General Approach to Factoring

In mathematics, factorization (also factorisation in British English) or factoring is the

decomposition of an object (for example, a number, a polynomial, or a matrix) into a product

of other objects, or factors, which when multiplied together give the original. For example,

the number 15 factors into primes as 3 5, and the polynomial x2 −4 factors as (x − 2)(x + 2).

In all cases, a product of simpler objects is obtained.

5. Solving Equations by Factoring

This lesson covers many ways to solve quadratics, such as taking square roots, completing

the square, and using the Quadratic Formula. But we'll start with solving by factoring.

You should already know how to factor quadratics. The new thing here is that the quadratic is

part of an equation, and you're told to solve for the values of x that make the equation true.

Here's how it works:

Solve (x 3)(x 4) = 0.

Okay, this one is already factored for me. But how do I solve this?

Think: If I multiply two things to together and the result is zero, what can I say about

those two things? I can say that at least one of them must also be zero. That is, the

only way to multiply and get zero is to multiply by zero.

(You cannot say this about any other number! If the above factors had been equal to,

say, 4, we would still have no idea what was the value of either of the factors. This is

why you must always have "quadratic equals zero" before you can solve.)

Since at least one of the factors must be zero, I'll set them equal to zero:

x 3 = 0 or x 4 = 0

But these are just linear equations, so they're easy to solve:

x = 3 or x = 4

And this is the solution they're looking for: x = 3, 4.

Note that "x = 3, 4" means the same thing as "x = 3 or x = 4"; the only difference is the

formatting. The "x = 3, 4" format is more-typically used.

In Section 3 of this course you will cover these topics:
Rational Expressions And Functions

Roots, Radicals, And Root Functions

Quadratic Equations And Inequalities
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Topic : Rational Expressions And Functions

Topic Objective:

At the end of this topic students will be able to understand:

 Rational Expressions and Functions; Multiplying and Dividing

 Adding and Subtracting Rational Expressions

 Complex Fractions

 Equations with Rational Expressions and Graphs

 Variation

Definition/Overview:

Rational Expression: A rational expression or algebraic fraction, is the quotient of two

polynomials, again with the denominator not 0.

Rational Function: A function that is defined by a quotient of polynomials is called a

rational function and has the form . The domain of the rational function consists of all real

numbers except those that make Q(x)that is, the denominatorequal to 0. In mathematics, a

rational function is any function which can be written as the ratio of two polynomial

functions.

Rational Number: In mathematics, a rational number is a number which can be expressed as

a ratio of two integers. Non-integer rational numbers (commonly called fractions) are usually

written as the vulgar fraction a / b, where b is not zero. a is called the numerator, and b the

denominator.

Complex Fraction: A complex fraction is an expression having a fraction in the numerator,

denominator, or both.

Rational Equation: A rational equation is an equation that contains at least one rational

expression with a variable in the denominator.
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Key Points:

1. Overview

In the case of one variable, x, a rational function is a function of the form

where P andQ are polynomial functions in x and Q is not the zero polynomial. The domain of

f is the set of all points x for which the denominator Q(x) is not zero.

If x is not variable, but rather an indeterminate, one talks about rational expressions instead of

rational functions. The distinction between the two notions is important only in abstract

algebra.

A rational equation is an equation in which two rational expressions are set equal to each

other. These expressions obey the same rules as fractions. The equations can be solved by

cross-multiplying. Division by zero is undefined, so that a solution causing formal division

by zero is rejected.

Two rational numbers a / b and c/ d are equal if and only if ad = bc.

Two fractions are added as follows

Mathematically we may construct the rational numbers as equivalence classes of ordered

pairs of integers , with b not equal to zero. We can define addition and multiplication

of these pairs with the following rules:

The intuition is that stands for the number denoted by the fraction To conform to

our expectation that and denote the same number, we define an equivalence relation on

these pairs with the following rule:
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This equivalence relation is a congruence relation: it is compatible with the addition and

multiplication defined above, and we may define Q to be the quotient set of ~, i.e. we identify

two pairs (a, b) and (c, d) if they are equivalent in the above sense. (This construction can be

carried out in any integral domain: see field of fractions.)

We can also define a total order on Q by writing

The integers may be considered to be rational numbers by the embedding that maps to

where denotes the equivalence class having as a member.

The easiest way to solve most rational equations is to multiply all terms in the equation by the

least common denominator.

This step will clear the equation of all denominators. It is necessary to either check the

proposed solutions or verify that they are in the domain.

Calculus of variations is a field of mathematics that deals with functionals, as opposed to

ordinary calculus which deals with functions. Such functionals can for example be formed as

integrals involving an unknown function and its derivatives. The interest is in extremal

functions: those making the functional attain a maximum or minimum value.

Perhaps the simplest example of such a problem is to find the curve of shortest length

connecting two points. If there are no constraints, the solution is obviously a straight line

between the points. However, if the curve is constrained to lie on a surface in space, then the

solution is less obvious, and possibly many solutions may exist. Such solutions are known as

geodesics. A related problem is posed by Fermat's principle: light follows the path of shortest

optical length connecting two points, where the optical length depends upon the material of

the medium. One corresponding concept in mechanics is the principle of least action. The

theory of optimal control concerns a specific kind of problem in the calculus of variations.

Many important problems involve functions of several variables. Solutions of boundary value

problems for the Laplace equation satisfy the Dirichlet principle. Plateau's problem requires

finding a surface of minimal area that spans a given contour in space: the solution or

solutions may be found by dipping a wire frame in a solution of soap suds. Although such

experiments are relatively easy to perform, their mathematical interpretation is far from
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simple: there may be more than one locally minimizing surface, and they may have non-

trivial topology.

2. Rational Expressions and Functions

A rational expression is an algebraic expression that can be written as the ratio of two

polynomial expressions. A rational function is a function whose value is given by a rational

expression. Examples for rational functions (and associated expressions) include:

This expression is obviously the ratio of two polynomials.

This expression is not in the standard form of a rational expression, but it can be converted to

one by multiplying with in the numerator and denominator, giving

Any polynomial expression is a rational expression, for example you can think of it as the

polynomial divided by (the polynomial expression) .

Examples of algebraic expressions that are not rational can be constructed similarly as in the

case of polynomials .

Another useful way of thinking about polynomial and rational expressions is that polynomial

expressions are those algebraic expressions that can be evaluated using a finite number of

additions and multiplications (and subtractions), whereas rational expressions may also

require division for their evaluation. However, no operations beyond the basic four arithmetic

operations are required to evaluate a polynomial or a rational expression.

We must not divide by zero, and hence a rational expression is undefined if the denominator

is zero. For example, the rational expression

There is just one fundamental principle governing the manipulation of rational expressions,

and that is that they work exactly like fractions . Indeed, that is the main reason why fractions

should still be emphasized in the elementary and secondary school curriculum. You may

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

27
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



encounter the view that fractions are obsolete because calculators are ubiquitously available

and it's more convenient to work with decimal numbers. However, not understanding

fractions makes it impossible to understand algebra.

3. Multiplying, Dividing, Adding and Subtracting Rational Expressions

Understanding fractions, and appreciating the fact that rational expressions are like fractions

is all you need to know to handle rational expressions successfully. However, for reference

the remainder of this page lists the rules of fractional and rational algebra, and illustrates

them with an example. So suppose that and are rational expressions where , , and

are polynomial expressions. (This includes the special case that the polynomials are

constants and the rational expressions are fractions.)

4. Complex Fractions

First we begin with a complex fraction that contains no variables.

Example

1 5 1 5

- 12 - 12

2 6 2 6

= Multiply Numerator and

1 2 1 2 Denominator by 12

+ 12 + 12

4 3 4 3

6 - 10 4

= = -

3 + 8 11

Notice we first multiplied by the total Least Common Denominator, then we simplified.

5. Variation

A worker earns R10.00/hr. In one hour, R10.00 is earned. In two hours, R20.00 is earned, and

so forth. This gives us a set of ordered pairs which all have the same ratio (1, 10), (2, 20), (3,

30), . . . When we encounter this situation, where there are pairs of numbers in which the

ratio is constant, we have direct variation. A situation such as the one described above gives
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rise to the function f(x) = kx, where k is a positive constant, there is direct variation.

Example:

Problem: Find the variation constant k

and an equation of variation where y

varies directly as x, and where

y = 34 and x = 7.

Solution: The problem tells us (7, 34)

is a solution of the direct variation

equation, y = kx.

Plug in the givens for y and x

and solve for k.

34 = k(7)

(34/7) = k

The constant of variation is (34/7).

The problem above could be used in real life if someone made R4.857/hr. and they wanted to

know how much they would make if they worked for 7 hours. Using 7 for x would tell us

they would make R34.00.

Topic : Roots, Radicals, And Root Functions

Topic Objective:

At the end of this topic students will be able to understand:

 Radical Expressions and Graphs
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 Rational Exponents

 Simplifying Radical Expressions

 Adding and Subtracting Radical Expressions

 Multiplying and Dividing Radical Expressions

 Solving Equations with Radicals

 Complex Numbers

Definition/Overview:

Exponentiation:Exponentiation is a mathematical operation, written an, involving two

numbers, the base a and the exponent n. When nis a positive integer, exponentiation

corresponds to repeated multiplication:

Rational Exponents: Rational number exponents can be defined in terms of nth roots, and

arbitrary nonzero exponents can then be defined by continuity.

Complex Numbers: In mathematics, the complex numbers are an extension of the real

numbers obtained by adjoining an imaginary unit, denoted i, which satisfies:

Every complex number can be written in the form a + bi, where aand b are real numbers

called the real part and the imaginary part of the complex number, respectively.

Key Points:

1. Overview

In mathematics, a root (or a zero) of a complex-valued function f is a member x of the

domain of f such that f(x) vanishes at x, that is,

In other words, a "root" of a function f is a value for x that produces a result of zero ("0"). For

example, consider the function f defined by the following formula:

This function has a root at 3 because f(3) = 32 − 6(3) + 9 = 0.
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If the function is mapping from real numbers to real numbers, its zeros are the points where

its graph meets the x-axis. In this situation, a root can be called an x-intercept.

The word root can also refer to a number in the form a1 / n (which is the root of the

polynomial xn − a) such as the square root or other roots.

A substantial amount of mathematics was developed in order to find roots of various

functions, especially polynomials. One wide-ranging concept, complex numbers, was

developed to handle the roots of quadratic or cubic equations with negative discriminant (that

is, those leading to expressions involving the square root of negative numbers).

All real polynomials of odd degree have a real number as a root. Many real polynomials of

even degree do not have a real root, but the fundamental theorem of algebra states that every

polynomial of degree n has n complex roots, counted with their multiplicities. The non-real

roots of polynomials with real coefficients come in conjugate pairs.

One of the most important unsolved problems in mathematics concerns the location of the

roots of the Riemann zeta function.

In mathematics, an nth root of a number a is a number b such that bn=a. When referring to

the nth root of a real number a it is assumed that what is desired is the principal nth root of

the number, which is denoted using the radical symbol or √. The principal nth root of

a real number a is the unique real number b which is an nth root of a and is of the same sign

as a. Note that if n is even, negative numbers will not have a principal nth root. When n = 2,

the nth root is called the square root, and when n = 3, the nth root is called the cube root.

 If n is even and a is positive or 0, then

 If n is even and a is negative, then

 If n is odd, then there is exactly one real nth root of a, written

2. Simplifying Radical Expressions

When presented with a problem like , we dont have too much difficulty saying that the

answer 2 (since ). Even a problem like is easy once we realize

. Our trouble usually occurs when we either cant easily see the answer or if the

number under our radical sign is not a perfect square or a perfect cube.

A problem like may look difficult because there are no two numbers that multiply

together to give 24. However, the problem can be simplified. So even though 24 is not a

perfect square, it can be broken down into smaller pieces where one of those pieces might be
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perfect square. So now we have .

Simplifying a radical expression can also involve variables as well as numbers. Just as you

were able to break down a number into its smaller pieces, you can do the same with variables.

When the radical is a square root, you should try to have terms raised to an even power (2, 4,

6, 8, etc). When the radical is a cube root, you should try to have terms raised to a power of

three (3, 6, 9, 12, etc.). For example,

These types of simplifications with variables will be helpful when doing operations with

radical expressions. Let's apply these rule to simplifying the following examples.

3. Adding and Subtracting Radical Expressions

Radical expressions are called like radical expressions if the indexes are the same and the

radicands are identical. and are like radical expressions, since the indexes are the

same and the radicands are identical, but and are not like radical expressions, since

their radicands are not identical. Radical expressions can be added or subtracted only if they

are like radical expressions.

4. Multiplying and Dividing Radical Expressions

To multiply radical expressions, use the distributive property and the product rule for

radicals.

5. Dividing Radical Expressions

When dividing radical expressions, use the quotient rule

6. Solving Equations with Radicals

A "radical" equation is an equation in which the variable is stuck inside a radical.

For instance, this is a radical equation ...but this is not:
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The "radical" in "radical equations" can be any root, whether a square root, a cube root, or

some other root. The topic of "solving radical equations" usually involves mostly or only

square roots, so most of the examples in what follows use square roots as the radical, but you

should not be surprised to see a cube root or fourth root in your homework or on a test. When

you have solved equations before, you have solved them by "undoing" whatever had been

done to the variable.

Topic : Quadratic Equations And Inequalities

Topic Objective:

At the end of this topic students will be able to understand:

 The Square Root Property and Completing the Square

 The Quadratic Formula

 Equations Quadratic in Form

 Quadratic and Rational Inequalities

Definition/Overview:

Quadratic Equation: In algebra, a quadratic equation is a polynomial equation of the second

degree. The general form is

wherea ≠ 0. (For if a = 0, the equation becomes a linear equation.)

The letters a, b, and c are called coefficients: the quadratic coefficient a is the coefficient of

x2, the linear coefficient b is the coefficient of x, and c is the constant coefficient, also called

the free term or constant term.
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Key Points:

1. Overview

In mathematics, a quadratic equation is a polynomial equation of the second degree. The

general form is

where a ≠ 0. (For if a = 0, the equation becomes a linear equation.)

The letters a, b, and c are called coefficients: the quadratic coefficient a is the coefficient of

x2, the linear coefficient b is the coefficient of x, and c is the constant coefficient, also called

the free term or constant term.

Quadratic equations are called quadratic because quadratus is Latin for "square"; in the

leading term the variable is squared.

2. Quadratic Formula

A quadratic equation with real or complex coefficients has two (not necessarily distinct)

solutions, called roots, which may or may not be real, given by the quadratic formula:

3. Discriminant

Example discriminant signs

■ <0: x2+1⁄2
■ =0: −4⁄3x2+4⁄3x−1⁄3
■ >0: 3⁄2x2+1⁄2x−4⁄3

In the above formula, the expression underneath the square root sign:

is called the discriminant of the quadratic equation.

4. Equations Quadratic in Form

A quadratic equation with real coefficients can have either one or two distinct real roots, or

two distinct complex roots. In this case the discriminant determines the number and nature of

the roots. There are three cases:
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If the discriminant is positive, there are two distinct roots, both of which are real numbers.

For quadratic equations with integer coefficients, if the discriminant is a perfect square, then

the roots are rational numbersin other cases they may be quadratic irrationals.

If the discriminant is zero, there is exactly one distinct root, and that root is a real number.

Sometimes called a double root, its value is:

If the discriminant is negative, there are no real roots. Rather, there are two distinct (non-real)

complex roots, which are complex conjugates of each other:

Thus the roots are distinct if and only if the discriminant is non-zero, and the roots are real if

and only if the discriminant is non-negative.

5. The Square Root Property and Completing the Square

For any positive number k,

if

x2 = k

then

x = or x = -

6. Quadratic and Rational Inequalities

Some inequalities involve rational expressions and functions. These are called rational

inequalities. To solve rational inequalities, we need to make some adjustments to the

preceding method.

Solve: (x - 3)/(x + 4) ≥ (x + 2)/(x - 5).

Solution We first subtract (x + 2)/(x - 5) in order to find an equivalent inequality with 0 on

one side:

(x - 3)/(x + 4) - (x + 2)/(x - 5) ≥ Z0.

In Section 4 of this course you will cover these topics:
Additional Graphs Of Functions And Relations

Inverse, Exponential, And Logarithmic Functions

Polynomial And Rational Functions
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Topic : Additional Graphs Of Functions And Relations

Topic Objective:

At the end of this topic students will be able to understand:

 Review of Operations and Composition

 Graphs of Quadratic Functions

 More about Parabolas and Their Applications

 Symmetry; Increasing and Decreasing Functions

 Piecewise Linear Functions

Definition/Overview:

Quadratic Function: A quadratic function, in mathematics, is a polynomial function of the

form , where . The graph of a quadratic function is a

parabola whose major axis is parallel to the y-axis.

The expression ax2 + bx + cin the definition of a quadratic function is a polynomial of degree

2 or a 2nd degree polynomial, because the highest exponent of xis 2.

If the quadratic function is set equal to zero, then the result is a quadratic equation. The

solutions to the equation are called the roots of the equation or the zeros of the function.

Key Points:

1. Overview

A quadratic function is one of the form f(x) = ax2 + bx + c, where a, b, and care numbers with

a not equal to zero.

2. Graph of a Quadratic Function

The graph of a quadratic function is a curve called a parabola. Parabolas may open upward or

downward and vary in "width" or "steepness", but they all have the same basic "U" shape.

The picture below shows three graphs, and they are all parabolas.
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3. More about Parabolas and Their Applications

All parabolas are symmetric with respect to a line called the axis of symmetry. A parabola

intersects its axis of symmetry at a point called the vertex of the parabola.

You know that two points determine a line. This means that if you are given any two points

in the plane, then there is one and only one line that contains both points. A similar statement

can be made about points and quadratic functions.

4. Piecewise Linear Functions

In mathematics, a piecewise linear function

,

whereV is a vector space and Ω is a subset of a vector space, is any function with the property

that Ωcan be decomposed into finitely many convex polytopes, such that f is equal to a linear

function on each of these polytopes.

A special case is when f is a real-valued function on an interval [x1,x2]. Then fis piecewise

linear if and only if [x1,x2]can be partitioned into finitely many sub-intervals, such that on

each such sub-interval I, f is equal to a linear function

f(x) = aIx + bI.

The absolute value function f(x) = | x |is a good example of a piecewise linear function. Other

examples include the square wave, the sawtooth function, and the floor function.

Important sub-classes of piecewise linear functions include the continuous piecewise linear

functions and the convex piecewise linear functions. Splines generalize piecewise linear

functions to higher-order polynomials.

Topic : Inverse, Exponential, And Logarithmic Functions

Topic Objective:

At the end of this topic students will be able to understand:

 Inverse Functions
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 Exponential Functions

 Logarithmic Functions

 Properties of Logarithms

 Common and Natural Logarithms

 Exponential and Logarithmic Equations; Further Applications

Definition/Overview:

One-To-One Function: In a one-to-one function, each x-value corresponds to only one y-

value, and each y-value corresponds to only one x-value.

Inverse:The inverse of a one-to-one function f, written f-1, is the set of all ordered pairs of

the form (y, x), where (x, y) belongs to f. Since the inverse is formed by interchanging x and y,

the domain of f becomes the range of f-1 and the range of fbecomes the domain of f-1.

A function is one-to-one if every horizontal line intersects the graph of the function at most

once.

Inverse Function: In mathematics, if is a function from A to B then an for is a function in the

opposite direction, from B to A, with the property that a round trip (a composition) from A to

Bto A (or from B to A to B) returns each element of the initial set to itself. Thus, if an input x

into the function produces an output y, then inputting y into the inverse function1 produces the

output x.

Logarithm Function: Though logarithms have been traditionally thought of as arithmetic

sequences of numbers corresponding to geometric sequences of other (positive real) numbers,

as in the 1797 Britannica definition, they are also the result of applying an analytic function.

The function can therefore be meaningfully extended to complex numbers.

Key Points:

1. Exponential Graphs

Once you know the shape of an exponential graph , you can shift it vertically or horizontally,

stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph.
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The function is always positive. There is simply no value of x that will cause the

value of to be negative. What does this mean in terms of a graph? It means that the entire

graph of the function is located in quadrants I and II.

Graph the function . Notice that the graph never crosses the x-axis. Why is that

so? It is because there is no value of x that will cause the value of f(x) in the formula

to equal 0.

Notice that the graph crosses the y-axis at 1. Why is that so? The value of x is always zero on

the y-axis. Substitute 0 for x in the equation : . This translates to

the point (0, 1).

Notice on the graph that, as the value of x increases, the value of f(x) also increases. This

means that the function is an increasing function. Recall that an increasing function is a one-

to-one-function, and a one-to-one function has a unique inverse.

The inverse of an exponential function is a logarithmic function and the inverse of a

logarithmic function is an exponential function.

Notice also on the graph that as x gets larger and larger, the function value of f(x) is

increasing more and more dramatically. This is why the function is called an exponential

function.

If you are interested in reviewing the graphs of exponential functions, examples and

problems, click on Exponential.

2. Logarithmic Graphs

Once you know the shape of a logarithmic graph , you can shift it vertically or horizontally,

stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph.

Graph the function. Notice that the graph of this function is located entirely in quadrants I

and IV. Notice also that the graph never touches the y-axis.

What does that mean? It means that the value of x (domain of the function f(x) in the value of

Notice on the graph that, as x increases, the f(x) also increases. This means that the function

is an increasing function. Recall that an increasing function is a one-to-one-function, and a

one-to-one function has a unique inverse.

www.bsscommunitycollege.in   www.bssnewgeneration.in  www.bsslifeskillscollege.in

39
www.onlineeducation.bharatsevaksamaj.net        www.bssskillmission.in

WWW.BSSVE.IN



Once you know the shape of an exponential graph , you can shift it vertically or horizontally,

stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph.

The function

is always positive. There is simply no value of x that will cause the value of to be negative.

What does this mean in terms of a graph? It means that the entire graph of the function is

located in quadrants I and II.

Graph the function. Notice that the graph never crosses the x-axis. Why is that so? It is

because there is no value of x that will cause the value of f(x) in the formula to equal 0.

Notice that the graph crosses the y-axis at 1. Why is that so? The value of x is always zero on

Notice on the graph that, as the value of x increases, the value of f(x) also increases. This

means that the function is an increasing function. Recall that an increasing function is a one-

to-one-function, and a one-to-one function has a unique inverse.

The inverse of an exponential function is a logarithmic function and the inverse of a

logarithmic function is an exponential function.

Notice also on the graph that as x gets larger and larger, the function value of f(x) is

increasing more and more dramatically. This is why the function is called an exponential

function.

If you are interested in reviewing the graphs of exponential functions, examples and

problems, click on Exponential.

Once you know the shape of a logarithmic graph , you can shift it vertically or horizontally,

stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph.

Graph the function

. Notice that the graph of this function is located entirely in quadrants I and IV. Notice also

that the graph never touches the y-axis.

What does that mean? It means that the value of x (domain of the function f(x) in the

equation

is always positive. Why is this so? Recall that the equation can be rewritten as the

exponential function. There is no value of f(x) that can cause the value of x to be negative or

zero.

The graph of will never cross the y-axis because x can never equal 0. The graph will always

cross the x-axis at 1.
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Notice on the graph that, as x increases, the f(x) also increases. This means that the function

is an increasing function. Recall that an increasing function is a one-to-one-function, and a

one-to-one function has a unique inverse.

4. Common and Natural Logarithms

Logs can have any number of bases, but two bases are more useful than the others. For

historical reasons, log-base-10 is often used. For instance, pH (the measure of a substance's

acidity or alkalinity), decibels (the measure of sound intensity), and the Richter scale (the

measure of earthquake intensity) all involve base-10 logs. The base-10 log is usually called

"the common log", and is usually written as "log(x)". That is, if there is no base written, you

should assume that the base is 10.

(This is similar to the case for radicals, where, if there is no little number in front of the

radical sign, you know that they mean "square root". Just as they do not customarily put the

little "2" in for the square root, so also they do not customarily put the little "10" in for the

common log.)

The other important log is the "natural", or base-e, log, denoted as "ln(x)" and pronounced as

"ell-enn-of-x". Why would "Natural Log" be denoted by "LN", rather than by "NL"? I think it

is because Euler ("OY-lur"), the guy who discovered (invented?) the natural exponential, was

Swiss and spoke French, which meant that he wasn't calling it "the Natural Log" but "le

Logarithme Naturel", in which case, "LN" makes sense. Just as the number e arises naturally

in math and the sciences, so also does the natural log arise naturally, which is why you need

to be familiar with the natural log.

(If you eventually progress to much-more advanced mathematics, you may find that

sometimes "log(x)" means the base-e log, or "ln(x)", rather than the common log. But this

would be a long way down the road; you won't likely encounter this in your studies for a long

time, if ever.)

Because these two logs are pretty much the only logs that are used "in real life", these are the

only two for which you have calculator keys. Make sure you know where these keys are, and

how to use them
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5. Exponential and Logarithmic Equations; Further Applications

5.1 Exponential Equations

An exponential equation is an equation containing a variable in an exponent. The

following property of logarithms can be used to solve many exponential equations:

Property of Logarithms, Part 2

If x, y, and a are positive numbers, a 1, then

1. If x = y, then

2. If, then x = y.

Exponential equations can be solved by isolating the exponential expression; using

Property of Logarithms, Part 2 to take the log of both sides; simplifying; and then solving

for the variable.

Example. Solve:

Solution.

Use Property of Logarithms, part 2, to take

the log of both sides

x log 10 = log 5.71
Property of Logarithms:

x 1 = log 5.71
Property of Logarithms:

x 0.7566

5.2 Logarithmic Equations

Logarithmic equations contain logarithmic expressions and constants. When one side of

the equation contains a single logarithm and the other side contains a constant, the

equation can be solved by rewriting the equation as an equivalent exponential equation

using the definition of logarithm. For example,

Definition of logarithm

16 = x + 3 Simplify
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13 = x Solve for x

Example/Case Study:

Topic : Polynomial And Rational Functions

Topic Objective:

At the end of this topic students will be able to understand: Synthetic Division

 Zeros of Polynomial Functions

 Graphs and Applications of Polynomial Functions

 Graphs and Applications of Rational Functions

Definition/Overview:

Polynomial Functions: A polynomial function is one that has the form

wheren is a non-negative integer that defines the degree of the polynomial. A polynomial

with a degree of 0 is simply a constant function; with a degree of 1 is a line; with a degree of

2 is a quadratic; with a degree of 3 is a cubic, and so on.

Historically, polynomial models are among the most frequently used empirical models for

curve fitting.

Rational Function Models: A rational function is simply the ratio of two polynomial

functions.

withn denoting a non-negative integer that defines the degree of the numerator and m is a

non-negative integer that defines the degree of the denominator. For fitting rational function

models, the constant term in the denominator is usually set to 1. Rational functions are

typically identified by the degrees of the numerator and denominator. For example, a
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quadratic for the numerator and a cubic for the denominator is identified as a quadratic/cubic

rational function. A rational function model is a generalization of the polynomial model:

rational function models contain polynomial models as a subset (i.e., the case when the

denominator is a constant)..

Synthetic Division: Synthetic division is an algorithm to find the remainder of dividing the

polynomial

p(x)=anx
n+an-1x

n-1+...+a0

by the linear polynomial

d(x)=x-c.

The advantages of synthetic division over the usual long division are that we only need to

keep track of coefficients and that only three rows of numbers are needed.

The linear polynomial that we are dividing by, d(x), is called the DIVISORand the

polynomial we are dividing into, p(x), is called the DIVIDEND. The Division Algorithm and

Remainder Theorem tell us that there is a polynomial q(x), the QUOTIENT, and a real

number r, the REMAINDER, such that

p(x)=d(x)q(x)+r.

Once the algorithm is completed, we can find the quotient and the remainder. The algorithm

can be adapted to handle division by bx-c. However, the methodcannot be used for non-

linear divisors. If the dividing polynomial has degree 2 or more then we have to revert to the

long division algorithm.

Key Points:

1. Advantages of Polynomial function

 Polynomial models have a simple form.

 Polynomial models have well known and understood properties.

 Polynomial models have moderate flexibility of shapes.
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 Polynomial models are a closed family. Changes of location and scale in the raw data result

in a polynomial model being mapped to a polynomial model. That is, polynomial models are

not dependent on the underlying metric.

 Polynomial models are computationally easy to use.

2. Disadvantages of Polynomial function

However, polynomial functions also have the following limitations.

 Polynomial models have poor interpolatory properties. High-degree polynomials are

notorious for oscillations between exact-fit values.

 Polynomial models have poor extrapolatory properties. Polynomials may provide good fits

within the range of data, but they will frequently deteriorate rapidly outside the range of data.

 Polynomial models have poor asymptotic properties. By their nature, polynomials have a

finite response for finite x values and have an infinite response if and only if the x value is

infinite. Thus polynomials may not model asymptotic phenomena very well.

 While no procedure is immune to the bias-variance tradeoff, polynomial models exhibit a

particularly poor tradeoff between shape and degree. In order to model data with a

complicated structure, the degree of the model must be high, indicating that the associated

number of parameters to be estimated will also be high. This can result in highly unstable

models.

When modeling via polynomial functions is inadequate due to any of the limitations above,

the use of rational functions for modeling may give a better fit.

3. Advantages of Rational function

Rational function has the following advantages:

 Rational function models have a moderately simple form.

 Rational function models are a closed family. As with polynomial models, this means that

rational function models are not dependent on the underlying metric.

 Rational function models can take on an extremely wide range of shapes, accommodating a

much wider range of shapes than does the polynomial family.

 Rational function models have better interpolatory properties than polynomial models.

Rational functions are typically smoother and less oscillatory than polynomial models.
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 Rational functions have excellent extrapolatory powers. Rational functions can typically be

tailored to model the function not only within the domain of the data, but also so as to be in

agreement with theoretical/asymptotic behavior outside the domain of interest.

 Rational function models have excellent asymptotic properties. Rational functions can be

either finite or infinite for finite values, or finite or infinite for infinite x values. Thus, rational

functions can easily be incorporated into a rational function model.

 Rational function models can often be used to model complicated structure with a fairly low

degree in both the numerator and denominator. This in turn means that fewer coefficients will

be required compared to the polynomial model.

 Rational function models are moderately easy to handle computationally. Although they are

nonlinear models, rational function models are particularly easy nonlinear models to fit.

4. Disadvantages of Rational function

Rational function has the following disadvantages:

 The properties of the rational function family are not as well known to engineers and

scientists as are those of the polynomial family. The literature on the rational function family

is also more limited. Because the properties of the family are often not well understood, it can

be difficult to answer the following modeling question: Given that data has a certain shape,

what values should be chosen for the degree of the numerator and the degree on the

denominator?

 Unconstrained rational function fitting can, at times, result in undesired vertical asymptotes

due to roots in the denominator polynomial. The range of x values affected by the function

"blowing up" may be quite narrow, but such asymptotes, when they occur, are a nuisance for

local interpolation in the neighborhood of the asymptote point. These asymptotes are easy to

detect by a simple plot of the fitted function over the range of data. These nuisance

asymptotes occur occasionally and unpredictably, but practitioners argue that the gain in

flexibility of shapes is well worth the chance that they may occur, and that such asymptotes

should not discourage choosing rational function models for empirical modeling.

One common difficulty in fitting nonlinear models is finding adequate starting values. A

major advantage of a rational function models is the ability to compute starting values using a

linear least squares fit. To do this, ppoints are chosen from the data set, with p denoting the

number of parameters in the rational model. For example, given the linear/quadratic model
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one would need to select four representative points, and perform a linear fit on the model

Here,pn and pd are the degrees of the numerator and denominator, respectively, and x and y

contain the subset of points, not the full data set. The estimated coefficients from this linear

fit are used as the starting values for fitting the nonlinear model to the full data set.

Note: This type of fit, with the response variable appearing on both sides of the function,

should only be used to obtain starting values for the nonlinear fit. The statistical properties of

fits like this are not well understood.

The subset of points should be selected over the range of data. It is not critical which points

are selected, although obvious outliers should be avoided.

5. Zeros of Polynomial Functions

A polynomial function is a function of the form

where are complex numbers and .

Ifp(z) = anz
n + an− 1z

n − 1 + ... + a2z
2+ a1z + a0 = 0, then z is called a zero of p(x). If z is real,

then zis a real zero of p(x); if z is imaginary, the zis a complex zero of p(x), although

complex zeros include both real and imaginary zeros.

The fundamental theorem of algebra states that every polynomial function of degree

has at least one complex zero. It follows that every polynomial function of degree has

exactly ncomplex zeros, not necessarily distinct.

If the degree of the polynomial function is 1, i.e., , then its (only) zero is .

 If the degree of the polynomial function is 2, i.e., , then its two zeros (not necessarily distinct)

are and.

A degree one polynomial is also known as a linear function, whereas a degree two

polynomial is also known as a quadratic function and its two zeros are merely a direct result

of the quadratic formula. How
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ever, difficulty rises when the degree of the polynomial, n, is higher than 2. It is true that there is a
cubic formula for a cubic function (a degree three polynomial) and there is a quartic formula for a
quartic function (a degree four polynomial), but they are very complicated. To make matter worst,
there is no general formula for a polynomial function of degree 5 or higher (see AbelRuffini
theorem).

6. Graphs and Applications of Polynomial Functions

When you're graphing (or looking at a graph of) polynomials, it can help to already have an

idea of what basic polynomial shapes look like. One of the aspects of this is "end behavior",

and it's pretty easy. Look at these graphs:

with a positive

leading coefficient

with a negative

leading coefficient

Copyright Elizabeth Stapel 2006-2008 All Rights Reserved

with a positive

leading coefficient

with a negative

leading coefficient
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As you can see, even-degree polynomials are either "up" on both ends or "down" on both

ends, depending on whether the polynomial has, respectively, a positive or negative leading

coefficient. On the other hand, odd-degree polynomials have ends that head off in opposite

directions. If they start "down" and go "up", they're positive polynomials; if they start "up"

and go "down", they're negative polynomials. All even-degree polynomials behave, on their

ends, like quadratics, and all odd-degree polynomials behave, on their ends, like cubics.

7. Graphs and Applications of Rational Functions

A rational function f has the form

where g (x) and h (x) are polynomial functions.

The domain of f is the set of all real numbers except the values of x that make the

denominator h (x) zero.

In what follows, we assume that g (x) and h (x) have no common factors.

Vertical Asymptotes

Let

The domain of f is the set of all real numbers except 3, since 3 makes the denominator zero

and the division by zero are not allowed in mathematics. However we can try to find out how

does the graph of f behave close to 3.
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let us evaluate the function f at values of x close to 3 such that x < 3. The values are shown in

the table below:

x 1 2 2.5 2.8 2.9 2.99 2.999 2.99999

f (x) -1 -2 -4 -10 -20 -200 -2000 -2*105

Let us now evaluate f at values of x close to 3 such that x > 3.

x 5 4 3.5 3.2 3.1 3.01 3.001 3.00001

f (x) 1 2 4 10 20 200 2000 2*105

The graph of f is shown below.

Notes

1 - As x approaches 3 from the left or by values smaller than 3, f (x) decreases without

bound.

2 - As x approaches 3 from the right or by values larger than 3, f (x) increases without bound.

We say that the line x = 3, broken line, is the vertical asymptote for the graph of f.

In general, the line x = a is a vertical asymptote for the graph of f if f (x) either increases or

decreases without bound as x approaches a from the right or from the left. This is

symbolically written as:

Example/Case Study:

You wish to find the factors of

x3 + 7x2 + 8x + 2.

To do this you would use trial and error finding the first factor. When the result is equal to 0,

we know that we have a factor. Is (x − 1) a factor? To find out, substitute x = 1 into the

polynomial above:

x3 + 7x2 + 8x + 2 = (1)3 + 7(1)2 + 8(1) + 2

= 1 + 7 + 8 + 2

= 18

As this is equal to 18not 0(x − 1) is not a factor of x3 + 7x2 + 8x + 2. So, we next try (x + 1)

(substituting x = − 1 into the polynomial):

(− 1)3 + 7( − 1)2 + 8( − 1) + 2.

This is equal to 0. Therefore x − ( − 1), which is to say x + 1, is a factor, and -1 is a root of x3

+ 7x2 + 8x + 2.
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The next two roots can be found by algebraically dividing x3 + 7x2 + 8x + 2 by (x + 1) to get

a quadratic, which can be solved directly, by the factor theorem or by the quadratic equation.

= x2 + 6x + 2 and therefore (x + 1) and x2 + 6x + 2 are the factors of x3 + 7x2 + 8x + 2.

Polynomial Function Theorems For Zeros

A polynomial function is a function of the form

whereare complex numbers and .

If p(z) = anzn + an − 1zn − 1 + ... + a2z2 + a1z + a0 = 0, then z is called a zero of p(x). If z is

real, then z is a real zero of p(x); if z is imaginary, the z is a complex zero of p(x), although

complex zeros include both real and imaginary zeros.

The fundamental theorem of algebra states that every polynomial function of degree

has at least one complex zero. It follows that every polynomial function of degree has

exactly ncomplex zeros, not necessarily distinct.

If the degree of the polynomial function is 1, i.e., , then its (only) zero is .

If the degree of the polynomial function is 2, i.e., , then its two zeros (not necessarily distinct)

are and.

A degree one polynomial is also known as a linear function, whereas a degree two

polynomial is also known as a quadratic function and its two zeros are merely a direct result

of the quadratic formula. However, difficulty rises when the degree of the polynomial, n, is

higher than 2. It is true that there is a cubic formula for a cubic function (a degree three

polynomial) and there is a quartic formula for a quartic function (a degree four polynomial),

but they are very complicated. To make matter worst, there is no general formula for a

polynomial function of degree 5 or higher

In Section 5 of this course you will cover these topics:
Conic Sections And Systems Of Inequalities

Further Topics In Algebra
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Topic : Conic Sections And Systems Of Inequalities

Topic Objective:

At the end of this topic students will be able to understand:

 The Circle and the Ellipse

 The Hyperbola and Functions Defined by Radicals

 Nonlinear Systems of Equations

 Second-Degree Inequalities, Systems of Inequalities, and Linear Programming

Definition/Overview:

Circle:A circle is the set of all points in a plane that lie a fixed distance from a fixed point.

Center:The fixed point is called the center, and the fixed distance is called the radius.

Hyperbola:A hyperbola is the set of all points in a plane such that the absolute value of the

difference of the distances from two fixed points (called foci) is constant.

Nonlinear Equation: An equation in which some terms have more than one variable or a

variable of degree 2 or greater is called a nonlinear equation. A nonlinear system of equations

includes at least one nonlinear equation. A second-degree inequality is an inequality with at

least one variable of degree 2 and no variable with degree greater than 2.

Key Points:

1. Circle

Equation of a Circle (Center-Radius Form)

(x h)2 + (y k)2 = r2

is an equation of the circle with radius r and center at (h, k).
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2. Analytic Results

In an x-y Cartesian coordinate system, the circle with center (a, b) and radius r are the set of

all points (x, y) such that

The equation of the circle follows from the Pythagorean theorem applied to any point on the

circle. If the circle is centred at the origin (0, 0), then this formula can be simplified to

When expressed in parametric equations, (x, y) can be written using the trigonometric

functions sine and cosine as

where t is a parametric variable, understood as many the angle the ray to (x, y) makes with

the x-axis. Alternatively, in stereographic coordinates, the circle has a parametrization

In homogeneous coordinates each conic section with equation of a circle is

It can be proven that a conic section is a circle if and only if the point I(1: i: 0) and J(1: −i: 0)

lie on the conic section. These points are called the circular points at infinity.

In polar coordinates the equation of a circle is

In the complex plane, a circle with a center at c and radius (r) has the equation | z − c | 2 = r2.

Since, the slightly generalised equation for real p, q and complex g is sometimes called a

generalised circle. Not all generalised circles are actually circles: a generalized circle is either

a (true) circle or a line.

3. Tangent Lines

The tangent line through a point P on a circle is perpendicular to the diameter passing through

P. The equation of the tangent line to a circle of radius r centered at the origin at the point

(x1, y1) is

Hence, the slope of a circle at (x1, y1) is given by:
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More generally, the slope at a point (x, y) on the circle (x − a)2 + (y −b)2 = r2, i.e., the circle

centered at (a, b) with radius r units, is given by

provided that .

Pi (π)

For more details on this topic, see Pi.

Pi or π is the ratio of a circle's circumference to its diameter.

The numeric value of π never changes.

In modern English, it is pronounced /ˈpaɪ/ (as in apple pie).

Area enclosed

Area of the circle = π area of the shaded square

Area of a disk

The area enclosed by a circle is the radius squared, multiplied by π.

Using a square with side lengths equal to the diameter of the circle, then dividing the square

into four squares with side lengths equal to the radius of the circle, take the area of the

smaller square and multiply by π.

that is, approximately 79% of the circumscribing square. The circle is the plane curve

enclosing the maximum area for a given arclength. This relates the circle to a problem in the

calculus of variations.

4. Non Linear Equation

When solving a nonlinear system, it helps to visualize the types of graphs of the equations of

the system to determine the possible number of points of intersection.

For example, if a system includes a graph of a parabola and the graph of a line, then there

may be zero, one, or two points of intersection.

5. The Circle and the Ellipse

Circles, when graphed on the coordinate plane, have an equation of x2 + y2= r2 where r is the

radius (standard form) when the center of the circle is the origin. When the center of the

circle is (h, k) and the radius is of length r, the equation of a circle (standard form) is (x - h)2

+ (y - k)2 = r2.
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Topic : Further Topics In Algebra

Topic Objective:

At the end of this topic students will be able to understand:

 Sequences and Series

 Arithmetic Sequences

 Geometric Sequences

 The Binomial Theorem

 Mathematical Induction

 Counting Theory

 Basics of Probability

Definition/Overview:

Sequence:A sequence is a function whose domain is the set of a natural numbers.

Series:The indicated sum of the terms of a sequence is called a series.

Geometric Sequence: A geometric sequence, or geometric progression, is a sequence in

which each term after the first is a constant nonzero multiple of the preceding term.

Probability:Probability is the likelihood or chance that something is the case or will happen.

Probability theory is used extensively in areas such as statistics, mathematics, science and

philosophy to draw conclusions about the likelihood of potential events and the underlying

mechanics of complex systems.

Mathematical Induction: Mathematical induction is a method of mathematical proof

typically used to establish that a given statement is true of all natural numbers. It is done by

proving that the first statement in the infinite sequence of statements is true, and then proving

that if any one statement in the infinite sequence of statements is true, then so is the next one.
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The method can be extended to prove statements about more general well-founded structures,

such as trees; this generalization, known as structural induction, is used in mathematical logic

and computer science.

Key Points:

1. Overview

In computability theory, a counting problem is a type of computational problem. IfR is a

search problem then

is the corresponding counting function and

denotes the corresponding counting problem.

Note that cR is a search problem while #R is a decision problem, however cR can be C Cook

reduced to #R(for appropriate C) using a binary search (the reason #R is defined the way it is,

rather than being the graph of cR, is to make this binary search possible).

The simplest and most common form of mathematical induction prove that a statement

involving a natural number nholds for all values of n. The proof consists of two steps:

 The basis (base case): showing that the statement holds when n = 0.

 The inductive step: showing that if the statement holds for some n, then the statement also

holds when n + 1 is substituted for n.

The assumption in the inductive step that the statement holds for some n is called the

induction hypothesis (or inductive hypothesis). To perform the inductive step, one assumes

the induction hypothesis and then uses this assumption to prove the statement for n + 1.

The description above of the basis applies when 0 is considered a natural number, as is

common in the fields of combinatorics and mathematical logic. If, on the other hand, 1 is

taken to be the first natural number, then the base case is given by n = 1.

This method works by first proving the statement is true for a starting value, and then proving

that the process used to go from one value to the next is valid. If these are both proven, then

any value can be obtained by performing the process repeatedly. It may be helpful to think of
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the domino effect; if one is presented with a long row of dominoes standing on end, one can

be sure that:

 The first domino will fall

 Whenever a domino falls, its next neighbor will also fall,

so it is concluded that all of the dominoes will fall, and that this fact is inevitable.

Another analogy can be to consider an infinite set of identical lily pads, all equally spaced on

a pond. If a frog wishes to traverse the pond, he must:

 Determine if the first lily pad will hold his weight.

 Prove that he can jump from one lily pad to another.

2. Series and Sequences

In mathematics, a sequence is an ordered list of objects (or events). Like a set, it contains

members (also called elements or terms), and the number of terms (possibly infinite) is called

the length of the sequence. Unlike a set, order matters, and the exact same elements can

appear multiple times at different positions in the sequence.

For example, (C, R, Y) is a sequence of letters that differs from (Y, C, R), as the ordering

matters. Sequences can be finite, as in this example, or infinite, such as the sequence of all

even positive integers (2, 4, 6,...).

3. Types and Properties of Sequences

A subsequence of a given sequence is a sequence formed from the given sequence by

deleting some of the elements without disturbing the relative positions of the remaining

elements.

If the terms of the sequence are a subset of an ordered set, then a monotonically increasing

sequence is one for which each term is greater than or equal to the term before it; if each term

is strictly greater than the one preceding it, the sequence is called strictly monotonically

increasing. A monotonically decreasing sequence is defined similarly. Any sequence

fulfilling the monotonicity property is called monotonic or monotone. This is a special case

of a general notion of monotonic function.

The terms non-decreasing and non-increasing are used in order to avoid any possible

confusion with strictly increasing and strictly decreasing, respectively. If the terms of a

sequence are integers, then the sequence is an integer sequence. If the terms of a sequence are

polynomials, then the sequence is a polynomial sequence.
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If S is endowed with a topology, then it becomes possible to consider convergence of an

infinite sequence in S. Such considerations involve the concept of the limit of a sequence.

4. Sequences In Analysis

In the analysis, when talking about sequences, one will generally consider sequences of the f

which is to say, infinite sequences of elements indexed by natural numbers.

It may be convenient to have the sequence start with an index different from 1 or 0. For

example, the sequence defined by xn = 1/log(n) would be defined only for n ≥ 2. When

talking about such infinite sequences, it is usually sufficient (and does not change much for

most considerations) to assume that the members of the sequence are defined at least for all

indices large enough, that is, greater than some given N.)

The most elementary type of sequences is numerical ones, that is, sequences of real or

complex numbers. This type can be generalized to sequences of elements of some vector

space. In the analysis, the vector spaces considered are often function spaces. Even more

generally, one can study sequences with elements in some topological space.

5. Series

In mathematics, a series is often represented as the sum of a sequence of terms. That is, a

series is represented as a list of numbers with addition operations between them, for example,

this arithmetic sequence:

1 + 2 + 3 + 4 + 5 + ... + 99 + 100

In most cases of interest, the terms of the sequence are produced according to a certain rule,

such as by a formula, by an algorithm, by a sequence of measurements, or even by a random

number generator.

A series may be finite or infinite. Finite series may be handled with elementary algebra, but

infinite series require tools from mathematical analysis if they are to be applied in anything

more than a tentative way.

Examples of simple series include the arithmetic series, which is a sum of an arithmetic

progression, written as:

and finite geometric series, a sum of a geometric progression, which can be written as:
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6. Infinite Series

The sum of an infinite series a0 + a1 + a2 + is the limit of the sequence of partial sums

as n → ∞, if the limit exists. If the limit exists and is finite, the series is said to converge; if it

is infinite or does not exist, the series is said to diverge.

The easiest way that an infinite series can converge is if all them are zero for n sufficiently

large. Such a series can be identified with a finite sum, so it is only infinite in a trivial sense.

However, infinite series of nonzero terms can also converge, which resolves the mathematical

side of several of Zeno's paradoxes. The simplest case of a nontrivial infinite series is perhaps

It is possible to "visualize" its convergence on the real number line: we can imagine a line of

length 2, with successive segments marked off of lengths 1, , , etc. There is always room to

mark the next segment, because the amount of line remaining is always the same as the last

segment marked: when we have marked off , we still have a piece of length unmarked, so we

can certainly mark the next . This argument does not prove that the sum is equal to 2

(although it is), but it does prove that it is at most 2. In other words, the series has an upper

bound.

This series is a geometric series and mathematicians usually write it as:

An infinite series is formally written as

Where the elements and are real (or complex) numbers. We say that this series converges to

S, or that its sum is S, if the limit

Exists and is equal to S. If there is no such number, then the series is said to diverge.

7. Formal Definition

Mathematicians usually study a series as a pair of sequences: the sequence of terms of the

series: a0, a1, a2, and the sequence of partial sums S0, S1, S2, , where Sn = a0 + a1 + + an.

The notation

Represents the above sequence of partial sums, which is always well defined, but which may

or may not converge. In the case of convergence (that is, when the sequence of partial sums

SN has a limit), the notation is also used to denote the limit of this sequence. To make a

distinction between these two completely different objects (sequence vs. numerical value)
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one may sometimes omit the limits (atop and below the sum's symbol) in the former case,

although it is usually clear from the context which one is meant.

Also, different notions of convergence of such a sequence do exist (absolute convergence,

sum ability, etc). In case, the elements of the sequence (and thus of the series) are not simple

numbers, but, for example, functions, still more types of convergence can be considered

(point wise convergence, uniform convergence, etc.; see below).

Mathematicians extend this idiom to other, equivalent notions of series. For instance, when

we talk about a recurring decimal, we are talking, in fact, just about the series for which it

stands (0.1 + 0.01 + 0.001 + ). But because this series always converge to real numbers

(because of what is called the completeness property of the real numbers), to talk about the

series in this way is the same as to talk about the numbers for which they stand. In particular,

it should offend no sensibilities if we make no distinction between 0.111 and 1/9. Less clear

is the argument that 9 0.111 = 0.999 = 1, but it is not untenable when we consider that we can

formalize the proof knowing only that limit laws preserve the arithmetic operations. See

0.999... for more.

8. Arithmetic Sequence

In mathematics, an arithmetic progression or arithmetic sequence is a sequence of numbers

such that the difference of any two successive members of the sequence is a constant. For

instance, the sequence 3, 5, 7, 9, 11, 13... is an arithmetic progression with common

difference 2.

If the initial term of an arithmetic progression is a1 and the common difference of successive

members is d, then the nth term of the sequence is given by:

Sum (the arithmetic series)

The sum of the components of an arithmetic progression is called an arithmetic series.

Formula (for the arithmetic series)

Express the arithmetic series in two different ways:

Add both sides of the two equations. All terms involving d cancel, and so we're left with:

Rearranging and remembering that an = a1 + (n − 1)d, we get:

.
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9. Product

The product of the components of an arithmetic progression with an initial element a1,

common difference d, and n elements in total, is determined in a closed expression by

where denotes the rising factorial and Γ denotes the Gamma function. (Note: however that

the formula is not valid when a1 / d is a negative integer or zero).

This is a generalization from the fact that the product of the progression is given by the

factorial n! and that the product

for positive integers m and n is given by

10. Geometric Progression

In mathematics, a geometric progression, also known as a geometric sequence, is a sequence

of numbers where each term after the first is found by multiplying the previous one by a fixed

nonzero number called the common ratio. For example, the sequence 2, 6, 18, 54, ... is a

geometric progression with common ratio 3 and 10, 5, 2.5, 1.25, ... is a geometric sequence

with common ratio 1/2. The sum of the terms of a geometric progression is known as a

geometric series.

Thus, the general form of a geometric sequence is

and that of a geometric series is

where r ≠ 0 is the common ratio and a scale factor, equal to the sequence's start value.

11. Elementary Properties

The nth term of a geometric sequence with initial value a and common ratio r is given by

Such a geometric sequence also follows the recursive relation

for every integer

Generally, to check whether a given sequence is geometric, one simply checks whether

successive entries in the sequence all have the same ratio.

The common ratio of a geometric series may be negative, resulting in an alternating

sequence, with numbers switching from positive to negative and back. For instance

1, -3, 9, -27, 81, -243, ...
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is a geometric sequence with common ratio -3.

The behaviour of a geometric sequence depends on the value of the common ratio.

If the common ratio is:

Positive, the terms will all be the same sign as the initial term.

Negative, the terms will alternate between positive and negative.

Greater than 1, there will be exponential growth towards positive infinity.

1, the progression is a constant sequence.

Between -1 and 1 but not zero, there will be exponential decay towards zero.

−1, the progression is an alternating sequence

Less than −1, there will be exponential growth towards infinity (positive and negative).

Geometric sequences (with common ratio not equal to -1,1 or 0) show exponential growth or

exponential decay, as opposed to the Linear growth (or decline) of an arithmetic progression

such as 4, 15, 26, 37, 48, ... (with common difference 11). This result was taken by T.R.

Malthus as the mathematical foundation of his Principle of Population. Note that the two

kinds of progression are related: exponentiating each term of an arithmetic progression yields

a geometric progression, while taking the logarithm of each term in a geometric progression

with a positive common ratio yields an arithmetic progression.

12. Geometric Series

A geometric series is the sum of the numbers in a geometric progression:

We can find a simpler formula for this sum by multiplying both sides of the above equation

by (1 − r), and we'll see that

Note: If one were to begin the sum not from 0, but from a higher term, say m, then

Differentiating this formula with respect to r allows us to arrive at formulae for sums of the

form

For a geometric series containing even powers of r multiply by (1 − r2):

An infinite geometric series is an infinite series whose successive terms have a common ratio.

Such a series converges if and only if the absolute value of the common ratio is less than one

( | r | < 1 ). Its value can then be computed from the finite sum formulae
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Since:

(when | r |<1).

Then:

For example, using numerical values

For a series containing even powers of r,

and for odd powers only,

In cases where the sum does not start at k = 0,

Above formulae are valid only for | r | < 1. The latter formula is actually valid in every

Banach algebra, as long as the norm of r is less than one, and also in the field of p-adic

numbers if | r |p < 1. As in the case for a finite sum, we can differentiate to calculate formulae

for related sums. For example,

This formula only works for | r | < 1 as well. From this, it follows that, for | r | < 1,

Also, the infinite series 1/2 + 1/4 + 1/8 + 1/16 + is an elementary example of a series that

converges absolutely.

It is a geometric series whose first term is 1/2 and whose common ratio is 1/2, so its sum is

The inverse of the above series is 1/2 − 1/4 + 1/8 − 1/16 + is a simple example of an

alternating series that converges absolutely.

It is a geometric series whose first term is 1/2 and whose common ratio is −1/2, so its sum is

13. Complex Numbers

The summation formula for geometric series remains valid even when the common ratio is a

complex number. This fact can be used to calculate some sums of non-obvious geometric

series, such as:

The proof of this formula starts with
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A consequence of Euler's formula, substituting this into the series above, we get

.

This is just the difference of two geometric series. From here, it is then a straightforward

application of our formula for infinite geometric series to finish the proof.

14. Product

The product of a geometric progression is the product of all terms. If all terms are positive,

then it can be quickly computed by taking the geometric mean of the progression's first and

last term, and raising that mean to the power given by the number of terms. (This is very

similar to the formula for the sum of terms of an arithmetic sequence: take the arithmetic

mean of the first and last term and multiply with the number of terms.)

(if a,r > 0).

Proof:

Let the product be represented by P:

.

Now, carrying out the multiplications, we conclude that

.

Applying the sum of arithmetic series, the expression will yield

.

.

We raise both sides to the second power:

.

Consequently

which concludes the proof.

15. Binomial Theorem

In mathematics, the binomial theorem is an important formula giving the expansion of

powers of sums. Its simplest version says

whenever n is any non-negative integer, the number

is the binomial coefficient (using the choose function), and n! denotes the factorial of n.
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This formula and the triangular arrangement of the binomial coefficients are often attributed

to Blaise Pascal, who described them in the 17th century. However, it was known to many

mathematicians who preceded him; 13th-century Chinese mathematician Yang Hui, 11th-

century Persian mathematician Omar Khayym, and 3rd-century BC Indian mathematician

Pingala all derived similar results.

For example, here are cases where 2 ≤ n ≤ 5:

Formula (1) is valid for all real or complex numbers x and y, and more generally for any

elements x and y of a smearing as long as xy = yx (the theorem is true even more generally:

note that associatively is not required, just alternatives).

16. Mathematical Induction

Mathematical induction is a method of mathematical proof typically used to establish that a

given statement is true of all natural numbers. It is done by proving that the first statement in

the infinite sequence of statements is true, and then proving that if any one statement in the

infinite sequence of statements is true, then so is the next one.

The method can be extended to prove statements about more general well-founded structures,

such as trees; this generalization, known as structural induction, is used in mathematical logic

and computer science.

Mathematical induction should not be misconstrued as a form of inductive reasoning, which

is considered non-rigorous in mathematics. In fact, mathematical induction is a form of

deductive reasoning and is fully rigorous.

17. Probability

Probability is the likelihood or chance that something is the case or will happen. Probability

theory is used extensively in areas such as statistics, mathematics, science and philosophy to

draw conclusions about the likelihood of potential events and the underlying mechanics of

complex systems.
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